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Abstract: In this paper, we prove certain coupled fixed point theorems for generalised mappings of the kind (y, ¢)-
contraction in complete Gp-metric spaces with partial order. Our findings are supported by a concrete illustration.
We also provide a practical application of these findings to the resolution of integral equations, matrix equations,
and homotopy theory.
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1. INTRODUCTION

Today, mathematics and the practical sciences both heavily rely on the fixed point theory.
The fixed point theory’s most basic assumption is the Banach contraction principle [1]. As a
result, it has been expanded by other mathematicians, who are also interested in fixed point
theory in diverse metric spaces. Recently, it was discussed in ([2]-[9]) and references therein
whether fixed points for contraction type mappings in partially ordered metric spaces existed.
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Applications to matrix equations, ordinary differential equations, and integral equations were
also discussed.

In [4], Bhaskar and Lakshmikantham introduced the concepts of coupled fixed points and
mixed monotone mappings, demonstrated various fixed point theorems for coupled fixed points
for mixed monotone mappings, and talked about the existence and uniqueness of solutions for
periodic boundary value issues. In [8], Lakshmikantham and Ciri¢ developed coupled coin-
cidence and common fixed point theorems, which extend the theorems from [4]. They also
proposed the idea of a mixed g-monotone mapping. Following that, certain coupled fixed point
and coupled coincident point theorems in partially ordered metric spaces were provided, along
with examples of how they applied to integral equations in ([10]-[14]).

As a generalisation of metric spaces, S. Czerwik presented the idea of b-metric spaces [15].
A generalised metric space, often known as a G-metric space, was defined by Mustafa and Sims
[16]. On the other hand, Aghajani et al. [17] introduced the idea of G,-metrics, which is known
as a generalised b-metric space. There have also been important studies on G,-metric spaces,
as can be seen in ([18]-[29]).

In this paper,, For mixed g-monotone mappings obeying generalised (y, ¢)-contractions in
partially ordered Gj-metric spaces, we demonstrate coupled coincidence and common fixed
point theorems. Our findings combine, generalise, and enhance a number of previously re-
ported findings in the literature. Additionally, an application to homotopy, matrix equations,
and integral equations is provided.

First, let’s review the important concepts of Gj,-metric spaces.

2. PRELIMINARIES

Definition 2.1: ([17]) Let 2 be a non-empty set and k > 1be a given real number. Suppose

Gp: 2 x 2 x 2 — [0,) be a function satisfying the following properties:

go0) Gp(p,t,0)=0if p =1 =0;

g1) 0 < Gy(p,p,7) forany p,t € 2 with p # T;

(%0)
(1)
(g2) if Gp(p,p,T) < Gp(p,t,0) forall p,7,0 € 2 with T # o,
(3)

g3) Gp(p,1,0) = G,(P|p, ,0]), where P is a permutation of p, T, (symmetry);
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(g4) Gp(p,t,0) <x(G(p,s,5)+G(g,7,0)) forall p,7,0,¢ € 2 (rectangle inequality)
then Gy, is said to be a G,-metric on 2 and pair (2,G),) is said to be a Gj-metric space or G,
is called a generalized b-metric .
Remark 2.2: It should be noted that the class of Gj-metric spaces is effectively larger than
that of G-metric spaces. Indeed, each G-metric space is a Gp-metric space with Kk = 1. The

following example shows that a Gj,-metric on 2 need not be a G-metric on 2.

Example 2.3: ([17]) Let (2,G) be a G-metric space. Consider G,(p,7,0) = (G(p,7,0))",
where s > 1 is a real number. Then, Gy, is a Gj-metric with k¥ = 2°~!, it is proved that (2, G)

is not necessarily a G-metric space.

Definition 2.4: ([17]) A G- metric space (2, G},) is said to be symmetric if
Gb(l),'t,f) :Gb<r7pap) VP,T €2.
Definition 2.5: ([17]) Let (2,G;,) be a G)-metric space, then for pg € 2, 6 > 0, the Gj-ball

with center pg and radius 9 is
Bg,(po.6) ={1€ 2:Gy(po,7,7) <8}

Definition 2.6: ([17]) Let 2 be a G,-metric space. A sequence {p,} in 2 is called:

(a) G,-Cauchy sequence if for every € > 0, there is an integer ny € Z™* such that for all
i, j,k > no, Gy (pi, pj px) < €.
(b) Gp-convergent to a point p € 2 if for each € > 0, there is an integer ng € Z* such that
for all i, j > no, Gy, (pi, pj,p) < €.
A Gp-metric space on 2 is said to be G,-complete if every Gp-Cauchy sequence in 2 is Gj-
convergent in 2.
Lemma 2.7: ([28]) If (2,G)) be a Gp-metric space with ¥ > 1 and suppose that {a,} is a

Gy-convergent to ¢, then we have

%Gb(aaﬁaﬁ) < r}grololnf Gh(an7ﬁ7ﬁ> < ’}anosqub(anvﬁ7ﬁ) < KGb(a7ﬁ7ﬁ)'

In particular, if oo = 3, then we have lim Gy(a,,, 3,B) =0.
n—soo

For more properties of a Gp,-metric we refer the reader to ([17], [28]).
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Definition 2.8: ([4]) Let 2 be a nonempty set and let F : 2> — 2 be a mapping. An element
(p,7) is called a coupled fixed point of F if for p,7 € 2

F(p,) P
F(z,p) T
Definition 2.9: ([8]) Let F : 2°> — 2 and f: 2 — 2 be two mappings. An element (p, T) is

said to be a coupled coincident point of F and f if

F(p,7) fp
F(7,p) Vi

Definition 2.10: ([8]) Let F : 2% — 2 and f : 2 — 2 be two mappings. An element (p, T) is

said to be a coupled common point of F' and f if

F(p,T) fp p

F(7,p) [t T
Definition 2.11: ([8]) Let £ be a non-empty set. Then we say that the mappings
F:2°— 2and f: 2 — 2 are commutative if for all p, 7 € 2 such that fF (p,t) =F (fp, f7)

and fF (t,p,) = F (f1.fp).
Definition 2.12: ([4]) Let (2, <) be a partially ordered set and a mapping F : 2> — 2 is
said to have the mixed monotone property if F (¢, ) is monotone non-decreasing in & and is

monotone non-increasing in B, that is for any o, 8 € 2,

o < OC2:>F(OC1,[3) §F(O€2,ﬁ) for o, 00 € 2,
ﬁ1 §ﬁ2:>F(OC,ﬁ2) SF(OC,[)H) fOfﬁ],Bz c 9.

Definition 2.13: ([8]) Let (2, <) be a partially ordered set and F : 2> — 2, g: 2 — 2 be
mappings. The mapping F is said to have the mixed g-monotone property if F' is monotone g-
non-decreasing in its first argument and is monotone g-non-increasing in the second argument,

that is, for any o, € 2,

goy <gon=F(a,B) <F(a,p) for aj, o0 € 2,

gBi < gB= F(a,B) <F(a,pB) for B1,B; € 2.
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Now we prove our main result.

3. MAIN RESULTS

Let (2,<) be a partially ordered set and G, be a Gjp-metric on 2 such that (2,G,) is a
complete Gp,-metric space. Also the product space 2 x 2 endowed with the following partial
order:

(u,v) < (x,y) <= x>u, y<v for (u,v),(x,y) € 2 x 2.

Theorem 3.1: Let (2, <) be a partially ordered set and suppose there is a Gj-metric G, on
2 such that (2,G,) is a complete G,-metric space. Suppose F : 22 — 2, g: 2 — 2 are
such that F is continuous and has the mixed g-monotone property. Assume also that there exist
Y : [0,00) — [0,00) is continuous, monotonically non-decreasing and ¢ : [0,00) — [0, 00) is lower

semi-continuous with y(r) = 0 = ¢(¢) if and only if r = 0, such that

(1) v (kG (F(a,b),F(x,y),F(x,y))) < ¥ (M(a,b,x,)) — ¢ (M(a,b,x,y))

where

| >

M(a,b,x,y) = = (Gp(ga,gx,gx)+Gy(gb,gy,8y))
Gb(gavF(avb)7F(a7b))Gb(gx7F(xvy)7F(x7y))
+E 14+-Gy(ga,gx,gx)
2 n Gy (8b,F (b,a),F (b,a))Gyp,(gy,F (y.x),F (yx))
14+Gy,(gb,gy,gy)

for all x,y,a,b € 2 for which ga < gx and gy < gb and A, u are nonnegative real numbers with
A +u < 1. Suppose F(2?) C g(2), g is continuous and commutes with F. If there exist
ap,by € 2 such that gag < F(ag,bo) and gbg > F(bg,ap) then there exist a,b € 2 such that
F(a,b) = ga and F(b,a) = gb that is, F and g have a coupled coincidence point.

Proof Let ag,by € 2 such that gag < F(ag,by) and gby > F(bg,ap).

Since F(2?) C g(2), then we can choose a;,b; € 2 such that
(2) gay = F(ao,bo) and gby = F (b, ao).

Taking into account F(2?) C g(2), by continuing this process, we can construct sequences

{an}, {by} in 2 such that

(3) 8ap+1 = F(“pabp) and gbp+1 = F(bpaap)-
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‘We shall show that
4) gap < gapyy and gb, 1 < gb, for p=0,1,2,---

For this purpose, we use the mathematical induction. Since, gag < F(ag,bp) and
gbo > F(bg,ap) then by (2), we get gap < ga; and gby > gb; that is, (4) holds for p = 0.
We presume that (4) holds for some p > 0. As F has the mixed g-monotone property and

gap < gapy1 and gb, 1 < gb,
gap1 = F(ap,bp) < Flapi1,bp) < F(api1,bpi1) = gapi2
8bpi2=F(bpy1,api1) S F(bpii,ap) < F(bp,ap) =gbpyi.

Thus, (4) holds for any p € N. Assume for some p € N, ga, = ga, 1 and gb, = gb, then,

by (4), (ap,bp) is a coupled coincidence point of F and g. From now on, assume for any p € N

that at least ga,, # ga, 1 or gb, # gb,11.
Due to (1)

w(2K4Gb(gap7gap+lagap+l)) = W(2K4Gb (F<ap—labp—l)vF(apvbp)vF(apvbp)))

< '//(M@pfl’bpflvapabp)) -0 (M(ap,l,bp,l,ap,bp))

where
A
M(ap—1,bp-1,ap,bp) = 2 (Go(8ap-1:8ap.8ap) + Gy(8bp-1.8bp. 8by))
Gp(8ap-1,F(ap-1,bp-1).F(ap-1,bp-1))Gb(8ap,F(ap,bp).F(ap.bp))
14+Gp(gap—1.8ap.gap)
u
i)
+Gb(gbp—l,F(bp—l7“p—1)7F(bp—17“17—‘))Gb(gbp’F(bp’ap)’F(bp’ap))
1+Gb(gbp717gbpvgbp)
A
< 5(Gb(g“pfl,gapagap)“‘Gb(gbl’*l’gbl”gbp))
u
—f—? ( Gp(8ap,8ap+1,8ap+1) + Gu(8bp, 8bp+1,8bp+1) ) ’
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Therefore,

v (2x*Gy(gap,gapi1,8ap11))

% (Gb(gap—lagapvgap) + Gb(gbp—l 7gbp;gbp))

IN

14
+%< Gy(gap,gap1,8ap+1) +Gp(gbp,8bpy1,8bp11) )

¢ % (Gb(gapflagapygap) +Gb<gbpflagbpagbp))
+% < Gb(gapagap+lygap+l)+Gb(gbp»gbp+lagbp+l) >

% (Gb(gap—lagapvgap) + Gb(gbp—l 7gbp;gbp))

IN

U
+§< Gp(gap,8ap+1,8ap+1) + Gp(gbp,8bp+1,8bp+1) )

By the property of y, we have that

A
Gol(sap.8aps1,8ap+1) < g (Go(8p-1,82p.8%p) + Go(gbp-1,8bp8by))
454
u
(5 +me(gbpagbp+l7gbp+l)'
414
Similarly, we have
A
Gb(gbpagbp+l7gbp+l) < m(Gb(gapfhgapagap)+Gb(gbp*17gbp7gbp))
414
(6) +——H G (gap,ga api1)
4%(1—%) b\84p,8Ap+1,80p+1)-

Using (5), (6) and letting { = 5 Kfiu < 1 to obtain

Gb(gapagap+l7gap+1) + Gb(gbp7gbp+lagbp+1)
< C (Gb(gapflagapagap) + Gb<gbp717gbpagbp))

< *(Gpgap—.8ap-1,8ap—1) + Gp(gbp—2,8bp—1,8bp-1))

< CP (Gb(ga07gal7gal) +Gb(gb07gblagbl)) —0as p —r .
Therefore

Gy(gap,gapr1,8ap+1) < &P (Gy(gao,ga1,gar) + Gy(gbo,gb1,8b1)) — 0as p — oo
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and

Gp(gbp,8bpi1,8bp1) < P (Gp(gao,gar,gar)+ Gy(gbo,gbi1,gb1)) — 0 as p — oo,

By use of the rectangle inequality, for g > p, we get

Gy (gapagaqygaq>

<

IN

IN

IN

IN

IN

K (Gp (gap;gap11,8ap11) + Gy (8ap 11,804, 894))
KGp (8ap,8aps1,8ap+1)
+k% (G (8ap+1,8ap+2,8ap+1) + Gp (8ap+2,8a4,804)) »
KGy (8ap, 8ap+1,8ap+1) + K*Gp (8ap12,8ap+2,80p+1)
++ k171G (gag-1,8a4,8a4) |

Gb(ga()agalagal)
+Gb(gb07gb17gbl)

(KCP + k2P o g 1ga

Gp(gao, gai,gar)
+Gy(gbo,gb1,8b1)

(KCP+K2Cp+l+K3€p+2+”')

gr Gy(gao,gai,gar)
1

= —0as p— oo
x =S\ +Gy(gbo,gb1,gb1)

By similar arguments, we obtain Gy (gbp,gbg,8bs) — 0as p,g — oo. This shows that

{ga,},{gbp} are Cauchy sequences in the G,-metric space (2,G}). Since (2,G),) is com-

plete, there exist a,b € 2 such that

(7) I}grgogap =a ,}E&gbl’ =b.

From (7) and the continuity of g, we have

®) lim g(gay) =ga  lim g(gb)) = gb.

p—eo

From (3) and the commutativity of F and g, we have

€))

g(gap+1) = g(F(ap,bp)) = F(gap,gbp) and g(gby+1) = g(F(bp,ay)) = F(gbp,8ap).
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Now we shall show that ga = F(a,b) and gb = F(b,a). By letting p — oo in (10), by (7), (8)
and the continuity of F', we obtain
ga= lg{}og(gapﬂ) = I}g{}og(F(ap?bp)) = I}E{}OF(gap»gbp) = F(a,b)
and gb = lim g(gbp.1) = lim g(F(bp,ap)) = lim F(gbp,gap) =F(b,a).
We have proved that ' and g have a coupled coincidence point. This completes the proof of

Theorem 3.1.

In the following theorem, we omit the continuity hypothesis of F. We need the following

definition.
Definition 3.2: Let (2, <) be a partially ordered G,-metric set and G, be a Gp-metric on 2.
We say that (2, Gy, <) is regular if the following conditions hold:

(a) if non-decreasing sequence a, — a, then a,, < a for all p,

(b) if non-increasing sequence b, — b, then b < b, for all p.
Theorem 3.3: Let (2,<) be a partially ordered set and Gj, be a G,-metric on 2 such that
(2,Gy,<) is regular. Suppose F : 22 — 2, g: 2 — 2 are such that F has the mixed g-
monotone property. Assume also that there exist y : [0,00) — [0,00) is continuous, monotoni-
cally non-decreasing and ¢ : [0,00) — [0,00) is lower semi-continuous with y(z) =0 = ¢(¢) if

and only if t = 0, such that

W (26%Gy (F(a,b), F (x,), F (x,))) < ¥ (M(a,b,x,y)) — ¢ (M(a,b,x,y))

where
A
M(a,b,x,y) = = (Gp(ga,gx,8x) +Gp(gb,8y.87))
Gb(gavF(avb)7F(a7b))Gb(gx7F(~x>y)7F(~x>y))
_|_E 1+Gb(gavgx7gx)
2 +Gb(gva(bva)7F(b7a))Gb(gva(y7x)7F(y7x))
1+Gp,(gb,8y.8y)

for all x,y,a,b € 2 for which ga < gx and gy < gb and A, i are nonnegative real numbers with
A+ < 1. Suppose F(2?) C g(2) and (g(2),Gy,) is a complete G,-metric space. If there
exist ag, by € 2 such that gag < F(ag,bo) and ghy > F(bg,ap) then there exist a,b € 2 such

that F(a,b) = ga and F (b,a) = gb that is, F and g have a coupled coincidence point.
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Proof: Proceeding exactly as in Theorem 3.1, we have that {ga,}, {gb,} in 2 are Cauchy

sequences in the complete Gp-metric space (g(2),Gp). Then, there exist a,b € 2 such that
(10) ga, — ga and gb, — gb

since {ga, } is non-decreasing and {gb, } is non-increasing, then since (2, Gy, <) is regular we
have ga, < ga and gb,, > gb for all p. If ga, = ga and gb, = gb for some p > 0 then,
ga=ga, < gap.1 < ga=ga,and gb<gb,| < gb, = gb, which implies that
gap =gap1 = F(ap,bp) and gb, = gb, 1 = F(bp,ap)

that is (a,, b)) is coupled coincidence point of F and g. Then, we suppose that
(gap,gb,) # (ga,gb) for all p > 0. By Lemma (2.7), we have

1

EGb(ga,F(a,b),F(a,b)) < lim inf Gp(gap+1,F(a,b),F(a,b))

p—reo

< lim inf G,(F(ap,b,),F(a,b),F(a,b)).

s m
Now from (1) and applying ¥ on both sides, we have that
v (2k°Gy(ga,F(a,b),F(a,b))) < liminfy (2k*Gy(F(ap,bp),F(a,b),F(a,b)))
p—reo
< lim infy (M(ap,bp,a,b)) — lim inf¢p (M(ap,b,,a,b)).

p—ee p—ree

(1)
Here using Eq. (10), we obtain that

2 (Gplgap,ga,ga) + Gy(ghy, gb,gb))

lim infM(ap,bp,a,b) = lim inf | GulsapFlapby).Flapby))Gy(gaF (ab).F(ab))
2 1+Gy(gap.ga,ga)
+Gb(gbva(blhaP)7F(b[77a[7))Gb(gb>F(bva)>F(b7a))
1+Gy(8bp.gb.gb)
%(Gb(galhgawga) +Gb(gbpagbagb>)
< I
- pglgo Sup _|’_% Gh(gapaF(apvbp)7F(apabp))Gb(ga7F(a7b)7F(a7b))

1+Gy(gap.ga.ga)
Gb(ng7F(bp>ap)7F(hp7ap))Gb(gh7F(b7a)7F(b7a))

+ 14+Gy(gbp,gb.8D)
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From Eq. (11) conclude that

v (2k°Gy(ga, F(a,b), F (a,b))) < y(0) — $(0) =0

and hence we get that G,(ga,F(a,b),F(a,b)) = 0 implies that ga = F(a,b). Analogously,
one find F(b,a) = gb. Thus, we proved that F and g have a coupled coincidence point. This

completes the proof of Theorem 3.3.

Now, we shall prove the existence and uniqueness of coupled common fixed point. For a
product 2 of a partial ordered set (2, <), we define a partial ordering in the following way:

For all (a,b), (x,y) € 2?

(a,b) < (x,y) &a<x, b>y

We say that (a,b) and (x,y) are comparable if

(a,b) < (x,y) or (x,y) < (a,b).

Also, we say that (a,b) is equal to (x,y) if and only a = x and b = y.
Theorem 3.4: In addition to hypotheses of Theorem 3.1, suppose that for all
(a,b),(x,y) € 2?2, there exists (u,v) € 2* such that (F(u,v),F(v,u)) is comparable to
(F(a,b),F(b,a)) and (F(x,y),F(y,x)). Then, F and g have a unique coupled common fixed
point (a,b) such that a = ga = F(a,b) and b = gb = F(b,a).

Proof: The set of coupled coincidence points of F' and g is not empty due to Theorem 3.1.

Assume, now, (a,b) and (x,y) are two coupled coincidence points of F and g, that is,

F(a,b)=ga F(x,y)=gx

F(b,a)=gb F(y,x)=gy.

We shall show that (ga, gb) and (gx, gy) are equal. By assumption, there exists (u,v) € 22 such
that (F (u,v),F(v,u)) is comparable to (F(a,b),F (b,a)) and (F(x,y),F(y,x)).

Define sequences {gu,} and {gv,} such that uy = u and vy = v and for any p > 1

gup=F(up,—1,vp—1)and gv, = F(v,_1,up—1) V p.
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Further, set ag = a, bp = b and x¢p = x, yp = y and on the same way define the sequences {ga p},

{gb,} and {gx,} and {gy,}. Then, it is easy that

F(aab) = gap F(X,y) = gxp

F(b,a)=gb, F(y,x)=gyVp=1.
Since (F(a,b),F (b,a)) = (gai,gb1) = (ga,gb) is comparable to
(F(u,v),F(v,u)) = (gui,gvi) then it is easy to show (ga,gb) > (gui,gvi).

Recursively, we get that (gu,,gv,) < (ga,gb) V p.

From (1), we have

W(2K4Gb(g”p+lagaaga)) = l//(2’(4(;17 (F(up?vp)7F(a7b)vF(a7b))>

< Y (M(upvp,a,b)) — 6 (M(up,vp,ab))

where

A

M(”P?‘}Pvaab) = 5 (Gb(gupaga;ga) + Gb(gvpvgbagb»
Gb(gup7F(uP7Vp)>F(upvvp))Gb(ga7F(a7b)7F(a7b))
1+Gy(gup,ga.ga)
U
2
+Gb(gvP7F(VP>MP)7F(V[?7u17))Gb(gb7F(b7a)7F(b7a))
1+Gb(ng,gb,gb)
A
= 5 (Gp(gup,ga,8a) + Gp(8vp,8b,8b)).

Therefore,

A
v (2k*Gp(gupi1,8a,8a)) < ( (Go(gup,ga,ga) + Gp(gvp, gb, gb)))

| >

—¢ ( = (Gp(gup,ga,ga) +Gy(gvp, &b, gb)))

A
< l//( (Gp(gup,ga,ga)+ Gy(gvp, &b, gb)))

By the property of y, we have that

A
Gp(gupt1,8a,8a) < yrel (Gp(gup,ga,ga) + Gy(gvp, gb, gb)) .
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Similarly, we can prove that

A
Gp(gvp+1,8b,8b) < yPel (Gp(gup,ga,ga) + Gy(gvp,gb, gb))

and hence

A
Gp(gup+1,8a,8a) +Gp(gvpt1,8b,8b) < 73 (Gp(gup,ga,ga)+ Gy(gvp,8b,8b))
A

< (W>2 (Gb(gl/lp_l,g(l,g(l) + Gb(gvp—17gb7gb))
A p
< (m) (Gb(guo,ga,ga)+Gb(gv0,gb,gb))
—0as p —oo.
This yields that
(12) I}EEOGb(g”erlaga»ga) =0 and l}il)r(}ch(gvarl?gb?gb) =0.
Analogously, we may show that
(13) lim Gy(gup+1,8x,8x) =0and lim Gy(gvp-1,8y,8y) =0.

Combining (12) and (13) yields that (ga,gb) and (gx,gy) are equal. Since ga = F(a,b) and

gb = F(b,a), by commutativity of F and g we have

gd = g(ga) = gF(a,b) = F(ga,gb) = F(d',1)

gb' = g(gh) = gF (b,a) = F(gb,ga) = F(b',d)

where, d' = ga and b’ = gb. Thus, (d’,b) is a coupled coincidence point of F and g. Conse-
quently, (ga,gb) and (gd’, gb’) are equal.
We deduce ' = ga = ga’ and b’ = gb = gb'. Therefore, (a',b’) is a coupled common fixed of F

and g. Its uniqueness follows easily from (1).

Corollary 3.5: Let F : 2> — 2 has mixed monotone property on 2 satisfying :

¥ (2k*Gy (F(a,b), F(x,), F(x,))) < ¥ (M(a,b,x,y)) — ¢ (M(a,b,x,y))
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where
A
M(a,b,xy) = 5 (Gpla,x,x)+Gp(b,,y))
Gyp(a,F (a,b),F(a,b))Gp(x,F (x,9),F (x.y))
el T+Gy(a.xx)
2 +Gb(bF(b7a) ( ))Gb(y7 ( )7F(y7x))
1+Gb( )

for all (x,y) < (a,b) where A, are nonnegative real numbers with A + p < 1. Also suppose

either

(a) F is continuous, or
(b) 2 has the following properties:
(i) if non-decreasing sequence a, — a, then a, < a for all p,
(if) if non-increasing sequence b, — b, then b < b), for all p.
If there exist ag, by € <2 such that ag < F(ag,bg) and by > F (bg,ap) then F has a coupled fixed
point (a,b) € 2 x 2.
Corollary 3.6: Let F : 2> — 2 has mixed monotone property on 2 satisfying :

Gb(a7xax) +Gb(b7y7y))
2

v (2K*Gy (F(a,b), F (x,y).F(x.)) < w(

for all (x,y) < (a,b). Also suppose either

(a) F is continuous, or
(b) 2 has the following properties:
(i) if non-decreasing sequence a, — a, then a, < a for all p,

(if) if non-increasing sequence b, — b, then b < b, for all p.

If there exist ag, by € 2 such that ag < F(ag,bo) and by > F (bg,ap) then F has a coupled fixed
point (a,b) € £ x 2.

Example 3.7: Let 2 = [0, 1] be endowed with the usual ordering and define

Gy : 2% — RT by Gy(a,B,7) = (Ja—B|+|a—y|+|B—7])* for all a,B,y € 2. Then
(2,Gy) is a complete G,-metric space with k = 2, according to Example 2.3. Let F : 2> — 2
and g: 2 — 2 be given by F(a,3) = f‘gﬁ,and g(a) =5 forall o, € 2,

also W, ¢ : [0,00) — [0,00) as y(r) =1 and ¢(¢r) = & for all € [0,00). We will check that the

contraction (1) is satisfied for all o, B, p, 7 € 2 satisfying gax < gp and g7 < gf.
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In this case, we have

v (2x*Gy (F(a, B),F (p,7), F(p,7))) = 2k*(2F(at,B)—F(p,7)])*

o+ p-l—r)

= 2k (2

(|16\/_ 162
E
2

< B (ag-awf-T)

K4 2
- 8 ((8-2) (8-3)
< %(Gb(ga,gp,gp)+Gb(gﬁ,gf,g’€))

= l[/(M(OC,B,p,’L’))—(])(M(OC,B,p,’L’)).

Thus, inequality (1) satisfies with constant A = 5 L and u = 0. Other conditions in Theorem 3.1

are satisfied. It follows that (0,0) is coupled fixed point of F and g in 2 x 2.

3.1. Application to Integral Equations.
In this section, we study the existence of a unique solution to a nonlinear integral equation, as
an application to Corollary 3.6.

Consider the following integral equation:

b
(14) x(t)=/(Fl(t»SHFz(t,S))(A(s,x(S))+T(syx(5>))dS+Z(t)» tel=la,b]

a

We will analyze Eq. (14) under the following assumptions:
(a) T, eCIxI,R)and 'y (¢t,s) <0, T(z,s) > 0;
(b) z€ C(LR);
(c) A, YeC(IxR,R)

)

(d) There exist constants 6,7 > 0 such that forall y,{ € Rand y > {

OSA(t>X)_ ( C) \/—K\X C‘

and
xX—=Cl<T(@x §)<0;
\/— X =8l <T(@t,x)—Y(6)
(e) 2x*max{0,7}||T —TL|2 <1,
where ||I'] — || = sup{(T'1(¢,s) — Ta2(t,s)) : t,s € I };
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(f) There exist (x,y) € C(I,R) x C(I,R) a coupled lower and upper solution of the integral
equation (14) if x(¢) < y(¢) and

b b
x(t) < /FI(M) (A(S,X(S)HY(SJ(S)))dH/Tz(faS) (A(s,y(s)) +X(s,x(s))) ds +2(t)

and

b b
y(t) > /Fl(t,s) (A(s,y(s))+Y(s,x(s)))ds+/rg(t,s) (A(s,x(s))+Y(s,y(s)))ds+z(¢t)

foralltr e 1.

Theorem 3.1.1: Under assumptions (a) — (f), Eq. (14) has a unique solution in C(I,R).
Proof: Let 2 :=C(I,R). 2 is a partially ordered set if we define the following order relation
in 2:

2, CECUIR),x<C = x(t)<Cl(t)Vtel

And (2,G,) is a complete Gj-metric space with k = 2 which G-metric

Gy (- €, 7) = supyer (X (1) = ()] + |2 (6) = 2(0)| + [ (1) = 2 ()))* V 2, 7 € 2.
Now define on 2 x 2 the following partial order: for (x, ), (p, ) € 22,

(x,8) < (p,7) <= x(t)<p(t)and {(t) > t(t), VI €L

Obviously, for any (y,{) € 22, the functions max{y,{} is upper bound and min{y,{} is
lower bound of ) and {. Therefore, for every (x,),(p,t) € 22, there exists the element
(max{y,p},min{{,t}) which is comparable to (), ) and (p, 7). Define now the mappings
W :[0,00) — [0,00) as W(t) =t and F : 2> — 2 by

b b
F(x,6)() Z/Fl(w) (A(S,%(S))+Y(S,C(S)))ds+/1“z(w) (A(s, () +X(s,2(s))) ds +2(¢).

Then obviously, F' has the mixed monotone property. In what follows, we estimate

Gy (F(x,8),F(p,t),F(p,7)) for x > p and { < 7. Indeed, as F has the mixed monotone
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property, F(x,{) > F(p,t) and we have
W(2K4Gb (F(X,C),F(p,’t),F(p,T))) = 2K4Gb (F(X7C)7F<par>7F(p7T))
= 8k*sup|F(x,$)(t)—F(p,7) (1)

tel

— 8i*sup (F(x,£) (1) = F(p,7)(1))?

tel
2
FI118) (A5 206) + T(5, £ 5)) s
| s (a6 )+ T o) as
= 8K sup %
tel _szrl (t,8) (A(s,p(s5)) +Y(s,7(s)))ds
b

—{Fz(t,s) (A(s,7(s)) +X(s,p(s))) ds
2

fl"l (7,5) [(A(s, x(s)) = Als,p(s))) — (X(s5,7(s)) = Y(s,(s)))] ds
= 8K4sup “
! +ST2(t,5) [(Als, 6 (5)) = Als, 7(5))) = (X(s,p(5)) = X5, x(5)))]ds

tel

b 2
4 JT1(0.5) | fel2(s) = p(s) [+ le(s) = £(s)] | ds
< 8k"sup b
S\ AT | €)= 6) ]+ JEela(s) —p(s)] ds
2
2 ( (P4 (e.5) - To(t.9) 2(5) ~ (s s )
< 4x“max{0,t}sup| ¢

+5(F1(M) —Ta(2,5))[E(s) — T(s)lds
15)

b
Defining (X) = J (1 (r,5) =T2(t,9)) 2 (s) = p(s)lds

b
and (Y) = [(T1(z,s) —T2(t,s))|E(s) — T(s)|ds and using the Cauchy-Schwartz inequality in

(/b(l"l(ts —T(t,s)) 2ds> (/}( 2ds)2

(X) we obtain
(X)
(16) < M, 8) = Ta(2,9) || (2 () = P (5)])

IN
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Similarly, we can obtain the following estimate for (Y) :

(17 (Y) <|ITy(7,5) = T2 (2, 5) (| S (5) — T(s)])-

By (15)-(17) and assumption (e) , we get

l//(2K4Gb(F(%7C)7F(p77)7F(pvr)))
4K2max{9,f}||rl(t,s)—FQ(I,S)HEO< lx—pl+1&—1] >2
el -p?+ g -

1
2

IN

IA

IN

(Gu(x,p.p)+Gp(C,7,7))
(Gb(%7p7p)+Gb(C7T7T)) .

This proves that the operator F' satisfies the contractive condition appearing in Corollary 3.6.
Finally, let (x,y) be a coupled lower and upper solution of the integral equation (14) then, by
assumption (f), we have x < F(x,y) < F(y,x) <y. Corollary 3.6 gives us that F' has a unique
coupled fixed point (y,§) € 2 x 2. Since x <y, Corollary 3.6 says us that y = { and this
implies y = F(, ) and ¥ is the unique solution of Eq. (14).

3.2. Applications to Matrix Equations.

In this section, we study the existence and uniqueness of solutions (<7, %) to the system of

matrix equations:

o = Q+Ci/Cy — Dy %D
(18)

PB=Q+CiAC) —DjoI/D
where C1,D € . (n): the set of all n x n matrices, Q € & (n): the set of all n X n positive
definite matrices, and .7’ (n) is the set of all n x n Hermitian matrices. We endow ¢ (n) with
the partial order < given by M,N € 7 (n), M <N < N —M € #(n). For a fixed P € Z(n),
we consider ||H||; p =tr (P%HP%> for all H € 7¢(n) where tr is the trace operator. The space
€ (n) equipped with the G,-metric induced by ||.|| p is a complete G- metric space for any

positive definite matrix P (see. [30]).
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The following lemma will be useful for our application.
Lemma 3.2.1: Let M > 0 and N > 0 be n x n matrices. Then, we have
0 <tr(MN) =tr(NM) < ||M||tr(N), where ||.|| is the spectral norm.
Theorem 3.2.2: Suppose that there exists P € &?(n) such that
16K4max{||P%}CfPC1P%1||, ||P%]DTPD1P%1|]} < 1. Suppose also that 0 < C;QC) and
Q < Dj0D;. Then, the system (18) has one and only one solution (X,Y) € J#(n) x 7 (n).
Proof Consider the mappings F : 7 (n) x 5 (n) — 7 (n) defined by
F(X,Y)=Q+CXC —DYD, forall X,Y € J#(n).
Forall X;,Y; € 7 (n), j=1,2withX; <YjandY> <X, and y : [0,00) — [0,0) as y(t) =

By using Lemma 3.2.1, we have
v (2k*G, (F(Y1,Y2),F (X1,X2), F (X1,X2)))
= 8k*(||F(11,%2) — F(X1,X2)[|1.p)?
= 8k (||C} (Y1 — X,)Cy — D} (Y2 — X2)Di ||1.p)*
— 8t (tr [Pz (CHY1 — X )C) — Dl(Yz—Xz)Dl)Pz])z
= 8k* (tr[CIPC\ (Y, — X)) +1r[D{PD; (Y2 — X,)])*
= 8x*

_ _ _ 2
tr [CIPCIPZ P2 (Y) — Xl)PTlP%] . [D{PDIPTIP%(YZ—Xz)PTIP%D

8kt

IN

(
(

=1 =l =l -1 2
< (IP7 CiPCIPT || =X |1p+|[P7 DPDIP Y2 = Xall1p)

_ _ 2
1P7 CLPCTP [t (P3 (Y = X1)P2) + ||P7 Dy PP [[1r(PE (Y — Xo)PH))

IA

1
_2Y_
2(Hl

IA

P+ QY —Xo1p)

v (Gb(YleaXl) + Gb(Y27X27X2))

<
- 2

Thus, we proved that the contractive condition given in Corollary 3.6 is satisfied. Moreover,
from 0 < C7QC; and Q < D{QOD; we have letting Q < F(Q,0) and 0 > F(0,Q). Corollary
3.6. F has a coupled fixed point. Then there exist X,Y € ¢ (n) such that F(X,Y) =X and
F(Y,X)=Y.
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3.3. Applications to Homotopy.

In this section, we study the existence of an unique solution to Homotopy theory.

Theorem 3.3.1: Let (2,G;,) be complete Gj,-metric space, U and U be an open and closed
subset of 2 such that U C U. Suppose H, : U x [0,1] — 2 be an operator with following

conditions are satisfying,
(t0) x # Hp(x,v, %),y # Hp(y,x, %), for each x,y € U and x € [0, 1] (Here U is boundary
of U in 2)
(71) W (264G (Hy(x,3: ), Hola,b, ), Hy(a,b, 1)) < y (et 020

for all x,y,a,b € U and x € [0,1], where ¥ : [0,00) — [0,00) is continuous, non-

decreasing and y (1) =0 <= 1 =0,
(72) AM > 05 Gp(Hp(x,y,%),Hp(x,y,8),Hp(x,y,{)) < M|k — {| for every

x,y € Uand x,§ € [0,1].
Then Hp(.,0) has a coupled fixed point <= H,(., 1) has a coupled fixed point.
Proof Let the set % = { X €10,1] : Hy(x,y,x) = x,Hp(y,x,x) =y for some x,y € U }
Since Hj(.,0) has a coupled fixed point in U2, we have that (0,0,) € %2. So that 2 is non-
empty set. Now we show that Z is both closed and open in [0, 1] and hence by the connectedness
% =1[0,1]. As aresult, Hy(., 1) has a coupled fixed point in U2 First we show that % closed in
[0, 1]. To see this, Let {%P}::l C A with x, — x € [0, 1] as p — co. We must show that y € 4.
Since x, € % for p=0,1,2,3,---, there exists sequences {xp} , {yp} C U with

xp = Hp(xp,¥p, Xp)s Yp = Hp(¥p,Xp, Xp). Consider

Gb(-xp7'xp+1 7xp+1)
= Gy (Hb(xp7Yp7%p)aHb(xp+17)’p+17%p+1)aHb(xp+17)’p+la%p+1))

Gb (Hb(x]%y]MXP)?Hb(xp—H yYp+1 7%P)7Hb(xp+1 yYp+1 7%[7))

VAN
A

Gy (Hp(Xp41,Yp+1, Xp)s Hp (Xpi1, Y p 1, Xp1)s H (Xp 1,V ps 15 Xp+1) )

< KkGyp (Hb(xpa)’paxP)aHb(prrl7)’p+1a%p)aHb(xp+17)’p+laXp)) + KM‘XP — Xp+1 ’

Letting p — oo, we get

;ng(xp7xp+lvxp+l) < I}gl;lo KGb (Hb(xpaypaXp)aHb(xp+l7yp+laxp)aHb(xp+17yp+laxp))'
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Since Y is continuous and non-decreasing, we obtain

p—ee p—ee

Hb(-xpaypaxp)aHb(xp-‘rl7y17+17%p)a ) )

lim v (2K°Gy(xp, Xp11,%p41)) < lim y [ 2k*G,,
Hp(Xp+1,Yp+1, Xp)

< lim y

p—reo

<Gb(xpaxp+l7xp+l) +Gb(yp7yp+l7yp+l)>
> .

By the definition of y, it follows that

(19) 31_13304’(3Gb(xp7xp+17xp+1) < ph_r)xgo (Gb(xmxpﬂvxpﬂ)‘f’Gb(YPaYpHa)’erl))'

Similarly, we can prove

(20) 1121304K3Gb()’p7yp+17)’p+1) < I}glgo (Gb(xpaxp+laxp+1) + Gb(ypa)’p+la)’p+l)) .

Combining (19) and (20), we have 1}i_1)130(4x3 —1) (Gp(xp,Xp11,%p+1) + Gp(Vp, Yp+1,¥pt1)) <O.
So that ;grgon(xp,xp+1,xp+1) =0 and ;i_l;r}on(yp,ypH,ypH) =0.

Now we prove that {x,} is an Gj,-Cauchy sequence in (2,Gp). On the contrary, suppose
that {x,} is not G,-Cauchy. There exists € > 0 and monotone increasing sequences of natural

numbers {g;} and {p;} such that p; > gy,

Gb(ka7ka7ka) > € Gb(quypwyl’k) > €

2D Gb(x‘]k’xpk—l7xpk—l) <€ Gb(y‘Ik7yPk—l’yl7k—l) <é.

From (21), we have € < Gp(xg,,Xp, Xp,) < K (Gb(Xg:Xg0s1sXgis1) + Gb (X1 XpirXp,)) -
Letting p — oo and applying ¥ on both sides, we have that

(22) v(2Ke) < lim y (2" Gy(xg,, X X)) -

p—reo

But

. 4
Ill_r}}o y (2K G (Xqe, 7xpkvxpk>)

< limy (2K4Gb(Hb(qu+1 3 Vst > Xqrs )aHb(wayPk ) %Pk)7Hb(ka7yPk ) ka))

p—ee

< limy (Gb(XCIk-H7xpk’xpk)—;Gb(y%-o—l’ypk’ypk)) .

p—reo
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It follows that

. 4 .
(23) I}g{}o“"( Gb(x4k+1 XperXp) < I}glgo (Gb(XLIkH sXpisXpe) + Gb(y%ﬂ ’ypkvypk)) .

Similarly, we can prove

. 4 .
(24) l}gﬂo‘“( Gb(qu+1 ’ypwypk) < ggrolo (Gb(qu+1 7xl7k7xpk) + Gb(qu+1 7y17k7ypk)) .

Combining (23) and (24), we have li_r>n (4K* — 1) (Gp(xg. s Xpes Xpe) + G Vgesr»Yoer Vi) < 0.
p (o)

So that l}i_l)’l(}on(quH s XpsXp,) = 0 and gggon(qu+] Ypi:Ype) = 0. Hence from (22 ) and the

definition of y, we have that € < 0, which is a contradiction. Hence {xp} is an Gp-Cauchy

sequence in (2,Gj,), by similar arguments {y,} is also an G,-Cauchy sequence in (2,G),

and by completeness of (2, Gj,), there exist a,b € 2 with

lim x —a—hmx limy, =5b= lim
PP p+1 p%m)’p p*)wyn+1

using Lemma (2.7) and condition (7), we have

v (2k°Gy(a, Hy(a,b, %), Hy(a,b, x))) < lim inf y (2k* Gy (x, Hy(a,b, x), Hy(a,b,%)))

p—

< lim inf W (2*Gy(Hp(xp, yp, Xp), Hy(a,b, X)), Hp(a,b, %))

p—roo
G Gy (yp, b,
< liminfl,l/( bxp,0) £ Gyl )):o.
p—reo 2

It follows that Hy(a,b, x) = a. Similarly, we obtain that Hj(b,a, ) = b. Thus y € %. Hence
A is closed in [0, 1]. Let xo € 4, then there exist xq,yo € U with xo = Hp(x0, Y0, X0)»

yo = Hp(y0,X0, X0), Since U is open, then there exist » > 0 such that Bg, (xo,7) C U.

Choose x € (X0 — €, X0 + €) such that |y — xo| < M,, < £,

then for x € Bg, (x0,7) = {x € 2/Gp(x,x0,%0) < r +2K>Gyp(x0,X0,%0) }, and

Yy € Bg,(0,7) = {y € 2/Gy(3,50,30) < r+2k>Gp(y0,50,30) }. Also

Gy, (Hp(x,y,%),X0,%0) = Gy (Hp(x,y, X), Hp(x0, Y0, X0) Hp (X0, Y0, X0))

IN

K (Gp (Hp(x,%, %), Hp(x,, %0),Hp(x,¥, X0)) + G (Hp(x,¥, X0), Hp (X0, 0, X0), Hp (X0, Y0, X0)))

IN

KM |y — xo| + Gy (Hp(x,, %0), Hp(x0,Y0, X0), Hp (X0, Y0, X0))

IN

K
T + K Gy, (Hp(x,Y, X0), Hp (X0, Y0, X0) Hp (X0, Y0, X0)) -
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Letting p — oo, we obtain Gy, (H (x,, X ),x0,X0) < KGp (Hp(x,y, X0), Hp(x0, Y0, X0), Hp (X0, Y0, X0)) -

Since ¥ is continuous and non-decreasing, we have

W(Gb (H(x7y7%>7x0:x0)> S W(2K3Gb (H(X,y,X),X(),X()))

<y (2k*Gy (Hp(x,y, X0), Hp (%0, Y0, X0)- Hp (X0, Y05 X0)))

< v (Gb(x7x07x0) erGb(y,YO,yo)> .

Since y is non-decreasing, we have

Gp(x,x0,%0) + Gp(y,¥0,Y0)
2

< r+ K‘sz(Xo,XO,xO) + K2Gb()’0:)’0a)’0>'

Gb (H<x7y7%)7x07x0) S

Similarly, we can prove G, (H (y,,X),¥0,50) < r+ k*Gyp(x0,X0,%0) + K>Gp (30,50, Y0)-

Thus we have,

Gb(H(x;y7X)7x07x0)+Gb<H(y7x7X)7y07y0) < ”‘f’Ksz(XO;xO;XO)+K2Gb(y0,y07y0)-

Thus for each fixed x € (xo — &, X0+ €), Hy(., X) : Bg,(x0,7) — Bg, (x0,7),

Hy(.,x) : Bg,(yo,7) — Bg,(yo0,r). Since also (77) holds and y is continuous and non-
decreasing, then all conditions of Theorem (3.3.1) are satisfied. Thus we conclude that Hy(., x)
has a coupled fixed point in T”. But this must be in U? since (7o) holds. Thus, y € £ for any
X € (xo—€,%0+¢€). Hence (xo— €, x0+€) C A. Clearly 4 is open in [0, 1].

For the reverse implication, we use the same strategy.

4. CONCLUSIONS

In this paper we conclude some applications to homotopy theory and integral equations as
well as matrix equations by using coupled fixed point theorems for two mappings via general-

ized (v, §)- contractive condition in partially ordered Gj,-metric spaces.
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