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Abstract: In this text, we investigate approximate fixed point results for various contraction mappings in a met-
ric space. This manuscript’s intention is to demonstrate e-fixed point results on metric spaces (not necessarily
complete) by using contraction mappings such as B-contraction, convex contraction, and so on. The findings are
extensions of several others, including the Kannan-type mapping, the Chatterjea-type mapping, and the S. A. M.
Mohsenalhosseini-type mapping, etc. A few examples are included to illustrate the results. Finally, we discuss
some applications of approximate fixed point results in the field of applied mathematics rigorously.
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1. INTRODUCTION

Researchers from various fields have contributed to the development of science and technol-
ogy by using fixed point theory. It is common knowledge that large scale problems involving
fixed point theory can be solved quickly. As a result, many researchers have focused on creating
fixed point theory approaches in recent years and have presented numerous effective techniques
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for locating fixed points in complex issues. It also allows for nonlinear analysis. Furthermore,
fixed point theory is used to address a variety of problems in applied mathematics. These are
now crucial in many mathematics related fields and their applications, notably in economics,
astronomy, dynamical systems, decision theory, and parameter estimation. In the early 1900s,
the mathematician Brouwer [6], called the father of fixed point theory, proved the fixed point
theorem for continuous mapping on finite dimensional spaces. In 1922, Banach [1] proved the
famous Banach contraction principle. Then, using contraction mappings on metric spaces, nu-
merous experts expanded the Banach principle and provided numerous theorems. A fixed point
theorem for operators that are not required to be continuous was established by Kannan (see
[17], [18]). Chatterjea [7] has researched a similar kind of contraction condition and proposed
his fixed point theorem. Zamfirescu [30] combined the above two operators and found a new
contraction operator for proving the fixed point theorem. Ciri¢ [8] invented generalised con-
tractions and found a fixed point theorem by using them. Following that, researchers Hardy and
Rogers [12] proved a new fixed point theorem using a new contraction operator. In [26], Re-
ich introduced his contraction operator and proposed fixed point findings. Similarly, Bianchini
[5] proved fixed point theorem by using another contraction mapping. The unique fixed point
theorem for weakly B-contraction mapping was proved by Marudai et al. in [21].

Let us consider a selfmap M : T — T. A fixed point is a point (say, f9) which is equal to Mry.
That is, d(Mty,t9) = 0. Assume that a mapping has a fixed point, #y. In which case the point
(fo,10) is located on its diagram. The conditions for fixed points existence are very strict. As
a result, there is no assurance that fixed points will always exist. In the absence of exact fixed
points, approximate fixed points may be used because the fixed point methods have overly strict
limitations. This is the main reason to find an approximate fixed point (€-fixed point). One can
see, the point Mt is ”very near” to the point #p. An approximate fixed point is a point that is
nearly located at its respective fixed point. Here, the distance is less than &, i.e., d(Mty,ty) < €.
Initially, In 2003, Tijs at el. [29] proved the existence of approximate fixed points turns out
to be still guaranteed under various weakened versions of the well-known fixed point theorems
of Brouwer, Kakutani, and Banach (refer, Theorems 2.1 and 2.2). Moreover, he proved ap-

proximate fixed point results for contraction maps and nonexpansive maps in Theorems 3.1
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and 4.1, respectively. After that, the author Berinde [2] proved approximate fixed point results
(Qualitative theorems) by using various operators (Kannan, Chatterjea, Zamfirescu, and weak
contractions) in metric spaces (not necessarily complete). Further, he found the diameter of the
approximate fixed points (Quantitative theorems) by using two main lemmas (see also [3], [4]).
Dey and Saha [11] extended these results, and they found the diameter of the approximate fixed
point for the Reich operator tends to zero when € approaches zero. In the same manner, S. A. M.
Mohsenialhosseini (see, [23], [24], and [25]) derived some new approximate fixed point results
for cyclical contraction mappings. Also, he extended these results to a family of contraction
mappings and found a common fixed point for the Mohseni-Saheli contraction mapping.

The first scholars to investigate a generalisation of the Banach fixed point theorem while
simultaneously using a contraction condition of the rational type were Dass and Gupta [9]. Jaggi
[16], used a contraction condition of the rational type to prove a fixed point theorem in complete
metric spaces. Later, Harjani et al. [13] extended Jaggi’s findings to partially ordered metric
spaces. Rational contraction conditions have been heavily employed in both the fixed point and
common fixed point locations. Also, the authours Tijani et al. [28] proved approximate fixed
point results using rational operators: Let (T,d) be a metric space and M : T — T be a selfmap.
Then there exists 1,11, € (0,1) with [} + 1, < 1 such that:

l[d(t,Mt)d(t,Mr)+d(r,Mr)d(r,Mt)]

(1.1) d(Mt,Mr) < d(t,Mr) +d(r,Mr)

Jdforallt,reT.

Lid(r,Mr)[1+d(t,Mr)]
1+d(t,r)

(1.2) d(Mt,Mr) < +bLd(t,r),forallt,reT.

Ld(r,Mr)d(t,Mr)
d(t,r)

Moreover, the author Istratescu (refer [14], [15], and [22]) proved fixed point theorems by

(1.3) d(Mt,Mr) < +bd(t,r), forallt,reT.

using various convex contraction mappings. The scope of this paper is to establish approximate
fixed point results in a metric space (not necessarily complete) by using contraction mappings
such as B-contraction [21], convex contraction [14], etc. Furthermore, many articles provided
(see [10], [19], and [27]) some definitions, which helped more to find approximate fixed point

results with examples. These findings are extensions of numerous results, including Kannan
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mapping, Chatterjea mapping and S. A. M. Mohsenialhosseini mapping, and so on. The con-
clusions are expansions of a few popular fixed point theorems from previous literature.

This manuscripts remaining portions are displayed as follows. In Section 2, we recall the
notations, basic notions, and essential definitions needed throughout the paper. In Section 3,
we prove the main concept related to approximate fixed point results using various contraction,
rational contraction, and convex contraction mappings. In Section 4, we go one step further and
find the applications of approximate fixed point results in a wide range of applied mathematical

topics. Finally, In Section 5, we reach a conclusion.

2. PRELIMINARIES

In this section, some notations, basic notions, essential definitions and lemmas from earlier
works are recalled. These are then employed throughout the remainder of the main results of

the manuscript.

Definition 2.1. [2] Let (T,d) be a metric space and M : T — T, € > 0. Thent € T is said to be

an &-fixed point (approximate fixed point) of M if
d(t,Mt) < e.

Remark 2.2. Let F;(M) ={t € T : d(t,Mt) < €} denotes the set of all -fixed point of M for a

given € > 0.

Definition 2.3. [2] Let us consider the map M : T — T. Then M has an approximate fixed point

property (a.f.p.p) if for every € > 0,

Fo(M) #0.

Lemma 2.4. [2] Let (T,d) be a metric space, M : T — T such that M is asymptotic regular,
ie, dM"(t),M""1(t)) — 0 as n — oo, forallt € T. Then, Fe(M) # 0, for every € > 0.

Lemma 2.5. [2] Let K be a closed subset of a metric space (T,d) and M : K — T be a compact

map. Then M has a fixed point if and only if it has an approximate fixed point property.
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Remark 2.6. [2] In the following, by D(K) for a set K # 0 we will understand the diameter of

the set K, i.e.,

D(K) = sup{d(t,r) :t,r € K}.

Definition 2.7. [2] Let (T,d) be a metric space, M : T — T a operator and € > 0. We define

the diameter of the set F¢e(M), i.e.,
D(Fz(M)) = sup{d(t,r) :t,r € Fe(M)}.

Lemma 2.8. [2] Let (T,d) be a metric space, M : T — T an operator and € > 0. We assume

that:
(i) Fe¢(M) # 0; and
(ii) for all 6 > 0, there exists ¢(6) > 0 such that
d(t,r)—d(Mt,Mr) < 6 implies d(t,r) < ¢(0), forallt,r € Fe(M).
Then:

D(Fe(M)) < ¢(2¢).

Definition 2.9. [21] Let (T,d) be a metric space. A selfmap M : T — T is said to be a B-

contraction if there exists 111,13 € [0,1) with 21} + 1, + 213 < 1 such that
d(Mt,Mr) <1i[d(t,Mt)+d(r,Mr)|+Ld(t,r)+ 1[d(t,Mr)+d(r,Mt)], forall t,r € T.

Definition 2.10. [5] Let (T, d) be a metric space. A selfmap M : T — T is said to be a Bianchini

contraction if there exists | € (0, 1) such that
d(Mt,Mr) <IB(t,r),
where B(t,r) = max {d(t,Mt),d(r,Mr)}, forallt,r € T.

Definition 2.11. [14] A continuous mapping M : T — T is said to be a convex contraction of
order 2 if there exists constants ly, 1y € [0, 1) such that the following conditions hold:

(i) lp+1; <1, and

(it) d(M*t,M?r) < lod(t,r) +1,d(Mt,Mr), forall t,r € T.
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Definition 2.12. [14] Let M : T — T be a continuous map. Then M is said to be n-convex
contraction if there exists ly,l1,...,1,—1 € (0,1) such that the following conditions hold:

(i) lp+0Li+...+1,_1 <1, and

(ii) d(M"t,M"r) <lod(t,r) + L1id(Mt,Mr) + ...+ 1, 1d(M"'t,M""'r), forallt,r € T.

3. MAIN RESULTS

In this section, we prove some approximate fixed point theorems for various contraction
mappings on metric spaces, including the B-contraction, the Bianchini contraction, and the

convex contraction mappings and their related consequences.

Theorem 3.1. Let (T,d) be a metric space and M : T — T be a contraction mapping. Then M

has an approximate fixed point (€-fixed point).

Proof. Fix ty € T and a sequence {f,} is defined by 7, = Mt,, for all n > 0. Which implies
that {r,} is a Cauchy sequence. That is, for every € > 0, there exists kyp € N such that for every
p,q > ko implies d(t,,t,) < €. In particular, if n > ko,d(ty,t,41) < €. That is, d(t,,Mt,) < €.
Therefore, t, € Fz(M) # 0, for all € > 0. Hence, M has an approximate fixed point (e-fixed

point). U

Example 3.2. Ler T = (0,1) and a selfmap M : T — T is defined by Mt = 5. Then, M is a
contraction. Since (0,1) is not complete and hence M does not have a fixed point. But {t,}
is defined by t,,11 = Mt, with t) = % Note that t, 11 = 2”% Then, Fe(M) # 0, for all € > 0.

Hence, M has an g-fixed point.

Theorem 3.3. If M,S : T — T such that M is contraction and S is nonexpansive then (Mo S)

has an approximate fixed point (€-fixed point).
Proof. Given M is contraction, there exist / € [0, 1) such that d(Mt,Mr) <1d(t,r). Consider,
d(MoS(t),MoS(r))=d(M(St),M(Sr))
<1d(St,Sr)

<ld(t,r)
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That is, (M o S) is a contraction. Then, by Theorem 3.1, (M o S) has an approximate fixed point
(e-fixed point). ]

Theorem 3.4. Let a mapping M : T — T be a B-contraction operator on a metric space (T,d).
Then M has an &-fixed point and

< 2e(lh+13+1)

D(Fe(M)) < I— 52

, forall € > 0.

Proof. Given that M is a B-contraction operator. Let € > 0 and r € T. Define a sequence {7, }
such that ,,,.| = Mt,, for all n > 0. Consider,
d(M"t, M" 1) = d(M(M" '), M(M™))
< [d(M"_lt,M”t) +d(M”t,M"+1t)] + Ld(M"t,M" 1)
+ B[d(M e, MY )+ d(MTt, M)
= [ [d(M"'t,M"t) + d(M"t, M" "' 1)] + Ld(M"'t, M"1)

+ L[d(M™ e, M) + d(M"t, M )]

L+bL+1
_(hth+ti d(M" 1, M)
1-51—1
L+ b+
— Ad(M"™ 1, M"t), where A — %
— ] =13

< A2d(M™ 2, M)

< A'd(t,Mr)

Since d(M"t,M""'t) — 0 as n — oo, for every ¢t € T. That is, {t,} is a Cauchy sequence,
by Theorem 3.1, F¢ (M) # 0, for all € > 0. Therefore, M has an e-fixed point. Clearly condition
(i) of Lemma 2.8 is proved. Now only to prove, the condition (ii) of Lemma 2.8. For that, take
0 >0andt,r € F;(M). Assume also that d(t,r) —d(Mt,Mr) < 6. Show that ¢(8) > 0 exists.

Consider,

d(t,r) <d(Mt,Mr)+6
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Now, it follows
(1 =1 —2L)d(t,r) <2lLie+2l3e+6

That is,

2lhe+2Le+06

dt.r) <
(1) < 1— 1L, — 2l

So, for all 8 > 0, there exists ¢(0) =y > 0, such that

d(t,r) —d(Mt,Mr) < 0 implies d(t,r) < ¢(0)

By Lemma 2.8, D(F¢(M)) < ¢(2¢), for all € > 0. Hence,

c2ellith+l)

D(F(M)) < T2

, forall € > 0.

O

Theorem 3.5. Let M : T — T be a Bianchini contraction on a metric space (T,d). Then M has

an €-fixed point and D(F¢(M)) < €(1+2), for all € > 0.

Proof. Given M is Bianchini contraction. Let € > 0 and 7y € M. Define a sequence {z,} such

that #,,,.1 = Mt,, foralln > 0.
Case 1. If B(t,r) = d(t,Mt). Then, Definition 2.10 becomes:
d(Mt,Mr) <1d(t,Mt)
Substitute r = Mt, d(Mt,M?t) < 1d(t,Mt)
Again substitute t = Mt, d(M*t,M3t) < ld(Mt,M°t)

= 1%d(t,Mt)

d(M"t,M" 1) < 1"d(t,Mr)
Case 2. If B(t,r) = d(r,Mr). Then, Definition 2.10 becomes:
d(Mt,Mr) <1d(r,Mr)

Substitute r = Mt, d(Mt,M?*t) < ld(Mt,M*t)
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Which is impossible because / € (0,1). Therefore, Case 2 does not exists. Now by Case
1, d(M"t,M""'t) — 0 as n — oo, for all t,r € T. Thus, {t,} is a Cauchy sequence, by
Theorem 3.1, Fg (M) # 0, for all € > 0. That is, M has an e-fixed point. Here, as in the previous
Theorem 3.4, we have

d(t,r) <d(Mt,Mr)+6
<IB(t,r)+6
=1d(t,Mt)+ 6

=le+0
So, for every 6 > 0, there exists ¢(0) = le + 6 > 0 such that
d(t,r)—d(Mt,Mr) < 0 implies d(t,r) < ¢(0).
By Lemma 2.8, 6 (F¢(M)) < ¢(2¢), for all € > 0. Hence,
D(Fe(M)) < e(l+2), forall € > 0.
0

Corollary 3.6. Let (T,d) be a metric space and M : T — T. Then there exist 1 € (0, 1) such that
d(Mt,Mr) <1d(r,Mr), for allt,r € T. Then M has an €-fixed point and D(Fz(M)) < g(1+2),

forall € > 0.
Proof. Substituting B(t,r) = d(r,Mr) in Theorem 3.5 completes this corollary. 0J

Theorem 3.7. Let (T,d) be a metric space and M : T — T. Then there exists | € [0,1) such
that d(t,Mt)+d(r,Mr) # 0 and

Id(t,Mt)d(t,Mr)+d(r,Mr)d(r,Mt)]

Mt Mr) <
d(Mt,Mr) < a1, Mr) +d(r.Mi)

,forallt,reT.

Prove that M has an €-fixed point and

2(P+6l+9)+¢e(l+1)
2

D(Fe(M)) < , for all € > 0.
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Proof. Let € >0, ty € M and a sequence {t, } is defined by t,.1 = Mt,, for alln > 0.

Consider,

dM"t, M" ) = d(M(M™ '), M(M"t))

dM" e, M )d (M, MM ) - d (M M ) d (MM, M)
d(M"1t, M 1t) +d(M"t,M"t)

IN

l

<ld(M"'t,M"t)

<Pd(M" 2, M" )

<1"d(t,Mt)

Since d(M"t,M""'t) — 0 as n — oo, for all t,r € T. Which implies {z,} is a Cauchy
sequence, by Theorem 3.1, Fz(M) # 0, for all € > 0. That is, M has an e-fixed point. Here,

using the same procedure as in Theorem 3.4, we get

d(t,Mt)d(t,Mr)+d(r,Mr)d(r,Mt

ditr) <l I : )dEt,Mr;—l—dEr,Mt; ( )] 2€

[d(t,Mt)[d(t,r)+d(r,Mr)]+d(r,Mr)[d(t,r) +d(t,Mt)]

I d(t,r)+d(r,Mr)+d(t,r)+d(t,Mt)

[eld(t,r)+ €| +eld(t,r)+ €]

2d(t,r)+2¢

 2led(t,r)+2le* +4ed(t,r) + 4€?

2d(t,r) +2¢

= +2¢

=1

]—I—ZE

On simplyfying, we get
20d(t,r))* —2e(14+1)d(t,r) < 2e*(I +2)
2[d(t,r))* <2e(1+D)d(t,r) +2e*(1+2)

Which implies @ = 2,b = —2¢(1 +1) and ¢ = —2€>(I +2). Therefore,

2e(14+1) £ /4e2(1+1)2+162(1 +2)
4
_ 2e(1+1) 4+ \/4e2(1+ 21+ 12) + 16621 + 32¢2
4
 2e(141) + V4e? + 8€2] + 4122 + 16€2] + 32¢2
4

d(t,r) <




APPROXIMATE FIXED POINT RESULTS FOR VARIOUS CONTRACTION TYPE MAPPINGS 11

2e(1+1) +/36€2 4 24€2] + 4122
4
_e(1+1)+V9€2 + 6€2] + I2€2
N 2
€+ el +9e> 4+ 6€2] + [%€?
< 2

Hence,

e2(P+61+9)+e(l+1)

D(Fe(M) < ;

, for all € > 0.

O

Theorem 3.8. Let (M,d) be a metric space. Suppose a selfmap M : T — T is a n-convex

contraction. Prove that for every € > 0, Fe(M) # 0.

Proof. Letty € T and define t,,,. | = Mt,, for all n € N. Consider,

I =max{d(ty,11),d(t1,12),...,d(tn—1,1n)}
Now,
d(tn,tns1) = d(M"19,M"1))
<lod(to,t1) + L1d(t1,t2) + ... + Lh—1d (ty—1,1,)
<lUlo+h+h+..4+11)
d(tys1,ths2) =d(M"t,M"t)
<lpd(t1,t2) + L1d(t2,13) + ... + ly—2d (ty—1,tn) + Ln—1d (tn, ty11)
<bl+..4+ Lo+l l(lo+L+...+ 1)l
<(lg+0L+...+1L, 1)l

Similarly,

d(thi2,tn3) < (lo+ 11+ ...+ 1)1

d(Ianlyl‘Zn) < (lO +h+.. "‘lnfl)l
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d(ton,ton+1) < lod(tn,tas1) + 11d (g1, 0 2) + oo+ li1d(t2n—1,120)
<bl(lo+hLh+.+lh-1)+..tlhallo+ L+ ..+ 1)
=1(lg+ 1 +...4+1,_1)?
Again,
d(t3n, 30 11) < L(lo+h+ .41y 1)’
In general,
d(tp,to ) <llo+h+...+1,-1)"
Y d(t2t000) STY (o4 + .+ 1hm1)" < oo

That is, d(t,2,t,2, 1) — 0 as n — +oo. Therefore, 1, € F¢(M), for all € > 0 provides that

Fz(M) # 0, for all € > 0. Hence, M has an approximate fixed point (¢-fixed point). UJ

Corollary 3.9. Let (M,d) be a metric space. Suppose a selfmap M : T — T is a 2-convex

contraction. Prove that for every € > 0, Fe(M) # 0.
Proof. Substituting n = 2 in Theorem 3.8 completes this corollary. 0

Theorem 3.10. Let D be a nonempty closed bounded convex subset of a Banach space M. Let

T : D — D be a nonexpansive map. Then, F¢(T) # 0.

Proof. Let pog € D and define T, : D — D by T,,(p) = (1 — &ty) po + &, T (pn), where {a, } C [0, 1]

such that o, —> 1 as n — +oo. Then,
1T2(p) — Tu(@) | = el T (p) — T (q) ||
< oullp—4|

i.e., T, is a contraction. Since D is complete, there exists {p, } in D such that T,,(p,) = pa-

Now,

Pn = (1 - aﬂ)pO + anT(pn)

DPn— Tpn = (1 - an)pO + anTpn - Tpn
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= (1=0t)po—Tpn(l — o)
1Pn =T pall = (1= )l po— T pall
<11 =enllllpo = Tpall
Since D is bounded, there exist M > 0 such that for all p € D, ||p|| < M.
IPo =T pull < Il poll + I T pall
<2M

Let € > 0 be given then t, — 1 as n — +oo. Therefore, given € > 0, there exist ng € N such

that n > ng implies that

1oc<8
"M

HPn - TPnH <é&

Pn € Fe(T)
Therefore, F(T) # 0. Hence, T has an approximate fixed point (e-fixed point). O
Remark 3.11. We have proved many approximate fixed point results by using various operators

on metric spaces (not necessarily complete). In the following table, one can see the diameters

of various contraction operators and the diameters of a few rational contraction operators.



14

R. THEIVARAMAN, P. S. SRINIVASAN, S. THENMOZHI, S. RADENOVIC

S. No Operator(s) Diameter, for all € > 0,D(F¢(T))
2¢
1 Contraction < T
2 Kannan < 2£(l+ 1)
2e(l+1
3 Chatterjea < 1( ‘;l)
2
4 B-contraction < 2e(li+5+1)
1— L2l
5 Bianchini <e(l+2)
ebh+l3+14+15+2
6 Hardy-Rogers < (bh+bL+1+15+2)
11—y —Is
7 | Ciri¢ contraction < e(b+5+21+2)
1— 1, —2l,
5 2€e(l 1
8 Ciri¢-Reich-Rus < %
— 1
2
9 | Reich contraction < %
—4
1 2
10 Zamfirescu < %
; e2+W)
11 k contract L Eerw)
Weak contraction < 12_{_‘?/
12 Mohseni-saheli < ‘i( ‘;l )
2
13 Mohseni-semi < 8(1l+l )
2012
e“(I*+6l+9)+¢€(l+1
14 | Contraction (1.1) < (F461+9)+e(l+1)

15

Contraction (1.2)

2
< 68+482(1 + 1 —lllz) —|—4£(ll —lz—lllz)

2(1—1b)

16

Contraction (1.3)

<€ 2 +1
-5 !
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4. APPLICATIONS

Approximate fixed point theory covers a wide range of applications in applied mathemat-
ics, particularly differential geometry, numerical analysis, and so on. By reading [20] and its
references therein, one can find a variety of applications involving approximate fixed point re-
sults in the field of applied mathematics. The two examples below demonstrate how to apply

approximate fixed point findings in differential equations.

Example 4.1. Consider u™t = u(t) — 8¢' (1+t) with the boundary conditions u(0) = u(1) =0
and u’ (0) = 0;u”' (1) = —4e. Here the exact solution is ugt =1(1 —1t)e'. Define 6 : C3)[0,1] —
Cc310,1] by:

4.1) 0(u) = u—i—/ol G(t,8)[u™ (s) — u(s) +8¢* (1 +5)]ds

Here, u is a solution of u™ (t) = 0, and u(r) = %(l —13). So,

0(u) = —|—/ G(t,s) ds—/lG(t,s)[u(s)—Ses(l—ks)]ds
/ G(t,s) —8e*(1+s)|ds
Consider,
1 1
0(u)—0(v)| = G(t,s)[u(s) — 8¢’ (1—|—s)]ds—/0 G(t,s)[v(s) —8e*(1+s)]ds
_ /0 ' G(1.9)u(s) — v(s)]ds
4.2) |0(u)—0(v)| < {/01 ]G(l,s)|2ds] ’ {/01 |u(s) —v(s)‘st] ’
where,

1| s@t—1)(s>—2t+12) 0<s<t
G(I,S) = 6

t(s—1)(t*—2s+s?) t<s

IN
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Now,

1 1 t 1
/ G(t,s)[*ds < 36 (/ 2 (1 —1)%(s? —2t+t2)2ds+/ (s —1)%(? —2s+s2)2ds)
0 0 t

1 [82 4r* 8% 16:7 48
-V | — — — + - _|_ -
36 1105 15 15 35 35

Therefore,

1/ 17
Glt,)Pds < — [ ———
/' s)Fds < 6(2240)

010~ 00) < /32 [ [ ) - zds]l
<| [ - vis)as :

= flu—v|

Then (4.2) becomes,

Hence, 0 is a contraction operator. Then, by Theorem 3.1, 0 has an €-fixed point.

u=t(1-t)e

-10+

-15+

FIGURE 1. solution curve of u*r = u(r) — 8¢' (1 +1)

Example 4.2. Consider u'® (1) = u(t) + 4¢' with the boundary condition u(0) = 1,u'(0) =
2,u(1) = 2e,u'(1) = 3e. Here, the exact solution is ugt = (1+1)e'. Define A : C3)[0,1] —
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Cc310,1] by:
(4.3) Au) =u+ /0 1 G(t,s)[u*s — u(s) —4e']ds
where u is the solution of u*(t) = 0. That is,
ut) = (4—e)t> +(3e—7)* + 2t +1.
So, (4.3) becomes
Au)=(4—e)P+Be—T)>+2t+1+ /01 G(t,5)u*(s)ds
_ /0 ' Glt,5)u(s) + 4e'lds

=(4- e)t3 + (36—7)t2 +2r 41— /01 G(t,s)[u(s)+4€'lds

Consider,
1 1
A(u)—A(v)| = ’—/ G(r,s)[u(s)—|—4es]ds+/ G(t,5)[v(s) +4e’lds
0 0
1
_ / G(1,5)[(s) — u(s)]ds
0
1 3/ 3
(4.4) A () — A(v)] < ( / |G(t,s)|2ds> ( / |u(s)—v(s)|2ds)
0 0
where,
s2(t—1)2Br—2s—s) 0<s<t
o= L] )
(s—1)2(3s—2s—1) t<s<1
Now,
1 1 t 1
/ |G(t,s)|?ds < 6 (/ s4(t—1)4(3t—2ts—s)2ds+/ t4(s—1)4(3s—2ts—t)2ds>
0 0 t
B A S U A L A e
36\ 35 35 35 35 5 7 35
L=y 7.4 2
Y- (35)( 141)"t" (3410 +20¢7)
1 13
PO
=36 (35840)

17
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Then (4.4) yields,
M)~ 209 < (%) ! |u<s>—v<s>|2dsf
=\ (/01 u(s) —v(s)|2ds)é

< (f o _v<s>,2ds);

= [lu—v]

Hence, A is a contraction operator. Then, by Theorem 3.1, A has an €-fixed point.

u=(1+te

20

0.5 1.0 1.5 2.0

FIGURE 2. solution curve of u(® (t) = u(r) + 4¢'

5. CONCLUSION

This work provides a series of contraction and rational type contraction mappings to demon-
strate several approximate fixed point theorems on metric spaces (not necessarily complete). It
is essential to note that all of the conclusions made in the current paper generate better con-
strained approximations of fixed points, mostly in minimising condition € — 0. In order to
confirm the presence of an approximate fixed points, alternative discoveries presented in the
later can be demonstrated in a lower environment. Thus, the concept of an approximate fixed

points (e-fixed points) is just as significant as the concept of fixed points.
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