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Abstract. In this paper, we establish a coupled coincidence fixed point results for a hybrid pair of single valued and

multivalued mappings satisfying generalized contractive conditions, defined on a partially ordered bipolar metric

space. Our results unify, generalize and complement several known comparable results from the current literature.

An example is given.
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1. INTRODUCTION

Fixed point theory plays a vital role in applications of many branches of mathematics. Find-

ing fixed points of generalized contraction mappings has become the focus of well-built research

activity in fixed point theory. Recently, many investigators have published various papers on

fixed point theory and applications in different ways. One of the recently popular topics in fixed

point theory is to cast the existence of fixed points of contraction mappings in bipolar metric
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spaces which can be considered as generalizations of Banach contraction principle. In 2016,

Mutlu and Gürdal [1] has been introduced the concepts of bipolar metric space and they investi-

gated certain basic fixed point and coupled fixed point theorems for covariant and contravariant

map with contractive conditions see ( [2]-[6]).

The study of mixed monotone mappings is an active area of research due to its wide scope of

applications. The theory of mixed monotone multivalued mappings in ordered Banach spaces

was extensively investigated in [7]. Existence of fixed points in ordered metric spaces was ini-

tiated by Ran and Reurings [8], and further studied by Nieto and López [9]. Several authors

studied the problem of existence and uniqueness of a fixed point for mappings satisfying dif-

ferent contractive conditions in the framework of partially ordered metric spaces and references

therein ([10]-[13]).

In [14], Bhaskar and Lakshmikantham introduced the concept of coupled fixed point and

proved some coupled fixed point theorems in partially ordered sets. As an application, they

studied the existence and uniqueness of solution for a periodic boundary value problem as-

sociated with a first order ordinary differential equation. Subsequently, Lakshmikantham and

Ćirić [15] proved coupled coincidence and coupled common fixed point theorems for nonlinear

contractive mappings in partially ordered complete metric spaces. The study of fixed points for

multivalued contractions mappings using the Hausdorff metric was initiated by Markin [16] and

[17]. Later, Dhage [18] established hybrid fixed point theorems and gave applications of their

results (see also [19]). Hong in his recent work [20] proved hybrid fixed point theorems involv-

ing multi-valued operators which satisfy weakly generalized contractive conditions in ordered

complete metric spaces.

This paper aims to introduce some coupled coincidence point theorems for a hybrid pair

{g,F} of single valued and multivalued mappings satisfying generalized contractive conditions

defined on partially ordered bipolar metric spaces. We have illustrated the validity of the hy-

potheses of our results.

First we recall some basic definitions and results.
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2. PRELIMINARIES

Definition 2.1:([1]) Let A and B be a two non-empty sets. Suppose that d : A×B→ [0,∞) be a

mapping satisfying the following properties :

(B1) d(a,b) = 0 if and only if a = b for all (a,b) ∈ A×B,

(B2) d(a,b) = d(b,a), for all a,b ∈ A∩B,

(B3) d(a1,b2)≤ d(a1,b1)+d(a2,b1)+d(a2,b2), for all a1,a2 ∈ A, b1,b2 ∈ B.

Then the mapping d is called a Bipolar-metric on the pair (A,B) and the triple (A,B,d) is called

a Bipolar-metric space.

Definition 2.2:([1]) Assume (A1,B1) and (A2,B2) as two pairs of sets.The function

F : A1∪B1→ A2∪B2 is said to be a covariant map if F(A1)⊆ A2 and F(B1)⊆ B2 and denote

this as F : (A1,B1)⇒ (A2,B2).

The mapping F : A1 ∪B1 → A2 ∪B2 is said to be a contravariant map, if F(A1) ⊆ B2 and

F(B1)⊆ A2 and this as F : (A1,B1)� (A2,B2).

In particular, if d1 and d2 are bipolar metrics in (A1,B1) and (A2,B2) respectively. Then in

some times we use the notations F : (A1,B1,d1)⇒ (A2,B2,d2) and F : (A1,B1,d1)� (A2,B2,d2).

Definition 2.3:([1]) Let (A,B,d) be a bipolar metric space. A point v ∈ A∪B is said to be left

point if v ∈ A, a right point if v ∈ B and a central point if both.

Similarly, a sequence {an} on the set A and a sequence {bn} on the set B are called a left and

right sequence respectively.

In a bipolar metric space, sequence is the simple term for a left or right sequence.

A sequence {vn} is convergent to a point v if and only if {vn} is a left sequence, v is a right

point and lim
n→∞

d(vn,v) = 0; or {vn} is a right sequence, v is a left point and lim
n→∞

d(v,vn) = 0.

A bisequence ({an},{bn}) on (A,B,d) is sequence on the set A×B. If the sequence {an} and

{bn} are convergent, then the bisequence ({an},{bn}) is said to be convergent. ({an},{bn}) is

Cauchy sequence , if lim
n,m→∞

d(an,bm) = 0.

A bipolar metric space is called complete, if every Cauchy bisequence is convergent, hence

biconvergent.
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3. MAIN RESULTS

Following definitions and results will be need in the sequel.

Let (A,B,d) be a bipolar metric space. For a points a ∈ A,b ∈ B and a subsets

X ⊆A,Y ⊆B, Consider the bipolar metric d(a,Y )= {d(a,y)/y ∈ Y} and d(X ,b)= {d(x,b)/x ∈ X}.

We denote by CB(A) and CB(B) be a class of all nonempty closed and bounded subsets of A and

B respectively. Let H be the Hausdorff bipolar metric induced by the bipolar metric d on (A,B),

that is H(X ,Y ) = max
{

supx∈X d(x,B),supy∈Y d(A,y)
}

for every X ∈CB(A) and Y ∈CB(B).

Definition 3.1: Let be given the mapping F : A2∪B2→CB(A∪B) and g : A∪B→ A∪B. An

element (a,b) ∈ A2∪B2 is called

(i) a coupled fixed point of a set valued mapping F if a ∈ F(a,b) and b ∈ F(b,a)

(ii) a coupled coincidence point of a pair {F,g} if ga ∈ F(a,b) and gb ∈ F(b,a)

(iii) a coupled common fixed point of a pair {F,g} if a = ga ∈ F(a,b) and b = gb ∈ F(b,a).

Lemma 3.1:([17]) Let κ ≥ 0. If X ∈CB(A),Y ∈CB(B) with H(X ,Y )≤ κ, then for each x ∈ X

there exist an element y ∈ Y such that d(x,y)≤ κ

Lemma 3.2:([17]) Let (Xn,Yn) be a bisequence in (CB(A),CB(B)) with

lim
n→∞

H(Xn,Y ) = lim
n→∞

H(X ,Yn) = 0 for X ∈CB(A),Y ∈CB(B). If an ∈ Xn, bn ∈ Yn and

lim
n→∞

d(an,b) = lim
n→∞

d(a,bn) = 0, then a ∈ X and b ∈ Y .

Definition 3.2: Let (A,B,≤) be a partially ordered set and F : (A2,B2)⇒CB(A,B) be a covari-

ant map. The map F is called a mixed monotone mapping if for (ai,bi) ∈ A2 ∪B2 (i = 1,2),

with a1 ≤ a2 and b1 ≥ b2 then for all u1 ∈ F(a1,b1) there exist u2 ∈ F(a2,b2) such that u1 ≤ u2

and for all v1 ∈ F(b1,a1) there exist v2 ∈ F(b2,a2) such that v1 ≥ v2.

Definition 3.3: Let (A,B,≤) be a partially ordered set and F : (A2,B2)⇒CB(A,B) and

g : (A,B)⇒ (A,B) be two covariant maps. We say F has the mixed g-monotone property if F

is monotone g-non-decreasing in its first argument a and is monotone g-non-increasing in its

second argument b, that is, for any (a,b) ∈ A2∪B2.

(a1,a2) ∈ A2, g(a1)≤ g(a2)⇒ F(a1,b)≤ F(a2,b)

(b1,b2) ∈ B2, g(b1)≥ g(b2)⇒ F(a,b1)≥ F(a,b2)
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Note that if g(a1)≤ g(a2), g(b1)≥ g(b2) and F has mixed g-monotone property, by Definition-

(3.3), we obtain F(a1,b1)≤ F(a2,b2) and F(b1,a1)≥ F(b2,a2).

Let Ψ = {ψ : ψ : R→ R} be a family of non-decreasing continuous function satisfying the

following three properties: such that

(a)
∞

∑
n=1

ψn(t)<+∞ for all t > 0,

(b) 0 < ψ(t)< t for all t > 0

(c) let ψ ∈Ψ, lim
n→+∞

ψn(t) = 0 for all t > 0

Theorem 3.1: Let (A,B,≤) be a partially ordered set such that there exist a bipolar metric d on

(A,B) .Consider the covariant mappings F : (A2,B2)⇒ CB(A,B) and g : (A,B)⇒ (A,B) such

that F(A2∪B2)⊆ g(A∪B) and satisfies the following conditions.

(1) H (F(a,b),F(p,q))≤ ψ

(
d(g(a),g(p))+d(g(b),g(q))

2

)

for all a,b ∈ A and p,q ∈ B with g(a)≥ g(p) and g(b)≤ g(q). Suppose also that

(3.1.1) g(A∪B) is complete subspaces of (A,B,d)

(3.1.2) F has a mixed g-monotone property

(3.1.3) There exist (a0,b0) ∈ A2 ∪ B2 and for some x1 ∈ F(a0,b0), y1 ∈ F(b0,a0) we have

ga0 ≤ x1 and gb0 ≥ y1

(3.1.4) If a non-decreasing sequence ({an} ,{pn}) is convergent to (p,a) for a ∈ A, p ∈ B, then

an ≤ p, pn ≤ a for all n and if a non-increasing sequence ({bn} ,{qn}) is convergent to

(q,b) for b ∈ A,q ∈ B, then bn ≥ q, qn ≥ b for all n.

Then F and g have a coupled coincidence point, that is there exist (a,b) ∈ A2 ∪B2 such that

ga ∈ F(a,b) and gb ∈ F(b,a).

Proof: Let a0,b0 ∈ A and p0,q0 ∈ B. By (3.1.3) there exist x1 ∈ F(a0,b0), y1 ∈ F(b0,a0) and

w1 ∈ F(p0,q0), z1 ∈ F(q0, p0) we have ga0 ≤ w1 and gb0 ≥ z1 and gp0 ≤ x1 and gq0 ≥ y1. By

assumption F(A2∪B2)⊆ g(A∪B), there exist a1,b1 ∈ A and p1,q1 ∈ B such that

ga1 = x1 ∈ F(a0,b0),gb1 = y1 ∈ F(b0,a0) and gp1 = w1 ∈ F(p0,q0),gq1 = z1 ∈ F(q0, p0)
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and ga0 ≤ gp1 and gb0 ≥ gq1 and gp0 ≤ ga1 and gq0 ≥ gb1.

Applying this in inequality (1), we have

H(F(a0,b0),F(p1,q1)) ≤ ψ

(
d(ga0,gp1)+d(gb0,gq1)

2

)
(2)

and

H(F(b0,a0),F(q1, p1)) ≤ ψ

(
d(gb0,gq1)+d(ga0,gp1)

2

)
(3)

On adding (2) and (3), we get

(4)
H(F(a0,b0),F(p1,q1))+H(F(b0,a0),F(q1, p1))

2
≤ ψ

(
d(ga0,gp1)+d(gb0,gq1)

2

)
On the other hand

H(F(a1,b1),F(p0,q0)) ≤ ψ

(
d(ga1,gp0)+d(gb1,gq0)

2

)
(5)

and

H(F(b1,a1),F(q0, p0)) ≤ ψ

(
d(gb1,gq0)+d(ga1,gp0)

2

)
(6)

On adding (5) and (6), we get

(7)
H(F(a1,b1),F(p0,q0))+H(F(b1,a1),F(q0, p0))

2
≤ ψ

(
d(ga1,gp0)+d(gb1,gq0)

2

)
Moreover,

H(F(a0,b0),F(p0,q0)) ≤ ψ

(
d(ga0,gp0)+d(gb0,gq0)

2

)
(8)

and

H(F(b0,a0),F(q0, p0)) ≤ ψ

(
d(gb0,gq0)+d(ga0,gp0)

2

)
(9)

On adding (8) and (9), we get

(10)
H(F(a0,b0),F(p0,q0))+H(F(b0,a0),F(q0, p0))

2
≤ ψ

(
d(ga0,gp0)+d(gb0,gq0)

2

)
From (4), (7) and (10),

If d(ga0,gp1) = d(gb0,gq1) = 0, then ga0 = gp1 ∈ F(p0,q0),gb0 = gq1 ∈ F(q0, p0)

and

If d(ga1,gp0) = d(gb1,gq0) = 0, then gp0 = ga1 ∈ F(a0,b0),gq0 = gb1 ∈ F(b0,a0)
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If d(ga0,gp0) = d(gb0,gq0) = 0 then ga0 = gp0,gb0 = gq0. Consequently (ga0,gb0) is a cou-

pled coincidence point of F and g.

Assume that either d(ga0,gp1) 6= 0 or d(gb0,gq1) 6= 0 and d(ga1,gp0) 6= 0 or d(gb1,gq0) 6= 0

also d(ga0,gp0) 6= 0 or d(gb0,gq0) 6= 0. Take

ε

2
=

d(ga0,gp1)+d(gb0,gq1)

2
> 0,

ε

2
=

d(ga1,gp0)+d(gb1,gq0)

2
> 0

and
ε

2
=

d(ga0,gp0)+d(gb0,gq0)

2
> 0

Using a property of ψ , we have ψ( ε

2)> 0, so from (4), (7) and (10)

(11)
H(F(a0,b0),F(p1,q1))+H(F(b0,a0),F(q1, p1))

2
≤ ψ(

ε

2
)

and

(12)
H(F(a1,b1),F(p0,q0))+H(F(b1,a1),F(q0, p0))

2
≤ ψ(

ε

2
)

also

(13)
H(F(a0,b0),F(p0,q0))+H(F(b0,a0),F(q0, p0))

2
≤ ψ(

ε

2
)

Since ga1 ∈ F(a0,b0), gb1 ∈ F(b0,a0) then (11) and Lemma-(3.1) there exists w2 ∈ F(p1,q1),

z2 ∈ F(q1, p1) such that

d (ga1,w2)+d (gb1,z2)

2
≤ ψ(

ε

2
)

Since F(A2∪B2)⊆ g(A∪B) there exist p2,q2 ∈ B such that w2 = gp2,z2 = gq2. Thus

(14)
d (ga1,gp2)+d (gb1,gq2)

2
≤ ψ(

ε

2
)

and Since gp1 ∈F(p0,q0), gq1 ∈F(q0, p0) then (12) and Lemma-(3.1) there exists x2 ∈F(a1,b1),

y2 ∈ F(b1,a1) such that

d (x2,gp1)+d (y2,gq1)

2
≤ ψ(

ε

2
)

Since F(A2∪B2)⊆ g(A∪B) there exist a2,b2 ∈ A such that x2 = ga2,y2 = gb2. Thus

(15)
d (ga2,gp1)+d (gb2,gq1)

2
≤ ψ(

ε

2
)



8 B. SRINUVASA RAO, E. GOUTHAMI, CH. MAHESWARI, MOHIDDIN SHAW SHAIK

also Since ga1 ∈ F(a0,b0), gb1 ∈ F(b0,a0) and gp1 ∈ F(p0,q0), gq1 ∈ F(q0, p0) then (13) and

Lemma-(3.1) there exists x1 ∈ F(a0,b0), y1 ∈ F(b0,a0) and w1 ∈ F(p0,q0), z1 ∈ F(q0, p0) such

that

d (x1,w1)+d (y1,z1)

2
≤ ψ(

ε

2
)

Since F(A2∪B2)⊆ g(A∪B) there exist a1,b1 ∈ A, p1,q1 ∈ B such that

x1 = ga1,y1 = gb1,w1 = gp1,z1 = gq1. Thus

(16)
d (ga1,gp1)+d (gb1,gq1)

2
≤ ψ(

ε

2
)

Since, we have ga0 ≤ gp1, gb0 ≥ gq1 and gp0 ≤ ga1, gq0 ≥ gb1, ga1 ∈ F(a0,b0),

gp1 ∈ F(p0,q0),gb1 ∈ F(b0,a0),gq1 ∈ F(q0, p0) and ga2 ∈ F(a1,b1),gp2 ∈ F(p1,q1),

gb2 ∈ F(b1,a1),gq2 ∈ F(q1, p1), by assumption (3.1.2), we get

ga1 ≤ gp2,gb1 ≥ gq2 and gp1 ≤ ga2,gq1 ≥ gb2

Applying this in (1) and using (14),(15), (16) we obtain

H(F(a1,b1),F(p2,q2))+H(F(b1,a1),F(q2, p2))

2
≤ ψ

(
d(ga1,gp2)+d(gb1,gq2)

2

)
≤ ψ

2(
ε

2
)(17)

and

H(F(a2,b2),F(p1,q1))+H(F(b2,a2),F(q1, p1))

2
≤ ψ

(
d(ga2,gp1)+d(gb2,gq1)

2

)
≤ ψ

2(
ε

2
)(18)

also

H(F(a1,b1),F(p1,q1))+H(F(b1,a1),F(q1, p1))

2
≤ ψ

(
d(ga1,gp1)+d(gb1,gq1)

2

)
≤ ψ

2(
ε

2
)(19)

Since ga2 ∈ F(a1,b1), gb2 ∈ F(b1,a1)then (17) and Lemma-(3.1) there exists w3 ∈ F(p2,q2),

z3 ∈ F(q2, p2) such that
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d (ga2,w3)+d (gb2,z3)

2
≤ ψ

2(
ε

2
)

Since F(A2∪B2)⊆ g(A∪B) there exist p3,q3 ∈ B such that w3 = gp3,z3 = gq3. Thus

(20)
d (ga2,gp3)+d (gb2,gq3)

2
≤ ψ

2(
ε

2
)

and Since gp2 ∈F(p1,q1), gq2 ∈F(q1, p1)then (18) and Lemma-(3.1) there exists x3 ∈F(a2,b2),

y3 ∈ F(b2,a2) such that

d (x3,gp2)+d (y3,gq2)

2
≤ ψ

2(
ε

2
)

Since F(A2∪B2)⊆ g(A∪B) there exist a3,b3 ∈ A such that x3 = ga3,y3 = gb3. Thus

(21)
d (ga3,gp2)+d (gb3,gq2)

2
≤ ψ

2(
ε

2
)

also Since ga2 ∈ F(a1,b1), gb2 ∈ F(b1,a1) and gp2 ∈ F(p1,q1), gq2 ∈ F(q1, p1) then (19) and

Lemma-(3.1) there exists x2 ∈ F(a1,b1), y2 ∈ F(b1,a1) and

w2 ∈ F(p1,q1), z2 ∈ F(q1, p1) such that

d (x2,w2)+d (y2,z2)

2
≤ ψ

2(
ε

2
)

Since F(A2∪B2)⊆ g(A∪B) there exist a2,b2 ∈ A, p2,q2 ∈ B such that

x2 = ga2,y2 = gb2,w2 = gp2,z2 = gq2 Thus

(22)
d (ga2,gp2)+d (gb2,gq2)

2
≤ ψ

2(
ε

2
)

Since, we have ga1 ≤ gp2, gb1 ≥ gq2 and gp1 ≤ ga2, gq1 ≥ gb2, ga2 ∈ F(a1,b1),

gp2 ∈ F(p1,q1),gb2 ∈ F(b1,a1),gq2 ∈ F(q1, p1) and ga3 ∈ F(a2,b2),gp3 ∈ F(p2,q2),

gb3 ∈ F(b2,a2),gq3 ∈ F(q2, p2). Again, applying assumption (3.1.2), we get

ga2 ≤ gp3,gb2 ≥ gq3 and gp2 ≤ ga3,gq2 ≥ gb3

Continuing similarly this process, we have gan+1 ∈ F(an,bn),

gpn+1 ∈ F(pn,qn),gbn+1 ∈ F(bn,an),gqn+1 ∈ F(qn, pn) with

gan ≤ gpn+1,gbn ≥ gqn+1 and gpn ≤ gan+1,gqn ≥ gbn+1
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such that

(23)
d (gan,gpn+1)+d (gbn,gqn+1)

2
≤ ψ

n(
ε

2
)

and

(24)
d (gan+1,gpn)+d (gbn+1,gqn)

2
≤ ψ

n(
ε

2
)

also

(25)
d (gan,gpn)+d (gbn,gqn)

2
≤ ψ

n(
ε

2
)

Put tn = d (gan,gpn+1)+d (gbn,gqn+1) for any n ∈ N then

(26) tn ≤ 2ψ
n(

ε

2
)

Put sn = d (gan+1,gpn)+d (gbn+1,gqn) for any n ∈ N then

(27) sn ≤ 2ψ
n(

ε

2
)

Put rn = d (gan,gpn)+d (gbn,gqn) for any n ∈ N then

(28) rn ≤ 2ψ
n(

ε

2
)

Since lim
n→∞

ψn( ε

2) = 0. Therefore, (26), (27) and (28) gives

lim
n→∞

tn = 0, lim
n→∞

sn = 0 and lim
n→∞

rn = 0

that is

lim
n→∞

d (gan,gpn+1) = lim
n→∞

d (gbn,gqn+1) = 0,

lim
n→∞

d (gan+1,gpn) = lim
n→∞

d (gbn+1,gqn) = 0

lim
n→∞

d (gan,gpn) = lim
n→∞

d (gbn,gqn) = 0

Using the property (B3), we have

d (gan,gpm)≤ d (gan,gpn+1)+d (gan+1,gpn+1)+ · · ·+d (gam−1,gpm)

d (gbn,gqm)≤ d (gbn,gqn+1)+d (gbn+1,gqn+1)+ · · ·+d (gbm−1,gqm)

(29)
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and

d (gam,gpn)≤ d (gam,gpm−1)+d (gam−1,gpm−1)+ · · ·+d (gan+1,gpn)

d (gbm,gqn)≤ d (gbm),gqm−1)+d (gbm−1,gqm−1)+ · · ·+d (gbn+1,gqn)

(30)

Next, we show that ({gan} ,{gpn}) and ({gbn} ,{gqn}) are Cauchy bisequence in (g(A),g(B))

for each n;m ∈ Nbe such that n < m. Then, from (26), (27), (28), (29) and (30), we have

d (gan,gpm)+d (gbn,gqm)

≤ (d (gan,gpn+1)+d (gbn,gqn+1))+(d (gan+1,gpn+1)+d (gbn+1,gqn+1))

+ · · ·+(d (gam−1,gpm−1)+d (gbm−1,gqm−1))

+(d (gam−1,gpm)+d (gbm−1,gqm))

≤ tn + rn+1 + · · ·+ rm−1 + tm−1

≤ (tn + tn+1 + · · ·+ tm−1)+(rn+1 + rn+2 + · · ·+ rm−1)

≤
m−1

∑
k=n

tk +
m−1

∑
k=n+1

rk

≤
m−1

∑
k=n

2ψ
k(

ε

2
)+

m−1

∑
k=n+1

2ψ
k(

ε

2
)

≤ 2
+∞

∑
k=n

ψ
k(

ε

2
)+2

+∞

∑
k=n+1

ψ
k(

ε

2
)(31)

and

d (gam,gpn)+d (gbm,gqn)

≤ (d (gam,gpm−1)+d (gbm,gqm−1))+(d (gam−1,gpm−1)+d (gbm−1,gqm−1))

+ · · ·+(d (gan+1,gpn+1)+d (gbn+1,gqn+1))

+(d (gan+1,gpn)+d (gbn+1,gqn))

≤ sm−1 + rm−1 + · · ·+ rn+1 + sn
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≤ (sn + sn+1 + · · ·+ sm−1)+(rn+1 + rn+2 + · · ·+ rm−1)

≤
m−1

∑
k=n

sk +
m−1

∑
k=n+1

rk

≤
m−1

∑
k=n

2ψ
k(

ε

2
)+

m−1

∑
k=n+1

2ψ
k(

ε

2
)

≤ 2
+∞

∑
k=n

ψ
k(

ε

2
)+2

+∞

∑
k=n+1

ψ
k(

ε

2
)(32)

From (31) and (32), it follows now that ({gan} ,{gpn}) and ({gbn} ,{gqn}) are Cauchy bise-

quences in (g(A),g(B)). Since, g(A∪B) is complete, therefore, ({gan} ,{gpn}) and ({gbn} ,{gqn})

are convergent in (g(A),g(B),d). There exists, a,b ∈ A and p,q ∈ B such that

lim
n→∞

gan+1 = gp, lim
n→∞

gbn+1 = gq, lim
n→∞

gpn+1 = ga, lim
n→∞

gqn+1 = gb

(33)

Now we will show that ga∈F(a,b),gb∈F(b,a) and gp∈F(p,q),gq∈F(q, p) As ({gan} ,{gpn})

is a non-decreasing bisequence and ({gbn} ,{gqn}) is a non-increasing bisequence in (A, B),

we have gan→ gp,gbn→ gq and gpn→ ga,gqn→ gb.

By assumption (3.1.4) we get gan ≤ gp,gpn ≤ ga and gbn ≥ gq,gqn ≥ gb for all n.

If gan = gp,gpn = ga and gbn = gq,gqn = gb for some n≥ 0, then

gp = gan ≤ gpn+1 ≤ ga = gpn gq = gbn ≥ gqn+1 ≥ gb = gqn and

ga = gpn ≤ gan+1 ≤ gp = gan, gb = gqn ≥ gbn+1 ≥ gq = gbn implies ga = gp and gb = gq

therefore, gan = gan+1 ∈ F(an,bn) and gbn = gbn+1 ∈ F(bn,an).

So (gan,gbn) is coupled coincidence point of F and g.

Suppose that (gan,gpn) 6= (gp,ga) and (gbn,gqn) 6= (gq,gb) for all n≥ 0.

From (1), we have

H (F(a,b),F(pn,qn))≤ ψ

(
d(ga,gpn)+d(gb,gqn)

2

)
< d(ga,gpn)+d(gb,gqn)

2 ,

because d(ga,gpn)+d(gb,gqn)> 0 and ψ(t)< t for all t > 0. By (33)

lim
n→∞

H (F(a,b),F(pn,qn)) = 0

Since gpn+1 ∈ F(pn,qn) and lim
n→∞

d (ga,gpn+1) = 0, we have ga ∈ F(a,b).

Similarly, we can prove gb ∈ F(b,a) and gp ∈ F(p,q), gq ∈ F(q,b)
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On the other hand,

d (ga,gp) = d
(

lim
n→∞

gpn, lim
n→∞

gan

)
= lim

n→∞
d (gan,gpn) = 0

and

d (gb,gq) = d
(

lim
n→∞

gqn, lim
n→∞

gbn

)
= lim

n→∞
d (gbn,gqn) = 0

Therefore, ga = gp and gb = gq and hence F ang g have a coupled coincidence point.

Theorem 3.2: Let (A,B,≤) be a partially ordered set such that there exist a bipolar metric d on

(A,B) .Consider F : (A2,B2)⇒CB(A,B) be a covariant set valued mapping, such that

(34) H (F(a,b),F(p,q))≤ ψ

(
d(a, p)+d(b,q)

2

)
for all a,b ∈ A and p,q ∈ B with a≥ p and b≤ q. Suppose also that

(3.2.1) F has a mixed monotone property

(3.2.2) There exist a0,b0 ∈ A∪B and for some x1 ∈ F(a0,b0), y1 ∈ F(b0,a0) we have a0 ≤ x1

and b0 ≥ y1

(3.2.3) If a non-decreasing sequence ({an} ,{pn}) is convergent to (p,a) for a ∈ A, p ∈ B, then

an ≤ p, pn ≤ a for all n and if a non-increasing sequence ({bn} ,{qn}) is convergent to

(q,b) for b ∈ A,q ∈ B, then bn ≥ q, qn ≥ b for all n.

Then F has a coupled fixed point, that is there exist a,b ∈ A∪ B such that a ∈ F(a,b) and

b ∈ F(b,a).

Example 3.1: Let A = {Um(R)/Um(R) is upper triangular matrices over R} and

B = {Lm(R)/Lm(R) is lower triangular matrices over R} with the bipolar metric

d (P,Q) =
m
∑

i, j=1
|pi j−qi j|, for all P = (pi j)m×m ∈Um(R) and Q = (qi j)m×m ∈ Lm(R). On the set

(A,B), consider the following relation :(P,Q) ∈ A2 ∪B2,P � Q⇔ pi j ≤ qi j where ≤ is usual

ordering. Then clearly, (A,B,d) is a complete bipolar metric space and (A,B,�) is a partially

ordered set. Let F :
(
A2,B2)⇒CB(A,B) be defined as

F (P,Q) =

(
pi j +qi j

3

)
m×m

+
2
3
(Ii j)m×m f or all

(
P = (pi j)m×m,Q = (qi j)m×m

)
∈ A2∪B2

and g : A∪B→ A∪B by g(P) = (pi j)m×m and let ψ : (0,1)→ (0,1) by ψ(t) = 2t
3 for t ∈ (0,1)

Let the bisequence (Pn,Qn) in (A, B) such that lim
n→∞

g(Pn) = X , lim
n→∞

g(Qn) =Y. Then obviously,
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X = Y = 2
3(Ii j)m×m. Now for all n≥ 0, g(Pn) = (pni j)m×m and g(Qn) = (qni j)m×m and

F(Pn,Qn) =
(

pni j+qni j
3

)
m×m

+ 2
3(Ii j)m×m, F(Qn,Pn) =

(
qni j+pni j

3

)
m×m

+ 2
3(Ii j)m×m. Then obvi-

ously, F has the g-mixed monotone property, also there exist P = (Oi j)m×m and Q = (Ii j)m×m

such that F
(
(Oi j)m×m,(Ii j)m×m

)
= (

Oi j+Ii j
3 )m×m + 2

3(Ii j)m×m � (Oi j)m×m

and F
(
(Ii j)m×m,(Oi j)m×m

)
= (

Oi j+Ii j
3 )m×m + 2

3(Ii j)m×m � (Ii j)m×m

Taking
(
P = (pi j)m×m,Q = (qi j)m×m

)
,
(
R = (ri j)m×m,S = (si j)m×m

)
∈ A2∪B2 with P� R,

Q� S that is pi j ≥ ri j, qi j ≤ si j, we have

d(F(P,Q),F(R,S)) = d( pi j+qi j
3 + 2

3(Ii j),
ri j+si j

3 + 2
3(Ii j))

= 1
3

m
∑

i, j=1
|(pi j +qi j)− (ri j + si j)|

≤ 1
3

(
m
∑

i, j=1
|pi j− ri j|+

m
∑

i, j=1
|qi j− si j|

)
≤ 1

3 (d(g(P),g(R))+d(g(Q),g(S)))

≤ 2
3

(
d(g(P),g(R))+d(g(Q),g(S))

2

)
Therefore, all the conditions of Theorem (3.1) holds for ψ(t) = 2t

3 for all t > 0 and we see that

F(A2∪B2)⊆ g(A∪B) and also verified that F has g-monotone property and ((2
3 Ii j)m×m,(

2
3 Ii j)m×m)

is a coupled coincidence point of F and g.

Corollary 3.1: Let (A,B,≤) be a partially ordered set such that there exist a bipolar metric d on

(A,B). Consider the covariant mappings F : (A2,B2)⇒ CB(A,B) and g : (A,B)⇒ (A,B) such

that F(A2∪B2)⊆ g(A∪B) and satisfies the following conditions. There exists κ ∈ (0,1) such

that

(35) H (F(a,b),F(p,q))≤ κ

2
(d(g(a),g(p))+d(g(b),g(q)))

for all a,b ∈ A and p,q ∈ B with g(a)≥ g(p) and g(b)≤ g(q). Suppose also that

(i) g(A∪B) is complete subspaces of (A,B,d)

(ii) F has a mixed g-monotone property

(iii) There exist a0,b0 ∈ A∪B and for some x1 ∈ F(a0,b0), y1 ∈ F(b0,a0) we have ga0 ≤ x1

and gb0 ≥ y1
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(iv) If a non-decreasing sequence ({an} ,{pn}) is convergent to (p,a) for a ∈ A, p ∈ B, then

an ≤ p, pn ≤ a for all n and if a non-increasing sequence ({bn} ,{qn}) is convergent to

(q,b) for b ∈ A,q ∈ B, then bn ≥ q, qn ≥ b for all n.

Then F and g have a coupled coincidence point, that is there exist a,b ∈ A∪B such that

ga ∈ F(a,b) and gb ∈ F(b,a).

proof: It follows by taking ψ(t) = κt in Theorem (3.1).

4. CONCLUSIONS

In the present research, we introduced and proved a coupled coincidence fixed point results

for a hybrid pair of single valued and multivalued mappings, satisfying generalized contractive

conditions, defined on a partially ordered bipolar metric space and gave suitable example that

support our main result.
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[1] A. Mutlu, U. Gürdal, Bipolar metric spaces and some fixed point theorems, J. Nonlinear Sci. Appl. 9(9)

(2016), 5362-5373.



16 B. SRINUVASA RAO, E. GOUTHAMI, CH. MAHESWARI, MOHIDDIN SHAW SHAIK
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[10] R.P. Agarwal, M.A. El-Gebeily, D. ÓRegan, Generalized contractions in partially ordered metric spaces,

Appl. Anal. 87 (2008), 109-116.

[11] H. Aydi, Coincidence and common fixed point results for contraction type maps in partially ordered metric

spaces, Int. J. Math. Anal. 5(13) (2011), 631-642.

[12] W. Shatanawi, B. Samet, M. Abbas, Coupled Fixed Point Theorems for Mixed Monotone Mappings in Or-

dered Partial Metric Spaces, Math. Computer Model. 55 (2012), 680-687.

[13] H.K. Nashine, B. Samet, C. Vetro, Coupled Coincidence Points for Compatible Mappings Satisfying Mixed

Monotone Property, J. Nonlinear Sci. Appl. 5 (2012), 104-114.

[14] T.G. Bhaskar, V. Lakshmikantham, Fixed point theorems in partially ordered metric spaces and applications,

Nonlinear Anal., Theory Meth. Appl. 65 (2006), 1379–1393.
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