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1. INTRODUCTION

The fixed point theory for multi-valued mappings is one of the most important subject of
set-valued analysis. In 1969, the stipulation of Banach in single-valued mappings was mod-
ified to multi-valued mappings by Nadler [21]. In Banach spaces, several well-known fixed
point theorems of single-valued mappings such as Banach and Schauder have been extended
to multi-valued mappings. Recently, many brilliant fixed point results of different multi-valued
mappings have been studied in variety of settings (see e.g.[1, 9, 13, 23, 25, 28, 30, 33]). There
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are a lot of applications for multi-valued mappings such as optimal control theory, differential
inclusions, game theory, and many branches in physics.

Let X := (X, ||.||) be a Banach space and % be a nonempty convex subset of X. The set %
is called proximinal if for each x € X , there exists y € % such that ||x —y|| = d(x,% ), where
d(x,% ) =inf{||x —z|| : z € % }. Throughout this paper, the simbols CB(% ) and P(% ) refer to
the family of nonempty closed bounded subsets and nonempty proximinal bounded subsets of

U respectively. For any o', 8 € CB(% ), define the metric H,; : CB(% ) x CB(% ) — R by

Hy (<t , B) = max{ squ{d(x,%’), sugd(y,;zf)}.
XE. YEZ

We call such Hy, the Hausdorff metric on CB(% ). Here, let RT = [0, ).

Definition 1.1. Let .7 : %4 — % be single-valued mapping. Then .7 is called to be nonex-
pansive, if || 7 (x) — 7 (y)|| < ||lx—y|| forx,y € % .

Definition 1.2. Let T : % — CB(% ) be a multi-valued mapping. Then T is called to be
nonexpansive, if Hy(T(x), T(y)) < |[[x—y|| forall x,y € % .

Definition 1.3. [29] Let T : %7 — CB(% ) be a multi-valued mapping. Then T is called to be
quasi-nonexpansive, if F(T) # @ and Hy(T(x),p) < ||x — p|| for all x € % and all p € F(T),

where F(T)= the set of fixed point of multi-valued map T.

Let . : % — % be a single-valued mapping, an element p € % is called a fixed point
of 7 if p= 7 (p). The set of fixed points of .7 is denoted by F(.7). An element p € % is
called a fixed poin the multi-valued mapping T : % — CB(% ) if p € F(T) and F(T) # 0.
It is clear that every nonexpansive multi-valued map T with F(T) # @ is quasi-nonexpansive.
But the converse is not true. The following example shows that there is a quasi-nonexpansive

multimap which is not a nonexpansive multimap.

Example 1.4. (see [28]) Let Z = [0,0) with the usual metric and T : %7 — CB(% ) be defined
by
{0}, ifx<1

Tx =

3 1
[X—Z,X—g], 1fx2 1

Then T is a quasi-nonexpansive multi-valued map but not a nonexpansive multi-valued map.
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The mapping T : % — CB(% ) is called hemicompact if, for any sequence {x,} in % such
that d(x,,Tx,) — 0 as n — oo, there exists a subsequence {x, } of {x,} such that x,, —
p € % . We note that if 7/ is compact, then every multi-valued mapping T : % — CB(% ) is
hemicompact.

The mapping T : % — CB(% ) is said to satisfy Condition (I) if there is a nondecreasing
function & : [0,00) — [0, 0) with £(0) = 0,(r) > 0 for r € (0,0) such that

h(d(x,F(T))) <d(x,Tx) forallx € % .
We recall the following definitions.

Definition 1.5. (Mann [20]) Let .7 : % — % be a single-valued mapping. The Mann iteration

scheme, starting from xo € %, is the sequence {x,} defined by
Xnt1 = (1= 0y)xn + 0, T Xy, 06, €[0,1],n >0,
where o, satisfies certain conditions.

Definition 1.6. (Ishikawa [14]) Let .7 :  — % be a single-valued mapping. The Ishikawa

iteration scheme, starting from xo € %, is the sequence {x, } defined by

Xn+1 = (1 _an)xn‘i‘anyynaan € [07 1]7

Yn= (1 _ﬁn)xn‘i‘ﬁngxnvﬁn S [07 l]?” >0,

where @, and 3, satisfy certain conditions.

Iterative techniques for approximating fixed points of nonexpansive single-valued mappings
have been investigated by various authors (see e.g., [2, 15, 24, 27, 29, 32]) using the Mann
iteration scheme or the Ishikawa iteration scheme. For details on the subject, we refer the
reader to Berinde [3].

Sastry and Babu [25] defined the Mann and Ishikawa iteration schemes for multi-valued

mappings as follows:

Definition 1.7. [25] Let T : %4 — P(% ) a multi-valued mapping and p € F(T).
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(i). The sequence of Mann iterates is defined by xy € %,
(1.1) Xn+1 :(l_an)xn+anynaan€ [07 1]7”207

where y, € Tx, suchthat ||y, — p|| = d(p, Tx,).
(i1). The sequence of Ishikawa iterates is defined by xo € %,
Xn+1 = (1 - (Xn>xn + 0V, Oy € [07 1]7
(1.2)
Yn = (1 _Bn>xn+Banaﬁn € [07 1]7” >0,
where v, € Ty, such that ||v, — p|| = d(p,Ty,), and w,, € Tx, such that ||w, — p|| =
d(p7Txn)'

Sastry and Babu [25] showed that the Mann and Ishikawa iteration schemes for a multi-valued
mapping T with a fixed point p converge to a fixed point g of T under certain conditions. They
claimed that the fixed point ¢ may be different from p. They obtained a result for nonexpansive
multi-valued map with compact domain. For more details, we refer readers to [25].

Recently, Panyanak [23] extended the result of Sastry and Babu [25] to uniformly convex
Banach spaces and the domain of T remains compact. Panyanak [23] also modified the iteration

schemes of Sastry and Babu [25] as follows:-

Definition 1.8. [23] Let T : % — P(% ) be a multi-valued mapping and F(T) be a nonempty

proximinal subset of 7. The sequence of Mann iterates is defined by xo € %,
(1.3) Xnt1 = (1 = &)Xy + Oy, Oy € [a,b],0<a<b<1,n>0,

where y, € Tx, such that ||y, — u,|| = d(un, Tx,), and u, € F(T) such that ||x, — u,| =
d(x,,F(T)).

Definition 1.9. [23] Let T : % — P(% ) be a multi-valued mapping and F(T) be a nonempty
proximinal subset of %/. The sequence of Ishikawa iterates is defined by xg € %,
X1 = (1 = &)Xy + Oy, @y € [a,b],n >0,

(1.4)
o= (1= Bn)xn~+ Buwn, B € [a,D],0<a<b<1,n>0,
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where v, € Ty, such that ||v, — V|| = d(v},,Ty,), and v/, € F(T) such that ||y, — V| =
d(yn,F(T)), and w, € Tx, such that |w, — V)| = d(v)],Tx,), and v/, € F(T) such that
lxn = vy || = d (xn, F(T)).

Moreover, Panyanak [23] proved the following result for for a nonexpansive multi-valued

map.

Theorem 1.10. ([23], Theorem 3.8). Let X be a uniformly convex Banach space, % a nonempty
closed bounded convex subset of X, and T : % — P(% ) a nonexpansive multi-valued map that
satisfies Condition (I). Assume that (i) 0 < o4, < 1 and (ii) Y;»_; Oy = oo. Suppose that F(T) is
a nonempty proximinal subset of % .Then the Mann iterates {x,} defined by (1.3) converges to
a fixed point of T.

Remark 1.11. Panyanak [23] posted a question whether Theorem 1.10 is true or not for the

Ishikawa iterates generated by the iterate (1.4).

Later, Song and Wang [31] found that there was a gap in the proofs of Theorem 3.1 in [23]
and Theorem 5 in [25], because the iteration x;,, depends on a fixed p € F(T) as well as T. If
q € F(T) and g # p, then the iteration x,, defined by ¢ is different from the one defined by p.
So the conclusion of Theorems 3.1 in [23] and Theorem 5 in [25], are ambiguous. They further
solved the gap and also gave the affirmative answer to the above question using the following

Ishikawa iteration scheme. They introduced the following definition.

Definition 1.12. [31] Let % be a nonempty convex subset of a Banach space X, &, 3, € [0, 1]
and 7, € (0,00) such that h_r}n ¥» = 0. The sequence {x,} by, starting from xo € %,
n oo
Xn+1 = (1 - an)xn + 0 Vn,

(1.5)
Yn = (1 - ﬁn)xn +ann;

where ||w, — v|| < Hy(Tx,, Tyy,) + 7 and ||wp1 — vu|| < Hy(Txu41, Ty,) + 9 for w, € Tx,

and v, € Ty,.

Song and Wang [31] obtained the following results where the domain of T is compact, which

is a strong condition.
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Theorem 1.13. ([31], Theorem 1). Let X be a uniformly convex Banach space, 7% a nonempty
compact convex subset of X, and T : % — CB(% ) a nonexpansive multi-valued mapping with
F(T) # 0 satisfying T(p) = {p} for any p € F(T). Assume that (i) 0 < 04, B, < 1; (ii) B, — 0
and (iii) Y- | 0By = oo. Then the Ishikawa iterates {x,} generated by (1.5) converges to a fixed

point of T.
Remark 1.14. For more other results by Song and Wang, we refer readers to [31].

Later, in 2009, Shahzad and Zegeye [28] extended and improved the results of Panyanak [23],
Sastry and Babu [25] and Song and Wang [31] from nonexpansive multi-valued maps to quasi-
nonexpansive multi-valued mappings in Banach spaces. Their results provided an affirmative
answer to Panyanak’s question [23] in a more general setting.

Shahzad and Zegeye [28] used the following lemma of Xu [33] in the proofs of their main

results.

Lemma 1.15. [33] Let (X,||-||) a Banach space and ¢ > 1 be a fixed number. Then X is
uniformly convex if and only if there exists a continuous, strictly increasing, and convex function

h:[0,00) — [0,00) with h(0) = 0 such that
lax+ (1 = a)y||* < allx|* + (1 = a) Iy — a(1 —a)h(|lx - y])
forall x,y € B.(0)={xeX : x| <c}, and a € [0,1].
More precisely, they obtained the following results.

Theorem 1.16. [28] Let (X, || -||) be a uniformly convex Banach space, and % be a nonempty
closed convex subset of X. Let T : % — CB(% ) be a quasi-nonexpansive multi-valued map-
ping with F(T) # 0 and T(p) = {p} for each p € F(T). Let {x,} be the Ishikawa iterates
defined by xo € U ,

Xn+1 = (1 —0ty)xy + vy, n >0
(1.6)
Yn = (1 _ﬁn)xn+ﬁnwna n>0

where wy, € Tx,, and v,, € Ty,. Assume that T satisfies Condition (I) and &, B, € [a,b] C (0,1).

Then {x,} converges strongly to a fixed point of T.
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Theorem 1.17. [28] Let (X, || - ||) be a uniformly convex Banach space, % a nonempty closed
convex subset of X , and T : %4 — CB(%) a quasi-nonexpansive multi-valued map with
F(T) # 0 and for which T(p) = {p} for each p € F(T). Let {x,} be the Ishikawa iterates
generated by (1.6). Assume that T is hemicompact and continuous, and (i) 0 < oy, B, < 1, (ii)
B — 0, and (iii) Y,;_| 03, = oo. Then the sequence {x,} converges strongly to a fixed point

of T.

Theorem 1.18. [28] Let (X, || - ||) be a uniformly convex Banach space, % a nonempty closed
convex subset of X , and T : % — P(%) a multi-valued map with F(T) # 0, Pr(x) = {y €
Tx : ||x—y|| = d(x,Tx)} and such that Py is nonexpansive. Let {x,} be the Ishikawai iterates

defined by xo € U,

Xn+1 = (1 —0ty)xy + vy, n >0
(1.7)
Yn = (1 _ﬁn)xn+ﬁnwna n>0

where wy, € Pr(x,) and v, € Pr(y,). Assume that T satisfies condition (I) and 04, B, € |a,b] C

(0,1). Then {x,} converges strongly to a fixed point of T.

Remark 1.19. If T = .7 is single-valued the above iteration scheme (1.7) reduces to the well-

known Ishikawa iteration scheme (see [14]).

2. PRELIMINARIES
In this section, we present some basic facts of CAT(0) spaces and hyperbolic spaces.

2.1. CAT(0) spaces. Let (X,d) be a metric space. A geodesic path joining x € X to y € X
(or, more briefly, a geodesic from x to y) is a map @ : [0,/] — X, [0,{] C R such that ®(0) =
x,0(l) =y, and d((t),0(t")) = |t —¢'| for all t,#' € [0,]]. In particular, @ is an isometry and
d(x,y) = 1. The image o of @ is called a geodesic (or metric) segment joining x and y. When
it is unique this geodesic segment is denoted by [x,y]. The space (X,d) is said to be a geodesic
space if every two points of X are joined by a geodesic, and X is said to be uniquely geodesic
if there is exactly one geodesic joining x and y for each x,y € X. A subset Y C X is said to be
convex if Y includes every geodesic segment joining any two of its points. A geodesic triangle

A(x1,x2,x3) in a geodesic metric space (X, d) consists of three points x1,x7,x3 in X (the vertices
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of A) and a geodesic segment between each pair of vertices (the edges of A). A comparison
triangle for the geodesic triangle A(x1,x2,x3) in (X,d) is a triangle A(x7,x,x3) := A(¥7, %2, X3)

in the Euclidean plane R? such that dp. (%;, ¥ i) =d(xi,x;) fori, j€1,2,3.

Definition 2.1. (CAT(0) space) Let (X,d) be a geodesic space. It is a CAT(0) space if for any

geodesic triangle A C X and x,y € A we have d(x,y) < d(&,7) where %,7 € A,

It is well-known that any complete, simply connected Riemannian manifold having nonpos-
itive sectional curvature is a CAT(0) space. Other examples of CAT(0) spaces include Pre-
Hilbert spaces, R-trees (see [4]), Euclidean buildings (see [6]), the complex Hilbert ball with a

hyperbolic metric (see [12]), and many others.

Definition 2.2. A geodesic triangle A(p,q,r) in (X,d) is said to satisfy the CAT(0) inequality

if for any u,v € A(p,q,r) and for their comparison points i, v € A(p, g, 7), one has
d(bt, V) § dRZ (12, \7>

For other equivalent definitions and basic properties of CAT(0) spaces, we refer the readers
to standard texts such as [4]. It is well-known that every CAT(0) space is uniquely geodesic.

Note that if x,y;,y, are points of CAT(0) space and if yq is the midpoint of the segment
[v1,y2] (we write yo = %yl ) %yz), then the CAT(0) inequality implies

1 1 1

1 1
(2.1 d(x,y0)* =d(x, 1 & §y2) < Ed(xa)ﬂ)z + Ed(x,yz)z - Zd()ﬂ )

This inequality is known as the CN inequality of Bruhat and Tits [5]. Some brilliant known

results in CAT(0) spaces can be found in [1, 9, 10] and references therein.

2.2. Hyperbolic Spaces. In this section we recall some notions of the hyperbolic metric

spaces. This class of spaces contains the class of CAT(0) spaces.

Definition 2.3. (See [19]) A hyperbolic space is a triple (X,d, W) where (X, d) is a metric space
and W : X x X x [0,1] — Xis such that

WI1. d(z,W(x,y,)) < (1 —a)d(z,x) + od(z,y),

W2. d(W(x,y, ), W(x,y,)) = |0t = Bld(x,y),

W3. W(x,y,a) =W(yx, (1 —a)),
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W4, d(W(x,z,0), W(y,w,a)) < (1—ot)d(x,y)+ ad(z,w) forall x,y,z,w € X, o, B € [0,1].
It follows from (W1.) that, for each x,y € X and a € [0, 1],

(22) d(x,W(x,y,a)) < ad(x,y), d(y,W(x,y,a)) < (1 -a)d(x,y)

In fact, we have that (see [22])

(2.3) d(x, W(x,y,a)) = ad(x,y), d(y, W(x,y,a)) = (1 — a)d(x,y)

Comparing (2.3) to (2.2), we can also use the notation (1 — ot)x@ ay for W(x,y, @) in a hyper-
bolic space (X,d,W).

An example of hyperbolic spaces is the family of Banach vector spaces or any normed vector
spaces. Hadamard manifolds [6], the Hilbert open unit ball equipped with the hyperbolic metric
[12], and the CAT(0) spaces [4, 10, 17, 18, 19] are examples of nonlinear structures which play
a major role in recent research in metric fixed point theory. A subset %/ of a hyperbolic space

X is said to be convex if [x,y| C %, whenever x,y € % (see also [30]).

Lemma 2.4. [19] The hyperbolic space (X,d,W) is called uniformly convex if for any r > 0

and € € (0,2] there exists a & € (0, 1]such that, for all a,x,y € X,

1
(2.4) d(y,a) <r = d(%x@ Ey,a) <(1-90)r

A mapping 7 : (0,00) x (0,2] — (0, 1] providing such a 6 := n(r,€) for given r > 0 and

€ € (0,2] is called a modulus of uniform convexity.
Remark 2.5. Note that if (X,d, W) is a hyperbolic space, then from (W4) we have

(2.5) d(ocp@(l —o)x, aq@(l —a)y) <ad(p,q)+ (1—a)d(x,y)

for all p,q,x,y € Xand a € [0, 1] (See [11, 16]).
The following lemmas are useful.

Lemma 2.6. [10] Let (X,d) be a CAT(0) space.
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(i) For x,y € X and o € [0, 1], there exists a unique point 7 € [x,y| such that
(2.6) d(x,z) = ad(x,y) and d(y,z) = (1 - o)d(x,y).

We use the notation (1 — ot)x@ oty for the unique point z satisfying (2.6).

(ii) For x,y,z € X and a0 € [0, 1], we have
d((1-a)x@ay,z) < (1 -a)d(x,z) + ad(y,z).
(iii) For x,y,z € X and o € [0,1] we have
d((1-a)x@ ay,2)” < (1 — @)d(x,2)> + ad(y,2)> — (1 — @)d(x, ).

Lemma 2.7. [25] Let {a, },{Bn} be two sequences such that
(i) 0 < a,Bu <1,
(ii). Bp — 0 and ¥ o, = oo.
Let {y,} be nonnegative real sequence such that Y, 0, ,(1 — Bn) Y is bounded. Then {v,} has a

subsequence which converges to zero.

Lemma 2.8. [32] Let {4, } and {0, } be sequences of nonnegative real numbers suchthat A, 11 <

Ai+0n,Vn>1landy, 0, <oo.Then lim A, exists. Moreover, if there exists a subsequence
n—-pc0

{An,} of {An} such that Ay, — 0 as j — oo, then Ay, — 0 as n — oo.

The purpose of this paper is to establish strong convergence theorems for the Ishikawa
iteration-type scheme involving quasi-nonexpansive multi-valued mappings in the setting of
CAT(0) spaces. Our results signifigantly extend and improve the results obtained by Shahzad

and Zegeye [28], as well as the related results in the existing literature.

3. MAIN RESULTS

Let (X,d) be a CAT(0) space and % be a nonempty convex subset of X. Similarly, we

introduce the following definitions.

Definition 3.1. A multi-valued mapping T : % — P(% ) is said to be:

(a) nonexpansive if H,(Tx, Ty) <d(x,y) forall x,y € %,
(b) quasi-nonexpansive if Hy(Tx,Tp) < d(x,p) forallx € % and p € F(T).
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Following [28], we give the following definition.

Definition 3.2. Let T : % — CB(% ) be a multi-valued map. Suppose ,,B, € [0,1], the
sequence of Ishikawa iterates is generated by xg € %,
Xpr1 = (1— Oc,,)xn@anvn, n>0

Yn = (1 - ﬁn)xn@ﬁnwn; n>0

(3.1

where w, € Tx, and v,, € Ty,.
Note that we significantly make use of Lemma 2.6 (see [10]) in the proof of our main results.

Lemma 3.3. Let (X,d) be a CAT(0) space and % be a nonempty closed convex subset of X.
Let T : % — CB(%) be a quasi-nonexpansive multi-valued mapping with F(T) # 0 and for
which T(p) = {p} for each p € F(T). Let {x,} be the Ishikawa iterates generated by (3.1).

Then hl)n d(xn, p) exists for each p € F(T).
n oo

Proof. Let p € F(T). Then, from (3.1) and using Lemma 2.6(ii), we have

d(yn,p) = d((l - ﬁn)xn@ﬁnwnap)

< (1= Bn)d(xu, p) + Bud(Wn, p)

(3.2) < (1= Ba)d(xn, p) + BuHy(Txy, Tp)
< (1= Bn)d(xn, p) + Bud (xn, P)
=d(xn,p)

and

d(xn1,p) = d((1 = ), P v, p)
< (1 — Ocn)d(xn,p) + and(vnap)
< (1—0a,)d(xn, p) + ayHy(Ty,, Tp)
(3.3)
< (1= 0t)d(xp, p) + Opd (yp, p)
< (1= 04)d (%, p) + Oud (X, p)

:d(xn,p).
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Consequently, the sequence {d(xy, p)} is decreasing and bounded below and thus lim d(x,, p)

n—-po0

exists for each p € F(T). Also {x,} is bounded. O

Theorem 3.4. Let (X,d) be a CAT(0) space and % be a nonempty closed convex subset of
X. Let T: % — CB(%) be a quasi-nonexpansive multi-valued mapping with F(T) # 0 and
T(p) = {p} for each p € F(T). Let {x,} be the Ishikawa iterates generated by (3.1). Assume
that T satisfies Condition (I) and 04,, 3, € [a,b] C (0,1). Then {x,} converges strongly to a fixed

point of T .

Proof. Let p € F(T). Then, as in the proof of Lemma 3.3, {x,} is bounded and so {y,} is
bounded. Therefore, there exists R > 0 such that x, — p,y, — p € Bg(0) for all n > 0. Applying

Lemma 2.6(iii), wehave

d(xni1,p)* = d((1= )5 D v, p)°
< (1= 04)d (%n, p)* + Cad (v, p)* = O (1 = &) (0, V)
(3.4) < (1= a)d(xn, p)? + 0 HZ (Ty, Tp) — (1 — 04)d (X, v)?
< (1= 0p)d(xn, p)* + 0 (v, p)* = O (1 = 0}l (X, 1)
< (1= &)d(xn, p)* + Wy (yn, p)’
and
d(yn,p)? = d((1 — Ba)xa @D Buwn. p)°
< (1= Ba)d(xn, p)* + Bad (W, p)* = Bu(1 = )l (x, W)
(3.5) < (1= Ba)d (%, p)* + BaH3 (T, Tp) — B (1 — Ba)d (Wi, xn)?
< (1= Bu)d (xu, P)* + Bud (xn, ) = Ba(1 = Bn)d (W, %)
= d(xa,p)* = Bu(1 = Bu)d (W, 0)*.

Substitute (3.5) in (3.4), we obtain

d(xn+1,p)2 S (1 - OCn)d(xn,p)z + (Xnd(xn,p)2 - O‘nﬁn(l - ﬁn)d(wmxn)z

= d(xn,p)2 — OB (1 — ﬁn)d(wnaxn)z-



FIXED POINT THEOREMS FOR MULTI-VALUED MAPPINGS 13

Thus

O‘nﬁn(l - ﬁn)d(wmxn)z < d(xmp)z - d(er-l 7p)2'

This implies

m

Z O‘nﬁn(l —ﬁn)d(wn,xn)z < d(xl,p)z _d<xrn+lvp>2 < oo,

n=1
for all m > 1. Thererfore Y~ ; &, B,(1 — Ba)d(Wy,X,)? < oo. Thus, lim d(w,,x,)> = 0. Since
n—yeo
d is continuous, we have h_r>n (Wn,xn) = 0. Also d(x,, Tx,) < d(x,,wy) — 0 as n — oo.
n oo

Since T satisfies Condition (I), we have
h(d(x,,F(T)) <d(xp,Tx,) —> 0as n — co.

1
Thus h_r>n d(x,,F(T)) = 0. Thus there is a subsequence {x,, } of {x, } such that d(x,,, px) < %
n oo
for some {py} C F(T) for all k. Note that in the proof of Lemma 3.3 we obtain
1

d(xnk+lapk) S d(xnk7pk) < ?

We will show that {py} is a Cauchy sequence in % . Notice that

d(prs1,Pk) < d(Prt1,Xn+1) +d(Xn 41, Pi)

1 1
< Yk+1 +?

1
<5

This shows that {py} is a Cauchy sequence in %/ and thus converges to ¢ € % . Since

d(px,Tq) < Hy(Tpi, Tq)
S d(pk7 Q)

and py — g as k — oo, it follows that d(¢,T¢q) = 0 and thus ¢ € F(T) and {x,, } converges
strongly to g. Since 11_r>n d(x,,q) exists, it follows that {x, } converges strongly to a fixed point
n oo

q of T. This completes our proof. 0
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Example 3.5. The existence of a fixed point of T is very interesting. Let T be a quasi-
nonexpansive multi-valued map with F(T) # 0, then a fixed point of T exists under the as-

sumptions of Theorem 3.4. Indeed, fix xo € %, define

1 1
Tox = —xo (1 — )T
WX nxo ( n)x

foe x € % and n > 1. Then, using (2.5) for x* € F(T) we have
1

n

)Tx, %xo @(1 - %)Tx*)

1
< (1= —)H(Tx, Tx")
n

. 1
d(Tx, Tx*) < d(;xo P -

<(1- %)d(x,x*)

That is, T, is a contraction. By the Banach contraction principle, T, has a unique fixed point x;,
in 7/ . Since the closure of T (%) is compact, there exists a subsequence {Tx,. } of {Tx,} such

that Tx,, — u. Since T (%) is bounded and
1 1 1
d(xp, Tx) = d(Tpx,, Tx,) = d(;xo P - Z)’]I‘xn,']l‘xn) < ;d(xo,Txn),

we have d(x,, Tx,) — 0. In particular, we have x,, — u. Continuity of T implies Tu = u.

Moreover, since T satisfies Condition (I), so we have
h(d(x,,F(T))) <d(x,,Tx,) — 0.

Thus lim d(x,,F(T)) = 0. This implies that {x,} converges strongly to a fixed point of T.

n—-oo

Corollary 3.6. Let (X,d) be a CAT(0) space and % be a nonempty closed convex subset of X.
Let T : % — CB(% ) be a nonexpansive multi-valued mapping with F(T) # 0 and T(p) = {p}
for each p € F(T). Let {x,} be the Ishikawa iterates defined by (3.1). Assume that T satisfies

Condition (I) and &, B, € [a,b] C (0,1). Then {x,} converges strongly to a fixed point of T .

Theorem 3.7. Let (X,d) be a CAT(0) space and % be a nonempty closed convex subset of
X. Let T: % — CB(%) be a quasi-nonexpansive multi-valued mapping with F(T) # 0 and
T(p) = {p} for each p € F(T). Let {x,} be the Ishikawa iterates generated by (3.1). Assume

that T is hemicompact and

(i). 0< anuﬁn <1
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(ii). B — 0;
(iii). Y7 | Oy = oo.

Then {x,} converges strongly to a fixed point of T .

Proof. Let p € F(T). As in the proof of Theorem 3.4, by using Lemma 2.6(iii) we obtain

m

Z 0B (1 = Ba)d (W, xn)* < d(x1,p)? —d(Xi11,p)* < o0

n=1

and therefore
Z 04, B (1 —ﬁn)d(wn,xn)2 < oo,
n=1

Thus, nli_r>nwd(xn, wy) = 0. Since d(xy,, Tx,,) < d(x,,w,) —> 0 asn —> oo and T is hemicompact,
there is a subsequence {x,, } of {x,} such that x,, — ¢ for some g € % . Since T is continuous,
d(xp,, Txn,) —> d(q,Tq). As aresult, we have d(gq, Tqg) =0 and so ¢ € F(T). By Lemma 3.3,
we have n@wd (xn, p) exists for each p € F(T), it follows that {x,} converges strongly to g.

This completes our proof. ]

Corollary 3.8. Let (X,d) be a CAT(0) space and % be a nonempty closed convex subset of X.
Let T : % — CB(% ) be a nonexpansive multi-valued mapping with F(T) # 0 and T(p) =
{p} for each p € F(T). Let {x,} be the Ishikawa iterates defined by (3.1). Assume that T is
hemicompact and
(). 0 < au,B.<1;
(ii). By — O;
(ifi). Yy OB = oo.

Then {x,} converges strongly to a fixed point of T .

Definition 3.9. Let (X,d) be a CAT(0) space and % be a nonempty closed convex subset of X.
Let T: % — P(% ) be a multi-valued map . Let Pr(x) = {y € Tx :d(x,y) = d(x,Tx)}.The
sequence of Ishikawa iterates is defined by xy € %,

Xn+1 = (1 - an)xn @ Oy,

Yn = (1 _Bn)xn@ﬁnwnv n> 07
where wy, € Pr(x,) and v, € Pp(y,) and o, B, € [0,1].

(3.6)
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Note that, if we remove the restriction on T i.e.T(p) = {p} for all p € F(T) in Theorem 3.4,

we obtain the following theorems.

Theorem 3.10. Let (X,d) be a CAT(0) space and % be a nonempty closed convex subset of
X. Let T: % — P(%) a multi-valued mapping with F(T) # 0 and such that Pr is quasi-
nonexpansive. Let {x,} be the Ishikawa iterates generated by (3.6). Assume that T satisfies

Condition (I) and oy, By, € |a,b] C (0,1). Then {x,} converges strongly to a fixed point of T .
Proof. Let p € F(T). Then p € Pr(p) = {p}. By usinng Lemma 2.6(ii), we get
d(yn,p) = d((l - ﬁn)xn@ﬁnwnap)

< (1 - ﬁn)d(xnap) +ﬁnd(wmp)

3.7 < (1 - ﬁn)d(xnap) +Ban(PJI‘(xn)7PJI‘(p))
< (1= Bn)d(xn; p) + Bud (xn, p)
< d(xn,p)

and

d(xap1,p) =d((1— Ocn)xn@ 0V, )

< (1= 04)d (%, p) + Oud (v, p)
(3.8)

< (1= 04)d (xn, p) + 0 Hy (Pr(yn), Pr(p))
< (1 - an)d(xmp) + and(ymp)'
Substitute (3.7) in (3.8), we obtain
(3.9) d(xp11,p) < d(xn, p).

Consequently, the sequence {d(x,, p)} is decreasing and bounded below and thus lim d(x,,p)
n—-yo°

exists for any p € F(T).
Applying Lemma 2.6(iii), we get
d(xn+17p>2 = d((l - an)xn®anvnap)2
<(1- an)d<xn»p)2 + and(vnap)z —Bu(1— ﬁn)d(xmvn)z
(3.10)
<(1— O‘n)d(xnvp)z + O‘nHﬁ(Pﬂ'(yn%Pﬂ‘(P)) — Bu(1 = By)d (xn, Vn)z

< (1= 6)d(xn, )2 + Cud (Y, p)?



FIXED POINT THEOREMS FOR MULTI-VALUED MAPPINGS 17

and
d(yn,p)? = d((1 = Bu)xn @ Bawn, p)’
< (1= Bu)d(xn, p)* + Bud (Wn, p)* = Bu(1 — Bu)d (X, i)
(3.1D) < (1= Bu)d(xn, p) + BuHZ(Pr(xa), Pr(p)) — Ba(1— Bu)d (xn, wn)*
< (1= Bu)d(xn, p)* + Bud (Xn, p)* — Bu(1 — Bu)d (xn, wn)?
= d(x,p)? = Bu(1 = Ba)d (20, W)

From (3.11) and (3.10), we obtain
d(xn—i-lap)z < d(xn,p)2 - O‘nﬁn(l - ﬁn)d(xnawn)z-
This implies
o 2 2 2
(3.12) Z anﬁn(l _Bn)d(xnywn) < d(X1,p) _d(xm+lap) < oo,
n=1

for all m > 1. Therefore Y, 0,B,(1 — B.)d (x,,wa)?> < oo. Consequently, we have
li_n} d(xn,wn) = 0. So d(x,,Tx,) < d(x,,wy) —> 0 as n — . Since T satisfies condi-
n oo

tion (I), we have h_r)n d(x,,F(T)) = 0. Thus there is a subsequence {x,, } of {x,} such that
n oo

1
d (X, i) < 2% for some {pi} C F(T) and for all k. As in the proof of Theorem 3.4, {p;} is a
Cauchy sequence in % and thus converges to g € % .

Consider

d(pr,Tq) < d(pk,Pr(q))
(3.13) < Hy(Pr(pi), Pr(q))

<d(pr,q)

and py — g as k — oo, it follows that d(g,Tg) = 0 and so g € F(T) and {x,} converges

strongly to g. Our proof is finished. 0

Theorem 3.11. Let (X,d) be a CAT(0) space and % be a nonempty closed convex subset of
X.Let T: % — P(%) a multi-valued mapping with F (T) # 0, Pr is quasi-nonexpansive. Let

{xn} be the Ishikawa iterates generated by (3.6). Assume that T is hemicompact and

(i). 0< anuBn <1
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(ii). B — 0;
(iii). Y7 | Oy = oo.

Then {x,} converges strongly to a fixed point of T .

Proof. Let p € F(T). Then, as in the proof of Theorem 3.10, h_n>1 d(x,,p) exists for any
n oo
p € F(T). And as in the proof of Theorem 3.10, it can be shown that d(x,,w,) — 0 as

n — oo. Since T is hemicompact, we may assume that x,, — g for some g € % . Notice that
d(q,Tq) < d(q,%n) +d(Xn, wn) +d Wy, Tq)
(G.14) < d(q,xn,) +d(xn, wn,) + Ha(Pr(xn), Pr(q))
< 2d(xn,,q) +d(Xp,,Wn,) — 0.

This implies that d(g, Tq) = 0 and thus g € F(T). Since h_r}n d(x,, p) exists for any p € F(T),

it follows that x,, — g as n — oo. This completes our proof. 0

Remark 3.12. Some examples of a multi-valued map T for which Pr is quasi-nonexpansive

can be found in [13, 34].

4. CONCLUSIONS

In this manuscript, we prove some strong convergence theorems in CAT(0) spaces. Let % be
a nonempty closed covex subset of a CAT(0) space X.

We obtained the following results:-

1). Lemma 3.3: An extension of Lemma 2.2 in [28].

2). Theorem 3.4: If T : % — CB(% ) is a quasi-nonexpansive multi-valued mapping sat-
isfying Condition (I) and @, B, € [a,b] C (0,1). Then {x,} defined by (3.1) converges
strongly to a fixed point of T.

This theorem extends and improves Theorem 1.16 (see [28], Theorem 2.3).

3). Theorem 3.7: If T : % — CB(% ) be a quasi-nonexpansive multi-valued mapping

with F(T) # 0 and T(p) = {p} for each p € F(T). Suppose T is hemicompact and
@. 0< o, B < 1

(ii). B — 0;

(iii). X571 0By = oo.
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Then {x,} defined by (3.1) converges strongly to a fixed point of T.
This theorem extends and improves Theorem 1.17 (see [28], Theorem 2.5).

4). Theorem 3.10: If T : % — P(% ) a multi-valued mapping with F(T) # 0, T satisfies
Condition (I), Pr is quasi-nonexpansive, and o, B, € [a,b] C (0, 1). Then the sequence
{x,} defined by (3.6) converges strongly to a fixed point of T.

This theorem extends and improves Theorem 1.18 (see [28], Theorem 2.7).

4). Theorem 3.11: If T : % — P(% ) a multi-valued mapping with F(T) # 0, Pr is
quasi-nonexpansive, T is hemicompact and
(@). 0< 0, By < 1;

(ii). B, — 0;
(iii). Y1 0B = o.
Then the sequence {x,} defined by (3.6) converges strongly to a fixed point of T.
This theorem extends and improves Theorem 2.8 in [28].
As consequence, we obtain Corollaries 3.6 and Corollaries 3.8 accordingly. Our

results extend and improve some other related results in the literature.
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