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1. INTRODUCTION

Nadler[18] introuced set valued contractive mappings in metric spaces and proved ex-
istence of fixed points for such mappings. Later many authors extended and generalised
the work of Nadler in different directions. Huang and Zang [3] generalising the notion of
metric space by replacing the set of real numbers by ordered normed spaces, defined a
cone metric space and proved some fixed point theorems of contractive mappings defined

on these spaces. Rezapour and Hamlbarani [4], omitting the assumption of normality,
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obtained generalisations of results of [3]. In [5], Di Bari and Vetro obtained results on
points of coincidence and common fixed points in non-normal cone metric spaces. Further
results on fixed point theorems in such spaces were obtained by several authors, see [5-15].
Recently Wardowski[17] introduced set valued contraction of Nadler type in cone metric

space and proved a fixed point theorem for this type of mappings.

Considering the convergence of certain sequences, Presic [1] proved the following :

Theorem 1.1. Let (X,d) be a metric space, k a positive integer, T : X* — X be a
mapping satisfying the following condition :

¢1.d(z1, 22) + qo.d(z2, z3)
(1.1) d(T(xy, 29, ..., x), T (9, 23, ..., Tpy1)) <

+ - 4 qr.d(Th, Tg)

where x1,To,...,xp1 are arbitrary elements in X and qi,qs,...,q are non-negative

constants such that ¢ + q¢o + --- + qx < 1. Then, there exists some x € X such

that x = T(x,x,...,x). Moreover if x1,xs,...,x are arbitrary points in X and for
n € N xpp = T(p, Tpgt1, - Tnik_1), then the sequence < x, > is convergent and
lim x, = T(lim x,,lim z,,... lim ©,).

Note that for £ = 1 the above theorem reduces to the well-known Banach Contraction

Principle. Ciric and Presic [2] generalising the above theorem proved the following:

Theorem 1.2. Let (X,d) be a metric space, k a positive integer, T : X¥ — X be a
mapping satisfying the following condition :
(1.2)

d(T(‘rh Xy ... 7'7;]6)7 T(ZE27 L3y 7xk+1>> < )\'ma‘r{d(xb x?)? d(l’g, .Tg), ce d([Ek, Ik+1)

where x1,%s, ..., Tpr1 are arbitrary elements in X and X € (0,1). Then, there exist-
s some x € X such that v = T(z,x,...,x). Moreover if x1,xs,...,x are arbitrary
points in X and for n € Nx,p = T(Tp, Tpit, - Tnsk—1), then the sequence < x, >

is convergent and lim x, = T(lim x,,lim x,,...,lim x,). If in addition T satisfies
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D(T(u,u,...u), T(v,v,...v)) < d(u,v), for all u,v € X then x is the unique point satis-

fying x =T(x,z,...,x).

In [16], R. George et al. generlising Theorems (1.1) and (1.2) above proved the existence
of common fixed points of two mappings satisfying Presic type contractions in a cone
metric space and applied this result in proving the existence of stationary distribution in
Markov Process. The purpose of this work is to introduce set valued hybrid contraction of
Presic type and prove fixed point theorem for this type of mappings in cone metric space
without using normality condition for the cone. Our results provide a proper extension
and generalisation of Theorems 3.1 of [17] which in turn will extend and generalise the

results of [3, 4].

2. PRELIMINARIES

Let E be a real Banach space and P a subset of E. Then, P is called a cone if
(i) P is closed, non-empty, and satisfies P # {0}, 0 is the zero vector of FE.
(i) ax + by € P for all z,y € P and non-negative real numbers a, b

(i) re Pand —r € P=2=0,ie. PN(—-P)=10

Given a cone P C FE, we define a partial ordering < with respect to P by x < y if and
only if y —x € P. We shall write x < yif z <yand x #y, and v < y if y — x € intP,
where intP denote the interior of P. The cone P is called normal if there is a number

K > 0 such that for all z,y € E, 0§ < x <y implies || z |[< K ||y | -

Definition 2.1. [3] Let X be a non empty set. Suppose that the mapping d: X x X — E

satisfies:
(dy)0 = d(x,y) for all x,y € X and d(z,y) = 6 if and only if v =y
(dy)d(z,y) = d(y, z) for allr,y € X
(d3)d(z,y) < d(x,z) +d(z,y) for all z,y,z € X

Then, d is called a cone metric on X and (X,d) is called a cone metric space.
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Definition 2.2. [3] Let (X, d) be a cone metric space . The sequence {z,} in X is said
to be:

(a) A convergent sequence if for every ¢ € E with § < ¢, there is ng € N such that for
all n > ng,d(z,,z) < c for some z € X. We denote this by lim,, .z, = .
(b) A Cauchy sequence if for all ¢ € E with § < ¢, there is ny € N such that

d(xm, x,) < ¢, for all m,n > ny.

(c) A cone metric space (X, d) is said to be complete if every Cauchy sequence in X is

convergent in X.

(d) A self-map T on X is said to be continuous if lim, .z, = x implies that
limy_oT(x,) = T(x), for every sequence {x, }in X.

A set A C X is said to be closed if for any sequence {x,} C A convergent to x we have
x € A. We denote by C(X) the collection of all non empty closed subsets of X.

In this paper let E be a real Banach space, P be a cone in F with non empty interior

and =< be a partial ordering with respect to P.

Definition 2.3. [17] Let (X, d) be a cone metric space and A be the collection of all non
empty subsets of X. Map H : A x A — FE is called a H-cone metric with respect to d if
for any Ay, Ay € A the following conditions hold :

(H1) H(A;, A)) =0 = A = Ay;
(H2) H(Ay, Az) = H(Az, A1);
(H3)Ve € E 0 < €, Vx € Ay Jy € Ay such that d(x,y) = H(Ay, Ay) + ¢€;
(H4) One of the following holds :
(i)Ve € E 0 <€, Vy € Ay Iz € Ay such that H(Ay, Ag) 2 d(z,y) + ¢
(ii)) Ve € E 0 < ¢, Vy € Ay FxAy € such that H(Ay, Ay) < d(z,y) + €

For examples of H-cone metric see [17].
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Lemma 2.4. [17] Let (X, d) be a cone metric space and A be the collection of all non
empty subsets of X. If H : Ax A — FE is a H-cone metric with respect to d then the pair

(A, H) is a cone metric space.

Definition 2.5. Let (X,d) be a metric space, k a positive integer, T : X* — C(X) and

f: X — X be mappings.

(a) An element z € X is said to be a coincidence point of f and T if and only if
flz) € T(z,z,...,x). f x = f(z) € T(z,x,...,x), then we say that x is a common
fixzed point of f and T. If w = f(x) € T(x,z,...,x), then w is called a point of
coincidence of f and T

(b) Mappings f and T are said to be commuting if and only if f(T(x,z,...x)) C
T(fx, fx,... fz) for all x € X.

(c) Mappings f and T are said to be weakly compatible if and only if they commute

at their coincidence points.

Remark 2.6. For k = 1, the above definitions reduce to the usual definition of commuting

and weakly compatible hybrid mappings in a metric space.

The set of coincidence points and common fixed points of f and T is denoted by C(f,T')

and Fix(f,T) respectively.

3. MAIN RESULTS

Consider a function ¢ : E*¥ — E such that
(a) ¢ is an increasing function, i.e x; < y1, T2 <X Yo,...,Tx = Yy implies ¢(xq1, o, ..., x1) =X

¢(y1:y27"'7yk)‘
(b) o(t,t,t,...) <t , forallteF

Now, we present our main results as follows :

Theorem 3.1. Let (X,d) be a cone metric space with solid cone P contained in a real
Banach space E, A be the collection of all non empty subsets of X and H : A X A — FE

be a H-cone metric with respect to d . For any positive integer k, let T : X* — C(X) and
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f X — X be mappings satisfying the following conditions:

(3.1)

(3.2)

(3.3)

(3.4)

T(X") < f(X)

(

H(T(zy,x9,...,25), T(x2, 23, ..., Tpys1))

N 2 A0(d(fry, foz),d(frg, fas), ..., (frr, frre1))

where 1, To, . .., Tpy1are arbitrary elements in X, A € (0,1)
\

f(X) is complete

(

there exist elements x1,xs, ..., Tk, Tre1 tn X and R in E such that

frpor =T(x1,29,...,21),0 < R and R is the upper bound

of the set { d(fx;f@), d(ijéfm)’ o d(fffk,fzkﬂ)}

ak

=

o=\

\

Then, f and T have a coincidence point, i.e. C(f,T) # (.

Proof: Let {¢,} C E be a sequence satisfying

(3.5)

0 <e€,ande < RV ie N

By (3.1), (3.4) and (H3) there exist yyyo = frrio € T'(xo, ..., xry1) such that

d(Yr+1, Yrr2) = ([T, [Tro2)

< H(T(x1,x9,...,x), T(x9,...,211) + €1

S AG(d(fx1, fo2),d(fxa, fas), ..., (for, fore)) +a
=< Xo(Ra, Ra?,... R.a®) + ¢

< ARa + ¢; < RaFTt + ¢, < 2RaF 1,

Similarly there exist ygi3 = frrys € T(xs, ..., Tryo) such that

d(Yrt2, Yrr3) = d(fTry2, [Tri3)

< H(T(zs,..

. 7'Tk;+1)7 T(.Ig, s ,.Tk+2) + €

= )\¢(d(d(f$27 f$3)7 S (f$k+1, f$k+2)) +é
=< Ap(Ra?, ..., 2Ra*) + e

< AN2RaF ! + ¢
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< 3RaF*2.

Also from (3.4) we see that d(yi,y2) < Ra, d(ys,y3) = Ra® ... d(yr,yrs1) = Ra*.

Thus we can define sequence < vy, > in f(X) as y, = fx, for n = 1,2,... k and
Ypan = [(@pan) € T(p, Tpat, -+ o Tpak—1),n = 1,2,... such that
(3.6) A(Yn, Yn+1) 2 (n+1)Ra™ ¥V n

Now for p,n € N , we have
d(Yn, ym—p) = dYn, Ynt1) + AYns1, Yns2) + -+ d(yn+p—17 yn-i-p);
< (n+1)Ra"+ (n+2)Ra"™ + -+ + (n + p)Ra™ P!

= nRa" pooc + Ra™ P iat !

Let 6 < ¢ be arbitrary . Choose § > 0 such that c— Ns(0) C P where Ns(0) = {y € E; ||
y ||< 8}. Also choose a natural number N; such that nRa™ 7" i + Ra" 37 ia’ ! €
N5(0), for all n > Ny. Then, nRa™ > 1~ 0 o'+ Ra" > P ia! < cfor all n > Nj. Thus,
d(Yny Yntp) 3K ¢ for all n > N;j. Hence, sequence < y,, > is a Cauchy sequence in f(X),
and since f(X) is complete, there exists v,u € X such that lim, .oy, = v = f(u).
Choose a natural number Ny such that d(y,,ynt1) < yzand d(fu, yns1) < 53 for all
n > Ns. Then for all n > Ny
H(T(xn, Tny1y - Tongg—1), T'(u,u, ... u))
= H(T(u,u,...u), T (u,u,...x,)) + H(T(u,u,...x,), T(u,u,...TnTns1))
+ - H(T(uyZpy o Tpgg—2), T(Tpy Tyt + - Tpg—1)
<AL fu, fu),d(fu, fu). . d(fu, fr.)}
+AG{d(fu, fu), d(fu, fu), ..., d(fu, fon), d(fn, foni)}+--
+A{d(fu, frn), d(fan, fonia), . d(fTnin—2; fTnin-1)}-
=Xp(0,0,...,d(fu, fx,))
+Ap(0,6, ..., d(fu, fr,),d(frn, fTai1))+ -
FAS(d(fu, frn), d(fTn, feni1), .- d(fTpin—2, fTnir-1))-
LA 3o wk) FACGE 3k )
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Thus, H(T (2, Tpg1s - - - Tpgk—1), T(w,u, ... u)) < £ for all m > 1.

So, & — H(T(Zn, Tns1, - - Tppk—1), T(w,u,...u)) € P for all m > 1. Since = — 0 as
m — oo and P is closed, —H(T(xy, Tnat, - - Tonag-1), T(u,u,...u)) € P, but P((—P) =
{6}. Therefore, H(T(zy, Tpi1s- - Tnik—1), T(u,u,...u)) =0 for all n > Ny and so the se-
quence {T(zp, Tpi1,- .- Tnik_1)} converges to T(u, u, . ..u) with respect to the cone metric
H. Since Ypin = f(Xpin) € T(Tn, Tnits -+ Tongk—1),n = 1,2,... we have Lim, ,oolrin €
Limy oo T (Tn, Tpgts - -+ s Tnak—1), 1.6. Limy, ooy = v = fu € T(u,u,...u). Thus C(f,T) #

() and Lim, ooy, = v is a point of coincidence.

Theorem 3.2. Let (X,d) be a cone metric space with solid cone P contained in a real
Banach space E. For any positive integer k, let T : X* — X and f : X — X be mappings
satisfying (3.1), (5.2) with A € (0,3),(3.8), (3.4) and

(3.7) we C(T, f)=T(u,u,..u) ={fu}.

Then T andf have a unique point of coincidence. Further if f and T are weakly compatible,

then f and T have a unique common fized point. Moreover if x1,xs, ...,z are arbitrary
points in X and for n € N, ypix = f(pnik) = T(Tn, Tni1s- - Tnyk—1),n = 1,2,..., then
the sequence < y,, > is convergent and lim y, = f(lim y,) = T(lim y,, lim yp, ..., lim y,).

Proof: By Theorem 3.1, there exists v,u € X such that Lim, .y, = v = f(u) €
T(u,...u). We will prove that v is the unique point of coincidence. Suppose there
exists another point of coincidence v € X such that v' = fu' € T(v,...u) for some
u € C(T, f). Then by (3.6) {v} = {fu} = T'(u,...u) and {v'} = {fu'} =T/,...u).
By (3.2) we have,

div',v) = H{v'}, {v}) = HT W o/, ... o), T(u,u,...u))
< H(T(fu,u,... ), T ... o u)+ H(TW, ;... fuu),

T ... ;uu)+---+ H(TW u,...u,u),T(u,u,...u))
<Nl ful), . d(fud, ful), d(fe fu)) + NG(A(fel, fu), . d(f, fu),
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Afu, fu) + - A((fe, fu), - d(fu, fu),d(fu, [u)
= \p(0,0,0,...d(fu, fu)) + Xo(0,0...0,d(fu, fu),0) + --- Ao(d(fu, fu),0,0...0) =
EXd(fu', fu) = kAd(V',v).

Repeating this process n times we get, d(v',v) < k"A"d(v,v). So E"A"d(v',v) —
d(v',v) € P for all n > 1. Since k"A\" — 0 as n — oo and P is closed, —d(v',v) € P,
but P((—P) = {0}. Therefore, d(v',v) = 6 and so v = v i.e. Lim, ooy, = v is the
unique point of coincidence . Also since f and T are weakly compatible f(T(u,u,...u) €
T(fu, fu, fu... fu) ie.fv € T(v,v,...v). But since Lim, oy, = v is the unique point
of coincidence, we have,Lim, .oy, = v = fv € T(v,v,...v). Thus Lim, .y, = v is the

unique common fixed point of f and 7.

Remark 3.3. For k =1 and f = Id(identity mapping), Theorem 3.2 becomes set valued
contraction of Nadler type in cone metric space as introduced by Wardowski[16]. However

we dont require normality condition for the cone.

Example 3.4. Let E = R* P = {(z,y) € E\z,y > 0}, X =10,2] andd: X x X - E
such that d(z,y) = (| x —y |,| * —y |). Then, d is a cone metric on X. Let A be the
collection of all non empty subsets of X of the form A = {[0,z] : x € X}
We define H-cone metric H : A x A — E with respect to d as follows :

H(A,B) = (o —y|,|z—y]) for A=[0,a] and B = [0,y].
Let T : X? -+ X and f : X — Xbe defined as follows:

T(x,y)=(0, 42 +1] if (2,y) € [0,1) x [0,1)
T(x,y)=[0, 2 +5) if (z,y) € [1,2] x [1,2]
T(w,y)=[0, 2 +1] if (2,y) €0,1) x [1,2)
T(x,y)=[0, “H2 1) if (2,y) € [1,2] x [0,1)
flz) =2 if x €]0,1)

f(x)=z if x € [1,2]
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T and f satisfies condition (3.2) as follows:

Case 1. z,y,z € [0,1)
d(T(2,y), T(y,2))= (| T(z,y) = T(y,2) |, | T(z,y) = T(y, 2) |)

2 2_
= |x4z |7|x4z |)

(
2_,2 2_,2 2_,2 2_,2
<(== 1+ == L= 1+ =)
1
2

4

max{d(fz, fy),d(fy, f2)}

Case 2. x,y € [0,1) and z € [1,2]
1‘2 2 2 2 x2 2 2 2
d(T(z,y), T(y. 2))= (| == = = [ =5 =52 )
22—g2 2_, 22—g2 2_,
e R Rt el el R}

(
< Lmax{(fx, fy),d(fy, f2)}

IN

Case 3. x €10,1) and y, z € [1,2]

2172 z 12 2
d(T(z,y), T(y,2))= (| S — &= || £ — utz )

2_ 2_
:(| $4z |>| z4z |)

2_ _ 2_ —
<O L SR )

< /%.max{d(f% fy).d(fy. fz)}

Case 4. x,y,z € [1,2]
d(T(z,y), T(y, 2))= (| = = 4= L1 =52 =242 )
<=+ LI+ 15D
< g-maz{(fz, fy),d(fy, f2)}.
Similarly in all other cases d(T(x,y), T(y,z)) < %.mam{(fa:,fy),d(fy,fz)}. Thus, f and

T satisfy condition (3.2) with ¢(x1,xe) = maz{xy,x2}. We see that C(f,T) = {0,1}, f

and T commute at 0 and 1 so weakly compatible. Finally, Fiz(f,T) = {0,1}. However
f and T do not satisfy condition (3.6) and so the common fixed point of f and T is not

unique.
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Example 3.5. Let E = R* P = {(z,y) € E\z,y > 0},X =10,2] andd: X x X — FE
such that d(z,y) = (| x —y |,| © —y |). Then, d is a cone metric on X. Let A be the
collection of all non empty subsets of X of the form A = {[0,z] : x € X} U{{z} : z € X}
We define H-cone metric H : A x A — E with respect to d as follows :
(3.8)
(lz=yllz=yl) for A=[0,z] and B =0,y

(lz—yl,|z—yl) for A={x} and B = {y}
(max{y,| > —y |}, maz{y,| v —y )} for A=10,2] and B = {y}

\(m@x{x, |z —y |}, max{z,|x—y|}) for A={z} and B =[0,y]

Let T : X? - X and f : X — Xbe defined as follows:
(

[0, 2] if (2,y) € [0,1) x [0,1)

0, 28] i f (w, 1,2] x [1,2 2 if xelo,1
(39)  Tle.y) = [ 2 Jif (z,y) €[1,2] x [1,2] fa) = fxel0,1)
[0, =] if (z,y) €[0,1) x [1,2] rvif re(l,2]

0. 555 if (2,9) € [1,2] x [0, 1)

As in the previous ezample we can show that f and T satisfy condition (3.1) with ¢(x1, xe) =
maz{xy, 22} and A = 5. Clearly C(f,T) = {0} and T(0,0) = {0}. Thus all conditions of
Theorem 3.2 are satisfied and Fix(f,T) = {0}.
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