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Abstract: In the context of partial b-metric space, we demonstrate several common fixed point solutions for
(o, @) — K-type contractive mappings in this study. We also look at a few integral equations applications. In order
to support our conclusion, we also provided an example.
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1. INTRODUCTION

Due to its numerous applications in homotopy theory, integral, integro-differential, impulsive
differential equations, approximation theory, and has been researched in multiple metric spaces,
fixed point theory is one of the most fruitful roles in nonlinear analysis.

Czerwik [1], [2] expanded results pertaining to the b-metric spaces in 1993. The ideas of

partial metric space, in which any points self-distance might not be zero, was first suggested by
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Matthews [3] in 1994. By inventing partial b-metric spaces in 2013, Shukla [5] expanded both
the ideas of b-metric and partial metric spaces.

A few tripled fixed point findings for contractive type mappings with mixed monotone qual-
ities in partially ordered metric spaces were established by Berinde and Borcut [6]. Borcut et
al. [7] have created the concept of a tripled coincidence point for a pair of nonlinear contrac-
tive mappings. Aydi et al. [8] have studied the common tripled fixed point theorem for -
compatible mappings in abstract metric spaces. Recently, Samet et al. [9] demonstrated fixed
point theorems for such sorts of mappings in the complete metric spaces and developed the
notion of a-contractive and o-admissible mappings. As may be seen in ([10]- [20]), numerous
researchers have established tripleed fixed point results for various spaces.

A common tripled fixed point theorem for two mappings meeting (¢, ¢ ) — K-type contractive
requirements in partial b-metric space is demonstrated in this paper. We also look at several
integral equations applications, and examples are also given.

First we recall some basic definitions and results.

2. PRELIMINARIES

Definition 2.1:([5]) Let 3 be a nonempty set and k > 1 be a given real number. A function
Py : 3 x3 — [0,00) is called a partial b- metric if for all g, 2, 3 € 3, the following conditions

are satisfied:

Pyl = g2, if and only if P, (1, 421) = Py(81,22) = Pu(§22, §22);
Pb(xol,pl) < Py(21,62);
Py(21,622) = Py(22. 621);

Py4) Py(g21,62) < K (Po(821,63) + Py (823, 2) — Py (823, 623)).-

(Po1) g
(Pp2)
(P»3)
(Pp4)
The pair (3, P,) is called a partial b-metric space.

Remark 2.2: Since a partial metric space is a special case of a partial b-metric space (3, Py)
when k = 1, the class of partial b-metric space (3, P,) is actually bigger than the class of partial
metric space. Additionally, because a b-metric space is a particular instance of a partial b-metric

space (3, P,) when the self-distance P(g, 1) = 0, the class of partial b-metric space (3, P,)

is effectively bigger than the class of b-metric space. The examples below demonstrate that a
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partial b-metric on 3 need not be a partial metric, nor a b-metric on 3 should be either [4], [5].
Example 2.3:([5]) Let 3 =[0,1). Create a function P, with the following formula
P,(d1;0) = [max{al,az}]z + |01 — &, for all 91,0, € 3. When k =2 > 1, the pair (3,P,)

is referred to as a partial b-metric space. P,, however, is neither a partial metric on 3 nor a

b-metric.

Definition 2.4:([4]) Every partial b-metric P, defines a b-metric dp,, where
dpb(al,az) = 2Pb(81,82) —Pb(81,81) —Pb(82,82), for all 81,82 €3
Definition 2.5:([4]) A sequence {, } in a partial b-metric space (3, P,) is said to be:

(i) P, -convergent to a point g € 3 if li_r}n Py, $9p) = Py(2. )
p (o)
(ii) a P, -Cauchy sequence if p}(}ngb(pp, §,) exists and is finite;
(iii) A partial b-metric space (3, P,) is said to be P, -complete if every P,-Cauchy sequence

{p} in 3 is P, converges to a point £ € 3 such that

lim Py (@p:929) = lim Py(2,2) = Py(2, 0)-

D,q—

Lemma 2.6:([4]) If and only if a sequence {,} is a b-Cauchy sequence in the b-metric space
(3,dp,), then it is a P,-Cauchy sequence in a partial b-metric space (3,P,).

Lemma 2.7:([4]) If and only if the b-metric space (3,dp,) is b-complete, a partial b-metric
space (3, P,) qualifies as P,-complete. Additionally,

Jim_dp, (Xns Hm) = 0 <= im Py(%m, ) = 1im Py (%0, ) = Po(2: 2)-

Definition 2.8:([6]) Let 3 be a nonempty set. An element (d;,0ds,03) € 3 is called a tripled
fixed point of a given mapping .7 : 33 — 3 if S (91,05,) = 91, H (d,05,01) = > and
H (03,01,02) = 3

Definition 2.9:([7]) Let 7 : 3% — 3 and ¥ : 3 — 3 be two mappings. An element (9}, d>,3)

is said to be a tripled coincident point of 7# and ¥ if
H(01,02,03) =V i, H(02,03,01) =V 0r, H(3,01,02) = ¥ 5.

Definition 2.10:([7]) Let 5# : 3% — 3 and 7 : 3 — 3 be two mappings. An element (9}, d>,d3)
is said to be a tripled common point of 5# and ¥ if
%(81,82,(93) = 781 = 81, %(82,83,(91) = ’7(92 = (92 and %(53,81,(92) = ’7(93 = 83.
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Definition 2.11:([8]) Let (3,P,) be a partial b- metric space. A pair (.7, 7) is called weakly
compatible if ¥ (' (d,01,03)) = (¥ 01,V 02, ¥ d3) whenever for all d;,d,,d3 € 3 such that
H(01,02,03) = V01, H (dr,03,01) =V dr and H (3,01,0») = ¥ 5.

Definition 2.12:([9]) Let .7 : 33 — 3 and a : 33 — RT. We say that .7 is an a-admissible if
for all £1,0,,03 € 3 , we have

o(l1,02,03) > 1 implies & (T (01,02,03), T (£2,03,41), T (3,01,02)) > 1

Definition 2.13:([9]) Let 7 :3% =3, [:3 — 3 and « : 33 — R be a mappings. We say that
7 and [ are an a-admissible if V ¢1,4,,/3 € 3 , we have

o[y, [l [€3) > 1implies a(T (£1,02,03), T (b2,03,01), T (£3,01,02)) > 1.

Let A be a family of functions ¢ : [0,00) — [0, ) satisfying the following conditions:

(a) @ is nondecreasing;

(D) @(s) < sfors e [0,00)

Now we prove our main result.

3. MAIN RESULTS

Definition 3.1: Let (3, P,) be a partial b-metric spaces with the coefficient k¥ > 1 and
a: 33— RT, two mappings .7 : 33 = 3, [: 3 — 3 are called (a, @) — K-contraction if it

satisfies for all {1,003, 1, ., 63 € 3;

(1) O‘(fflafgzaMS)Pb(9(61,52753%y((@m@b@))§‘P()~K(£1;£27€37<@u@2n@3>)

where, € A, A € [0, 5 L) and

By([C1,[§21),P([ L2, [22),Po([ 03, [ §23),
Py([l1, T (£1,42,03)),Py([ b2, T (£2,03,01)),
Py([l3,T (03,41,02)),Py([ 21, T (21, 22, 623)),

K(€1,€2,£3,((01,p2,p3):max Pb(f@7‘7(p27(@37(@1)>7pb(f(@37y(@u@h@))a ;-

Pb(fgl7*?(617€2>£3))Pb(fﬁl7y(m7@7p3))
2K [14-P, ([ 1, 1)) ’

Py(J02,T (L2,43,1)) Py (/22,7 (§22,623,61))
2K2[1+Py([a,] 22)] ’

By ([l3,7 (63,41,£2)) P ([ 23,7 (823.491,622))

\ 22 (1P ([03,] 423)] ’ )
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Theorem 3.2: Assume that (3, P,) be a partial b- metric space with the coefficient k¥ > 1 and

T :3% 3 and [ : 3 — 3 be two mappings satisfying (c, ¢) — K-contraction and assume that

3.2.1) 7(33) C [(3) and [(3) is a complete subspace of 3
3.2.2) 7 and [ are a- admissible mappings,
)

3.2.3 3607(%7 NO €3> (X(g(g()v(@()? NO)ag(ﬁ)v N()vg())?g(./‘xo;fg()?‘fm) > 1,

(
(
(
(3.2.4) (7,[) is a weakly compatible pair.

Then .7 and [ have a unique common tripled fixed point in 3.

Proof Let 4y, &1, X be arbitrary points in 3. From (3.2.1), there exist sequences {/,},
{@n} A Xn}, {un}, {vn}and {wy,} in S such that, for alln > 0

9(£n»ﬁn7xn):f£n+l — Up 9(Wn7xn>£n):f<@1+l ="Vn 9(1‘2”,&1,(@"):[}2”“ = Wp.

: Py(untn41), Po(vi, vit1)
For simplification we denote {,, = max e B

P, (Wn: Wn+1)
Case(i): If for some ng, we have

Upy = Upy+1 = <?(Eflon@nov Nno) = f£n0+1 Vg = Vng+1 = g((@no, Nnoazno) = fpn(ﬁ-l
Who = Wn0+1 - y(xnoagnmpflo) = fxn0+17
then (i, vy, Wn,) is a common tripled fixed point of .7 and |[.
Case (ii): Suppose that u, # w11, vy # Vys1 and wy, # wy,y for all n > 0. Since 7 and [ are
o-admissible, we have
a(fgovfm)vfxl) = a(fKOfﬁoyy(Noygo,JOO» >1
= (X(g(go,ﬁ), NO)Q(%v NOag())ay(Nlaglapl)) = a(fglv./‘plv./‘NZ) > 1
Recursively, we find that o ([, [, [Ru+1) > 1, foralln =0, 1,...
From (1), (3.2.2) and (3.2.3), we have that
Py (”nvun—k—l) = b (g(gnvpm Nn); 9<€n+17(@n+17 Nn—H))
< a(fgn,fpn,fxn>Pb(y(£n;(@n, Nﬂ)7§(£n+17{0n+17 Nn-i-l))

(2) S (P()LK(gnu@n’ Nn7£n+1a¢@n+17 Nn+1))
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K(gi’hpna Nﬂa£n+1u@n+la quLl)

/

= max

= max Pb

Py(tn—1,un), Po(Vp—1,Vn

>

Pb(unfl 7”n)Pb(”nuun+l) Pb(anl 7V11)Pb(Vn7Vn+1)

By([n, [Lns1), Po([ $9ns [ 2n11), Po ([ R, [ Ris1),
Pb(fgmy(gn»pna Nl’l))vpb(fpnay((@nu Nnagn)%Pb(anag<xna£n7c@n))7
Pb(f€n+1,<7(fn+1,ﬁn+1, NnJrl))an(fpnnLlay(WnJrl» Nn+1a£n+1))»

Pb(fxn+lay(xn+17£n+1u@n+l))a

Pb(fgnvy(ennfamNn))Pb(fgnJrl7y(€n+1:[0n+l>xn+l))
2K2[1+Pb(f€mf€n+lﬂ ’

Pb(f(@nvy(pmNn7£n))Pb(an+l7y(r@n+lvxn+lyén+l))
262 [1+Py ([ ] $2n11)) ’

Pb(fNﬂvy(Nlhgnn@n))Pb(fanLlay(anLlugnJﬁlu@nH))
262 (1P ([ R, [ R 1)) ’

3\

) ),Pb(Wn_l,Wn),

(Un—1,un)s Po(Vie1,Vn) s Po(Wn—1,Wn),
)

Up, Upi1 ,Pb(Vn,Vn+1),Pb(Wn,Wn+1)

\

< max

2K2[1+Ph(”n71:un)} ’ 2K2[1+Pb(vn71>vn)] ’
By (Wn—1,Wn) Po(Wn,Wni1)
2k [14-Py(Wn—1,wa)]

Ph(un—l,un)7Pb(Vn—17Vn)7Pb<Wn—17Wn),

Pb(un,l/ln—i-l),Pb(Vn,Vn-i-l),Pb(Wn,Wn-i-l)

From (2), we have

(3) B, (um Up+

Pb(l/tnfl,Mn>,Pb(Vn71,Vn),Pb(anl,Wn),
1) <o A max

Pb(umun+1)7Pb(VnaVn+1)»Pb(Wn;Wn+1)

Similarly, we can prove that

4) P, (van—i-l) <o A max

and

5) Py (Wn,wny1) < @ | Amax

Pb(“n—bun)vPb(vi’l—]7vn)7Pb(Wn—17Wn)7

Pb(l/ln,un+1),Pb(Vn,Vn+1),Pb<Wn,W,H_])

Py(un—1,un), Po(Va—1,Vn), Po(Wn—1,Wn),

Pb<l/in,l/tn+]),Pb(Vn,V,H_]),Pb(WmW,H_])
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Combining (3), (4) and (5), we get

Py (uny tnt1),
Pb(”n—bun)?Pb(vi’l—]7Vn)7Pb(Wn—17Wn)7
maxd By vacr), (<0 [ Amax

Pb(unvun-H>7Pb(vn7vn+1)7Pb<Wn>Wn+1)
Pb(wnawn+1)
If Py(un—1,un) < Pp(ttn,un+1), ,Po(Vn—1,vn) < Pp(Vn,Vns1) and

Py(Wn—1,Wn) < Py(Wn,Wny1), then we have

Pb(un7un+l)7
max 4 P, (Vi, Vnt1), < ‘P<’Imax{ Py(ttn, tng1)s Po(Vi, Vis1) s Po(Wny Wt 1) })

Pb (Wl’la W}’l+1)
< A max{ Pb(un,un-i-l)?Pb(Vna V,H_]),Pb(Wn,W,H_]) }
a contradiction. Accordingly, we conclude that

Pb(”na”n+]);
max 4 P, (v, Vpt1), < ‘P<7Lmax{ Py(tn—1,un), Po(Va—1,Vn), Po(Wn—1,Wn) })
Pb(wmwn-i-l)
< Amax{ Pb(”nflaMn)apb(vnfbvn)apb(wnflaWn) }V n>1l.
Thus

6) Q) <A, 1Vn>1.

Therefore, {Q,} is a decreasing sequence and converges to & > 0. Suppose 6 > 0 and letting
n — oo in (6), we have that 8§ < A8 < 4, is a contradiction . Hence 6 = 0. Thus lim Q, = 0.
n—oo

It follows that

(7 ,}E‘,}opbw"’ un+1) = r}glt}opb<vnavn+l) = ’}ggpb(wnawn+l) =0.

From (7) and (P,2), we have that
) lim Py (up,u,) = lim Py(vy,,vy,) = lim Py(wy,wy,) = 0.
n—yoo n—oo n—yoo

From definition of dp,, (7) and (8), we have that

) }glgodb(unyun+l) = r}glf}odb(vnyvn—o—l) = r}glc}odb(wmwn—l—l) =0.
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We now demonstrate that the sequences {u,}, {v,} and {w,} in partial b-metric space (3,P,)
are Cauchy sequences. If sufficient to demonstrate that the sequences {u, }, {v,} and {w,} in b-
metric space are Cauchy sequences (3,dp,). Assume, however, that {u, }, {v,} and {w, } are not
Cauchy sequences. This results in n,m for dp, (un, um) - 0, dp,(Vn,vm) - 0 and dp, (Wp, W) - 0
as n,m —» oo.

Consequently, max {dp, (un,um),dp,(Va,;Vim),dp,(Wn, W)} - 0 as n,m — co.

Then there exist an € > 0 and monotonically increases sequences of natural numbers {my},

{ni} such that n; > my, > k.

(10) max {dp, (Un,,Um,),dp, Vi s Vim, ), AP, Wiy Win, )} > €
and
(11) max{de(unkfl7umk>7de(VnkflamG)7de(Wnkflank)} < €.

From (10) and (11), we have that

e < max{dp,(un,,um,),dp, Vi sV ) dp, Wy, W, ) }
< K'maX{dph(umk,Mnk—]),dP;,(mG,Vnk—l)adPh(meWnk_l)}
+iemax {dp, (tn,—1,Un, ), dp, Vi1,V ) dp, (Wi —1, W) }
< K€+ Kmax {dpb (Un—1,Un,),dp, (Vi—1, V) s dp, (Wi, —1, wnk)} .
Using k — o as the upper limit and (9), we may deduce that
(12) e< kli_rilosupmax {dp, (tn,, tm, ), dp,(Vig, Viny.) - dp, (Wi, Wi, ) } < KE.

Also

e < max{dp,(un, um,)dp, (V> V), dp,(Wns W) }
< Kmax {de (umka Un+1 ) ) de (vmk y Vig+1 ) ) dP}, (ka ) Wnk—‘rl) }
+Kmax {de (unk+1 9 unk) 9 de (Vnk+1 9 Vnk)7 de (Wnk+1 9 Wnk) } .

Using k — o as the upper limit and (9), we may deduce that

(13) < ]}im supmax {dp, (U, Uni+1),dp, (Vg s Vig+1) B, (Wi s Wiy 1) } -

€
K~ k—oo
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On other hand
max {de (umkvunk+l)7de (mGavnk+l)} S Kmax {de (umk7unk)7dPh (mG—i-lavnk)}
+Kmax {de (unk7 unk+1 ) 9 de (Vnk ) Vnk+1 ) } .

Using k — oo as the upper limit and (9), we may deduce that
(14) kh_r>n supmax { dp, (U, , Un-+1)dp, Vi, V1) } < €K
also, from (5), we have that

€ < max {de (unk’ ”mk) ) de (Vnkv mG) ) de (Wnk’ ka)}

< Kmax {de (”mln Uy +1 ), dp, (vmk » Vi +1 ), dp, (ka s Wiy +1 ) }

+Kmax {dP;, (umk—H ) unk)7dP;, (mG-i-] ) Vnk),dPh (ka+1 ) Wnk) }

Kmax {dP;, (umk y Umy+1 ) ) dP;, (mG y Vig+1 ) ) dP;, (ka » Wiy +1 ) }

S +K? max {dPh (umk+1 ) u”k+2) ,dp, (vmk+1 ) V”k+2) ,dp, (ka+1 ) W”k+2) }
L +K2 max {dPh (I/lnk+2,unk),dph (Vnk+27vnk)7dP;, (Wnk-i-Z;Wnk)} )
( )
Kmax {de (l/lmk, Um+1 ) ’ de (mGa Ving+1 ) ’ de (ka s Wi +1 ) }
< + KZ max {de (umk+1 ’ unk+2) ’ de (mG-l—l ) Vnk+2) ’ de (ka+1 ) Wnk—l—Z) }

+ K3 max {de (unk+27 Up+1 ) ) de (Vnk+27 Vi+1 ) ) de (Wnk-i-Za Whn+1 ) }

L +K3 max {de (unk-i-l ) unk) ) de (Vnk—H ’ Vnk) ’ de (Wnk+1 ) W}’lk) }

Using k — o as the upper limit and (9), we may deduce that

& .
F S ]{111;210 supmax {de (umk-l—l 3 unk+2) 9 de (mG+1 ) Vnk—f—Z) ’ de (ka+1 3 Wnk+2) } .

On other hand

de(umk—H ) unk+2)7
de (umk—f—l y Uy, ) ) de (mG+1 N ) )
max de (mG—H 3 Vnk—|—2)7 S Kmax
de (ka-H ) ka)
de (ka+1 ) Wnk—|—2)

de (umk7 unk+2) ) de (mGa V}’Lk+2)7
+Kmax

dP;, (ka ’ Wnk+2)
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.

max dp, (U415 Uy ) s AP, (Vi 1, Vg )

dp,(Wi+1 Wiy, )
+x? max dp, (U Uy ) dp, (Vg Vi),

< dp, (Wi, W, )

B 113 max dp, (ttny, Uni+1),dp, (Vi Vi 1),

de (Wnka Wnk+1)
413 max dp, (U115 Ung12)5dp, (Vi1 Vi 12),
\ dp,(Wny+1,Wny12) )

Taking upper limit as k — e and from (9), (12) we have that
(15) lim supmax {dp, (1, +2), dp, (Ym0, Vi 12) } < ..
Now

(16) Pb (”mk+launk+2)
(

= Pb g<£mk+17pmk+17Nmk+l)7<7(£nk+27pnk+27Nnk+2))

< o (fgmk—l—lvfpmk—klafxmk—kl) Pb (‘7(€mk+l;pmk+l7 Nmk—kl)? cg(enk—l—b pnk—l—Za z‘znk—O—Z))
< ¢ (AK(Kmk-H ’ c@mlﬁ-l ) Nmk—i-l ;Knk+2; (@nk+27 Nnk—i—Z))
where,

K(Emk-‘rl ’ (pmk-‘rl ; Nmk—&-l 7£nk+27 pnk-‘rza Nnk—i-Z)

Po([ s 15 [nv2)s Po(f @ms 15 [ n2), Po(f Rmges 15/ R12),
Po([ b1 T (b1, @1, Rmg41))s o ( P15 T (@15 R 1, b 41)),
Po([Rys 1, 7 (Rt 15 Ly 415 P 1)),
Py([ln+2: T (bnr2, Pnr2, Ru42))s Po ([ Om2, T (@m2s X2, ln12)),

Ph(f Nnk+2) g( NnkJer gnk+27 WnkJrZ))a
Pb(fémk-%—l v?(gmk-%—l u@mk-%—l :Rmk%—l ))Pb(flnk+27’7(£nk+2ufonk+2a Nnk-¢—2))
262 (1P, ([ by 11, [y 42)| ’
Pb(fpmk+1 ?'?(ka+l ; &”’k*l jkarl))Pb<fpnk+2-,y(pnk+2» R)lk+27£rlk+2))
22 (14 ([ Dy 1] 9 +2)| ’
Py ([ Ryt 1,7 (R 1 L 11,9y +1)) Py ([ Ry 42,7 (R 12,y 42, +2))
L 262 [14-Py ([ ¥y 1,/ Ky 12)] ’

= max




(a,0)

.

< max

Pb(umk 7umk+1)-Pb(unk+l 7unk+2) Pb(mGumG+1)-Pb (Vnk+l »Vnk+2)
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Pb(umk,blnk+1),Pb(vmk,vnk+1),Pb(ka,Wnk_H)
Pb(umk,l/lmk_H),Ph(vmk,vmk+]),Pb(ka,ka+1)

Pb(”nk+1 ) ”nk+z)>Pb (Vnk+1 ) vnk+2)7Pb (Wnk+l ) Wnk+2)

\

2K2[1+Pb(umk7unk+1)] 2K2[1+Pb(vmk7vnk+l)]
P, Wi s Wiy +1 )~Pb(wnk+1 Wny+2
2K2 [1+P1,(ka,wnk+1 )]

Therefore, from (17), we have

Pb (ukarl ) unk+2)

(

A max

IN

<  Amax

Thus

Pb(umkaunk+1)aPb(vmkavnk+1)aPb(ka7Wnk+1)
Pb(umka umk+1)>Pb(vmk7vmk+1)7Pb(wmk7ka+l)

Pb(u”k+1 ) ”nk+2)vpb (V”k+1 ) Vﬂk+2)vpb (Wnk+1 ) W”k+2)
Py ("‘mk Uy +1 ) ~Pb(unk+1 7unk+2) P, (mG Wy +1 ) Py (VnkJrl 7Vnk+2)
262 [ 1Py (thy sty 41) ’ 2K2 [ 14-Py (Vimg Vg 41)

Py (Wing Wing 1) Py (Wi 1,9y 42
2K2[1+Pb(wmk 7W”k+1)]

Pb(l/tmk, Mnk-l-l)?Pb(mGuVnk+l)7Pb(wmkuwnk+l)
Pb(umk7umk+1)7Pb(vmk7vmk+1)7Pb(ka7ka+1)

Pb(”ﬂk+1 7u”k+2)7Pb(V”k+l 7vnk+2)7Pb (W”k+l 7W"k+2)
Py (ttm sy 11 )-Po (”nk+l ,Mnk+2> Py (Vi Vg +1 )-Po (Vnk+l ,Vnk+2>
262 [14-Py (ttmy sty 1) T 22 [14P (Vg Vg 41)]

Py (Wong Wiy 1) Py (Wi 1, Wiy 42
2K2[1+Pb(wmk,wnk+1)]

P, (Mmk+1 ’ unk+2) )

max < A max {

Pb (mG-H ) Vnk+2)

Pb (ka—i—l ) Wnk+2)

Pb(umk; Mnk_l,_]),Pb(mG,Vnk+1),Pb(ka,Wnk+1)
Pb(umk7umk+1)7Pb(mG7mG+l>7Pb(ka7ka+l)

Pb(unk+1 ) unk+2)7Pb(Vnk+1 ) Vnk+2)7Pb (W"k+1 ) W”k+2)
Py (tmy sty 1) -Po (1 5ttmy 12)
2K2[1+Pb(umk7unk+1)]

Py (Vg Vg 1) -Po (Vg 1,V 12
262 [14-Py (Vi Vg 41)]

Py (Wog Wiy 11) -Po (W 1.y 12

22 [1+Pb (ka 7wnk+1 )]
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Taking upper limit as k — oo and from (7), (14) and (15) we have that
ex’ < Lex?

Sub Case (i): If k =1

€ < A€ < g, is contradiction.

Sub Case (i1): If k > 1
ek’ < Lek?.

It follows that k < A < 1, is contradiction. Hence, {u, }, {v,} and {w,} are Cauchy sequences
in (3,dp). Suppose [(3) is complete subspace of 3. Then {[¢,1}, {[§9+1} and {[ N, } are
convergent to 0, U, din ([(3),dp,), thus dp, ([€y41,0) = 0,dp,([ 2n+1,0) =0,

dp, ([ Rp41,0) =0 for some 0 = [¢, 0 = [ and O = [ K. We have that

a7 Bp(0,0) = lim Py([ly, [ln) = lim Py([£y,0) = lim Py([ly11,0) = 0.

and
(18)  B(5,6)= lim Py(fn,[gom) = lim Py(] 2, 0) = lim Py ([ 2n41,0) = 0.
also
(19)  PBy(0,0) = n},igwl’b(fxmfxm) = lim P, ([ X,,0) = lim P,([R,11,0) = 0.

Now, assume that (.7, [) is o-admissible mappings. Therefore, there is a sub sequence {uy, },
{vn.} and {wn} of {un}, {va} and {wy} respectively such that & ({y,,n,, Xp41) > 1 for
all k € N and a(f¢, [, [R) > 1. Now we claim that 7 ({,0,X) =0, T (g, X,¢) = U and
T (X, l, ) =0.

From (1), we have

Py (T (g2, R),.T (bn, 20, X)) < @ (JL, [0, [R) Py (T (€, 2,R),.T (n, 20, X))

< Q(AK(L, 2, R Ly, 20, R y))
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Pb(f&fgn),Pb(fp,fpn)be(fN7an),
Py([4, T (4, 0,R)),P([ 2, T (82, X, ), P,([ R, T (X, {, ),

Pb(fgmy(énn@na Nn))»ﬁa(fﬁnag(Wm Nn,ﬁn)),Pb(an,ﬂ(xn,ﬁn,((on)),

Pb(fg%?(&pvN))Pb(fgnw?(enn@mxn))
262 [14P (€, [ 0n)] ’
Pb(/zfavg(pvRve))Pb(fJOmy((@mNnaen))
2k [1+Py (2, $on)] ’
Ph(fN7y(x7&(@))[)17(1.Nnay(xmgnvlon))
\ 22 [14+P, ([ X[ Rn)] ’ J

Pb(aafgn)an(Uafpn)apb(67fxn),
Pb(D,f(E,{O,N)),Pb(U,ﬁ((@,N,E)LP;A&?(N,K,,@)),

Pb(fgmg(enu@na Nn))vpb(fpnag(pm ngn))apb(f}zna9(Nna€mpn))a

Ph(awy(&pvN))Ph(fgnay(‘gnnfomxn))

2k2[1+P, (D, [ n)] ?
Ph(va([OvN7£))Ph(f[0nw?(zfan7xm€n))

2k2[14+P, (U, [ )] ’
Pb(ay(x7€7p))Pb(fNnvy(xmgmpn))
\ 2k2[1+£,(3,/ R )] ) )

<  Amax

< Amax

Letting n — oo in the above inequality, then we obtain that

R(7(€.0.%).a) < Amax{ B, T(t 0, %)), B0, T (2,%,0), B0, 7 (%,0,0)) }-

Similarly, we can prove

P (9, %,0),0) < Amax{ B,(0,7 (0,1, %)), B (0, 7 (. %,0)). B0, T (X0, 9)) |

and

Py (T (X,6,0),8) < Amax{ B0, 7 (0, 0. %)), By(0, 7 (. %,0)), By(8, 7 (X, £, 0)) }-

Therefore,

Pb(g(/g’p?}z)?/r))’
Pb(aag<£ap7x))7pb(67g(¢@;R7€));
max ¢ Py(7 (2, X,0),0), ¢ <Amax :
Pb(évg(xagap»
Pb(y(x7£7c@)76)
It follows that 7 (¢, o, X)) =0 = [{, T (o, X 4) =0 = [@and T (X, {, ) =0 = [X.

Since (7, [) is a weakly compatible pair, We have .7 (0,0,0) = [0, 7 (0,0,0) = [U and
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7(3,0,0) = [8.

From (1), we have that

Py (7(9,0,0), T (b, 2, Rn)) < ([0, [U, [0) By (T (9,0,0), R(En, 2u, Rn))

< QAK(D,5,8,0y, @0, Rp))

Pb(fa,fgn),Pb(fUafpn),Pb(fé,an),
Pb(faag(aaUvg))apb(flsvg(6767a))apb(f679(67976))7

Pb(fgnvy(énu@na Rn))apb(fpnv ((@m }ng )) Pb(f}znﬂy(xmgmp”l))

< Amax P2, 7 (D.5.0))Py([ 0. (€20 K))
2K2[1+Pb(,[9 [ln )} ’
Pb(fU y(U 0 a))Pb(fpn (Wn Nn én))
22118, ([0, on)] )
Py([0,7 (0.2.5)Polf X0, T (Rslsson))
\ T [EN A NE ) , )

Letting n — oo,in the above inequality, we have that

Py (7(2,0,8),0) < Amax{ B,(7(2,0,8),0), B(7(1,8,0),0), B(7(3,0,0),9) }-

Therefore,

70009 P,(7(2,0,9),),P,(F(05,8,0),
max § - F,(7(0,9,0),0), <7Lmax{ b(7(9,0,9),9),5(7(U,9,9),0), }
P,(7(9,0,0),0)

P,(7(0,0,0),0)

It follows that .7 (0,0,0) =0 = [0, 7 (0,0,0) =U = [U and 7 (0,0,0) = 0 = [0. There-
fore (0,0,0) is a common tripled fixed point of .7 and [ for uniqueness let us suppose
(0*,0%,0%) be another common tripled fixed point of .7 and [ such that © # 0*, U # U*
and 0 # 0*.

Now from (1), we have that

P,(0,0") = P,(7(2,0,9),7(2",0",3))
< a(fo,[6,]0) (7 (2,0,9), 7 (97,0%,0"))

< @(AK(2,0,0,0%,0%,0%))



(o, 9) — K-TYPE CONTRACTION FIXED POINT THEOREMS 15
Pb(fa,fa*),Pb(fU,f6*>,Pb(f6,f8*),
Py([0,7(0,0,0)),R,(/U,7(0,0,0)),P([0,7(0,0,0)),
P,([O*, T (0*,U0%,0%)),P,(JU*, 7 (U*,0%,0%)),

< Amax Py,([0*, 7 (0%,0%,0%)),

Py (/2,7 (9,0.0)) P (JO* .7 (9*,0* ,3%))
2i2[1+P(f0,]0%)] ’
Ry(JU,T (B,0.0))P(JU*,. T (5*,8°,0%))
22 [1+P,([5,]57)]
Py(/3,7 (5.0,0))P,(/T*,7 (5" 0*,U))
\ 2i3[14P,([0,[0%)]

< lmax{ Py (D,0%), P, (U,U%), P,(0,0%), }

= =

Y

Y

Therefore,
max {P,(0,0%),P,(6,U%),P,(0,0")} < Amax{P,(0,0"),P,(V,U%),P,(0,0%)}.

It is a contradiction. Hence (2,0, 0) is the unique common tripled fixed point of .7 and /.
Example 3.3: Let3 =[0,1]and .7 :3% = 3 beas 7 ({,0,R) = % and [:3 — 3
by [(£) = %, define @ : [0,00) — [0,00) as ¢(¢) = % and

1 for (4,2,X)€]0,1
a:33—>R+asa(€,p,N){ (Lo x)el ],

0 for otherwise
P, : 32 — [0,00) such that P,((; ) = [max {£, 2}])* + |¢ — |2 for all £, € 3 is a complete
partial b-metric on 3.We show that .7, [ is an a-admissible mappings.
Letl, 0, R €S, ifa([¢, [0, [X)>1thenl, o, X € 3. On the other hand, for all /, &2, X € [0, 1]
then .7 (¢, g, X) < 1.1t follows that &t (.7 (¢, 2, X), T (g2, X, {), T (X, , )) > 1.Therefore, the
predication holds. In support of the above argument ([0, [0, [0) > 1.Now, if {/,}, {,} and
{X,} are a sequence in 3 such that o([¢,, [, [RX,) > 1 and ¢, — £, 2, — 0,
X, — X €3 foralln € NU{0}, then ¢, 9,, X, C [0, 1] and hence ¢, 2, X € [0, 1] which implies
o(fl,[g,[RX)>1.Let{, 0, X € [0,1]. Then

P(T (L, 0,R), 7 (D,0,9))
2
_ {max{ Cr@P+R2 D244+ )H

16((+ p+ X +1)"16(0+U+0+1
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LY SR |2
16(l+p+X+1) 160+0+0+1)
¢ P Wz <2 2 )
max4 o L) weren ) mpee
0?2 v? o?
— L o+0+0+1 D+U+5+1 O+0+0+1
((+o+x+1) (D+U+6+1 £+J0+N+1)2 (O+0+0+1)
X2 o2
L +| (l+p+X+1) (D+U+6+1)| )
( 2
2?2 [ X2
< 1 [ma"{m W}erax{m»m}max{x—wa—ﬂ”
- 256 2 a 2 02 2 X2 ¥ 2
| e el +| o~ ol Tl el
( ¢ 9 \1? ‘ o 2
| [max{mva_ﬂ}] ;" +1) a+1)’
_ p_ U 1% o2
< 256 +[maX{W7U_+1H +lprm — ol
2 2
|+ [max {1,557} +|(xi1)_—(631)|
2 2
[max{4,4 ] +|£_%|
2 2
< 16 +[max { £, 2} +19 -2
2 2
+[max{4,4 ] +|§—?I
1
= 16[Pb(f€ [O)+Py([$2,]O)+ Py ([ X, [D)]
2 /(1
< 5(ZmaX{Pb(feafa)apb<fpufU)apb(fN7f8)})
S (p(ﬂ«K(f, ﬁ’ N,D,O’ 6))

Hence all conditions of Theorem 3.2 are holds and (0,0,0) is the unique common tripled fixed

point of .7 and [.

3.1. Application to Integral Equations.
As an application of Theorem 3.2, we examine the existence of a singular solution to an
initial value problem in this section.

Theorem 3.1.1 Consider the initial value problem

(20) 0(6) = T(8,6(8),0(8),£(5)), 8 € 1=10,1], £(0) = £
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3
where I": [ x [2%,00> — [%,oo) and /5 € R and

( )
§ | T2, 0(2), (2, £())d7 = 7.
2 5
Ofl“(r,ﬁ(f);(@(f), X (7))dt < max %gr(fjp(f),p(f),p(w)df_176%,
0
\ %OfF(T,R(r),N(r), (7))dT — 28, |

Define ¢ : [0,00) — [0,00) as () = 5. And consider the following conditions:

3
(a) If there exist a function 1 : [%,w — R™ such that there is an

2 EC( [2 >, )),forall5 € I, we have:
n 51(5)751(5)7fr(%gl(7)751(7)751(7))0777 >0,

(b) Forall § €I and for all ¢, g, X €C<I [2;(2’ )),
n(8),0(6),X(8)) 20=n(A,B,C) 20

1 (5, 0(2), (1), ((2))dT, B = & + [T(1, p(z), o{1), (1)) T
0

where, A =
c 0
and C = K—S+{F(r, X(7), X(7), X(7))dT;
¢) For any point ¢ of a sequence {/, } of points in s 5%, 00 ) wit
F int £ of {n} of points in C (1, | 52 ith

N (s s asr) > 0, Tim inf 1 (6,6, €) > 0.

Then, equation (20) has a unique solution in C (I , [2%, oo) )

Proof The integral equation corresponding to initial value problem (20) is

01) = lo + K2 / I(7,£(7),£(7),6(7))dx.

2
Let 3 =C (I, [12,00) ) and By(t, p) = [max{t— 1, p— J2}| "+ | P
for {,p € 3. Define [: 3 — S by [(£)(0 ):%andf:53—>3by

o
T(,0,%)(8) =4 + [ T(5,0(2), 0(7), X (1) dr.

17
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Py(7 (4,2, %)(8), 7 (2,0,0)(8))
2
= [max {7 (€.0.%) = 1%, 7(0,0,0) - 25 }| +|7(€.0,%) - 7 (2,5,9)1

2
_ [m{ 2K2+IF(T ((2), (), K ())d, 2K2+IF( O(2),5(2),5(x))d }]
T 0).900), X ()5~ [T(E.2(2).0(6).3(0)ds

r ( o 1°
T 0e),(0), () — 5,
1)
%—&-max %({F(T 2(7), (), (7))d7 %’ '
o
§ (e, % (1), X(2), X(1))de - 7%,
< |max 05
éofr(r,a(r),a(f),a(f))df— Lo,
1)
%—i—max %JF(T,U(T)aU(T)aU(T))dT_ 17691?2’
1)
£ /2(2,0(2),0(0),8(1))d — G
L . 8 , ( 5 B
T 00, (0), ) — 3 [T(2.2(0,2(2),2(2)d7 - 15
5 1
Hmax T 0(0) (), p(0)de— gl 0 —max g [D(5.0().0(2),8(1)dr - 58
3 [
§T(E R (), X (9), X (2)de— s (500,000, 0%~
/ D) ’
°s Y/ S fo X(6 4
_ L |:max{ max { 49—, 40— K - }]
o 9(8) D¢ V() 29 38 0
max {22 - 3,50 _ 3,90 _ 3}
U8) 9ty #(8) 9ty X(8) _ 9%, 99 D0 _ 99 B(d) _ 9%

1 £8) 9 _ % _ %\ _ 2(8) _ 99 99 9 | |2
+4;<4|max{4 S 4 8> 4 8} max{4 s 4 g 4~ 5 (|

2
[max{T_W7T_WH +5 -

=3 (g max {B,(J4(8), [2(8)), Py(J £(8). [T(8)), Po(/ X (8), [(8))})
< @ (AK(L(8),0(8), % (8),D(8),1(3),3(3)))..
Thus

By (T (4,0,%)(8),7(2,0,0)(8)) <@ (AK(£(8),(8), R (8),0(8),5(8),0(8))) V¢, 2, R €3

with 1(£(8), (8), X (8)) > 0 forall & € 1.
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1 f 66, 6,N5 20,56]
Define o : 33 — Rt as a(¢, 0, X) = or M(£(6),(6),X(3))

0 for otherwise.
Then obviously, .7 and [ are a-admissible, for all,/, o, X € 3

o (([€, [,]R)(8)) P (T (£, 2,R)(8),.7 (0,0,0)(8)) < @ (AK(£(5),(5), X (5),0(5),0(6),0(9)))
It follows from Eq. (20), .7 and [ have a unique fixed point in 3.

4. CONCLUSIONS

This study uses contractive mappings of the (a, ¢) — K-type in the context of partial b-metric
space to present some fixed point results and appropriate examples that illustrate the main find-

ings. Additionally, integral equation applications are given.
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