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1. Introduction

Let K be a nonempty subset of a real Banach space E. Let T: K — K be a mapping,
then we denote the set of all fixed points of 7" by F(T"). The set of common fixed points
of two mappings S and 7" will be denoted by F' = F(S)N F(T). A mapping T: K — K
is said to be:

(i) nonexpansive if [|[Tx — Ty| < ||z — y|| for all z, y € K;
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(ii) quasi-nonexpansive if F(T) # () and ||Tx —p|| < ||z —p|| for all z € K and p €
F(T);
(iii) asymptotically nonexpansive if there exists a sequence {k,} € [1, 00) with lim,, , k, =

1 and
[T =Tyl < knllz -y

forall z, y € K and n > 1;
(iv) asymptotically quasi-nonexpansive if F(T') # () and there exists a sequence {k,} €

[1,00) such that lim, . k, = 1 and
[T"z —pl| < knllz —pl

forallz € K, pe F(T) and n > 1,

(v) uniformly L-Lipschitzian if there exists a constant L > 0 such that
[Tz =Tyl < Lz —yl

forall z, y € K and n > 1.

From the above definitions, it is clear that each of a nonexpansive, a quasi-nonexpansive,
an asymptotically nonexpansive mapping is an asymptotically quasi-nonexpansive map-
ping. However, the converse of each of above statements may be not true.

The class of asymptotically nonexpansive mappings which is an important generaliza-
tion of that nonexpansive mappings was introduced by Goebel and Kirk [5] in 1972. They
proved that, if K is a nonempty bounded closed convex subset of a uniformly convex Ba-
nach space FE, then every asymptotically nonexpansive self-mapping of K has a fixed
point. Moreover, the set F/(T') of fixed points of T is closed and convex.

In 1991, Schu [11] introduced the following Mann-type iterative process:
T1 = X € K)
(1) Tor1 = (1—ap)x, + Tz,

where T: K — K is an asymptotically nonexpansive mapping with a sequence {k,}

such that > (k, — 1) < oo and {a,} is a sequence in (0,1) satisfying the condition
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d <a, <1-—5¢forall n > 1 for some 6 > 0. Hence conclude that the sequence {x,}
converges weakly to a fixed point of T

Since 1972, many authors have studied weak and strong convergence problem of the
iterative sequences (with errors) for asymptotically nonexpansive mappings in Hilbert
spaces and Banach spaces (see, for example, [5, 6, 8, 9, 10, 11, 12, 18] and references
therein).

In 2007, Agarwal et al. [1] introduced the following iteration process:

r1 = €K,
Tny1 = (1 - Oén)Tnxn + @nTnyna

where {a,} and {8,} are in (0,1). They showed that this process converge at a rate same
as that of Picard iteration and faster than Mann for contractions.

The above process deals with one mapping only. The case of two mappings in iterative
processes has also remained under study since Das and Debata [3] gave and studied a two
mappings process. Later on, many authors, for example Khan and Takahashi [8], Shahzad
and Udomene [13] and Takahashi and Tamura [17] have studied the two mappings case
of iterative schemes for different types of mappings.

[shikawa-type iteration process

r1 = x €K,
Tp+1 = (1 - Oén)xn + ansnynv

for two mappings has also been studied by many authors including [3], [8], [16].
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Recently, Khan et al. [7] modified the iteration process (2) to the case of two mappings

as follows:
rn = x €K,
Tp+1 = (1 - an)Tnxn + ansnyna

where {a,,} and {3,} are in (0,1). They established weak and strong convergence theo-
rems in the setting of real Banach spaces.

Remarks. (i) Note that (4) reduces to (2) when S = T. Similarly, the process (4)
reduces to (1) when T = I.

(ii) The process (2) does not reduce to (1) but (4) does. Thus (4) not only covers the
results proved by (2) but also by (1) which are not covered by (2).

(iii) The process (4) is independent of (3) neither of them reduces to the other.

In this paper, we prove some strong convergence theorems for two asymptotically quasi-
nonexpansive mappings using iteration process (4) in the framework of real Banach spaces.
The results presented in this paper extend, improve and generalize several known results

given in the existing literature.
2. Preliminaries

For the sake of convenience, we restate the following concepts.
Let E be a Banach space with its dimension greater than or equal to 2. The modulus

of convexity of E is the function dg(e): (0,2] — [0, 1] defined by

. 1
so(e) =int {1~ 5o+ sllll = 1l = 1.2 = e =1}

A Banach space E is uniformly convex if and only if dg(e) > 0 for all € € (0, 2].
Two mappings S, T': K — K, where K is a subset of a normed space E, are said to
satisfy the condition (A") [4] if there exists a nondecreasing function f: [0,00) — [0, 00)

with f(0) = 0, f(r) > 0 for all » € (0,00) such that either ||z —Sz| > f(d(z, F))
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or ||z —Tz| > f(d(z,F)) for all € K, where d(z,F) = inf{ ||z —p| : p € F =
F(S)NF(T)}.

A mapping T: K — K is said to be demiclosed at zero, if for any sequence {z,} in
K, the condition x,, converges weakly to z € K and T'x,, converges strongly to 0 imply
Tr =0.

A mapping T: K — K is said to be semi-compact [2] if for any bounded sequence {x,, }
in K such that ||z, — Tz, || — 0 as n — oo, then there exists a subsequence {z,, } C {z,}
such that z,, — 2* € K strongly.

A Banach space E has the Kadec-Klee property [14] if for every sequence {z,} in E,
xn, — x weakly and ||z,| — ||z|| it follows that ||z, — z|| — 0.

Now, we state the following useful lemmas to prove our main results:

Lemma 2.1. (See [11]) Let £ be a uniformly convex Banach space and 0 < a < ¢,, <
B < 1 for all n € N. Suppose further that {z,} and {y,} are sequences of E such that
limsup,, . ||za] < a, limsup,,_, . ||yn]| < a and lim,,_, ||t 2, + (1 — t,)ys|| = a hold for
some a > 0. Then lim,,_, ||z, — y.|| = 0.

Lemma 2.2. (See [15]) Let {a,,}>2; and {5,}°°, be two sequences of nonnegative
numbers with Y >° | 3, < oo. If one of the following conditions is satisfied:

1Lag <ap,+pBn,n>1,

2. apy1 < (14 Bp)ag, n > 1,

then the limit lim,,_, o, exists.

Lemma 2.3. (See [19]) Let p > 1 and R > 1 be two fixed numbers and £ a Banach
space. Then F is uniformly convex if and only if there exists a continuous, strictly increas-
ing and convex function g: [0,00) — [0, 00) with ¢g(0) = 0 such that |Az + (1 — N)y||” <
Ml + @ = M lyll” = Wo(Ng(llz = yll) for all 2,y € Br(0) = {w € £ [|z[| < R}, and
A € [0, 1], where W,(A) = A(1 = AP + (1 — \).

Lemma 2.4. (See [14]) Let E be a real reflexive Banach space with its dual £* has the
Kadec-Klee property. Let {x,} be a bounded sequence in FE and p, ¢ € Wy, (x,) (where
Wy (x,,) denotes the set of all weak subsequential limits of {x,}). Suppose lim,,

|tz, + (1 — t)p — q|| exists for all ¢ € [0, 1]. Then p = q.
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Lemma 2.5. (See [14]) Let K be a nonempty convex subset of a uniformly convex
Banach space E. Then there exists a strictly increasing continuous convex function
¢: [0,00) — [0,00) with ¢(0) = 0 such that for each Lipschitzian mapping T: K — K

with the Lipschitz constant L,

72 + (1 = )Ty = Tt + (L~ )l < Lol — ol - 7 |17~ Ty )
for all z, y € K and all ¢ € [0, 1].
3. Strong Convergence Theorems

In this section, we prove some strong convergence theorems of the iteration scheme
(4) for two asymptotically quasi-nonexpansive mappings in the framework of real Banach
spaces. In the sequel, we need the following lemma in order to prove our main theorems.
Lemma 3.1. Let E be a real Banach space and K be a nonempty closed convex subset of
E. Let S, T: K — K be two asymptotically quasi-nonexpansive mappings with sequences
{kn}, {l,} C [1,00) such that F = F(S)N F(T) # 0. Suppose Ny = lim, k, > 1 and
Ny =lim, I, > 1 such that Y~ (knl, —1) < co. Let {x,} be the sequence defined by (4).

Then lim,, . ||z, — q|| ezists for all g € F.

Proof. Let ¢ € F. Then from (4), we have

Yo —all = (1= Bu)zn + BT xn — 4
< (=B lzn — gl + B 1Tz — 4
< (1= 80) |20 = qll + Buln ||z — gl
< (=Bl llzn — gl + Baln 20 — 4l

(5) < e —qll,

which implies that

(6) Ny —all < lllzn —ql] < Kl ||zn — ql| -
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Again using (4) and (6), we obtain

201 =gl = [I(1 = an)T"zn + @0 S"yn — 4|

IN

(1= o) [Tz — gl + e [[5"yn — 4l

< (1= an)ly[lzn = gll + ankn yn — qll
< (1= ap)knly |20 — gl + ankply lyn — 4l
< (1= o)kl |20 — gl + cnknln[knly |20 — qll]
< (1= )kl e, = gl + ank2l2 |, — gl
< kaly |z — 4l
(7) = [+ (B = D] [z — |-

By putting 6,, = (k212 — 1) the last inequality can be written as follows

(8) [#nir —all < (140n) [0 —ql]-

By hypothesis of the theorem, we find

o0

n=1

n=1

o0

= Y (ki + 1) (Kl — 1)

n=1

< (NiNp+1)) (knln — 1)
n=1
Denote ay, = ||z, — q|| in (8) we have
(07N ] S (1 + en)&na

and since fozl 0, < oo, by Lemma 2.2 we know that the limit lim,, ,., o, exists. This

means the limit
lim |z, —qf =7
n—oo

exists, where r > 0 is some constant. This completes the proof.
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Theorem 3.1. Let E be a real Banach space and K be a nonempty closed convex subset of
E. Let S, T: K — K be two uniformly L-Lipschitzian asymptotically quasi-nonexpansive
mappings with sequences {ky}, {l,} C [1,00) such that F = F(S) N F(T) # 0. Suppose
Ny =lim, k, > 1 and Ny = lim, [, > 1 such that >~ (kul, — 1) < co. Let {x,} be the
sequence defined by (4). Then {x,} converges strongly to a common fized point in F if
and only if liminf, . d(z,, F) = 0, where d(x, F') = inf{||Jx — p|| : p € F'}.

Proof. The necessity of the condition liminf, . d(z,, F') = 0 is obvious. Let us prove
the sufficiency part of the theorem. Since S, T: K — K are uniformly L-Lipschitzian
mappings, so S and 7T are continuous mappings. Therefore the sets F'(S) and F(T') are
closed. Hence F' = F(S) N F(T) is a nonempty closed set.

For any given ¢ € F', we have

9) [enir =gl < (140n) [lzn —all-

where 6,, = (k212 — 1) with Y 7, 6,, < co. Hence, we have

(10) d(tpir, F) < (1+0,)d(z,, F).

From (10) and Lemma 2.2, we obtain that lim,, . d(z,, F') exists.

By condition liminf,,_,. d(z,, F) = 0, we get

(11) lim d(z,, F) = liminfd(z,, F)=0.

n—oo n—o0

Now, we will prove that the sequence {z,} converges to a common fixed point of the

mappings S and 7. In fact, due to 1 + 2 < exp(z) for all x > 0, and from (11), we obtain

(12) [eni1 =gl < exp(bn) [|zn —qll-
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Hence for any positive integers m, n and from (12) with >~ 6,, < oo, we have

Hwner - qH < eXP(9n+m—1) ”xTH*m*l — QH

< exp(Onsm—1)[exXp(Onym—2) [|Tntm—2 — |
S eXp<9n+m—1 + 9n+m—2) ||xn+m—2 - QH
<
n+m—1
< eXp( > Qk) |2 — 4|
k=n
(13) < exp(ZHk) lzn — ql| ,
k=1
which implies that
(14) [Znm = all < Q llzn — 4l

for all ¢ € F, where Q = exp(> -, i) < oc.

Since lim,,_,, d(z,, F') = 0, then for any given € > 0, there exists a positive integer ny

such that

€
(15) d(xn,, F) < @
Therefore there exists a ¢; € F' such that

€
(16) [Tne — @]l < 0

Consequently, for all n > ng from (14), we have

l2n =il < @ llong — il

(17) < Q.% -

which implies the strong convergence limit of the sequence {x,} to a common fixed point

q1 of the mappings S and T'. This completes the proof.

Theorem 3.2. Let E be a real uniformly convex Banach space and K be a nonempty
closed convex subset of E. Let S, T: K — K be two uniformly L-Lipschitzian asymptot-

ically quasi-nonexpansive mappings with sequences {k,}, {l,} C [1,00) such that F =
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F(S)n F(T) # 0. Suppose Ny = lim,k, > 1 and Ny = lim,l, > 1 such that
Yoo (knly,—1) < co. Let{ay,} and {B,} be sequences in [§,1—0] for some d € (0,1). From
arbitrary x1 € K, let {x,} be the sequence defined by (4). Then lim, o ||z, — Sz,| =

lim,, o0 ||2n — Tz, || = 0.

Proof. By Lemma 3.1, lim,, , ||, — ¢|| exists for all ¢ € F'. Assume that lim,,_, ||z, — q||
= r. If r = 0, the conclusion is obvious. Now suppose r > 0. We claim lim,, o ||z, — Sx,||
= lim, o0 ||2n — Tx,]| = 0. Since {z,} is bounded, there exists R > 0 such that

Ty — q, Yn — q € Bgr(0) for all n > 1. Using (4) and Lemma 2.3, we have

lyn —all® = (L= Ba) T2 + Bun — al”

IN

(1 - Bn) ||Tnxn - q||2 + Bn ”xn - Q||2

—Wa(Bn)g(IT" 2 — wnl])

< (=B IT"%0 — qll + Ba |20 — alf?

< (1= B8z — ql® + Ba llzn — qll?

< (1= B 2y —ql® + Bal2 |20 — gl
(18) < Bl — gl
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Again using (4), (18) and Lemma 2.3, we have

Hanrl - QHZ = H(l - anﬂmxn + anS"Yp — CIH2

IN

(1= ) [Tz = al* + e [15™yn — glf”

~Wa(an)g([|T"2n — S™ynl|)

< (1= )l [lon = qll* + ank? [lyn — gl
—Wa(an)g([T" %0 — S™ynl|)

< (1= an)l} [Jon — qll* + ank2 1 120 — qll”]
—Walan)g([|T"zn — S"ynll)

< (=)L lzn — gl + k[ |z — gl
—Wa(an)g([|T"zn — S"ynll)

< R e — gl = Walaw)g(| T 20 — S"yn))

(19) < e = gll* + 0u B — Wala)g (I Tz — S™yal|)

where 0, = (k212 — 1).
Observe that Wa(ay,) > 6% and Y7 | 0, < co. Now (19) implies that

(20) Y g7, — Sal) < s —all + B2 6, < 0.
n=1 n=1
Therefore, we have lim, o ¢(||T"x, — S™y,||) = 0. Since g is strictly increasing and

continuous at 0, it follows that

@ i 177, — 8"y, | =0,
Now taking limsup on both the sides of (6), we obtain
(22) lim%sup lyn —q|| <

Since T' is asymptotically quasi-nonexpansive, we can get that

(23) IT"2n —qll < I [lzn —all -
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for all n > 1. Taking limsup on both the sides of (23), we obtain
(24) limsup [|[T"z, —q| < .
n—oo

Now

[T —qll = [[(1 = )T 2 + nS™yn — 4|
= |[(T"z, — q) + an(S"yn — T"x,)||

< Tz — all + an [|5™yn = T
yields that
(25) r < liminf | 7"z, — q|| .
n— o0

So that (24) gives lim,, o |17z, — q|| = 7.

On the other hand, since S is asymptotically quasi-nonexpansive, we have

1Tz —ql| < [|T"zn — S"Yull + 15" yn — 4|

< T e = 5"yl + K llyn — gl
so we have
20 ro< timinf o — .
By using (22) and (26), we obtain

(27) Tim (lyn — gl =

185

Thus r = lim, oo [|Yn — q]| = lim, o0 || (1 = 5n)(zn — q) + Bu(T"x, — q)|| gives by Lemma

2.1 that
(28) nh_>n010||T T, — || = 0.
Now

“yn — 2| = BTz — z0l| .
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Hence by (28), we obtain

(29) lim ||y, — .|| = 0.
n—oo

Also note that

[Zni1 —2al| = [[(1 = )T 20 + nS"yn — 24|

< | T"2n — | + an | T2, — Sy

(30) — 0 as n — oo,
so that

Hxn—l—l - ynH < Hxn—I—l - an + ”yn - an
(31) — 0 as n — o0.

Furthermore, from

[Znt1 = 5"yl < Nlenss = @nll + [lon = T2,

[T 20 = S™ynll

using (21), (28) and (30), we find that

(32) T s = 5"l = 0,
Then
||xn+1 - Txn—&-l” S Hxn-i-l - Tn—Hxn—&-lH + HTn—’—ll’n—i-l - Tn—Han
T~ T
S Hanrl - Tn+1xn+1H + L Hwn+l - xn”

+L||T"xy — Ty ||
= Hxn+1 - Tn+133n+1H + L ||wn g1 — o]

+La, [Tz, — S™y,||
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yields
(33) lim ||z, —Tz,|| = 0.
n—oo
Now
|zn = S"znl < 2w = Tnga || + 2041 — S"Yall
+ 15" yn — S" |
< zn = 2ol + lznss — S"ynl
+L [lyn —
— 0 as n — oo.
Thus
|Zpi1 — Szpiq|| < H$n+1 — Sn+1$n+1H + HSonnH - S$n+1H
< HfEnH - 5n+1$n+1H + L||S"Tns1 — T ||
< lowe = 8" @i + L1521 = Sl
15"y = Tnsall)
< Hl‘n-H - Sn+1$n+1” + L? |Znt1 — Yall
+L HSnyn - $n+1||
implies
(34) lim ||z, — Sz,| = 0.
n—oo

This completes the proof.

Theorem 3.3. Let E be a real uniformly convex Banach space and K be a nonempty
closed convex subset of E. Let S, T: K — K be two uniformly L-Lipschitzian asymptot-
ically quasi-nonexpansive mappings with sequences {k,}, {l,} C [1,00) such that F =
F(S)n F(T) # 0. Suppose Ny = lim,k, > 1 and Ny = lim,l, > 1 such that
Yoo (knly, — 1) < co. Let {a,} and {B,} be sequences in [6,1 — §] for some ¢ € (0,1).
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From arbitrary x; € K, let {x,} be the sequence defined by (4). If at least one of the map-
pings S and T is semi-compact, then the sequence {x,} converges strongly to a common

fized point of S and T

Proof. Without loss of generality, we may assume that T is semi-compact. This with
(33) means that there exists a subsequence {z,, } C {z,} such that {z,, } — 2* € K.

Since S and T are continuous, then from (33) and (34), we find

(35) |z = Tx*|| = lim ||z, — T, | =0,
N —r00

and

(36) |e* — Sz*|| = lm ||z, — Sz, | =0.
N —r00

This shows that * € F' = F(S)NF(T). According to Lemma 3.1 the limit lim,,_, o ||z, — 2¥||

exists. Then

lim ||z, — 2| = lim |z, — 2| =0,
n—00 N —00

which means that {z,} converges to z* € F. This completes the proof.

Applying Theorem 3.1, we obtain strong convergence of the process (4) under the

condition (A") as follows:

Theorem 3.4. Let E be a real uniformly convex Banach space and K be a nonempty
closed convex subset of E. Let S, T: K — K be two uniformly L-Lipschitzian asymptot-
ically quasi-nonexpansive mappings with sequences {k,}, {l,} C [1,00) such that F =
F(S)n F(T) # 0. Suppose Ny = lim,k, > 1 and Ny = lim,l, > 1 such that
Yoot (knly, — 1) < co. Let {a,} and {B,} be sequences in [6,1 — §] for some ¢ € (0,1).
From arbitrary =, € K, let {z,} be the sequence defined by (/). Let S and T satisfy the
condition (A'), then the sequence {x,} converges strongly to a common fixed point of S

and T.

Proof. We proved in Theorem 3.2 that

(37) lim ||z, — Sz,| =0, li_)rn |zn — Tx,|| = 0.

n—oo
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From the condition (A") and (37), either

lim f(d(z,, F)) < lim ||z, — Sz,|| =0,
n—oo

n—o0

or

lim f(d(z,, F)) < lim ||z, — Tx,|| =0
n—oo

n—oo

Hence

lim f(d(z,, F)) =0.

n—oo
Since f: [0,00) — [0, 00) is a nondecreasing function satisfying f(0) = 0, f(r) > 0 for

all 7 € (0, 00), therefore we have

lim d(z,, F) =0.

n—o0

Now all the conditions of Theorem 3.1 are satisfied, therefore by its conclusion {z,}

converges strongly to a common fixed point of S and 7. This completes the proof.
4. Weak Convergence Theorem

In this section, we prove a weak convergence theorem of the iteration process (4) in the

framework of real uniformly convex Banach spaces.

Lemma 4.1. Let E be a real uniformly convex Banach space and K be a nonempty closed
conver subset of E. Let S, T: K — K be two uniformly L-Lipschitzian asymptotically
quasi-nonezpansive mappings with sequences {k,}, {l,} C [1,00) such that F' = F(S) N
F(T) # 0. Suppose Ny = lim,, k,, > 1 and Ny = lim,, [, > 1 such thaty . (kyl,—1) < c0.
Let {a,} and {B,} be sequences in [0,1 — 8] for some 6 € (0,1). From arbitrary z, € K,
let {x,} be the sequence defined by (4). Then lim, o |[tx, + (1 —t)p — q|| exists for all
p,q € F andt e |0,1].

Proof. By Lemma 3.1, we know that {z,} is bounded. Letting

an(t) = |[tzn + (1 = t)p = 4|
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for all ¢ € [0,1]. Then lim, o a,(0) = ||p — ¢|| and lim,, . a,(1) = ||z, — q|| exists by
Lemma 3.1. It, therefore, remains to prove the Lemma 4.1 for ¢ € (0,1). For all x € K,

we define the mapping G,,: K — K by

Gpnx = (1—a,)T "+ a,S"((1 = Bz + B, T x).
Then
(38) |G = Gyl < Anllz =yl

for all z,y € K, where A\, = (1+0,,) and 6,, = (k2I2 — 1) with >~ >° 6, < oo and A\, — 1

as n — 0o. Setting

(39) Sn,m = Gn+m71Gn+m72 cee Gna m > 1
and
(40) bom = ||Snm(tzn, + (L —1)p) — (tSh, mxn + (1 — )Snmq)]| -

From (38) and (39), we have

HSn,mx - Sn,myH S )\n)\n—i—l e )\n—i—m—l ”Qf - y”

n+m—1

< (II %) le=ul
(41) = H, |z -yl

for all z,y € K, where H,, = H?jnm*l Ai and Sy Ty = Tyym, On,mp = p for all p € F.
Thus

Anym(t) = |[tTpem + (1 —t)p —q||
< bn,m + ||Sn,m(txn + (1 - t)p) - QH

(42) < bpom + Hpan(t).
It follows from (40), (41) and Lemma 2.5 that

bn,m < Hyd™ (|20 = pll = Hy' [@nsm — pl))-
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By Lemma 3.1 and lim,,_,o, H,, = 1, we have lim,, ;00 bn,m = 0 and so

limsupa,,(t) < lim b, ,+ liminf H,a,(t) = liminf a,(%).

m—oo 7, m—0o0 n—oo n—oo

This shows that lim,,_,., a,(t) exists, that is,
lim ||tz + (1 —t)p —q|
n—oo

exists for all ¢ € [0,1]. This completes the proof.

Theorem 4.1. Let E be a real uniformly convex Banach space such that its dual E*
has the Kadec-Klee property and K be a monempty closed convexr subset of E. Let
S, T: K — K be two uniformly L-Lipschitzian asymptotically quasi-nonexpansive map-
pings with sequences {k,}, {l,} C [1,00) such that F = F(S)N F(T) # (. Suppose
Ny = lim, k, > 1 and Ny = lim, l,, > 1 such that > .~ (knl, — 1) < co. Let {a,} and
{B.} be sequences in [§,1— 8] for some 6 € (0,1). From arbitrary x, € K, let {x,} be the
sequence defined by (4). If the mappings I — S and I — T, where I denotes the identity
mapping, are demiclosed at zero. Then {x,} converges weakly to a common fized point of

the mappings S and T.

Proof. By Lemma 3.1, we know that {z,} is bounded and since E is reflexive, there
exists a subsequence {z,,} of {z,} which converges weakly to some p € K. By Theorem

3.2, we have

lim Hxnj — anjH =0, lim Hxnj — TxnjH =0.
n—oo n—oo

Since the mappings [ — .S and I — T are demiclosed at zero, therefore Sp = p and Tp = p,
which means p € F'. Now, we show that {x,} converges weakly to p. Suppose {z,,} is
another subsequence of {z,} converges weakly to some ¢ € K. By the same method as

above, we have ¢ € F' and p, ¢ € w,(z,). By Lemma 4.1, the limit
Tim [tz + (1= t)p — 4|

exists for all ¢ € [0,1] and so p = g by Lemma 2.4. Thus, the sequence {z,} converges

weakly to p € F. This completes the proof.

Remark 4.1. Theorems of this paper can also be proved with error terms.
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Remark 4.2. Our results extend, improve and generalize many known results given in

the existing literature.

Example 1. Let £ = [—7, 7] and let T" be defined by
Tx = x cosx

for each x € E. Clearly F(T) = {0}. T is a quasi-nonexpansive mapping since if z € E

and z = 0, then
[Tz — z[| = [|[Tx = 0f| = [z[[cos x| < |z] = ||z — 2],

and hence T is asymptotically quasi-nonexpansive mapping with constant sequence {1}.

But it is not a nonexpansive mapping and hence asymptotically nonexpansive mapping.

™

5 and y = m, then

In fact, if we take x =

| Tz —Ty|| = chosg — 7Tcos7rH =,
whereas
le =il =5 || = 3
2 2

Example 2. Let £ =R and let T" be defined by

T 1 :
5cos -, if x #0,

T(x)={ °?
0, if v =0.

If 2 # 0 and Tx = x, then x = gcos%. Thus 2 = cosi. This is not hold. T is a

quasi-nonexpansive mapping since if x € F and z = 0, then
kd

1
IT% = 2]l = T2 0] = | Zlleos —| < 2 < Jal = l}o =],

and hence T is asymptotically quasi-nonexpansive mapping with constant sequence {1}.
But it is not a nonexpansive mapping and hence asymptotically nonexpansive mapping.

In fact, if we take x = 3% and y = %, then

1 3 1
|Tx — Tyl = ' gcosg — 5, COST
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whereas

5.

2 1

3 0w

1

3r

o -yl = ]

Conclusion

The class of asymptotically quasi-nonexpansive mapping is more general than the class

of nonexpansive, quasi-nonexpansive and asymptotically nonexpansive mappings. Hence

the results presented in this paper are good improvement and generalization of the cor-

responding previous results from the existing literature (see, e.g., [6, 8, 10, 11, 13] and

many others).
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