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Abstract. In this article, we prove a fixed point result for (T — y)— contraction in rectangular M-metric space.
Moreover, we discuss some examples that realized the results. Finally, we investigate the existence and uniqueness
of a solution of non-linear matrix equations and integral equations of Fredholm type as well.
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1. INTRODUCTION

Fixed point theory is an important and one of the most useful results in a variety of areas such
as non linear analysis, operator theory,differential equation, etc.

In 1922 [1], Stefan Banach first proved formula and proved a theorem regarding a con-
traction mapping. Because of its application in mathematics, several authors have ob-
tained many interesting extensions and generalization of the Banach contraction principle (see

[3,9,6,2,14, 13,10, 11, 4, 5]).
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A partial metric space is one of the most influential generalizations, of ordinary metric space.
It has a wide range of uses in mathematical research and scientific applications. It was first
established by Shukla in [15]. In 2014, Asadi et al [7] generalized the partial metric space to
M-metric space and obtained certain theorems related to M-metric space.

Branciari [8] gave a generalization of the notion of metric spaces, which is called Branciari
distance spaces, by replacing triangle inequality with trapezoidal inequality, and he gave an
extension of Banach contraction principle to Branciari distance spaces.

In 2018, Ozgur et al [12] introduced rectangular M-metric space and obtained certain theo-
rems related to M-metric space.

In this article, we establish the fixed point theorem for (7 — y)-contraction in rectangular M-
metric space. Also, examples are given to illustrate the obtained results we derive some useful

corollaries of these results.

2. PRELIMINARIES

In what follows, we recall basic notions, definitions, examples and results on the topics for
the sake of completeness.

Notation We need the following symbols and class of functions to prove certain results of this
section:
R is the set of all real numbers;
N is the set of all natural numbers;
¥ = {y: Rt — R, such that, y is non-decreasing, continuous, Y5, w*(t) < oo, y(t) < t for

t >0 and y(0) = 0 if and only if # = 0, where W* is the kth iterate of v }.

Definition 2.1. Let X be a non-empty set and d : X x X — R be a mapping such that for all
z,t € X and for all distinct points m,n € X, each of them different from z and ¢, on has

() d(z,t) =0<z=1,

(i) d(z,r) =d(t,z);

(iii) d(z,t) <d(z,m)+d(m,n)+d(n,t).

Then (X,d) is called a generalized metric space.
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After that, Shukla [15] introduced partial rectangular metric space. The definition is as fol-

lows:

Definition 2.2. Let X be a non-empty set and p : X x X — R™ be a mapping such that for all
a,b € X and for all distinct points c¢,d € X, each of them different from a and b, on has

(i) a = bif and only if p(a,b) = p(a,a) = p(b,b) ;

(ii) p(a,b) =d(b,a);

(i) p(a,b) < p(a,c)+p(c,d)+ p(d,b) — p(c,c) — p(d,d).

Then (X, p) is called a partial rectangular metric space.

In 2014, Asadi et al [7] generalized the partial metric space to M-metric space and obtained
certain theorems related to M-metric space.
Notation: The following notations are useful in the sequel:
Let m: X x X — R be a mapping.
Denote
(i) mgp =m(a,a)Vm(b,b) =min{m(a,a),m(b,b)} and
(ii) M, = m(a,a) Am(b,b) = max{m(a,a),m(b,b)}

Definition 2.3. Let X be a non-empty set and m : X x X — R be a mapping such that for all
a,b,c €X,

(i) a = b if and only if m(a,b) = m(a,a) = m(b,b);

(ii) m(a,b) = m(b,a);

(i) mgp < m(a,b);

(iv) (m(a,b) —myp) < (m(a,c) —mgye) + (m(c,b) —mep).

Then (X,m) is called a M-metric space.

Example 2.4. Let X = [0,00).

Then .4 : X? — [0,0) defined by A" (x,y) = R

is a M-metric on X.

In 2018, Ozgur et al. [12] introduced rectangular M-metric space and definition are as follows:

Notation: The following notations are useful in the sequel:
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Let m, : X x X — R be a mapping.
Denote

i) m,, =m(a,a)Vm.(b,b) = min{m,(a,a),m,(b,b)} and

(i) M., =m.(a,a) N\m.(b,b) = max{m,(a,a),m,(b,b)}

Definition 2.5. Let X be a non-empty set and m, : X x X — R™ be a mapping such that for all
a,b € X and for all distinct points c¢,d € X, each of them different from a and b, on has

(i) a = b if and only if m,(a,b) = m,(a,a) = m,(b,b) ;

(ii) my(a,b) =m,(b,a);

(i) my, <m(a,b);

(iv) (mq(a,b)—m,,) < (m.(a,c) —my,)+ (m (c,d) —m, )+ (m,(d,a) —m,,) (M-rectangular
inequality).

Then (X, m,) is called a rectangular M-metric space.

Example 2.6. Let X be a m,-metric. Put
(i) m?(a,b) =m(a,b) —2m,,, +M,,
(i) mi(a,b) =m(a,b) —m,,.

Then, m? and m; are ordinary metrics.

Definition 2.7. Let (X,m,) be a rectangular M-metric space.

Then

(i) A sequence {a,},c in X converges to a point a, if and only if

(2.1 lim (m,(ay,a)—my, ,)=0.

n—4-oo

(ii) A sequence {a,},cy in X is said to be m,-Cauchy sequence, if and only if

(2.2) lim (m,(an,am)—my, , )and lim (M,

n,m—>+oo n.,m—>+°0 Tap,am o mranﬂam)
exist and finite.
(ii1) A rectangular M-metric space is said to be m,-complete, if every m, Cauchy sequence

{an} converges to a point a such that

(2.3) lim (m(ay,a)—my, ,)=0and lim (M,

n—r+oo n— oo
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Lemma 2.8. Let (X, m,) be a rectangular M-metric space.

Then

(1) {a,} is a m-Cauchy sequence in (X,m,) if and only if it is a Cauchy sequence in the
metric space (X,m®).

(2) (X,m,) is m,-complete if and only if the metric space (X,m?) is complete. Furthermore,

ngl}lom?)(a"7a) = O <~ ngl}:loo(mr(an7a) - mran,a) = 0 7ngr£oo(Mran.a - mran,a> = O

Likewise the above definition holds also for m.

Lemma 2.9. Assume that a, — a as n — « in a rectangular M- metric space (X,m,).

Then

ngr_l‘:lmmr(anyy) — My, = my(a,y) — mra#yv yeXx.

Lemma 2.10. Assume that a, — a as n — o and b, — b as n — oo in a rectangular M- metric
space (X, m,).
Then

lim m,(an,b,) —

n—r—+oo mran;bn = mr(a’ b) - mra,b‘

Lemma 2.11. Let {a,} be a sequence in a rectangular M-metric space (X ,m,), such that there

exists k € 10, 1] such that
mp(any1,a,) < kmy(an,an—1) forall n € N.

Then,
(A) lim m,(ap,a,—1) =0,
H—>00
(B) lim m,(ay,a,) =0,
H—>o00
(©) lim myy o =0
n,m—sco

and

(D) {an} is a m,-Cauchy sequence.

Definition 2.12. Let (X,d) be a generalized metric space. m, is said to be complete if every

Cauchy sequence {a,}, in X converges to ana € X.



6 A.BAIZ, J. MOULINE, Y. EL BEKRI, A. FAIZ, K. BOUZKOURA

3. MAIN RESULTS
The following definition is new version of the (7 — y)-contraction for a rectangular M-metric

space.

Definition 3.1. Let (X, m,) be a rectangular M-metric space and 7 : X — X be a mapping.
T is said to be a (T — y)-contraction on X, if there exist y € ¥ and 7 > 1 such that for any
x,y €X, tmy(Tx,Ty) < y(M(x,y)),

where

M(x,y) = max{m,(x,y),m,(x,Tx),m.(y,Ty)}

Theorem 3.2. Let (X,m,) be a complete rectangular M-metric space and let T : X — X be a
continuous (T — y)-contraction. Then, T has a unique fixed point x € X and for every xo € X a

sequence {T"(xo) }neN is convergent to x.

Proof. Suppose that there exists ng € N such that x,,, = Tx,,. Then x,,, is a fixed point of T and
the prove is finished. Hence, we assume that x,, # T'x,, i.e. m, (x,—1,%,) — Mgy > 0 for all
neN.

Denote D (X, Xpn4+1) = My (Xn, Xp+1) = mr,, . . Then, (3.1) implies that
D(xn:xn+1) <m, (xnaanrl) = Tmy (TxnflaTer < V/(M(xnfhxn)) fOi‘ all n< I,
where

M (xn—1,%n) = max{my(xn—1,%n),mr(Xn—1, Txn—1),mr(Xn, T Xp11) }
= max{mr(xn—l axn)amr(xn—l 7xn)7mr(xnaxn+l)}

= max{mr<xn717xn)7mr(xnaxn+l)}
If M(xp—1,%n) = my (X, Xp41), We get
My (Xns Xnt1) < Wy (X, Xng1)) < 1y (X, Xn 1)

which is a contradiction.
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Hence, M (x,_1,%x,) = my(Xy—1,%n)
my(xp, Xn+1) = mp(Txp—1,Txp)
< y(my(xn-1,%0))
=y(m(Txp—2,Tx,—1))
<Y (mp(x-3,%2))
<..
<y (my(xp,x1)) — 0 as n—> oo,

Then

D(xp,xp+1) — 0 as n—> oo,

Now, we show lim,,_,ee D(X;,X,42) =0
D(xp,xXn42) < mp(Txp—1,Txp1) < T (Txp—1, Txpt1) < WM (Xy—1,Xn+1)), forall n<1
where
M (xp—1,Xn+1) = max{my(Xn—1,Xn1),Mr(Xn—1,TXn—1), My (X1, TXp 1) }
= max{my(Xn—1,%n+1), My (Xn—1,%n), Mr(Xp41,Xn42) }
= max{my(xXp—1,%n+1),Mr(Xn—1,%n), Mr(Xpn+1,Xn+2) }-

We consider three different cases:

Case (i) if M (x,—1,xp41) = mp(Xp—1,X441), We get
D(xn, xn12) < W(m(Xp—1,Xn41)) < ‘l’n_](mr(XO;XZ» —0 as n— o,
Case (ii) if M (x,—1,%n+1) = my(xy—1,%,), we get
D(xn, Xn+2) < Wmp(xu—1,%,) < W' 'mp(x0,x1) — 0 as n— oo,
Case (iii) if M (xy—1,%p+1) = mp(Xp41,Xn42), We get
D(xp,Xp42) < l//nJrl(mr(xO,xl)) —0 as n— oo,

From Case (i)-Case (iii), we get
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D(xp,xp12) — 0 as n—> oo,

We shall prove that {x,} is a rectangular m,-Cauchy sequence, that is,

lim D(xp,Xp4q) =0 forall g€ N

n—oo

Suppose that for some n, p € N with p > n, we have x,, = x,,
mp(xn, Tx) = my(xp, Txp)

=m(Xp,Xp+1)

< Y (my (i, Xn 1))

S Y (e (X, Xn11)) < Mp (X, X0p1),
which is a contradiction.
Therefore, x,, # x,, for p # n,
The case ¢ = 1 and ¢ = 2 is proved. Now we take g > 3; arbitrary, we distinguish two different

cases:

Case (1) Let ¢ = 2p , where p > 2. By the rectangular inequality, we get

D (X, Xn12p)

< mp(Xp, Xn42p)

< [mr(xnvxn+2) +mp(Xn42,%n43) + mr(xn+3,xn+2p>]

< (X, Xng2) 4+ M (K02, %043) + [0 (X3, Xn4) + 10 (X4, X5 )+ 10 (X5, X 2p)|

< mr(xnvxn—l—Z) + mr(xn+2axn+3) + mr(xn+3;xn+4) + mr(xn+47xn+5) +..+ mr(xn—i—Zp—l 7xn+2p)

n+2p—1

= me(Xn, Xnp2) + Y, me(xp Xep 1)
k=n+2

n+2m—1

Smr(xnvxn+2)+ Z l//k(mr(x07xl))
k=n+2

< mp(Xn Xag2) + Y, W (me(xo,x1)).
k=n+2
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r}grolomr(xnaanrZ) =0

and

o)

Y v (m.(x0,x1)) = 0 as n— oo,
k=n+2

Therefore,

Jim Dl ) =0

Case (ii) Let g =2p+ 1, where p > 1. By the rectangular inequality, we get

D(xnaxn—l-Zp-H)
< My (X, Xn2p41)
< [my (X, Xng1) 10 (X 1 Xng2) + 10 (X g2, Xn g 2ps1)|
< (X, Xpg1) + M (X 15X 42) + [Mr (X2, %043) + 1 (X3, %044) + M (X4, Xn12p41) |

= my (xnaxn—H) +my (xn—l—l axn—f—Z) +my (xn+27xn+3) +my (xn+3;xn+4) +my (xn+4>xn+2p+l)

< mr(xnvxn+1) +mr(xn+laxn+2) + mr(xn+2,xn+3) + mr(Xn+3,Xn+4) + ...

oo M (Xt 2ps Xnt2p41)

n+2p

=Y me(x,x%41)

k=n
n+2p

< Y v (m(xo,x1))

k=n

S Z V’k(mr(x()axl>) —0 as n—oo.
k=n

Thus, we obtain

Iim m,(x,,x =0.
n,p—reo r( n; n+2p+1)

Finally, from Case (i) and case (ii), we get

lim D(x;,xp4¢4) =0 for all q>3

n,m—oo
Thus, {x,} is rectangular m,-Cauchy sequence in (X,m,).

Since (X,m,) is a complete rectangular M-metric space, there exists u € X such that
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lim x, = u, lim D(x,,u) =0.
n—soo n—soo

Now, we shaw that u is a fixed point of 7. Since 7 is continuous, we have

u=limx,;; = lim T (x,) =T (lim x,,) = Tu, which gives u=Tu
n—so0 n—oo n—oo

Thus, u is a fixed point of 7. Now, we show that the uniqueness of a fixed point of 7. Assume
that 7 has two distinct fixed points z,u € X, such that z =Tz and u = Tu.

From the Condition (3.2), we have
my (z,u) =m, (Tz,Tu) < tm, (Tz,Tu) < y(M (z,u))

where
M (z,u) = max{m,(z,u),m,(u, Tu),m,(z,Tz)} = my(z,u).
Then
my(zyu) < my(z,u)
which is contradiction.

Hence, T has a unique fixed point. 0J

Definition 3.3. Let (X,m,) be a rectangular M-metric space and T : X — X be a mapping.
T is said to be a (T — y)-contraction on X, if there exist y € ¥ and 7 > 1 such that for any
x,y €X, tm,(Tx,Ty) < y(M(x,y)) forall x,y € X,

where
my(x, Tx)my(x, Ty)
"1+mp(x,Ty) +m,(y,Tx)

}

M(x,y) = max{m,(x,y),m,(x,Tx)

Theorem 3.4. Let (X,m,) be a complete rectangular M-metric space and let T : X — X be a
continuous (T — y)-contraction. Then, T has a unique fixed point x € X and for every xy € X a

sequence {T"(xo) }nen is convergent to x.

Proof. Suppose that there exists ny € N such that x,,, = T'x,,. Then x,, is a fixed point of 7" and
the prove is finished. Hence, we assume that x,, # Tx,, i.e. m, (X,—1,X,) — My o > 0 for all
n € N. Denote D(x,,X,+1) = my (Xp,Xp11) — Mry )

Then, (3.1) implies that
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D(xp,xp41) < myp (X, Xp11) = Ty (Txy—1,Txn) < W(M(xp—1,x,)) foralln <1,
where
d(xp—1,Txp—1)m(xp—1,Txy,)
Lmy (-1, Txn) +mp (X, TXn—1)

mr(xn—laxn)mr(xn—lvxn—l) }
"1 +mr(xn—l7xn—l> +mr(xnaxn—l)

M(xnfl axn> = max{mr(xn,l 7xn) ) mr(xnfl ) Txnfl)

}

= max{mr(xnfl 7xn)amr(xnflaxn)
= mr(xnflaxn)
M(xn—l 7xn) = mr(xn—laxn)

My (X, Xp41) = mp(Toxn—1, Txp)
< y(my(xp—1,%n))
= Y(my(Txn—2,Txn-1))
< 2 (my(xn—3,%0-2))
<..

<y (my(xp,x1)) — 0 as n—> oo,

Then

D(xp,Xp11) — 0 as n—> oo,

similarly we show that

’}Elolomr (xnaxn+2) =0.

Similar to the proof of Theorem 3.2, we get

lim D(xp,Xp44) =0 for all g€N

n—soo

lim D(x4,%p+4) =0 for all g>3

n,m—oo
Thus, {x,} is rectangular m,-Cauchy sequence in (X,m,).

Since (X,m,) is a complete rectangular M-metric space, there exists u € X such that

lim x, = u, lim D(x,,u) =0.
n—yoo Nn—yoo

11
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Now, we shaw that u is a fixed point of 7. Since T is continuous, we have

u= ,}Ef;xnﬂ = Jl_t}l;T(xn) = T(,}E;I;x") = Tu, whichgives u=Tu

Thus, u is a fixed point of 7. Now, we show that the uniqueness of a fixed point of 7. Assume
that 7" has two distinct fixed points z,u € X, such that z =Tz and u = Tu.

From the Condition (3.4), we have

my (z,u) =my (Tz,Tu)) < tm, (Tz,Tu) < y(M (z,u))

where
my(z,Tz)m,(z,tu)
M = T frd .
(z2,) = max{om,(z,u),m,(u, Tu), 1 +m(z,Tu) +mr(u,TZ)} (2, )
Then
my(z,u) < my(z,u)
which is contradiction. Hence, T has a unique fixed point. 0

4
Example 3.5. Let X = {1, 5] . Define m, : X x X — [0,0) by

la— bl
r ,b = —_—
my(a,b) >
and
3t 3
)= — = —
v)=771=3

Then (X, m,) is complete rectangular M-metric space, T > 1 and y € P.

Define 7 : X — X by

141
T(t) = —
() 27
1<b<a
14+a 14+5b
- a—2>b
my(Ta,Th) = 2 3 2 __ PR

4
Since a,b € [1, 5] , then
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Thus
wm,(Ta,Tb) < y(m,(a,b)).
Hence, the condition (3.2) and (3.4) is satisfied. Therefore, T has a unique fixed point z = 1.

4. APPLICATION TO NONLINEAR INTEGRAL EQUATIONS

In this section, we apply Theorems 3.2 and 3.4 to prove the existence and uniqueness of the

integral equation of Fredholm type:

@.1) u(t) = v / " H(t, ru(t))dr,

m

where m,n € R, u € C([m,n],R) and H : [m,n]* x R — R is continuous function and v €]0, 1[.

Theorem 4.1. Suppose the function h such that |H(t,ru(t)) — H(t,r,v(t))| <

(lu(t)—=v(@)|) ¥ t,r € [m,n] and u,v € R. Then the equation (4.1) has a unique

solution u € C([m,n],R).
Proof. Let X = C([m,n]|,R) and T : X — X defined by

T@)(t) = v / H(t,ru(t))dr,

m

YV u € X. Clearly, T is a complete M-rectangular metric space.

Let m, : X x X — [0, 4o given by

_ ju(t) —v(1)]
my(u,v) = ( sup #> :

t€[m,n]

Then (X,m,) is a complete generalized metric space. Assume that, u,v € X and ¢,r € [m,n].

Then we get

_ VI mH @ ru(e))dr — [y H(t,r,v(1))dr])
2
||f£(H(fﬂ$u(f))—H(fyrav(f)))dﬂ
2
< ‘v‘/m" ]H(t,r,u(r));H(t,r,v(r))|dr

|Tu(t) = Tv(t)]
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< [ WD),

ju(t) —v(1)]

<

< M
Thus

Tu(t Tv(t r)—vlt
wp [THO=TVOL () ()
t€[m,n] 2 t€[m,n] 2
Hence
4.2) T (m (T, Tv)) < [y (M(u,v))],
, 3t 1

for all u,v € X with y(r) = 1 and v = ||
Then T satisfies the condition (3.2) and (3.4) is hold. O
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