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Abstract. This write up is mainly focusing on establishing the common fixed point theorem under expansive kind
of mapping in dislocated Sj-metric spaces which is a term based on the concept of dislocatedness in S; metric

space. The results are derived for weakly compatible mappings and also by unwinding dSj,-continuity of the

mapping.
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1. INTRODUCTION

A well-known fixed point theorem for metric spaces is Banach contraction principle that
has been proved by Banach in 1922. There are a lot of extensions of this popular theorem
in metric space which are acquiring contractive conditions as a generalizing one and a couple
of speculations of it in various distinct spaces that are having metric type structures. Another
interesting area of study is expansive mapping in fixed point theory that was developed in the
year 1984 by Wang, Li. Gao and Iseki [18] implementing an expansive mapping in complete
metric space. Generalization has made in this result by Daffer and Kaneko [3] using pair of
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self-mappings.

In various spaces, enormous authors developed the results in fixed, coincidence and common
fixed point using expansive condition. In [12], he authors built up these outcomes in G-metric
spaces and in [14], Sahin and Mustafa implemented this broad condition for finding the fixed
point outcomes about in cone-metric spaces. In [8],[9],[10],[15],[17] different speculation of
fixed point hypotheses were built up utilizing expansive condition in b-metric spaces, dislocated
metric spaces and various other generalized spaces on metric.

Now this article focused on the outcomes of fixed point on common for expansive kind of

mappings are established for weakly compatible mappings in dislocated S,-metric space.

2. PRELIMINARIES

Definition 2.1. Let the self-mappings of a metric space (A, {) be S and 7. Then (S,T) is said to
be compatible if there is a sequence {z,} in A such that

limy—C (STt,,TSt,) = 0 whenever limy,_,co = S,, = limy_,Tt, =t for some t € A

Definition 2.2. Let the self-mappings be S and T defined on a metric space (A,{) . Then if
v=_S5t =Tt forsomet € A and v € A, the element ¢ in A is called a coincidence point or v is a

point of coincidence of S and 7.

Definition 2.3. The self-mappings S, T of a metric space (A, {) are weakly compatible if when-
ever Sd = Td then TSd = STd 1s satisfied for every d € A.

Definition 2.4. Let A be a non empty set with { : A3 — R(J{ . If { satisfies the following condi-

tions

(i) ¢(a,d,e) >0foralla,d,e € Awitha#d #e

(i) {(a,d,e)=0=—=a=d=e

(iii) {(a,d,e)=C(a,e,d) = (d,a,e) =C(d,e,a) = (e,a,d) = {(e,d,a)

(iv) {(a,a,d) =(d,d,a) for every a,d € A
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(v) (a,d,e) <b[l(a,a,s)+(d,d,s)+ {(e,e,s)| forall a,d,e,s € A with b > 1.

then (A, {) is a dislocated Sp-metric space with a dSj-metric. [simply as dS,-metric space].

Definition 2.5. The sequence {7, } in dS,-metric space (A, {) is termed as dSj,-convergent if for
given € > 0, there occurs a ng € I such that §(t,,t,,t) < € or {(¢,t,1,) < €;(n > ng).It can be

noted as dSy, — lim,_.t, =t and t is a dSp-limit point of {#,}.

Definition 2.6. The dS,-metric space (A, {) is a dS,-Cauchy if for ¢ > 0, there occurs a number

no € I such that §(t,,,t,,1;) < €;(n,m,1 > ny).

Definition 2.7. A complete dSj,-metric space (A, {) is a dS,-metric space in which every dS)-

Cauchy sequence is dSj,-convergent in A.

Definition 2.8. Let (A,{) , (B,{’) be two dS,-metric spaces and let f : A — B be a defined
function which is said to be dSj,-continuous at p € A if for every € > 0 there is a § > 0 such that
¢'(f(a),f(a), f(p)) < € whenever {(a,a,p) < 8. If f is a dS,- continuous in each and every

point of a subset L of A, we say that f is dS,-continuous on L.

Theorem 2.9. A sequence in a dS,-metric space is dSy-convergent to atmost one dSy-limit

point.

Theorem 2.10. Lez {d, } be a sequence in dSy-metric space (A, ) withb > 1 such that §(dy,dy,dp+1) <
18 (dy—1,dn—1,d,) wherel € (0,1/b) andn =1,2,---. Then {d,} is dS,-Cauchy sequence in A.

3. MAIN RESULTS

Theorem 3.1. Let (A, () be a dSj,-metric space which is complete. The self mappings on dS),-

metric space f and g are surjective, injective respectively satisfying

(3.1 C(fs, fd,fv) > qC(gs,gd,gv)

For each s,d,v € A. Then f and g have a unique common fixed point.
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Proof. Let s¢ ,an element from A be chosen. Choosing an element s; € A such that fsg = gs;.

In general, fs, = gs,+1 = a,. From (3.1),

C(fsn fsns fsnt1) = qC(8gSn,8Sn:&Sn+1)
= qC(an—1,an1,an)
= qC(fSn—1,fSn—1,[sn)
> ¢*C(8Sn—1,85n-1,85n)

= QZC(an—Za ap—2, an—l)

Continuing in this fashion we get,

C(fsmfsnafsn—i-l) > an(g517gslagS2)

:C(gshgslugSZ) S q_nC(a()uaOual)

Now if n > m,

Clan,amyam) < b[C(an,an,an+1) + §(@n+1,ant1,an42) + -+ Cam, am, A1)
= DIC(fsnt1sSsnr1s fsnv2) + C(Fsnt2, fsnv2, fSnt3) + -+ C(fSmits fsmts fsmi2)]
< blg "¢(a0,a0,a1) +q "V (a0, a0,a1) + - +q "¢ (a0, a0,a1)]
= bg "[l+q " +q  +- 4+ q " "|C (a0, a0, a1)
= b/q"[1-1/q) " (a0, a0,a1)

= bq_"%@(ao,ao,al)

1
- bq] nq—C(a07a07al)

Since ¢ > 1 and as n — oo, g! =" — 0, therefore by letting m,n — oo , we get, {(ay,am,an) — 0

and so {a,} is a dS,-Cauchy sequence. Also by hypothesis, we have a dS), limit point in A such
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that
limy,  wa, = a
= limy_08Sp+1 = a
Since f is surjective we have, f~'(a) = k € A, then a = f(k).
Consider, §(ay,an,a) = E(fsn, fsn, k) > q&(gsn, gsn, gk) Letting n — oo, we get,
¢(a,a,a) > q8(a,a,gk)

0>qC(a,a,gk)

Since g > 1 so that {(a,a,gk) = 0 = gk = a. Thus fk = gk = a for some k € A and hence a

is a point of coincidence Now,

C(k,k,a) <bR2E(k,k, fsn) + C(a,a, fsn)]
Letting n — oo,
{(kka) < b2L(kk.a)+(a,a,a)]
— 268 (kk,a)— C(kk,a) > O
— (2b— 1) (kkya) > 0
— C(kka) = 0
sk = a
— fk=gk = k

Hence the common fixed point for f and g is obtained as k. Now for individuality of the point,

let k, j be different two common fixed points. We have, {(k,k, j) > 0. Then

C(k,k,j) = C(fk,fk,fJ)
> qC(gk,gk,gj)
= {(k,k,j) > C(gk,gk,))

(3.2)
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Since g > 1. This is a conflict term. Hence & is a unique common fixed point. U

Proposition 3.2. Let S and Tbe self-maps that are weakly compatible well-defined on dS,-
metric space A. If S and T have a sole point of coincidence then S and T have precisely one

common fixed point.

Proof. Let the point of coincidence be y. Then St = Tt = y for some t € A. Since S and T
are weakly compatible, it gives that STt = TSt —> Sy = Ty. Now we assert that St = Tt =¢.
Suppose that St # ¢, then {(St,7,¢) > 0. Now,
C(St,51,Sy) < b[2L(St,S1,Ty) + (Sy, Sy, T)]
= b[20(St,St,Sy) + £ (Sy, Sy, Sy)]
= §(St,St,t) < D[28(St,St,1)]
= {(St,8t,t) < {(St,8t,1)

This contradicts our hypothesis terms. .-. Tt = St =¢. and so ¢ is a common fixed point. Now

choose two different common fixed points ¢,y. Then St = Tt =¢,Sy = Ty = y. Consider,
Ct,t,y) = §(St,5t,5y)
< Db[20(St,St,Tt) + C(Sy, Sy, T1)]
= b20(1,1,1) + C(y.y,1)]
= bl(yy1)

= C(t,t,y) < C(t,t,y)

This is again a contradiction. Hence ¢t = y is unique. 0

Theorem 3.3. Let the dS,-metric space be (A,{) with b > 1 and f,g are self-mappings sus-

taining the conditions below:

(i) g(A) C f(A)

(ii) §(fs,fd, fe) > af(gs,gs, fd) [FESE8LLe] 1 BE (g5, 0d, gv)
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Forall s,d,e € A and s # d # e, where o, 3 > 0 with a« +bf > b and a > 1. In the event that
one of the range subspaces is dS,-complete, at that point f and g have a coincidence point.
Also on the off chance that the pair (f,g) is weakly compatible then f and g have exactly one

common fixed point in A.

Proof. Suppose that 5o € A and choose s; € A such that gso = fs;. This can be done because
of condition (i). Proceeding in this fashion, a sequence {s,} can be constructed in A with
gSn—1 = fspforalln=1,2,---. Now we assert that {s, } is dS,-Cauchy in A. By condition (ii),

[1 + C(gsnagsnvfanrZ)]
1+ C(gsn+lagsn+17gsn)]

C(gsn—lagsn7g5n+l) > O‘C(gsn—lagsn—hfsn-i-l) [

+ BC(gsnflagsnvgsl’I*Fl)

(14 C(gSn,85n:8Sn+1)]
1+ (gsn—+1,85,41,85)]

= O‘C(gsnflagsnfhgsn)[
+ BC(gSn—1,851,85n+1)
= 08(gSn—1,85—1,85) + BE(gSn—1,851,85n+1)
= (1-B)C(8sn—1,85n,85n+1) = 0L(8Sn—1,85n—1,85)
(1-B)

= §(gSn—1,851-1,852) < a $(gSn—1,85n,8Sn+1)

= C(85n-1,85-1,8%) < AL(g5n—1,851,85n+1)

where A = ((1—B)/a),A < 1/band a+bp > b.
By Theorem (2.10), {s,} is a dS,-Cauchy sequence.
Through the process of induction we get, (gs,—1,85:—1,85n) < A" (gs0,8s1,8s52) forn > 0.

Now for [,m,n € N and [ > m > n, we have

C(gsn,gSm,8s1) < b[C(8Sn,85n,8n+1) + C(&Sms&Sm,&Sn+1) + C (851,851, 85n+1)]
< bC(gSn,85n:85n+1) +b[2C(8Sm>85ms 8Sn+2) + £ (85n+1585n+1,85n+2)]

+ b[2§(gsl,gsl,gsn+3) + C(gsn-i-l y&Sn+1 7gsn+3)]

< [bln_'_bZ}Ln—l+'._+bl—m—n—Z)Ll—Zbl—m—(n—l)ll—l]C(gSO,gsl’gSZ)

n 1
bA mC(gS07gslags2)
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This shows that {gs,}, a dSp-Cauchy sequence in g(A). Now assume that g(A) is a dSp-
complete subspace of A. Then there exists a € g(A) C f(A) such that gs, — a and also fs, — a.
(i.e) {gsn} is dSp-convergent in g(A). Also suppose if f(A) is dSp-complete this will hold for
a € f(A) and so {gs,} is dS,-convergent to a in f(A). Now let u € A such that fu =a. If gu#a
then by using s = s,,,d = s,+1,e = u in (ii) we have

[1 + C(gsn+17gsn+lvfu)]

(1 + C(gu,gu,gsn+l)) + ﬁC(gSn,gSnH,gu).

C(fsrufsn—l—] ,fl/l) > aC(gsnvgsnafSn-l—l)

Letting n — oo we get,
14 ¢(a,a,a)]
0 > B¢la,a,gu)

+B&(a,a,gu)

{(a,a,a) > al(a,a,a)

—gu = a=fu

.. a is the point of coincidence of f and g. Let b, a be distinct points of coincidence of f and g.

Then so fd = gd = b for some d € A. Now from (ii) using s = u,d = e = [ we have

[1+C(gl,gl, f1)
[1+C(gl,8l, fu)

(14 & (b,b,b)]
T C(b.bfu)] + B (gu,b,b)

C(fu, f1.f1) = al(gu,gu, f1)

]] +BC(gu,gl,gl)

= aC(gu,gu,b)[
E(a,b,b) > BE(a,b,b)

— {(a,b,b) > C{(a,b,D).

This is a contradiction. Therefore coincidence point for f and g is unique in A. Furthermore,
f and g are weakly compatible and from Proposition (3.2) f and g have exactly one common

fixed point in A. 0

Theorem 3.4. Let (A, §) be a dS,-metric space which is complete. Let the self-mappings char-
acterized on A be f and g which are surjective, injective individually fulfilling the accompanying

conditions:

1. g(A) C f(A).
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2. C(fs, fd, fe)+ amax{C(gs, fe, fe),C(fs,8d, fe),C(fs,fs,8€)}
> B (f5,85,85) T rpiselesel) 1y (g5, 8d, ge)
forall s,d,e € Awith s # d # e where o, 3,y > 0 are real constants such that b +y >

(1+a)b+2b?a and y > 1+ a.

3. Either f(A) or g(A) is dSp-complete.

Suppose that the couple of mappings (f,g) is weakly compatible then f and g possess a unique

common fixed point in A.

Proof. Assume that sy € A and pick an element s; € A such that fs; = gso. This is possible by
(1.
Enduring in this manner, a sequence {#,} in A can be constructed such that fs, = gs,—1 = t,.

To prove that {z,} is a ds,-Cauchy sequence, let s = t,,,d = t,,e = t,11. Then by condition (2)

C(ftmftnvftn—O—l) + (Xmax{C(gtn,ftn+1,ftn+1), C(ftmgtn—O—lvftn—Fl)a C(ftmftnvgti’l-i-l)}

(1+C(8tnr1, ftat1,8tns1))
= DLt ) i 1)

+yC(gtnagtn+l ) gtn+1)

= C(8tn—1,8tn—1,8tn) + amax{{(gtn, gtn, 81n), § (80n—1,8tn+1,81), C(8tn—1,8tn—1,8n+1)}

)
(14 & (gtn+1,8,8lnr1)
(1 + C(gtnagtn—H 7gtn+1)

+¥8 (8tn, 8tnt1,8lnt1

> BE(gtn1,8,8) i
)
= {(8ta—1,8t—1,8t) + amax{0,§(gtu—1,8t+1,8t), §(8tn—1,8tn—1,8tn+1) }

> BE(8tn—1,8tn: 81n) 1 + Y (8ln; 8tn+1, 8ln+1)

= §(gta—1,8tn—1,81n) + 0L (8tn—1,8tn—1,8n+1) = BE(8tu—1,8n, 8tn) + YE (8tn, 8lnt1,8tnt1)
if $(gty—1,8tn—1,8tn+1) is chosen as maximum.
= C(8tn—1,8tn—1,8tn) + D028 (gtu—1,8tn—1,8tn) + b8 (8lnt1,81n+1,8)

> Bg(gln—l ) gtmgtn) + YC(gfm 8ln+1 7gtn+1)

= (1 +2ab_B)C(gtnflagtnflagtn) Z ('}’_ba)g(gtn+lygtn+lagtn)
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(1+2ab—p)
(y—ba)
= nC(gtn—1,8tn—1,8t)

= C(8tn: 8tn+1,8t41) < C(8tn—1,8tn—1,8n)

(1+2ab—p)
(y—ba)

Clearly u € (0, )

where | = <tas(l+a)b+2ab* <y+bB. Alsoy>1+a

Thus C(gtnagtn+l7gln+l) < “C(gtn—lagtn—hgtn)’ where ue (07 %)
By induction process we get, §(gty, 8tur1,8t+1) < 1" E(gto, gto, gt1),n > 0.

For m,n, € I with m > n we have,

(3.3) $(gtn, 8tn, 81m)

IN

b[zg(gtrhgtna gtn+l) + C(gm7gtm7gtn+l)]

IN

2bu" ¢ (gto, 810,81) + 267" E (gt0, 810, 811) + -+ + 26" "WV (gto, gto, gt

= 2bu"[14+bu 4+ (b)" "¢ (gto, 810, 811)

2bu’

= 0, 810, 81
1_buC(go,g0,gl)

and so {t,} is dSp-Cauchy sequence in g(A). Assume that g(A) is dS,-complete subspace of
A. At that point, there exists € g(A) C f(A) with the end goal that gt, — ¢ and furthermore
ftn — t. If f(A) is dSp-complete it holds together with t € f(A). Hence gt, — ¢ in f(A). Let
d € A such that f(d) =t. If gd #t then use s =1t,,d =1,,e = d in (ii) we get,

C(ftnaftnafd) + amax{(:(gtn,fd,fd), C(ftn,gd,fd), C(ftnafln;gd)}

(1+ (g, fd, fd))
= BE (St 81, 810) (T (1,0 0a)

Letting n — oo we get,

C(t,1,t) + amax{C(t, fd, fd), {(t,8d, fd),{(t,1,8d)}

(1+¢(t, fd, fd))
> BE(,1,1) (14 ¢(t,8d,gd))

— amax{0,{(t,8d,1),8(1,1,8d)} = yC(1,8d, gd)

+v{(1,8d, gd)

= al(t,t,gd) > yC(t,gd, gd)
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which is a contradiction, since Yy > 1+ o, ¢,y > 0.
..gd =t sothat gd = fd =t and so d is a coincidence point f and g.
Uniqueness can be done by assuming the contradictory part that another point of coincidence v
exists for f and g. (i.e) fs = gs = v for some s € A.

Now from condition (ii) we get,

C(fd,fd, fs)+amax{{(gd, fs,fs),C(fd,gs,fs),C(fd, fd,gs)}

SEPIEE 1

= {(t,t,v) + amax{{(t,v,v),C(t,v,v),{(t,t,v)}

(14&(t,v,v))
R ()
= {(t,t,v)+al(t,t,v) > yL(t,v,v)

+v{(gd, gs,85)

+

vE(t,v,v)

= (14+ o) (t,t,v) > y{(t,v,v)

This is a contradiction, since 1 4+ o < ¥; &,y > 0. Therefore t = v. Thus f and g ensure a single
coincidence point. Moreover in the event that f and g are weakly compatible, at that point by

recommendation of the Proposition(3.2) f and g have an exceptional common fixed point in

A. 0J

4. CONCLUSION

As a summary, the continuity of the mapping has been expelled and the completeness of the
entire space has been limited to one of the range subspaces. The theorems have been demon-

strated for a couple of mappings which were weakly compatible as opposed to utilizing a single
mapping.
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