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1. INTRODUCTION AND PRELIMINARIES

In 1931, Orlicz [12] introduced the following vector space:

lp(.) = {(xn)n ⊂ RN :
∞

∑
n=0

1
p(n)
|λxn|p(n) < ∞ for some λ > 0};

where p : N−→ [1,∞). Inspired by this example, Nakano [14, 15] defined, in 1950, the additive

modular on universally continuous semi-ordered linear spaces. In 1959, Musielak and Orlicz

[13] gave the formal definition of modular space, which is an abstraction of Orlicz space. In

this generalization, we find, as examples, the variable exponent Lebesgue spaces Lp(.). These
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spaces of variable exponents provide the appropriate framework for mathematically formulat-

ing several problems across diverse specialties, for which the classic Lebesgue spaces were

insufficient [6, 17, 18]. Many results on the fundamental properties of Lp(.) were proved first

by Kováčik and Rakosnık [10]. Fan and Zhao [7] later reproved these results. This study inves-

tigates fixed points within the context of variable exponent sequence spaces lp(.), special cases

of the variable exponent spaces Lp(.). These spaces were extensively studied (see for examples

[14, 16, 2, 19, 26, 11]).

The study of fixed point theory is a highly dynamic and vibrant area of research. Among

the various aspects of metric fixed point theory, the Banach contraction principle is the most

renowned. After the publication of Banach’s fixed point theorem [3], numerous mathemati-

cians have dedicated their efforts to exploring potential extensions. Among these, the works of

Kannan [21] and Chatterjea [5] emerge as sources of inspiration for a specific branch within the

metric fixed point theory. The study of fixed points in variable exponent sequence spaces lp(.)

for Banach mappings and Kannan mappings was first initiated in [8, 20, 29].

Alternatively, a fascinating approach to the theory of fixed points in specific general structures

has been proposed by Jachymski [9] within the context of metric spaces endowed with a graph

G.

In this paper, inspired by the ideas given in [1, 9, 20, 27, 28], we prove some fixed point

theorems for G-Kannan and G-Chatterjea operators in the space lp(.) endowed with G. Finally,

an example supports the main result.

Below, we outline the essential mathematical background materials required to establish the

results presented in this paper.

Consider the variable exponent sequence spaces lp(.). Now, let us introduce the convex mod-

ular function ν , borrowed from [15, 16, 19, 20].

Proposition 1.1. The mapping ν : lp(.) −→ [0,∞) such that

ν(x) = ν((xn)) =
∞

∑
n=0

1
p(n)
|xn|p(n),

is said to be a convex modular function if it satisfies the following conditions:
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(i): ν(x) = 0 if and only if x = 0,

(ii): if |γ|= 1 then ν(γx) = ν(x),

(iii): for any t ∈ [0,1], ν(tx+(1− t)y)≤ tν(x)+(1− t)ν(y),

for any x,y ∈ lp(.).

Following that, we proceed to present the modular versions of several metric known proper-

ties.

Definition 1.2. [25]

(i): A sequence (xn)n ⊂ lp(.) is said to be ν-convergent to x ∈ lp(.) if

ν(xn− x)−→ 0. Note that if the ν-limit exists, it is unique.

(ii): A sequence (xn)n ⊂ lp(.) is said to be ν-Cauchy if υ(xp− xq)−→ 0 as p,q−→ ∞.

(iii): C ⊂ lp(.) is ν-closed if for any ν-convergent sequence (xn)n ⊂C to x one has x ∈C.

For the sake of completeness, it is important to mention that convex modular functions satisfy

the Fatou’s property.

Fatou’s property: for any (zn)n ⊆ lp(.) ν-convergent to z, we have

ν(x− z)≤ liminf
n−→∞

ν(x− zn),

for any x ∈ lp(.).

Next, let us introduce the following property, known as the ”∆2-condition”.

Definition 1.3. ν satisfies the ∆2-condition if there exists α ≥ 0 such that

ν(2x)≤ αν(x),

for any x ∈ lp(.).

The modular convex ν is said to satisfy the ∆2-condition if and only if

p+ = supn∈N p(n)< ∞ [15, 16, 19, 20, 22, 23].

The following definition of the Luxemburg norm is borrowed from [20, 19].

Definition 1.4. The Luxemburg norm on lp(.) is defined by:

||x||ν = inf
{

λ > 0 ; ν

(
1
λ

x
)
≤ 1
}
.
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(lp(.), ||.||ν) is said to be a uniformly convex Banach space if and only if 1 < p− < p+ < ∞

[19], where

p− = inf
n∈N

p(n) and p+ = sup
n∈N

p(n).

Now, we recall the following results on graphs from [24]. Let us consider an arbitrary

set V .

Definition 1.5.

(a): A digraph G is a pair G = (V,E) where E is a subset of the Cartesian product V ×V .

(b): The elements of V are called vertices or nodes of G

(c): The elements of E are the edges also called oriented edges or arcs of G.

(d): An edge of the form (V,V ) is a loop on V .

(e): Let G = (V,E) be a digraph. G is transitive if, for any x,y,z ∈ V such that (x,y) ∈ E

and (y,z) ∈ E, we have (x,z) ∈ E.

( f ): Let G = (V,E) be a digraph. G is reflexive if, ∆ = {(x,x);x ∈ V} ⊂ E. Otherwise,

every vertex has a loop.

Consider the digraph G = (V,E).

Definition 1.6. Let x,y be a vertex

1: x is said to be isolated if, for all vertex y such that y 6= x, we have neither (x,y) ∈ E nor

(y,x) ∈ E.

2: A path in G, from x to y, is a sequence of vertices p = (ai)0≤i≤n, n ∈ N∗ such that

a0 = x,an = y and (ai,ai+1) ∈ E, for all i ∈ {0,1, ...,n−1}. The integer n is the length

of the path p. If x = y and n > 1, the path p is called a directed cycle. An acyclic digraph

is a digraph which has no directed cycle.

3: We denote by y ∈ [x]G the fact that there exists a path in G connecting x to y.

Throughout this paper, we donate by (lp(.),G) the variable exponent sequence space lp(.) and

the digraph G = (V,E) such that V = lp(.). We define the G-monotonicity of sequences in lp(.)

as follows:

Definition 1.7. Let (xn)n be a sequence in V .
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1.: (xn)n is said to be G-increasing if, for all n ∈ N (xn,xn+1) ∈ E.

2.: (xn)n is said to be G-decreasing if, for all n ∈ N (xn+1,xn) ∈ E.

3.: (xn)n is said to be G-monotone, if it is either G-increasing or G-decreasing.

Now we recall a useful type of continuity of mappings.

Definition 1.8. [24] A self-mapping f on lp(.) is called orbitally G-continuous if for all x,y ∈V

and any seguence (kn)n∈N of positive integers

f knx−→ y and f knx ∈ [ f kn+1x]G =⇒ f ( f knx)−→ f y.

We conclude this section by the following Property (OSC):

Property: G satisfies the Property (OSC) if, for any G-monotone sequence (xn)n that ν-

converges to some x ∈V and where xn+1 ∈ [xn]G, it follows that x ∈ [xn]G for any n ∈ N.

2. MAIN RESULTS

In this section, we will prove some fixed point theorems for G-Kannan and G-Chatterjea

operators in the space lp(.) endowed with G.

Denote for any y∈ lp(.) the complete subgraph G[O f (y)] induced by the orbit O f (y) := { f ny :

n ∈ N}.

Let (lp(.),G) be a variable exponent sequence space with digraph G. We introduce G-

monotone G-Kannan mappings as follows:

Definition 2.1. The mapping f : lp(.) −→ lp(.) is called a G-monotone G-Kannan mapping if f

satisfies the following conditions:

•: f is G-monotone, that is, for every a,b ∈ lp(.)

b ∈ [a]G =⇒ f b ∈ [ f a]G.

•: f is G-Kannan, that is, there exists L ∈ [0, 1
2 [ such that every a,b ∈ lp(.)

b ∈ [a]G =⇒ ν( f a− f b)≤ L(ν( f a−a)+ν( f b−b)).

Theorem 2.2. Let C be a non empty ν-closed subset of lp(.) and f : C −→ C be a mapping.

Suppose that there exists y ∈ C such that ν( f y− y) < ∞ and f y ∈ [y]G. If f is G-monotone
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G-Kannan mapping and G satisfies the property (OSC), then the sequence ( f ny) ν-converges

to some point c ∈C. Moreover, c is the fixed point of f or ν( f c− c) = +∞.

Proof. Let y ∈ C. Suppose that ν( f y− y) < ∞ and f y ∈ [y]G. We will now establish the ν-

convergence of the sequence ( f ny)n. According to the ν-completeness of lp(.) it is enough

to show that ( f ny)n is a ν-Cauchy sequence. Due to the G-monotonicity, we can infer that

f 2y ∈ [ f y]G. By induction on n, we get f n+1y ∈ [ f ny]G, for all n ∈ N. Then ( f ny)n is a G-

monotone sequence. As f is a G-Kannan, there exists a constant L where L ∈ [0, 1
2 [ such that

ν( f n+1y− f ny)≤ L(ν( f n+1y− f ny)+ν( f ny− f n−1y)),

for any n ∈ N∗. Thus

ν( f n+1y− f ny)≤ L
1−L

ν( f ny− f n−1y),

for any n≥ 1. Set k = L
1−L , then

ν( f n+1y− f ny)≤ kν( f ny− f n−1y),

for any n≥ 1. Therefore,

ν( f n+1y− f ny)≤ kn
ν( f y− y), for any n ∈ N.

Since f n+1y ∈ [ f ny]G; f n+2y ∈ [ f n+1y]G;...; f n+hy ∈ [ f n+h−1y]G, then f n+hy ∈ [ f ny]G. Then,

since f is a G-Kannan mapping, we have

ν( f n+hy− f ny) = ν( f ( f n+h−1y)− f ( f n−1y)),

≤ L(ν( f n+hy− f n+h−1y)+ν( f ny− f n−1y)),

≤ L(kn+h−1− kn−1)ν( f y− y),

for all n ∈ N∗ and h ∈ N. Given that k < 1 and ν( f y− y) < ∞, it follows that ( f ny)n is a ν-

Cauchy sequence. Thus ( f ny)n ν-converges to some c ∈ lp(.). Since C is ν-closed subset of

lp(.), we get c ∈C.

Since G satisfies the property (OSC). And, since ( f ny)n ν-converges to some c ∈ C, then
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c ∈ [ f ny]G for any n.

Let n ∈ N∗. Since c ∈ [ f ny]G and f is G-Kannan mapping, then

ν( f ny− f c)≤ L(ν( f ny− f n−1y)+ν( f c− c)).

for any n≥ 1. Hence, for any n≥ 1

(1) ν( f ny− f c)≤ L(kn−1
ν( f y− y)+ν( f c− c)).

According to Fatou’s property, we obtain

ν( f c− c) ≤ liminf
n−→+∞

ν( f ny− f c),

≤ Lν( f c− c).

Assume that ν( f c− c)< ∞. As L < 1
2 , we have ν( f c− c) = 0.

Therefore, c is a fixed point of f . �

Example 2.3.

Consider ν as the modular convex defined on lp(.) by

ν(x) = ν((xn)n) =
∞

∑
n=0

1
p(n)
|xn|p(n).

And the non empty ν-closed subset C of lp(.) such that

C = {(xk,n)(k,n)∈N∗×N}∪{0},

where xk,n =
xn
k such that xn =

(1
2

) n
2 .

Let f be a self mapping defined on C by,

f x =
x
6

Consider the graph G on lp(.) such that, for any n ∈ N

E(G) = {(0,0)}∪{(0,(xk,n)) : k ∈ N∗}∪
{(

(xk1,n),(xk2,n)
)

: k1,k2 ∈ N∗ and k1 > k2
}
.
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For y = (x1,n) , we have

ν(y− f y) = ν

(
x1,n−

x1,n

6

)
,

= ν

(
x1,n

(
1− 1

6

))
,

=
+∞

∑
n=0

1
p(n)

∣∣∣∣(1− 1
6

)
x1,n

∣∣∣∣p(n) ,
=

+∞

∑
n=0

1
p(n)

∣∣∣∣∣56
(

1
2

) n
2
∣∣∣∣∣

p(n)

,

≤
+∞

∑
n=0

5
6

(
1
2

) n
2

.

Since ∑
+∞

n=0
(1

2

) n
2 < ∞ and 5

6 ∈ N∗ then, ν(y− f y)< ∞.

Also,

( f y,y) =
((x1,n

6

)
,(x1,n)

)
,

=
((x1,n

6

)
,
(x1,n

1

))
.

Then, ( f y,y) ∈ E(G). Hence, f y ∈ [y]G.

Therefore, there exists y ∈C such that ν(y− f y)< ∞ and f y ∈ [y]G.

One can see that, for n ∈ N, we have

( f 0, f 0) = (0,0) ∈ E(G).

And, (
f
(
xk1,n

)
, f
(
xk2,n

))
=

((
xn

6k1

)
,

(
xn

6k2

))
∈ E(G), for any k1,k2 ∈ N∗.

And,

( f (0)− f (xk,n)) =
(

0,
( xn

6k

))
∈ E(G), for any k ∈ N∗.

Then, for every (a,b) ∈ E(G), ( f a, f b) ∈ E(G).

Therefore, for every (a,b) ∈C

b ∈ [a]G =⇒ f b ∈ [ f a]G.
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Then f is G-monotone.

Let a,b ∈C such that b ∈ [a]G, then (a,b) ∈ E(G).

If (a,b) =
(
(xk1,n),(xk2,n)

)
, then

ν( f (xk1,n)− f (xk2,n)) = ν

(xk1,n

6
−

xk2,n

6

)
,

= ν

(
1
6

xn

k1
− 1

6
xn

k2

)
,

= ν

(
1
6

1
k1

(
1
2

) n
2

− 1
6

1
k2

(
1
2

) n
2
)
,

= ν

(
1
6

(
1
2

) n
2
(

1
k1
− 1

k2

))
,

=
+∞

∑
n=0

1
p(n)

∣∣∣∣∣16
(

1
2

) n
2
(

1
k1
− 1

k2

)∣∣∣∣∣
p(n)

,

=
+∞

∑
n=0

1
p(n)

(
1
6

(
1
2

) n
2
)p(n) ∣∣∣∣ 1

k1
− 1

k2

∣∣∣∣p(n) .
Hence,

ν( f (xk1,n)− f (xk2,n)) =
+∞

∑
n=0

1
p(n)

(
1
6

(
1
2

) n
2
)p(n) ∣∣∣∣ 1

k1
− 1

k2

∣∣∣∣p(n) .
On the other hand, we have

ν(xk1,n− f (xk1,n)) = ν

(
xn

k1
− 1

6
xn

k1

)
,

= ν

(
1
k1

(
1
2

) n
2

− 1
6

1
k1

(
1
2

) n
2
)
,

= ν

(
1
k1

5
6

(
1
2

) n
2
)
,

=
+∞

∑
n=0

1
p(n)

(
5
6

1
k1

(
1
2

) n
2
)p(n)

.

Then,

ν(xk1,n− f (xk1,n)) =
+∞

∑
n=0

1
p(n)

(
5
6

1
k1

(
1
2

) n
2
)p(n)

.
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Likewise,

ν(xk2,n− f (xk2,n)) =
+∞

∑
n=0

1
p(n)

(
5
6

1
k2

(
1
2

) n
2
)p(n)

.

And since (
1
k1

)p(n)

+

(
1
k2

)p(n)

≥
∣∣∣∣ 1
k1
− 1

k2

∣∣∣∣p(n) .
We have,

ν(xk1,n− f (xk1,n))+ν(xk2,n− f (xk2,n))

=
+∞

∑
n=0

1
p(n)

(5
6

1
k1

(
1
2

) n
2
)p(n)

+

(
5
6

1
k2

(
1
2

) n
2
)p(n)

 ,

=
+∞

∑
n=0

1
p(n)

(
5
6

(
1
2

) n
2
)p(n)((

1
k1

)p(n)

+

(
1
k2

)p(n)
)
,

≥
+∞

∑
n=0

5p(n) 1
p(n)

(
1
6

(
1
2

) n
2
)p(n) ∣∣∣∣ 1

k1
− 1

k2

∣∣∣∣p(n) ,
≥

+∞

∑
n=0

5
1

p(n)

(
1
6

(
1
2

) n
2
)p(n) ∣∣∣∣ 1

k1
− 1

k2

∣∣∣∣p(n) ,
≥ 5ν( f (xk1,n)− f (xk2,n)).

Then, for (a,b) =
(
(xk1,n),(xk2,n)

)
we have

ν( f a− f b)≤ 1
5
(υ(a− f a)+υ(b− f b)).

If (a,b) = (0,0), we have

ν( f a− f b) = ν( f 0− f 0) = 0.

Since

0≤ 1
5
(ν(a− f a)+ν(b− f b)),

then, for (a,b) = (0,0), we have

ν( f a− f b)≤ 1
5
(ν(a− f a)+ν(b− f b)).
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If (a,b) = (0,(xk,n)), we have

ν( f a− f b) = ν( f (0)− f (xk,n)),

=
+∞

∑
n=0

1
p(n)

∣∣∣xk,n

6

∣∣∣p(n) ,
=

+∞

∑
n=0

1
p(n)

∣∣∣ xn

6k

∣∣∣p(n) ,
=

+∞

∑
n=0

1
p(n)

∣∣∣∣15 5xn

6k

∣∣∣∣p(n) ,
≤ 1

5

+∞

∑
n=0

1
p(n)

∣∣∣∣56 xn

k

∣∣∣∣p(n) .
≤ 1

5
(υ(0− f (0))+υ(xk,n− f (xk,n))).

Then, for (a,b) = (0,(xk,n)), we have

ν( f a− f b)≤ 1
5
(ν(a− f a)+ν(b− f b)).

In all cases, ν( f a− f b) ≤ 1
5(ν(a− f a)+ ν(b− f b)), proving that f is a G-Kannan mapping

with constant L = 1
5 ∈ [0, 1

2 [.

(xk,n)k is G-monotone sequence, for
(( xn

k+1

)
,
(xn

k

))
∈ E(G) we have

((
xn

6(k+1)

)
,
( xn

6k

))
∈ E(G).

This sequence is ν-converging to 0 ∈C. Indeed,

ν(xk,n−0) =
+∞

∑
n=0

1
p(n)

∣∣∣∣∣1k
(

1
2

) n
2
∣∣∣∣∣

p(n)

,

≤
+∞

∑
n=0

1
k

(
1
2

) n
2

.

Since ∑
+∞

n=0
(1

2

) n
2 < ∞, then

1
k

+∞

∑
n=0

(
1
2

) n
2

−→ 0

when k −→+∞.

And,
(
0,(xk,n)

)
∈ E(G) for any k ∈ N∗. Then, G has the property (OSC).

From Theorem 2.2 f has a fixed point in C.

The following corollary is the modular version of the Kannan’s theorem in lp(.).
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Corollary 2.4. Let C be a non empty ν-closed subset of lp(.) and f : C −→C be a G-monotone

G-Kannan mapping where ν( f x−x)<∞ and f x∈ [x]G for any x∈C. If G satisfies the property

OSC then, for any y ∈C, the sequence ( f ny) υ-converges to the unique fixed point c of f .

Moreover, we have c ∈ [ f ny]G and the following hold:

ν( f ny− c)≤ Lkn−1
ν( f y− y),

for any y ∈C and n ∈ N∗, where k = L
1−L .

Proof. According to Theorem 2.2, we deduce the existence of the fixed point c of f . To prove

the uniqueness of this fixed point. Let c
′
be another fixed point of f . According to the inequality

(1):

ν( f ny− f c)≤ L(kn−1
ν( f y− y)+ν( f c− c)),

according to Fatou’s property, we obtain

ν(c− c
′
) = ν( f c− c

′
),

≤ liminf
n−→+∞

ν( f ny− f c
′
),

≤ Lν( f c
′
− c

′
).

Since c
′
is a fixed point of f , then ν( f c

′− c
′
) = 0.

which implies,

ν(c− c
′
) = 0.

Therefore, c = c
′
. This proves the uniqueness of the fixed point of f .

Again, by using the inequality (1) above combined with the Fatou’s property, we get

ν( f ny− c) ≤ L(kn−1
ν( f y− y)+ν( f c− c)),

≤ Lkn−1
ν( f y− y),

where k = L
1−L . Then,

ν( f ny− c)≤ Lkn−1
ν( f y− y),

for any y ∈C and n ∈ N∗. �

Now, let introduced the G-monotone G-Chatterjea mappings as follows:
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Definition 2.5. The mapping f : lp(.) −→ lp(.) is called a G-monotone

G-Chatterjea mapping if f satisfies the following conditions:

(a): f is G-monotone, that is, for any a,b ∈ lp(.)

b ∈ [a]G =⇒ f b ∈ [ f a]G.

(b): f is G-Chatterjea, that is, there exists 0 < L < 1
α
≤ 1

2 such that every a,b ∈ lp(.)

b ∈ [a]G =⇒ ν( f a− f b)≤ L(ν( f a−b)+ν(a− f b)),

where α is the constant of ∆2-condition.

Theorem 2.6. Let C be a non empty ν-closed subset of lp(.) and f : C −→ C be a mapping.

Suppose there exists y ∈ C such that ν( f y− y) < ∞ and f y ∈ [y]G. If f is G-monotone G-

Chatterjea mapping and ν satisfying the ∆2-condition, then the sequence ( f ny)n ν-converges to

some c ∈C.

Morever, if f is orbitally G-continuous and G satisfies the property (OSC) with ν( f c− c)< ∞

then c is a fixed point of f .

Proof. Let y ∈ C. Suppose that ν( f y− y) < ∞ and f y ∈ [y]G. We will now establish the ν-

convergence of the sequence ( f ny)n. According to the ν-completeness of lp(.) it is enough to

show that ( f ny)n is a ν-Cauchy sequence. Since f is a G-monotone then f 2y ∈ [ f y]G. By

induction on n, we get f n+1y ∈ [ f ny]G, for all n ∈ N. Then ( f ny)n is a G-monotone sequence.

Since f is a G-Chatterjea mapping there exists 0 < L < 1
α
≤ 1

2 such that

ν( f n+1y− f ny) ≤ L(ν( f n+1y− f n−1y)+ν( f ny− f ny)),

≤ Lν( f n+1y− f n−1y),

for any n≥ 1. We have,

ν( f n+1y− f n−1y) = ν

(
1
2

2( f n+1y− f ny)+
1
2

2( f ny− f n−1y)
)
,

≤ 1
2

ν(2( f n+1y− f ny))+
1
2

ν(2( f ny− f n−1y)),

≤ 1
2

αν( f n+1y− f ny)+
1
2

αν( f ny− f n−1y),
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for any n≥ 1. Then,

ν( f n+1y− f ny)≤ αL
2

ν( f n+1y− f ny)+
αL
2

ν( f ny− f n−1y),

for any n≥ 1. Hence,

ν( f n+1y− f ny)≤
αL
2

1− αL
2

ν( f ny− f n−1y),

for any n≥ 1. Set k =
αL
2

1−αL
2

, then

ν( f n+1y− f ny)≤ k ν( f ny− f n−1y),

for any n ∈ N∗. Therefore,

ν( f n+1y− f ny)≤ kn
ν( f y− y),

for any n ∈ N∗. Since f n+1y ∈ [ f ny]G; f n+2y ∈ [ f n+1y]G;...; f n+hy ∈ [ f n+h−1y]G then f n+hy ∈

[ f ny]G. Then, since f is G-Chatterjea mapping, we have

ν( f n+hy− f ny) = ν( f ( f n+h−1y− f ( f n−1y),

≤ L(ν( f n+hy− f n−1y)+ν( f n+h−1y− f ny)),

for any n≥ 1 and h ∈ N. Since,

ν( f n+hy− f n−1y) = ν( f n+hy− f ny+ f ny− f n−1y),

= ν

(
1
2

2( f n+hy− f ny)+
1
2

2( f ny− f n−1y)
)
,

≤ 1
2

ν(2( f n+hy− f n))+
1
2

ν(2( f ny− f n−1y)),

≤ α

2
ν( f n+hy− f ny)+

α

2
ν( f ny− f n−1y,)

≤ α

2
ν( f n+hy− f ny)+

α

2
kn

ν( f y− y),

for any n≥ 1 and h ∈ N. And,

ν( f n+h−1y− f ny) = ν( f n+h−1y− f n+hy+ f n+hy− f ny),

= ν

(
1
2

2( f n+h−1y− f n+hy)+
1
2

2( f n+hy− f ny)
)
,

≤ 1
2

ν(2( f n+h−1y− f n+hy))+
1
2

ν(2( f n+hy− f ny)),
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≤ α

2
ν( f n+h−1y− f n+hy)+

α

2
ν( f n+hy− f ny),

≤ α

2
kn+h−1

ν( f y− y)+
α

2
ν( f n+hy− f ny),

for any n≥ 1 and h ∈ N. Then,

ν( f n+hy− f ny) ≤ L(ν( f n+hy− f n−1y)+ν( f n+h−1y− f ny)),

≤ Lα

2
ν( f n+hy− f ny)+

Lα

2
kn

ν( f y− y)+
Lα

2
kn+h−1

ν( f y− y)

+
Lα

2
ν( f n+hy− f ny),

for any n ∈ N∗ and h ∈ N. Hence,

ν( f n+hy− f ny)− Lα

2
ν( f n+hy− f ny)− Lα

2
ν( f n+hy− f ny)≤ Lα

2
(kn + kn+h−1)ν( f y− y),

for any n ∈ N∗ and h ∈ N. Thus,

(1−Lα)ν( f n+hy− f ny)≤ Lα

2
(kn + kn+h−1)ν( f y− y),

for any n ∈ N∗ and h ∈ N. Therefore,

ν( f n+hy− f ny)≤
Lα

2
(1−Lα)

(kn + kn+h−1)ν( f y− y),

for any n ≥ 1 and h ∈ N. Given that k < 1 and ν( f y− y) < ∞, it follows that ( f ny)n is a ν-

Cauchy sequence. Then, ( f ny)n ν-converges to some c ∈ lp(.). Since C is a ν-closed subset of

lp(.), we get c ∈C.

Consider that G fulfills the property (OSC) and ν( f c− c)< ∞.

As f ny ∈ [ f n+1y]G and ( f ny)n ν-converges to c ∈C, we have c ∈ [ f ny]G for any n ∈N. Since f

is G-Chatterjea, then

ν( f ny− f c)≤ L(ν( f ny− c)+ν( f n−1y− f c)).

By using the Fatou’s Property, we have

ν(c− f c) ≤ liminf
n−→+∞

ν( f ny− f x),

≤ L liminf
n−→+∞

ν( f ny− c)+L liminf
n−→+∞

ν( f n−1y− f c).
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Consider that f is orbitally G-continuous. Since ( f n−2y) ν-converges to c and f n−2y ∈

[ f n−1y]G, then f ( f n−2y) ν-converges to f c.

Which implies,

ν( f n−1y− f c)−→ 0,

when n−→+∞. Hence,

ν(c− f c)≤ 0.

Since ν : lp(.) −→ [0,+∞), then

ν(c− f c) = 0 =⇒ c− f c = 0,

=⇒ c = f c.

We conclude that c is a fixed point of f . �
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