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Abstract: In this paper, we introduce (A, @)-interpolative and (4, a, 8)-interpolative Kannan type contractions
and establish some fixed-point theorems in bipolar metric spaces. Additionally, these theorems expand and apply
a number of intriguing findings from metric fixed-point theory to the bipolar metric setting.
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1. INTRODUCTION

Metric fixed-point theory is gaining prominence in mathematics as a result of its
extensive applications in the areas of applied mathematics and the sciences. The use of fixed-
point theory to the study of non-linear processes has many advantages. There are numerous
generalizations of the idea of a metric space in literature. Mutlu and Gurdal [3] presented one

of the most recent generalizations, the bipolar metric space, with the idea that distances
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frequently occur between elements of two distinct sets rather than between points of a single

set in real-world applications. Bipolar metrics were created to define these different distances
as a result. Examples of fundamental distances include those between lines and points in a
Euclidean space, those between points and sets in metric spaces, those between a class of
students and a group of activities, lifetime mean distances between individuals and locations,
and many more. On fixed-point in bipolar metric spaces, numerous researchers have written
numerous publications that can be found, to mention a few, in [2, 3, 4, 6, 7, 8, 9, 16] and the
references therein. The existence and advancement of fixed-point theorems are a result of this
novel idea of generalization and improvement of metric spaces. In light of this, bipolar metric
fixed-point theory is a current study subject that is receiving a lot of interest and appears to
have a bright future.

In 1968, Kannan introduced an interesting type of contraction mapping which is not

continuous and it poses a fixed-point [11]. Kannan's theorem asserts that if (2, A) be a

complete metric space and let I': 24 — A be a mapping such that there exists k < %satisfying

A(Tp,Tq) < k[A(p,Tp) + A(q,Tq)] (1.1)
for all p,q € A. Then, T' has a unique fixed-point r € .

Kannan's theorem has been generalized in different ways by many authors (see [10,
13-15]); one of the latest generalizations was given by Karapinar in [5]. Karapinar introduced
a Kannan type contraction mapping called interpolative Kannan type contraction and proved a
fixed-point result on it.

Definition 1.1 (see [5]) Let (A, A) be a metric space. A self-mapping I': (2, A) -
(A, A) is said to be an interpolative Kannan type contraction if there exist a constant A €

[0,1),« € (0,1) such that

A(Tq,Tp) < A(A(p, TP))“(aTq, ) ™ (1.2)
Theorem 1.2 (see [5]) Let (U, A) be a complete metric space and I': (2, A) — (U, A) be

an interpolative Kannan type contraction mapping. Then, I' has a unique fixed-point.
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In this article, we introduce the so-called (A, ) -interpolative and (4, a,p) -
interpolative Kannan contractions and establish the reality of fixed-point s for contravariant
mappings on bipolar metric spaces. We demonstrate how some well-known classical

conclusions can be readily recovered under the choice of convenient constants.

2. PRELIMINARIES

Throughout this essay, the terms N and R refer to the sets of all positive integers and
the sets of all real numbers, respectively. To specifically denote the set of all positive real
numbers, we write RT = [0,+o). We go through some basic ideas and definitions in
mathematics to make this paper self-sufficient.

Definition 2.1 (see [3]) Let A and B be non-empty sets. A function A: A x B - R* is
a bipolar metric on the pair (2, B), if it satisfies the following conditions:

(b1) A(p,q) = 0 & p = q, whenever (p,q) € (U, B).

(b2) A(p,q) = A(q, p), whenever p,q € AN B.

(b3) A(p1, q2) < APy, q1) + A2, q1) + A2, 92),V 1, P, EAand V qq,q, € B.

The triple (U, B, A) is called a bipolar metric space. In specifically, a space is said to
be disjointed if A N B = @, and joint otherwise. The left pole and the right pole of (2, B, A)
are the sets 2 and B, respectively.

Example 2.2 (see [3]) Consider the case when (21, A) is a metric space. Consequently,
(U, 2, A) is a bipolar metric space. But if (2,8, A) is a bipolar metric space with 2 = 8B, then
(A, A) is a metric space.

Definition 2.3 (see [3]) Let (2, B, A) be a bipolar metric space. Then,

1) A = set of left points; B = set of right points; AN B = set of central points. In
particular, if 2t N B = @, the space is called disjoint, and otherwise it is called joint.
Unless otherwise stated, we shall work with joint spaces.

2) A sequence (p,,) on the set A is called a left sequence, and a sequence (gq,) on B is
called a right sequence. In a bipolar metric space, a left or a right sequence is called

simply a sequence.
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3) A sequence (p,) is said to be convergent to a point p if and only if (p,,) is a left

sequence, lim A(p,p) = 0and p € B, or (p,,) is a right sequence, lim A(p,p,) =0
n—->0oo n—->0oo

and p € 2.

4) A bisequence (p, g,) on (U, B, A) is a sequence on the set A x B. Furthermore, if the
sequences (p,,) and (q,) are convergent, then the bisequence (p,, q,,) is said to be
convergent. In addition, if (p) and (q,,) converge to a common point r € 2L N B, then
(pn, qy) is called biconvergent.

5) A bisequence (p,, qy) is a Cauchy bisequence if lim A(p,, g,,) = 0.
n—oo

6) A bipolar metric space is called complete if every Cauchy bisequence is convergent,
hence biconvergent.
Example 2.4 (see [3]) Assume that 8B is the class of all nonempty compact subsets of
R and that 2 is the class of all singleton subsets of R. We define A: A x B - R*as A(p, A) =
|p — inf(A)| + |p — sup(A4)|. The triple (U, B, A) is a complete bipolar metric space.
Definition 2.5 (see [3]) Let (U;, B;) and (A,, B,) be two pair of sets. A map I': A, U
B, - A, U B, is called
1) covariantif I'(2A,) € A, and I'(B,) € B,, and it is denoted as I': (A4, B;) 3 (A, B,).
2) contravariant if I'(A;) € B, and I'(B;) € A,, and it is denoted as I': (A, B;) 2
(A3, B,).
Definition 2.6 (see [3]) A covariant or a contravariant map I" from the bipolar metric
space (U,, B;,A;) to the bipolar metric space (U,, B,, A,) is continuous, if and only if p,, —

q on (A4, B, A,) implies T'(p,,) = I'(q) on (A, B,, A,).

3. MAIN RESULTS

We start with the following definitions.

Definition 3.1 Let (U, B, A) be a bipolar metric space and I': (2, B,A) 2 (A, B,A) a
contravariant self-map. We shall call I' a (4, @)-interpolative Kannan contraction, if there

exist A € [0,1),a € (0,1) such that
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A(rq,Tp) < (A, Tp)) (AT, )"~ (3.1)
forall (p,q) € A x B, withp # q.

Definition 3.2 Let (A, B, A) be a bipolar metric space and I': (U, B,A) 2 (U, B,A) a
contravariant self-map. We shall call T a (4, a, B)-interpolative Kannan contraction, if there
exist A € [0,1),a,B € (0,1), a + B < 1 such that

A(Tq,Tp) < A(8(p, Tp)) (A, )" (3.2)
forall (p,q) € A x B, with p # q.

Theorem 3.3 Let (U, B,A) be a complete bipolar metric space and I': (2, B,A) 2
(A, B,A) be a contravariant continuous (A4, @) -interpolative Kannan contraction with A €
[0,1),a € (0,1). Then, I': A U B - A U B has a unique fixed-point.

Proof: Let p, € A and q, € B; for each nonnegative integer n, we employ one of the

iterative approaches described below to define sequences {p,} and {q,,}:

n = Ibn, Pne1 = Tqn (3-3)

Then, we have
A(Pn 4n) = DT Gn-1,Tpn)
< (8@ TP) (AT Gpor, dn1))
= 280 3) (AW 4n-1)
e (8@nan) " < ABMwa-)) (34)

Hence

A(Pn, qn) < 41=2A(Pn, Gn-1) < AA(Pn, Gn-1) (3.5)
for all integer n > 1.

We also acquire
A(pn: Qn—l) = A(FCIn—lf Fpn—l)
a 1-a
< A(A(pn—lf Fpn—l)) (A(FQn—L Qn—1))

= A(A(pn—lr qn—l))a(A(pn' qn—l))l—a
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Hence

(A(pn' Qn—l))a < A(A(pn—li Qn—l))a (3-6)

AP A1) < AB@Pr1,Gn-1) < AAPr_1,Gn_1)
for all integer n > 1. Moreover, it is easy to see that
APn, qn) < 2" A(Do, q0),
A(Pr Gn-1) < A" Ao, q0). 3.7)
Hence, for all positive integers m and n, we have

(1) If m > n, we have

A(Pn, qm) < APn qn) + A(Pni1, qn) + APrs1, )
< 22"A(Po, qo) + A AP0, Go) + APrs1s Gm)
< (A* 4+ 27D A(po, q0)
+APn+1 Gni1) + APn+2, Gue1) + APz, Gm)
< (A" + 22D Ao, qo) + (A2 + 22M3)A(po, 90)
+ADn+2) Gm)

< (A% 4 AL 4 R2nd2 4 2238 4 220 A (g, )

1_/12(m—n)+1

)A(po,qo) — 0asm,n — oo, since 1 < 1.
(2) f m < n, we have

APn qm) < APm+1, Gm) + APm+1, Gm+1) + BPr Gms1)
< 2M1A(po, o) + A2 2A(po, Go) + AP, Gme1)
< (BP™ + 222 A(Do, 40) + APy Gmer)
< (/12m+1 +2Mm+2 4oy lz(m_n_l))A(po,qo)

1_lz(m—n)+1

— 12m+1
=4 ( 1-1

)A(po, qo) = 0asm,n - oo, since 1 < 1.

This indicates that A(p,,, g,,) can be made arbitrarily small by large m and n, and

hence (p,, ¢.n) is a Cauchy bisequence in (U, B). The bisequence (p,, g.n) biconverges to
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some p* € A N B such that 1113}10 Pn = 1113}10 qn = p* due to the completeness of (2, B, A). Also

lim I'p,, = lim q,, = ¢* € D N € implies that I'p,, has a unique limit p*, and p,, = p*. Now,
n—-oo

n—00
I'p, — p* is implied by the continuity of I'. Consequently, I'p* = p*.

We shall now prove the uniqueness of the fixed-point. If g* € A N B is another fixed-
point of [, that is, T'q* = g*, then we get

Mg p*) = ACTq",Tp") < A(8(p", Tp") (8T, 4)
< 2(AG",p))"(Ala" 47) ) (38)

Therefore, A(q*,p*) < 0, and hence, p* = q".

Theorem 3.4 Let (2, B,A) be a complete bipolar metric space and I': (2, B,A) 2
(U, B, A) be a contravariant continuous (4, a, §)-interpolative Kannan contraction with A €
[0,1),a,B € (0,1). Then, I: A U B — A U B has a unique fixed-point.

Proof: Following the steps of proof of Theorem 3.3, we construct the sequences {p,,}
and {qg,} by iterating

dn = I'bny Pns1 = Iqn,

where p, € A and q, € B are arbitrary starting points. Then, we have
AP, 4n) = AT Gn-1,TpPn)
< /(AP Tp)) (A1, 4n-1))"
= (80w 1)) (A Gn1)’ (3.9)

Since f < 1 — a, we have

(AP 4)" " < ABPw @n-1))’ < A(BWBw an-1))' "

Apn, qn) < 21-aA(Pn, Gn-1) < APy, qn-1) (3.10)
for all integer n > 1.

We also acquire

A(pn' qn—l) = A(FQn—lr Fpn—l)
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a B
< MAPn-1,TPn-1)) (ATqn-1,qn-1))

= A(A(pn—l' Qn—l))a(A(p"’ q"_l))ﬁ

Since a < 1 — B, we have

(AP 4)" " < 2B 4n-1))” < ABPw gn-)' "

1
APn, qn) < A17FA(Dn, Gn-1) < AA(Pn, Gn-1) (3.11)
for all integer n > 1.
As already elaborated in the proof of Theorem 3.3, the classical procedure leads to the

existence of a unique fixed-point g* € A N B.
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