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Abstract. In this paper, we establish some common fixed point results for two self-mappings f and g
on a generalized metric space (X, G). Our result generalizes and improves some known results in the

literature.
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1. Introduction

The study of fixed points of mappings satisfying certain contractive conditions has been
at the center of rigorous research activity, see [14, 15, 16, 17, 18, 21, 22, 24, 25, 26, 27, 40].
The notion of D-metric space is a generalization of usual metric spaces and it is introduced
by Dhage [1, 2]. Recently, Mustafa and Sims [30, 31, 32] have shown that most of the
results concerning Dhage’s D-metric spaces are invalid. In [30, 33, 34, 35], they introduced
a improved version of the generalized metric space structure which they called G-metric
spaces. For more results on G-metric spaces and fixed point results, one can refer to

the papers [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 19, 23, 28, 36, 37, 38, 39|, some of them have
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given some applications to matrix equations, ordinary differential equations, and integral

equations.

2. Preliminaries

Definition 2.1. (][29]). Let X be a non-empty set, G : X x X x X — R, be a function

satisfying the following properties

(1) G(z,y,2) =0ifx =y = 2.

2) 0 < G(z,z,y) for all z, y € X with z # y
3
4

G(z,z,y) < G(x,y, 2) forall z,y,z € X with y # z.
G(z,y,2) = G(x,z,y) = G(y, z,x) = (symmetry in all three variables).

(2)
(3)
(4)
(5) G(z,y,2) < G(x,a,a)+ G(a,y, z) for all x,y, z,a € X (rectangle inequality).

Then the function G is called a generalized metric, or, more specially, a G-metric on X
and the pair (X, @) is called a G—metric space.
Definition 2.2. ([29]). Let (X,G) be a G-metric space, and let (z,,) be a sequence of
points of X. We say that (z,,) is G— convergent to x € X if n}}gooG(x’ Tp, Tm) = 0, that
is, for any € > 0, there exists N € N such that G(x,xn,xm)7< g, for all n,m > N. We
call = the limit of the sequence x,, and write x,, — x or lim x, = x.

n—o0

Proposition 2.1. ([29]) Let (X, G) be a G-metric space. The following are equivalent :

(x,,) is G-convergent to x

G(Zp, Tp,x) — 0 as N — 00

G(zn,x,x) = 0 as n — 00

G(zp, Tm,x) — 0 as n,m — oo

Definition 2.3. ([29]) Let (X, G)be a G-metric space. A sequence (x,)is called a G—
Cauchy sequence if, for any ¢ > 0, there is N € N such that G(x,,xn,,x;) < e for all
m,n,l > N, that is G(x,, Zm, ;) — 0 as n,m,l — oo.

Proposition 2.2. ([29]) Let (X, G) be a G-metric space. Then the following are equiva-

lent :

(1) The sequence (x,) is G-Cauchy



250 MAHMOUD BOUSSELSAL AND ZEID I. AL-MUHIAMEED

(2) For any € > 0, there exists N € N such that G(z,, T, T,) < €, for all n,m > N.

Proposition 2.3. ( [31] Let (X, G) be a G-metric space. Then for any z,y,z,a € X it
follows that:

(1) G(z.y,2) < 3[G(2,y.a) + G(z,0,2) + G(a,y, 2)]

(2) G(z,y,2) < G(x,a,a) + G(y,a,a) + G(z,a,a)
Proposition 2.4. ([29]) Let (X, G)be a G-metric space. A mapping f : X — X is
G—continuous at x € X if and only if it is G— sequentially continuous at x, that is ,
whenever (z,,) is G-convergent to z, f(x,) is G-convergent to f(z).
Proposition 2.5. ([29]) Let (X, G) be a G-metric space. Then the function G(z,y, z) is
jointly continuous all three of its variables.
Definition 2.4. ([29]) A G-metric space (X,G) is called G— complete if every G—
Cauchy sequence is G— convergent in (X, G).
Definition 2.5. ( weakly compatible mappings ([29])). Two mappings f,g: X — X are
weakly compatible if they commute at their coincidence points, that is ft = gt for some
t € X implies that fgt = gft.
Proposition 2.6. ([29]) Let X be a non-empty set and S, T" self-mappings of X. A point
x € X is called a coincidence point of S and T if Sx = Tx. A point w € X is said to be
a point of coincidence of S and T if there exists x € X so that w = Sz = Tx.
Definition 2.6. (9— Non decreasing Mapping ([29]). Suppose (X, =) is a partially or-
dered set and f,g : X — X are mappings. f is said to be g— Non decreasing if for
z,y € X, gr < gy implies fo < fy. Khan et all ([40])introduced the concept of altering
distance function that is a control function employed to alter the metric distance between

two points enabling one to deal with relatively new classes of fixed point problems.

Let us denote by ¥ the class of the set of altering distance functions v : [0, +-00[—

[0, +00[ which satisfies the following conditions:

(1) 9 is nondecreasing
(2) v is continuous

(3) () =0 = t=0



ON A NEW GENERALIZED WEAKLY CONTRACTION MAPPING IN G— METRIC SPACES 251

and by ® the class of the set of continuous functions ¢ : [0, +oo[— [0, 4+o00[, nonde-

creasing.
3. Main results

We start with the following remark
Remark 3.1.
If ¢ € ¥ and if ¢ € ® with the condition v () > ¢(t) for all ¢ > 0, then ¢(0) = 0.

Proof. Since p(t) <9 (t) for all t > 0, then we have

0 < p(0) < liminfp(t) < lime () = ¢ (0) =0

This finishes the proof.

Theorem 3.1. Let (X, G) be a G-metric space and f,g: X — X be two mappings. If
there exist ¢ € ¥ and ¢ € ® with the condition v (t) > ¢(t) for all t > 0, such that

W) 0 (Gl 1. 79) < o (3 Glan S f0) + Glaw. S0+ Gla . ) )

If f(X) C g(X), g(X) is a complete subset of (X,G) and the pair {f, g} is weakly
compatible. Then f and g have a unique common fixed point.

Proof. By the fact that f(X) C g(X), we can construct a sequence {z,} in X such that
frpi = gx, forany n € N

If for some n, gr,41 = fx, , then fz, = gz, thatis f and g have a common fixed point.

Thus we may assume that gz, = fz, for all n € N.
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For n € N, then bf (1) and by the rectangle inequality, we get

(20 (G(92n , 9Tnt1 , 9Tn11)) = V(G(frn-1, fTn, , f2n)

1

S 0 §(G(gxn—17 f'rn, ) fxn,

+G(gxn7 fxn, ) fxn,> + G(gl‘na fxn—h fxn—l))
= %(G(gxnflaganrl, 7g$)

+G(gwn> 9Tnt1, ganrl) + G(gxna GTn, gmn))
< %(G(gxn—lygxn+l, ,gI)
> @

+G(9xm 9Tn+1, gxn+1))
< %(G(gxn—lagxn, ,gI)

‘f‘%G(gZEn, 9Tn+1, gxn+1)

By the condition of the theorem, we have

1
(3) G(gxn y 9Tn+1 7gxn+1> < g((G(gxn—l’ gTp+1, 79xn+1,) + G(gxm 9Tn+1, gxn-i-l)
1 2
< 3 (G(9%n-1,9Tn, , gTn,) + gG(gxn,gan,gmnH)
Then, it follows easily that
(4) G(92n , 9Tny1 5 9Tnt1) < G(9Tn—1, gTn, , g2y, for any n € N

Therefore {G(gx,, , gTni1 , gTni1)} is @ non-increasing sequence. Hence there exists r > 0

such that

(5) lim G(gxn » §Tn+1 >gxn+1) =r

n—oo
letting n — oo in (3), we get
1 . r
5 UmG(grn_1, gTpi1, gTni1) + 5
3n—oo 3

which implies

(6) mG (92,1, 9Tni1, gTni1) = 21

n—oo
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Again from (2) we have

1 [ G(9Zn-1,9Tns1, 9Tnt1)

VY (G(g2n, gTni1, 9Tns1)) < @ 3
—i—G(gxn, 9Tn+1,9Tn+1

Letting n — oo and using (5), (6) and the continuities of ¢ and ¢, we get

Y (r) < e(r)

using the condition of the theorem, we get r = 0, this means that

(7) 1imG(9$n7g$n+179$n+1) =0

n—oo

Next, we show that {gz,} is a G— Cauchy sequence. Suppose, on the contrary, that
{gx,} is not a G— Cauchy sequence, that is

lim G(gxm, 9Tn, gr,) # 0

n,Mm—00

then, there exists ¢ > 0 for which we can find two sequences {gzm)} and {gz,@} of

{gx,} such that n(i) is the smallest index for which

(8) n(i) > m(i) > 1, G(gTm), 9Tn@) 9Tn() = €

This means that

(9) G(9Tm(i), 9Tn(i)—1, GTn(i)—1) < €
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Now, from (8), (9), rectangular inequality and proposition 6, we have that

< G(9Zm(i), 9Tm(i)+1> 9Tm(i)+1)

+G(GTm(i) 41, 9Tn (i) GTn(i))

IN

G(gl‘m(i)v JTm(i)+1, gffm(i)ﬂ)
+G(9$m(i)+1> 9Tn(i)—1, gajn(i)fl)

+G(9Zn(i)-15 9Tn(i)> 9Tn(i))

IN

3G (9Tm(i), 9Tm(i)+1> 9Tm(i)+1)
+G (9T m(i), 9Tn(i)-1> GTn(i)-1)
+G(9Tn(i)-1, 9Tn(i), 9Tn(i))

< 3G(9Tm(i), 9Tm(i)+1, ITm(i)+1)

+¢ + G(gTn(i)-15 9Tn(i)s 9Tn())

letting @ — oo in the above inequalities and using (7), we get that

(10) Z.Lig}G(gfﬁm(i), 9T (i), gﬂin(i)) = AhmG(gl‘m(i)Jrla 9Tn(i), ngn(i))

1— 00

= hmG(g:vm(i), GTn(i)—1, gxn(i)—l)

1—00

= ¢
By (1), we have

(11) U (G(9Tm(i)+1, 9Tn(i)» 9Tn(s)))

= U (G(fTm@), [Tn(i)—1, [Tn@)—1))

< 1 G(gTm(i), fTn@)—15 [Tni)—1) + G(9Tn@)—1, fTn@)—15 [Tn@)—1)
- 3 +G(9Zn(i)-1, fTm(), fTm))

< o 1 G(9Tm(i)s 9Tn(i), 9Tn (i) + G(9Tn(i)—1, 9Tn(i)s 9Tn(i))

- 3

+G (9T (i) -1, 9Tm(i)+15 ITm(i)+1)
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Once again, from the condition of the theorem, we get

G(gTm(iy> 9%n(i), 9Tn(s))
+G(9Zn(i)—1, 9Zn(i), 9Tn(i))

W

G(9Zm(i)+1> 9Tn(i)s 9Tn()) <
+G(9Zn(i)—1, 9Tm(i)+1, 9Tm(i)+1)

Then, by the rectangular inequality and proposition 6, we have

G(gxm(i)7 9Tn (i), gl’n(i))

W[ =

G(gTm(i)+1, 9Tn()s 9Tn() < 3 +G(9Tn ()15 9Tn(i), 9Tn(i))
+G(Q$n(i)—1, 9Tm(i)+1, gxm(i)-&-l)

G(9Tm (), 9Tn () 9Tn(i))
+G(9Tn(i)-1, 9Tn(i), 9Tn(i))

W =

+2G(9%n(i)—1, 9Tn(i)—1, 9Tm(i)+1)

+G(9Zn(i)-1, 9%n(i), 9Tn(i))

W =

+2G(9%n(i)-1, 9Tn(i)—1, 9Tm())

+2G (9% m (i), 9%Tm(i), 9Tm(i)+1)

letting @ — oo in the above inequalities and using (7) and (10), we get that

(12> hmG(Qiﬂn(i)fl, GTm(i)+1, gxm(i)+1) = 2¢

i—o0
Now letting ¢ — oo in(11) and using (7), (10), (12) and the continuities of of ¢ and ¢, we
have
¥ (e) < le)
Therefore by using the condition of the theorem, we get ¢ = 0, which is a contradiction.

Thus {gx,} is a G— Cauchy sequence in g(X). Since (g(X), G) is complete, then there

exist ¢, w € X such that {gx,} converges to t = gu, that is
(13) ImG (gxn, g2n, gu) = UmG(gx,, gu, gu) = 0
n—oo

n—oo

Since G is continuous on its variables, we have

(14) imG (gzn, 92, fu) = G(gu, gu, fu)
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and

(15) UmG (g2, fu, fu) = G(gu, gu, fu)
n—oo

Let us show that fu =t¢. By (1), we have

VY (G(92pt1, gTnst, fu) = V(G(fn, frn, fu))

1 G (g2, fn, f1,)
< ¢ls
3\ +G(gzn, fu, fu) + Ggu, fr,, fz,)
1 G(gTn, 9Tni1, 9Tns1)
< p 3

—i—G(gxn, fu7 fu + G(QU’J 9Tn+1, gxn-‘rl)

Letting n — oo and using (7), (13), (15) and the continuities of ¢ and ¢, we get

(10 (Gl gu o) < o (3600 Fus o))

By proposition 6, we have G(gu, fu, fu) < 2G(gu, gu, fu). Hence using the fact that ¢

is increasing, (16) becomes
2
Therefore from the condition of the theorem, it follows

G(gu, gu, fu) < =G(gu, fu, fu)

Wl Do

which implies that G(gu, gu, fu) = 0 and hence fu = gu = t. Then, u is a coincidence
point of f and g, since the pair {f, g} is weakly compatible, we have ft = gt
Now, we prove that ft = gt =¢. By (1), we have

¢ (G<gt7 9Tn+1, ganrl)) = w (G(fta fxna fl'n))

1 G (gt, fn, f2n)

R
3\ + G (g2n, fn, f2n) + G(g2a, gt, gt)
1 G (gt, 9Tp41, g$n+1)

+ G (g'rn7gxn+17gxn+1) + (G (gxn,gt,gt))
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Letting n — oo , we get

Y (G(gt, gu, gu))

IN

¥

VR
W | —

G (gt, gu, gu) + 0+ G(gu, gt, gt)

IN

¥

VR
W | —

G (gt, gu, gu) + z))G(gt gu, gu)>

= (G (gt, gu, gu))

By the condition of the theorem, we have G (gt, gu, gu) = 0 which implies that gt = gu = t.
We conclude that

gt = gu =1t.

and so t is a common fixed point of f and g. To prove the uniqueness, let s be another

common fixed point of f and g. By (1), we have

P (G5,5) = $(GUL I3, 1)
< o (G UL+ G s fS3) + Lo 1 1)

I
©

(% (G (t,5,5) + G (s, tﬂf)))

3
= @ (G <t7 2 3))

< o(tec (t,t,s)+G(s,t,t)))

By the condition of the theorem, we have G(t, s, s) = 0, which implies that s = t.
Example 3.1. Let X = [0,2], G(z,y,2) = max{|z —yl|, |y — 2|, |z — |}, ¥ (t) =
o) =In(1+¢#), fr =1, gr=2—x. It is easy to see ¥ (t) > ¢ (t) for all t > 0. We

have
V(G (fx, fy, f2) =

and

© G (G(gz, fy, fy) + G(gy, fy-fy) + G(gz, [y, fy)))

= In((1+(z—yl+]y—2z +]z—z])?)
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Now, condition (1) is trivially satisfied. Clearly, f(X) C g(X), g(X) is a complete subset
of (X,G) and the pair {f, g} is weakly compatible.Then all the hypothesis of Theorem
are satisfied and so f and ¢ have a unique common fixed point, that is x = 1.

Let S denotes the class of the continuous functions § : [0,00) — [0, 1) which is non-
increasing and satisfies the condition f (¢,) — 1 implies ¢,, — 0.
Corollary 3.1. Let (X, G) be a G-metric space and f,g: X — X be two mappings. If
there exist ¢ € ¥ and § € S with the condition ¢ (t) > S(¢)t for all ¢ > 0, such that

6O fuf2) < 8 (5 (Glar fo ) + Gloy. f.12) + Glox. f. f2)

(5 (Clow. 0.£0) + Glaw. 2. 12) + Glos, f. £a) )

If f(X) C g(X), g(X) is a complete subset of (X,G) and the pair {f, g} is weakly
compatible. Then f and g have a unique common fixed point.

Corollary 3.2. Let (X,G) be a G-metric space and f,g: X — X be two mappings.
If there exist ¥ € ¥ , ¢ and —¢y € ® with the condition  (t) > (p1 — 1) () for all

t > 0, such that

GG 1) < or (3 (Glorfuf0)+ Gl J2002) + Olgs. f. ) )

~r (3 (Glor. o 0) + Glow, £ 1) + Gla . 1))

If f(X) C g(X), g(X) is a complete subset of (X,G) and the pair {f, g} is weakly
compatible. Then f and g have a unique common fixed point.
Proof. It follows by replacing in Theorem14, o(t) by ¢ (t) = 1 (t) — ¥1 (1).

From the previous obtained results, we deduce some coincidence point results for map-

pings satisfying a contraction of an integral type. For this purpose, let

X, X : RT — R, satisfies that y is Lesbesgue integrable,
Y = summable on each compact of subset of R™

and [ x () dt > 0 for each € >0
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Theorem 3.2. Let (X, G) be a G-metric space and f,g: X — X be two mappings. If
there exist ¢ € ¥ and ¢ € ® with the condition v (t) > ¢(t) for all t > 0, such that
W(G(f2.fy.f2)) o (3(G gz, fy-fy)+Glay. fy.- fy)+G(92.fy.fv)))
/ X(t)dtg/ ¥ () dt

0 0

If f(X) C g(X), g(X) is a complete subset of (X,G) and the pair {f,g} is weakly

compatible. Then f and g have a unique common fixed point.

Proof. For x € Y, consider the function A : R — R* defined by A (z) = [ x (t)dt we

note that A € W. thus the inequality (??) becomes

01) A G 1. 1) £ 4 (o (5 o fot) + Glan S ) + Gloz f.50)))

SettingAO@Z)Zdjl,@ZJl E\If, andAogo:gpl,gpl € P, ¢1 (t) > (t) for all t > 0. SO,

we obtain

GG S0 020) < o1 (3 (Glan Soudu) + Glave f09) + Gla o))

Therefore by Theorem 14 above, f and g have a unique common fixed point.
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