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Abstract. In the framework of complete G-metric spaces, using the concept of R-weakly commuting
self-mapping pairs, we establish a new common fixed point theorem for two self-mappings of Altman
type. An example is provided to support our results. The results obtained in this paper differ from the
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1. Introduction and Preliminaries

Metric fixed point theory is an important mathematical discipline because of its appli-
cations in areas as variational and linear inequalities, optimization theory. Many results
have been obtained by many authors considering different contractive conditions for self-
mappings in metric space. In 1975, Altman [1] proved a fixed point theorem for a mapping
which satisfies the condition d(fz, fy) < Q(d(z,y)), where @ : [0,4+00) — [0,+00) is an
increasing function satisfying the following conditions:

(i) 0 < Q(t) < t,t e (0,00);
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(ii) p(t) =t/(t — Q(t)) is a decreasing function;

(iii) for some positive number t;, there holds fotl p(t)dt < +o00.

Remark 1.1. By condition (i) and that @ is increasing, we know that Q(0) = 0 and
Qit)=t<=t=0.

Liu [2] and Zhang [3] discussed common fixed point theorems for Altman type mappings
in metric space. In 2006, a new structure of generalized metric space was introduced by
Mustafa and Sims [4] as an appropriate notion of generalized metric space called G-metric
space. Abbas and Rhoades [5] initiated the study of common fixed point in generalized
metric space. Recently, many fixed point and common fixed point theorems for certain
contractive conditions have been established in G-metric spaces, and for more details, one
can refer to [6-25]. However, no one has discussed the common fixed point problems for
the Altman type mappings recently.

Inspired by that, the purpose of this paper is to study common fixed point problem of
Altman type for two self-mappings in G-metric space. we using the concept of R-weakly
commuting self-mapping pairs in G-metric space, prove a new common fixed point theorem
for two self-mappings. The results obtained in this paper differ from the recent relative
results in literature.

Throughout the paper, we mean by N the set of all natural numbers.

Definition 1.1 ([4]). Let X be a nonempty set, and let G : X x X x X — R" be a
function satisfying the following axioms:

(G1) G(z,y,2)=0if x =y = z;
G2) 0 < G(z,z,y), for all x,y € X with = # y;

(

(G3) G(x,z,y) < G(z,y,2),for all z,y,z € X with z # y;

(G4) G(z,y,2) = G(x,z,y) = G(y, z,x) = ... (symmetry in all three variables);
(G5) G(z,y,2) < G(x,a,a) + G(a,y, z) for all x,y,z,a € X (rectangle inequality),

then the function G is called a generalized metric, or, more specifically a G-metric on X

and the pair (X, G) is called a G-metric space.
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Definition 1.2 ([4]). Let (X, G) be a G-metric space, and let {x,,} be a sequence of points
in X, a point z in X is said to be the limit of the sequence {z,,} if lim, 00 G(Z, Ty, T,n) =

0, and one says that sequence {x,} is G-convergent to .

Thus, if 2, — x in a G-metric space (X, G), then for any € > 0, there exists N € N

such that G(z, z,, ;) < €, for all n,m > N.

Proposition 1.1 ([4]). Let (X, G) be a G-metric space, then the followings are equivalent:
(1) {x,} is G-convergent to .
(2) G(xp, Ty, x) — 0 as n — oo.
(3) G(xy, z,x) — 0 as n — oo.
(4) G

(Tpy Ty ) — 0 @s n,m — oo.
Definition 1.3 ([4]). Let (X,G) be a G-metric space. A sequence {z,} is called G-

Cauchy sequence if, for each ¢ > 0 there exists a positive integer N € N such that

G(zp, Tm, x;) < € for all n,m,l > N; that is G(zp, Tpm, ;) — 0 as n,m,l — co.

Definition 1.4 ([4]). A G-metric space (X, G) is said to be G-complete if every G-Cauchy

sequence in (X, G) is G-convergent in X.

Proposition 1.2 ([4]). Let (X, G) be a G-metric space. Then the followings are equiva-
lent.

(1) The sequence {z,} is G-Cauchy.

(2) For every € > 0, there exists k € N such that G(x,,, T, ) < €, for all n,m > k.
Proposition 1.3 ([4]). Let (X, G) be a G-metric space. Then the function G(z,y, 2) is
jointly continuous in all three of its variables.

Definition 1.5 ([4]). Let (X,G) and (X',G’) be G-metric space, and f : (X,G) —
(X',G) be a function. Then f is said to be G-continuous at a point a € X if and

only if for every € > 0, there is 6 > 0 such that z,y € X and G(a,z,y) < 0 implies

/

G (f(a), f(x), f(y)) < e. A function f is G-continuous at X if and only if it is G-

continuous at all ¢ € X.
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Proposition 1.4 ([4]). Let (X,G) and (X', G") be G-metric space. Then f: X — X' is
G-continuous at x € X if and only if it is G-sequentially continuous at x, that is, whenever

{z,,} is G-convergent to x, {f(x,)} is G-convergent to f(z).

Proposition 1.5 ([4]). Let (X, G) be a G-metric space. Then, for any z,y,z,a in X it
follows that :
(i) if G(z,y,2z) =0, then x =y = z,
(ii) G(z,y,2) < G(z,2,y) + G(z,2,2),
(iii) G(z,y,y) < 2G(y, =, z),
(iv) G(z,y,2) < G(z,a,z) + G(a,y, 2),
(
(

i)
v) G(z,y,2) < 3(G(z,y,a) + G(z,a,2) + G(a,y, 2)),

vi) G(z,y,2) < G(z,a,a) + G(y,a,a) + G(z,a,a).
In 2010, Manro [6] introduced the concept of weakly commuting mappings, R-weakly

commuting mappings into G-metric space as follows:

Definition 1.6 ([6]). A pair of self-mappings (f,g) of a G-metric space is said to be
weakly commuting if G(fgx,gfz,gfx) < G(fz,gx,gz),Vr € X.

Definition 1.7 ([6]). A pair of self-mappings (f, g) of a G-metric space is said to be R-
weakly commuting if there exists some positive real number R such that G(fgzx, gfz, gfz) <

RG(fz,gx,gz),Vr € X.
Remark 1.2. If R <1, then R-weakly commuting mappings are weakly commuting.

Definition 1.8. Let f and g be self-mappings of a set X. If w = fx = gz for some x in
X, then z is called a coincidence point of f and g, and w is called a point of coincidence

of f and g.
2. Main results

Theorem 2.1. Let (T, f) be a pairs of continuous self mappings in complete G-metric
spaces (X, G). If there ezists an increasing function @ : [0,4+00) — [0, +00) satisfying the

condition (i) ~ (ii1) and the following conditions:
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(iv) T(X) € f(X);
(v) G(Tx, Ty, Tz) < Q (max{G(fx, fy, f2), G(fz, Tz, Tx), G(fy, Ty, Ty), G(fz Tz Tz)}),
forall x,y,z € X.
Then the pairs (T, f) has a coincidence point in X. Furthermore, if the pairs (T, f) be

R-weakly commuting, then T and f have a unique common fized point in X.

Proof. Let zg be an arbitrary point in X. From the condition (iv), there exists z; € X
such that yo = T'zo = fx;. By induction, there exist two sequences {z,}, {y,} in X, such

that

Yo =Tz, = frp, VnéeN. (2.1)

If there exists n € N, such that y, = y,,41, then Tx = fx with x = x,,.1, which implies
that the pairs (7, f) has a coincidence point © = z,,1. Without loss of generality, we

may assume Vn € N, vy, # yn11. Let t,, = G(Yn, Yn+1, Yni2), now we show that
thi1 < Q(t,) <t,, VYneN. (2.2)

Actually, from the condition (v), (2.1) and (G3), we have

trrr = GWnt1, Ynios Ynis) = G(Topi1, Tonyn, Ty s)
G(fxn—&-la fxn—i-Qa fxn-‘rS)a G(fxn—&-la T:Un—i-la Txn—&-l)?
< @ | max
G(fxn—&—% T:L'n—i-2a Txn+2)7 G(fxn-i-?n T$n+3, Txn-‘,—?))
G(yTw Yn+1, yn+2)7 G(yn7 Yn+1, yn+1)7
= (@ | max
G(yn+17 Yn+2, yn+2)7 G(yn+27 Yn+3, yn+3)
Gn7’n7n7Gn)Tl7’n7
< [ max (Yns Ynt1, Ynt2)s G(Yns Ynt1, Ynt2)

G(yn+1, Yn+2, ?Jn+3)7 G(yn—i-b YUn+2, yn+3)
= @ (max {G(ym Yn+1, yn+2)7 G(yn+1> Yn+2, yn+3)})

By the property (i) of @, we have .1 < Q(t,) < t,, this is the (2.2) hold. This implies

that {t,} is a nonnegative sequence which is strictly decreasing, hence {t,} is convergent

and t,.1 < Q(t,) < t,,Vn € N.
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Next, we prove {y,} is a G-Cauchy sequence in X. In fact, for any n,m € N, m > n,

by combining (G5), (G3) and (2.2), we have

3
L

G(Qm Ym, ym) < G(yz-, Yit+1, yi+1)

m—1
< G (Y, Yir1, Yira)
m—1
m—1
_ tz (tz - ti—i—l)
i—n tz - ti—l—l
m—1
< ti(ti — tiz1)
- i—n tz - Q(tz)
m—1 t;
: t
Ny
i=n Yti+1 t Q(t)

From the convergence of the sequence {t,} and the condition (iii) we assure that
tn
lim p(t)dt = 0.

n,m—o0 [,
Thus, {y,} is a G-Cauchy sequence in X, since (X, G) is a complete G-metric space, there
exists u € X such that lim,, . y, = u. Since (T, f) are R-weakly commuting mappings,
thus we have

G<Tyn*17 fyTU fyn> = G(fom fonu fon)

< RG(Txy, fr,, fr,)

= RG(yna Yn—1, yn—l)-

On taking n — oo at both sides, noting that 7" and f are continuous mappings, we have
G(Tu, fu, fu) < RG(u,u,u) = 0, which gives that Tu = fu. Setting z = T'u = fu. Since

(T, f) are R-weakly commuting mappings, we have
G(Tz, fz,fz) = G(T fu, fTu, fTu) < RG(Tu, fu, fu) = RG(z,z,2) = 0.

Which gives that Tz = fz.
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Now we prove that Tz = fz = z. If not, we have G(T'z, z,z) > 0. By the property (i)
of @ that 0 < Q(G(T'z,2,2)) < G(Tz,z,2). Again, it follows from the condition (v) that

G(Tzz,2) = G(TzTu,Tu)

G(f# fu, fu), G(f2, T2, T2),
< @ | max

G(fu, Tu,Tu), G(fu, Tu, Tu)

G(Tzz2,2),G(Tz,Tz,Tz),
= (@ | max

G(Tu,Tu,Tu), G(Tu, Tu,Tu)
= Q(G(Tz,2,2) <G(Tz,z,2).

It is a contradiction, this implies that Tz = fz = 2, so z is a common fixed point of T’
and f.

In the following part, we will show the common fixed point of 7" and f is unique. In
fact, assume v is another common fixed point of 7' and f. From the condition (v) and

the property (i) of @, we have

G(z,v,v) = G(Tz,Tv,Tv)
< Q(max{G(fz, fv, fv),G(f2,TzTz),G(fv,Tv,Tv),G(fv,Tv, Tv)})
= Q(G(27U7U))

< G(z,v,v).

This is a contradiction, that is 7" and f have a unique common fixed point in X. This

completes the proof of Theorem 2.1.
Now we give an example to support Theorem 2.1.

Example 2.1 Let X = [0,00), G(x,y,2) = |v —y| + |y — 2| + |z — z|,Vz,y,2 € X. Let
T,f: X — X bedefined by Tz = ¢, fr = §. Clearly, we can get T'(X) C f(X). Through

NI
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calculation, we have

Yy z
G(T%,Ty,TZ) = G(g,é,é)
X z

8 8

:E_Q‘ ’Q_E
s sl Tls Tl

1
= g(\x—y\+|y—2|+\z—yl),

x Yy z
G ) ) = G<_7_7_>
- 5_9‘ ’Q_E 7
2 2+2 2+2 2

1
= Sz —yl+ly =zl +]z —yl),
Thus we have

G(Tx, Ty, Tz) = }lG(fx,f%fz)

< ;Lmax{G(fx, fy, f2),G(fx, Tx, Tx),G(fy, Ty, Ty),G(fz,Tz,Tz)}

= Qmax{G(fz, [y, [2),G(fz,Tx,Tx),G(fy, Ty, Ty), G(f2, Tz Tz)}) .

Where Q(t) = %. Since p(t) = -+ = 3 is a constant, thus conditions (i)-(iii) are satisfied.
4
On the other hand, we have

r T T

1

for all x € X. Which means that (T, f) is a pairs of continuous R-weakly commuting
mappings in X. So that all the conditions of theorem 2.1 are satisfied. Moreover, 0 is the

unique common fixed point of the mappings 7" and f.

If we taken f = I, where I stands for the identity mapping, in Theorem 2.1, then we
have
Corollary 2.1. Let T be a continuou mapping in complete G-metric spaces (X,G). If
there ezists an increasing function @ : [0,+00) — [0, +00) satisfying the condition (i) ~
(7ii) and (w): G(Tx, Ty, Tz) < Q (max{G(z,y,2),G(z, Tx,Tz),G(y, Ty, Ty),G(2,Tz,Tz)}),
for all x,y,z € X. Then the T have a unique fixed point in X.

If Q(t) = kt with 0 < k < 1 in Theorem 2.1, then we have the following.
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Corollary 2.2. Let (T, f) be a pairs of continuous self mappings in complete G-metric

spaces (X, G), and satisfying the following conditions:
(i) T(X) € f(X),
(i1) G(Tw, Ty, T2) < kmax{G(fz, fy, £2), G(fz, T, Tx), G(fy, Ty, Ty), G(f T T=)}

for all x,y,z € X, where 0 < k < 1. Then the pairs (T, f) has a coincidence point in

X.

Furthermore, if the pairs (T, f) be R-weakly commuting, then T and f have a unique

common fized point in X.

Corollary 2.3. Let T be a continuous mappings in complete G-metric spaces (X, G) such

that G(Tz, Ty, Tz) < kmax{G(x,y, z),G(x, Tz, Tx),G(y, Ty, Ty),G(z,Tz,Tz)}, for all

x,y,z2 € X, where 0 < k < 1. Then T have a unique fixed point in X.
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