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1. Introduction

Let E be a real Banach space, D a nonempty subset of E and ¢ : R = [0,00) — R*
be a continuous strictly increasing function such that ¢(0) = 0 and lim;_,o, ¢(t) = co. We

associate a ¢-normalized duality mapping J, : E — 2 to the function ¢ defined by

Jo(x) ={f" € E": (. [*) = |l=lle(ll=]]) and [|f*[| = o([lx])} (1.1)
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where E* denotes the dual space of E and (.,.) denotes the duality pairing.

We shall denote a single-valued duality mapping by js. If ¢(t) = ¢, then J, reduces to the
usual duality mapping J.

The following relationship exists between J, and J, which can easily be shown.

¢(llz[)

]

Jo(x) = J(x)V x #0. (1.2)

The following definitions was given in [9].
Let T : D(T) C E — E be a mapping with domain D(T") and F(T) be the nonempty

set of fixed points of 7'

Definition 1.1. [9]. T is said to be ¢-nonexpansive if for all x,y € D(T), the following
inequality holds:
1Tz =Tyl < é(llz —yll). (1.3)
Definition 1.2. [9]. T is said to be ¢-uniformly L-Lipschitzian if there exists L > 0 such
that for all z,y € D(T)
7" = T"y|| < Lo (llz = yl)). (1.4)
Definition 1.3. [9]. T is said to be asymptotically ¢-nonexpansive, if there exists a

sequence {ky,},>0 C [1,00) with lim,,_, k, = 1 such that
[Tz — T"y|| < knod(llz — yl|) V 2,y € D(T), n > 1. (1.5)

Every ¢-nonexpansive mapping is asymptotically ¢-nonexpansive map. Every asymptot-

ically ¢-nonexpansive mapping is ¢-uniformly L-Lipschitzian.

Definition 1.4. [9]. T is said to be asymptotically ¢-pseudocontractive, if there ex-
ists a sequence {k,},>0 C [1,00) with lim, ,.o k, = 1 and js(z — y) € Jy(z — y) such
that

(T = T, jgle — ) < ka(@(lle — yl))2 Yo,y € DT), n= 1. (16)
Every asymptotically ¢p-nonexpansive mapping is asymptotically ¢-pseudocontractive map-

ping.
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Example 1.5. [9]. Let F = R have the usual norm and D = [0, 27]. Define T : D — R
by

2xcosx
3

Ty =

for each z € D. Define a function ¢ : Rt — R by ¢(x) = In(x + 1) for each z € RT and
take js(x —y) = In(Jz — y| + 1).

It was shown by Kim and Lee [9] that T is asymptotically ¢-pseudocontractive mapping.

Definition 1.6. [9]. T is said to be asymptotically ¢-hemicontractive, if there exists
a sequence {ky, },>0 C [1,00) with lim,_,o k, = 1 and js(x —y) € Jy(x —y) such that for

some ng € N
(T"z =y, js(x —y)) < ka(B([lz —yl))* ¥ @ € D(T), y € F(T) n > ny. (L.7)

Every asymptotically ¢-pseudocontractive mapping is asymptotically ¢-hemicontractive

mapping.

Definition 1.7. [20]. T is said to be asymptotically pseudocontractive mapping in the

intermediate sense if there exists a sequence {k,} C [1,00) with k, — 1 as n — oo such

that
limsup sup ((T"x — T™y, x — y) — ku||lz — y||*) < 0. (1.8)
n—oo x,yeC
Put
=m0, sup (7% = T =) = = o)} (19)
z,yeC

It follows that 7,, — 0 as n — oo. Hence, (1.8) is reduced to the following:
(T'x — Ty, x —y) < kpllz —y||*> + 70, Vn > 1,2,y € C. (1.10)
In real Hilbert spaces, we observe that (1.10) is equivalent to

Tz —T"y||* < 2k, —1)||z—y||*+||(I-T")z—I-T")y||*+27,,¥n > 1,2,y € C. (1.11)
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Qin et al. [20] recently introduced the class of asymptotically pseudocontractive mappings
in the intermediate sense. We remark that if 7, = 0 Vn > 1, then the class of asymp-
totically pseudocontractive mappings in the intermediate sense is reduced to the class of
asymptotically pseudocontractive mappings. Olaleru and Okeke [19] proved some strong
convergence results of Noor type iteration for a uniformly L-Lipschitzian and asymptot-
ically pseudocontractive mappings in the intermediate sense without assuming any form
of compactness.

Bruck et al. [2] in 1993 introduced the class of asymptotically nonexpansive mappings
in the intermediate sense as follows.
The mapping T : D — D is said to be asymptotically nonexpansive in the intermediate
sense provided T is uniformly continuous and

limsup sup (||T"z —T"y|| — ||z —y||) < 0. (1.12)

n—oo z,yeD

Motivated by the facts above, we introduce the following class of nonlinear operators.

Definition 1.8. A mapping A is called ¢-strongly quasi-accretive if there exists a se-
quence {ky}n>0 C [1,00) with lim, ,o k, = 1 and js(z — p) € Jy(x — p) such that for
some ng € N, x € D(A), p € N(A), then

(Az — Ap, jo(z — p)) = ka(d(llz — plI))*. (1.13)

The following definitions will be needed in this study.

Definition 1.9. [21]. A map T : E — E is called strongly accretive if there exists

a constant k > 0 such that, for each x,y € E, there is a j(z —y) € J(x — y) satisfying

(Tx =Ty, j(x —y)) > kllz —y* (1.14)

Definition 1.10. [21]. An operator 7" with domain D(T') and range R(T') in E is called

strongly pseudocontractive if for all z,y € D(T), there exists j(z —y) € J(x — y) and a
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constant 0 < k£ < 1 such that
(Tx — Ty, j(x —y)) < klz—y|* (1.15)

The class of strongly accretive operators is closely related to the class of strongly pseudo-
contractive operators. It is well known that T' is strongly pseudocontractive if and only
if (I —T) is strongly accretive, where I denotes the identity operator. Browder [1] and
Kato [8] indepedently introduced the concept of accretive operators in 1967. One of the
early results in the theory of accretive operators credited to Browder states that the initial

value problem
du(t)
dt

is solvable if T" is locally Lipschitzian and accretive in an appropriate Banach space.

+ Tu(t) =0, u(0) = ugp (1.16)

These class of operators have been studied extensively by several authors (see [3, 4, 9, 10,
18, 21, 25]).

In 1953, Mann [11] introduced the Mann iterative scheme and used it to prove the
convergence of the sequence to the fixed points for which the Banach principle is not
applicable. Later in 1974, Ishikawa [7] introduced an iterative process to obtain the
convergence of a Lipschitzian pseudocontractive operator when Mann iterative scheme
failed to converge. In 2000 Noor [14] gave the following three-step iterative scheme (or
Noor iteration) for solving nonlinear operator equations in uniformly smooth Banach
spaces.

Let D be a nonempty convex subset of £ and let T': D — D be a mapping. For a given

xo € K, compute the sequence {x,}>°, by the iterative schemes

Tpi1 = (1 — ap)xn + @y Tyn,
Yn = (1 = Bn)xn + BnT 2, (1.17)
Zn = (1 = yn)xn + T2n, n>0
where {a,}52, {8,122, and {v,}>>, are three real sequences in [0, 1] satisfying some
conditions.

If v, =0and 8, =0, for each n € Z, n > 0, then (1.17) reduces to the iterative scheme

Tpi1 = (1 —ap)x, + o, Tx,, n€Z, n >0, (1.18)
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which is called the one-step (or Mann iterative scheme), introduced by Mann [11].

For 7, = 0, (1.17) reduces to:

Tp4+1 = (1 - an)xn + anTyna

Yn = (]- - Bn)xn + /BnTwna n=>0

(1.19)

where {a, }2° , and {5,}52, are two real sequences in [0, 1] satisfying some conditions. E-
quation (1.19) is called the two-step (or Ishikawa iterative process) introduced by Ishikawa
[6].

In 1989, Glowinski and Le-Tallec [5] used a three-step iterative process to solve elasto-
viscoplasticity, liquid crystal and eigenvalue problems. They established that three-step
iterative scheme performs better than one-step (Mann) and two-step (Ishikawa) iterative
schemes. Haubruge et al. [6] studied the convergence analysis of the three-step itera-
tive processes of Glowinski and Le-Tallec [5] and used the three-step iteration to obtain
some new splitting type algorithms for solving variational inequalities, separable convex
programming and minimization of a sum of convex functions. They also proved that
three-step iteration also lead to highly parallelized algorithms under certain conditions.
Hence, we can conclude by observing that three-step iterative scheme play an important
role in solving various problems in pure and applied sciences.

Rafiq [21] recently introduced the following modified three-step iterative scheme and
used it to approximate the unique common fixed point of a family of strongly pseudocon-

tractive operators.

Let 11,75, T5 : D — D be three given mappings. For a given zy € D, compute the

sequence {x,}>° , by the iterative scheme

Tny1 = (1= on)on + 0 Tiyn
Yn = (1= Bn)an + BnT2zn (1.20)
2y = (1 — )0 + 1 T32,, n >0,
where {a,}5%,, {8,122, and {v,}>°, are three real sequences in [0, 1] satisfying some
conditions. Observe that iterative schemes (1.17), (1.18) and (1.19) are special cases of

(1.20).
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More recently, Suantai [22] introduced the following three-step iterative schemes.
Let E be a normed space, D be a nonempty convex subset of £ and T': D — D be a
given mapping. Then for a given z; € D, compute the sequence {z,,}5°, {y,}>2, and

{2,159, by the iterative scheme

zn = a, Tz, + (1 — ay)z,
Yn = b, T2, + ¢, T"x, + (1 — b, — )2y, (1.21)
Tni1 = Ty + BTz + (1 — ayy — Br) T, 1> 1,
where {a,}>2 1, {b,}52 1, {en}oy, {an}y, {Bn}2, are appropriate sequences in [0, 1].
Yang et al. [26] in 2009 introduced the following three step iterative scheme.
Let E be a normed space, D be a nonempty convex subset of E. Let T; : D — D(i = 1,2, 3)
be given asymptotically nonexpansive mappings in the intermediate sense. Then for a

given z1 € D and n > 1, compute the iterative sequences {z,}, {yn}, {z.} defined by

Tpt+1 = (1 — Qp1 — bnl — Cp1 — 6711)'7371 + aanlnyn + ban{LZn + eanlnxn + Cp1lUn,
Yn = (1 — Qp2 — bn2 - CnZ)xn + anZTznZn + bn2T2najn + Cpan,

Zn = (1 — Ap3 — CnS)xn + a'n?)T{;,n-Tn + Cp3Wn,
(1.22)

where {an;}, {cni}, {bn1}, {bna}, {€n1}, {ans+cns}, {an2+bna+cno}t and {an1 +bp1 + 1 +
en1} are appropriate sequences in [0,1] for ¢ = 1,2,3 and {u,}, {v.}, {w,} are bounded
sequences in D. The iterative schemes (1.22) are called the modified three-step iterations
with errors. If Ty = Ty = T3 = T and e,; = 0, then (1.22) reduces to the modified Noor

iterations with errors defined in [13].

Tn1 = (1 — ap1 — bp1 — €n1)To + @1 T"Yn + b1 T" 20, + Cra iy,
Yn = (1 — apa — bpa — Cn2) Ty + @2 T2 + bp2T" Ty, + Cpovy, (1.23)
Zn = (1 — an3 — u3) T, + an3T™ Ty + CpzWn,
where {an;}, {cni}, {bn1}, {bn2} are appropriate sequences in [0,1] for i = 1,2,3 and
{un}, {vn},{w,} are bounded sequences in C.
UTy =T, =T =T and by; = bya = 1 = €2 = €3 = €1 = 0, then (1.22) reduces
to the Noor iteration defined in [14]. If by = €1 = o1 = bua = o = ¢z = 0, then

(1.22) reduces to (1.20). This means that the modified Noor iterative scheme introduced
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by Rafiq [21] is a special case of the modified three-step iterations with errors introduced
by Yang et al. [26].

Rafiq [21] in 2006 proved the following theorem

Theorem R. [21]. Let E be a real Banach space and D be a nonempty closed con-
vex subset of E. Let Ty, Ty, T3 be strongly pseudocontractive self maps of D with T;(D)

bounded and 77,73 be uniformly continuous. Let {x,}3%, be the sequence defined by

Tpt1 = (1 - O‘n)xn + anlen

zn = (1= v)zn + v T3z, n >0,

where {a, 122, {Bn}re, and {7,152, are three real sequences in [0, 1] satisfying the con-
ditions:

lim,, o @, = 0 = limy, o0 B, and Y2 @, = 00.
If F(Ty) N F(Ty) N F(T3) # 0, then the sequence {z,,}5°, converges strongly to the com-

mon fixed point of T3, Ts, T5.

Xue and Fan [25] in 2008 obtained the following convergence results which in turn is

a correction of Theorem R.

Theorem XF'. [25]. Let E be a real Banach space and D be a nonempty closed convex
subset of F. Let T1,T, and T3 be strongly pseudocontractive self maps of D with T7(D)
bounded and 77, 75 and T3 uniformly continuous. Let {z,}>°, be defined by (1.20), where
{an}0, {Bn}22, and {7, }52, are three real sequences in [0, 1] which satisfy the condi-
tions: ay, B, = 0asn — oo and >~ a, = oo. If F(Ty) N F(Ty) N F(T3) # (), then the
sequence {z,}>, converges strongly to the common fixed point of 77,75 and T5.

In this study, we approximate the common fixed points of a family of three asymptoti-
cally ¢-hemicontractive mappings using the three step iterative scheme (1.22) introduced
by Yang et al. [26]. Our results improves and generalizes the results of Kim and Lee [9],

Xue and Fan [25], Yang et al. [26] and several others in literature.



FIXED POINT THEOREMS FOR NONLINEAR EQUATIONS IN BANACH SPACES 203

The following lemmas will be needed in this study.

Lemma 1.1. [9]. Let J; : E — 2" be a ¢-normalized duality mapping. Then for

any z,y € FE, we have

z+yl? < llz|? +2 |z + |
¢

T 0o+ ) ¥ ol + 9) € Jofo +).

We remark that if ¢ is an identity, then we have the following inequality
lz + yll* < ll=l* + 2{y, j(x + ) ¥ j(z +y) € J(z +y).

Lemma 1.2. [23]. Let {p}>°, be a nonnegative sequence which satisfies the following

inequality:
Pn+1 S (1 - An)pn + Op, T Z 07

where A, € (0,1),n=0,1,2,---,>"* A, = co and 0,, = 0(\,,). Then p,, — 0 as n — oo.
3. Main results

Theorem 2.1. Let F be a real Banach space and D be a nonempty closed convex subset
of E. Let T1,T, and T3 be asymptotically ¢-hemicontractive self maps of D with T1(D)
bounded and 7}, T3 and T3 uniformly continuous. Let {z,}7°, be defined by (1.22), where
{ani}, {cnits {bn1}s {bn2}s {en1}, {ana + cnzt, {@na +bna + ca} and {any +bpy + coy + €01}
are appropriate sequences in [0,1] for ¢ = 1,2,3 and {u,}, {v.}, {w,} are bounded se-
quences in D satisfying the conditions: {an1}, {an2}, {bn1}, {bna}, {cn1}, {cn2},{€m} — 0
asn — oo and Y7 a, = oo. If F(T) N F(T2) N F(T3) # 0, then the sequence {z,}7>

converges strongly to the common fixed point of 77,75 and T5.

Proof. Since 11,7T5,T5; are asymptotically ¢-hemicontractive mappings, there exists a
sequence {ky},>0 C [1,00) with lim,, . k, = 1 and js(x — p) € Jy(xz — p) such that for

some ng € N

(T — p, je(x —p)) < kn(o(]|z —p||))2, VreD, pe F(T), n>ng,i=1,2,3. (2.1)
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Let pE F(Tl) N F(Tg) N F(Tg) and

My = |[zo — pll + sup,o |T7yn — pll + sup,»o [|7720 — p|
+8Up,>o [Tz, — pl| + Sup,>g |un — pl- (2.2)

Clearly, M, is finite. We now show that {z,, — p},>o is also bounded. Observe that
|xo — p|| < M. Tt follows that

Hxn+1 _pH = H(l — Gp1 — bnl — Cpl — €n1)<xn - p) + anl(Tlnyn - p)
+bn1 (T 20 — p) + €1 (TP 0 — p) + i (uy — p)||

S (1 — Qp1 _bnl — Cp1 _enl)Hxn_pH +an1HT1nyn_pH
+0n1 |17 2 — pl| + en1 |10 — pl| + cnrllun — pl|
< (I —ap —bur — 1 — €n1) My + ani My + by M,y

+eni My + ¢ M
== Ml, (23)

using the uniform continuity of 73, we obtain that {7T3x,} is bounded. Denote

My = e {35, sup[3, = pl} sup s, = o} . (2.4

then we have:

lzn =Dl < (1= ans — cu3)l|wn — pll + ansl| T3 20 — pl| + cus|lwn — pl|
< (1 = ans — cu3) My + angMs + cp3My
< (1 = ans — cu3) Mo + angMs + cp3 My

— M. (2.5)

Recall that T3 is uniformly continuous, so that {73'z,} is bounded. Let
M = sup || Ty 2z, — p|| + sup || Ty z,, — p|| + sup ||v, — p|| + Mo,
n>0 n>0 n>0

then M is finite. Since {x,, — p}n>0 is bounded and ¢ is a continuous strictly increasing

function, M* := sup,,» ¢(||zn41 — pl|) is also finite. Using Lemma 1.1, (1.24) and (2.1),
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then for n > 0 and j,(2,41 — p) € J(xn11 — p), we have:

||xn+1

—p|)?

IN

IA

||(1 — ap1 — bnl — Cpl — enl)('xn - p) + a'nl(Tlnyn - p)
+bn1 (1720 — p) + et (172 — p) + cpa (un — p)||2

(1 = ant = b1 — 1 — €01)* |20 — p|I?

+2(an1 (17Yn — p) + b1 (1720 — p) + et (17'Tn — p)

+Cnt (U = p), 22 o (211 — p))

(1= an1 = bt — 1 — €m)?||lzs — pl|?

+2an <T1”yn Py s (w1 — p)>

+2b,,1 <T1”zn —p, %]wal — p)>

+2en <T1"95n Py s (w1 — P)>

20 (tn = P, sy (i1 — p) )

(1= an1 = bt — e — €m1)?||ln — pl|?

+2a S (TP, — T4t + T{Cnt1 = Py Jo(@nt1 — p))
+2b,1 T (T 2, — T g1+ T{ 01 = P, Jo(@nt1 — p))
+2€n1M (T72n — T 01 + 1701 — P, Jg(Tns1 — )
+2601 s (= P, g1 — )

(1 = an1 = b1 — e — €m1)?||ln — pl|®

+2an1 ¢)”||mn++11 pll||| (TTyn = T1'Tn11, Jo(Tnt1 — p))

+2am ¢)H||z"++1l p]l|” (TT'Tps1 = P, Jo(Tnt1 — p))

+2bp1 ¢H|T;n++ll p]yH <T Zn — fon+1,j¢(xn+1 - p))

+2bn1 ¢,H|Tw":+11 p),'H (T7'Tps1 = P, Jo(Tnt1 — p))

T2en gD ||z"nfl pp”” (T ay, — T @ns1, Jo(Tnsr — D))

+2em it (T ane = P oy = p))

+20n1m <un - p7j¢(xn+1 - p))

(1 — Qp1 — bnl —Cpl — en1)2||$n - p”2 + 2an1Hxn+1 - p||||T1nyn

205

- T1nmn+1||

"’zanlknnxn-&-l - p”(b(Hxn—H _pH) + 2bn1||xn+1 - p“HTann - Tlnxn-&-lH

20kl xnia = plol[ens = pll) + 2enllony = pllI T w0 =TT w04 |

+2enknl|zny = pllo(lzns = pll) + 2emllens = pllllun — pll
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< (1= an = bu — e — €n)? |20 — PI* + 201|201 — PIITT Y0 — TT %011
F2an1 ki M| 21 = pl| 4 2bpa |41 — PITT 20 — 17T |
F2bp1 ki M* ([ 011 — pl| + 2€n1 w01 — Pl TV 20 — T @0 |
+2en1kn M || 2011 — pll + 2¢n1|[#nsa — pll[lun — pl|

< (1= an1 — bor — a1 — €n1)?||wn — P + 2001 kn M* || 20 i1 — p||
+2b,1 kn M* |21 — P + 2en1kn M*|| 2011 — D||
F2Mi{am || T7yn — TT s || + bt [ 1720 — T7 @ |
ten [T wn — TP Tp|| + callun — pl}

= (1 —an —bu1 — cn1 — €n1)?||2n — pI|* + 2001 kn M*|| 2011 — P
+2b,1 kn M* || 241 — || + 2en1kn M*||Xps1 — p| + 20,, (2.6)

where

On = Ml{anl”Tlnyn - Tlni'n+1|| + bn1||T1nZn - Tlnxn-&-IH
+6n1||T1nxn _Tlnl’n+1|| +Cn1||un _pH}- (2~7)

Using (1.24), we have

Hyn - xn—i—l” = Hyn — Ty + Ty — xn-i-lH

IN

1yn =zl + [0 — 2

|| (1 — Qp2 — bn2 - CnQ)xn + anQTann + bn2T2nxn + CnoUp — xn”

Hln = {(1 = an1 — bur — 1 — €n1)Tn + a1 T7Yn + b1 17 2y,
+en T x, + cniun }|

= || = an2(zn — T3'20) — bp2(zn — T3'@p) — cna(@n — vn)||
Fllani(zn = TTyn) + bt (20 — TT'20) + cpa (20 — un)
+en1 (@ — 11z, ||

= || = an2(@n —p+p—T52,) = bua(wn —p +p — T3'2,)
—Cn2(n — P+ P — V)|l + [lan1 (@0 —p+p — T1'yn)
Fbn1 (0 —p4p —T'20) + co1 (B0 — P+ p — un)
+en1 (Tn —p+p — T2,
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[ — Tniall < angllzn — pll + anallp — 1320l + bnzllzn — pll + buzllp — 132, ||
+en2l|Tn = pll + c2llp — vall + antllzn — pll + anllp — 11yl
+bn1[|zn — pll + buallp — Tzl + canllzn — pll + callp — wnl|
+entllzn — pll + ent|lp — T7'n|

2Man2 + 2Mbn2 -+ 2MCn2 -+ 2Man1 —+ 2Mbn1 + QMCnl + 2M€n1

IN

= 2M (anZ + bn2 + Cpo + ap1 + bnl + Cp1 + enl) . (28)

Using the condition that {an1}, {ana}, {001}, {bn2}, {cn1}, {cn2}, {€m1} — 0 as n — oo, we
obtain from (2.8)

nh_{lolo |9 — Tnya]| = 0. (2.9)

Using the uniform continuity of 77, we have

Tim [Ty, — Tt = (2.10)
Similarly, im,, o |77 2 — 17 @p 41| = limy oo || 1720 — T n41|| = 0. Hence, we have that
lim,, o0 0, = 0.
Furthermore, we have
||xn+1 - pH - ||(]- — Qp1 — bnl — Cp1 — enl)(l‘n - p) + anl(Tlnyn _p)

< (1—an1 — bp1 — Cn1 —€n1)||$n—p|| —|—an1||T1”yn—pH
+o1 | T 20 — Dl + €nt | T 20 — p|| + cnil|un — D
S (1—an1 —bnl — Cn1 _enl)Hxn_p“

‘|—((ln1 + bnl + én1 + Cnl)M. (211)

Since {an1}, {an2}, {bn1}, {bn2}, {cn1}, {cna}, {€n1} — 0 as n — oo, for every € > 0 there
exists k € N such that (a,1 + bp1 + ¢u1 + €n1) < € for all n > k. Let {t,,} = {an + b1 +
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Cp1 + €n1}. Substituting (2.11) into (2.6), we have

lznsr = plI* < (1= tn)*2n = plI* + 2M kn(any + b + €m) || 201 — p
+20,,

IA

(1= tn)?llzn — pll* + 2M ki (an1 + by + €n1)

X{(1 = t,)?||zn — pl| + t. M} + 26,

(1= tn)?llan — pll* + 2M 0k { (L — to) lwn — pll + . M}
+20,,

= (L =ta)?llzn = pll* + 2M "t kn(L — t) |20 — p|

+2M M*t2k,, + 26,

(1 —tn)?[|en — plI* + 2M "t Ky (1 — 1)

) {(1 = tues)|#ns — pll + tact M} + 2MM*t2k, + 6,)]
(1= tn)?llan — pll* + 2M kit (L — £0) (1 = to)l2nr — p
+2[M*kpt (1 — tp)t 1 M + MM*t2k, + 6,]

= (L =ta)?llen = pll* + 2M "t k(1 — £0) (L — to)l2n — p
12 [MM*kptn{(1 = t)tn1 + tn} + 6]

IN

IN

IN

IN

IN

(1 =tz = pl* + 2t0kn T Tj—y (1 — ) M* |2y — p|
+2{t2 M M*k,

bk MM Y (tn,l,j [T (1 - tn,j)) +5,)

(1= tn)?llen — plI? + 2{t2ka [T}, (1 — t;) MM* + 2 M Mk,

+tn ko, M M* Z?;; (tn—l—j H;.‘:‘,i(l — tn_j)> + 0.}

(1 = tn)?||n — pl|* + 26,, (2.12)

IN

where

O = [t TTjo (=) + b+ 500 (a1 TS = b)) | bk b AT
+36,. (2.13)
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Observe that {6, },>0 converges to 0 as n — oo. Clearly,

H?:k(l —t;) < e~ 2=kt —3 0 as n — oo and

SO | (RS
j=k

j=k J=k
as € — 0. Let p, = ||z, — p||*>, \n = tn and o, = 20,,. Using the fact that lim, . 0, =

lim,, o 0, = 0 and Lemma 1.2, we have from (2.12) that
lim ||z, —p| = 0. (2.14)
n—o0

The proof of Theorem 2.1 is completed. [

Remark 2.2. Theorem 2.1 improves and generalizes the results of Yang et al. [26],

Xue and Fan [25] which in turn is a correction of the results of Rafiq [21].

Theorem 2.3. Let E be a real Banach space, 11,753,713 : E — E be uniformly con-
tinuous and ¢-strongly quasi-accretive operators with R(I — T7) bounded, where I is
the identity mapping on FE. Let p denote the unique common solution to the equa-
tion Tyx = f, (1 = 1,2,3). For a given f € F, define the operator H; : £ — E by
Hix=f+x—Ta, (i=1,2,3). For any xy € E, the sequence {x,}>, is defined by

Tp4+1 = (]- — Qp1 — bnl — Cp1 — enl)xn + aanlyn + banlzn + eanlxn + Cp1lUn,
Yn = (]- — Qp2 — an - CnQ)In + an2H2Zn + anHan + Cn2Unp,

Zn = (1 — n3 — Cn3)xn + an3H3xn + Cp3Wny,
(2.15)

where {a; }, {cni}, {bn1}, {bn2}, {€n1}, {anst+cns}, {@natbnatcan} and {an1+bp1+cpiten1}
are appropriate sequences in [0,1] for ¢ = 1,2,3 and {u,}, {v,.}, {w,} are bounded se-
quences in D satisfying the conditions: {an1}, {an2}, {bn1}, {On2}, {cn1}, {cn2}, {€m} — 0
as n — oo and >~ a, = oo. Then the sequence {z,}32, converges strongly to the

unique common solution to Tyx = f (i = 1,2, 3).

Proof. Clearly, if p is the unique common solution to the equation Tyx = f (i = 1,2, 3),
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it follows that p is the unique common fixed point of Hy, Hy and Hj. Using the fact that
T1, T, and T3 are all ¢-strongly quasi-accretive in the intermediate sense operators, then
H,, Hy and Hj are all asymptotically ¢-hemicontractive mappings. Since T; (i = 1,2,3)
is uniformly continuous with R(I — T37) bounded, this implies that H; (i = 1,2, 3) is uni-

formly continuous with R(H;) bounded. Hence, Theorem 2.3 follows from Theorem 2.1. [J

Remark 2.4. Theorem 2.3 improves and extends Theorem 2.2 of Xue and Fan [25]

which in turn is a correction of the results of Rafiq [21].

Example 2.5. Let £ = (—o00,+00) with the usual norm and let D = [0,+00). We
define Ty : D — D by Thw := 55%; for each x € D. Hence, F(T}) = {0}, R(T1) = 1[0, 3)
and T} is a uniformly continuous and asymptotically ¢-hemicontractive mapping in the
intermediate sense. Define Ty : D — D by Tox := § for all z € D. Hence, F(T3) =
{0} and T3 is a uniformly continuous and strongly pseudocontractive mapping. Define
T3 : D — D by Tzx = % for each © € D. Then F(T3) = {0} and T3 is a uniformly
continuous and asymptotically ¢-hemicontractive mapping in the intermediate sense. Set
{ani} = {cni} = 25, {bm} = {en1} = {bua} = 5, {ka} =1, for all n > 0 and ¢(t) = %
for each ¢t € (—o0, +00). Clearly, F(T1) N F(Ty) N F(T3) = {0} = p # 0. For an arbitrary
xo € D, the sequence {x,}>°, C D defined by (1.22) converges strongly to the com-
mon fixed point of T3, Ty and T3 which is {0}, satisfying Theorem 2.1. This means that

Theorem 2.1 is applicable.
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