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Abstract. This manuscript consists of the idea of n-controlled metric space in fuzzy set theory to generalize a
number of fuzzy metric spaces in the literature, for example, pentagonal, hexagonal, triple, and double controlled
metric spaces and many other spaces in fuzzy environment. Various examples are given to explain definitions and
results. We define open ball, convergence of a sequence and a Cauchy sequence in the context of fuzzy n-controlled
metric space. We also prove, by means of an example, that a fuzzy n-controlled metric space is not Hausdorff.
At the end of the article, an application is given to prove the uniqueness of the solution to fractional differential
equations.
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1. INTRODUCTION

The applications of fixed point theory is the key to prove the uniqueness of the solution
of a scientific problem with the help of Banach fixed point theorem [1]. Researchers have
implemented this famous theorem in other directions (see [3, 12, 9, 2, 15, 17, 18, 19, 14, 4, 5])
and obtained interesting results. There are many generalizations of [1]. For example, Edelstein
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[23], generalized the Banach theorem in 1961. Kannan, [4] proved Banach’s theorems without
using the completeness of the metric and continuity of the contraction, however, he obtained the
same conclusion but different sufficient conditions. Similar results were proved by Chatterjea
[17]. In 1974, Ciric [18], utilized the quasi contractive mappings that generalizes [1]. He also
introduced multi-valued quasi contractions. Samet et. al [25] introduced a very interesting
contraction, called o@ — y-contraction, that enhanced and generalized numerous

results in the literature. In 2014, Jleli et. al [2] gave the generalized version of [1] by in-
troducing the function that satisfies certain properties. Since all the above generalizations of
[1] need to be continuous mappings, so Suzuki [19] gave the idea of Suzuki type mappings
in which the contraction need not be continuous. Using F-contractions, which is given by
Wardowski [20], and Suzuki contraction, the authors in [21], introduced generalized Suzuki
F-contractions. Same authors have discussed the notion of Suzuki-type (a, B,7,)-generalized
proximal contractions and proved some results. Recently, Saleem et al. [22], gave the idea
of modified F-contractions, generalized Suzuki F-contractions and proved some interesting re-
sults. In 1965, Zadeh [24] generalized the definition of a crisp set by defining the fuzzy set
that gives more efficient and accurate results. As fuzzy set addresses the uncertainty and give
more accuracy compared to crisp set, researcher have used fuzzy sets in almost every branch of
mathematics, see ([26, 27, 28]). Metric space in a fuzzy environment is the most studied topic.
The first definition of metric space using fuzzy sets was given by Kramosil et. al [29] which
is considered as the generalization of statistical metric spaces defined by Menger [30]. But in
their definition, they did not discuss any topological aspects. The convergence of a sequence
in fuzzy metric spaces was defined by Grabiec [31]. By discussing Cauchyness he proved the
fuzzy version of the Banach theorem. As topological properties of metric spaces play a vital
role so, George and Veeramani [32] generalized the definition given in [31] by discussing topol-
ogy and proved that it is Hausdorff. Branciari [33] introduced generalized metric space which
is known as rectangular metric space or b-Branciari space. He proved Banach-Caccippoli type
fixed point results. In [34], the author has introduced a fuzzy version of b-metric space and

generalized some spaces. The authors in [35] utilized the function to generalize the notion of
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[34] by introducing an extended version of a fuzzy b-metric space and proved interesting re-
sults. Sezen [36] first used a controlled function to define the concept of controlled spaces in
fuzzy sets theory. She utilized the sense of [29] and prove Banach fixed point results. Saleem et
al. [37] used two functions and defined double controlled metric in a fuzzy environment which
generalizes the results in [36]. Chugh et al. [38] gave the fuzzy version of [33] by giving the
concept of rectangular fuzzy metric space. The notion of a rectangular b-metric space in fuzzy
set theory is given by [39] to generalize the notion given in [38]. Recently, the concept of an
extended rectangular metric space in a fuzzy environment is given by Saleem et al. [40] that
generalize the results of [39] and [38]. They also proved that this space is not Hausdorff. The
authors in [41] utilized three functions f ; g; h and gave the notions of fuzzy triple controlled
metric spaces. They also showed, with the help of an example, that this space is not Hausdorff.
The ideas of extended hexagonal b-metric and pentagonal controlled metric spaces in the fuzzy
environments were given by Zubair et al. [42] and Hussain et al. [43] respectively and proved
some fixed point results. In [44], the authors have introduced graphical fuzzy metric spaces and
proved interesting results.

In this paper we define n-controlled metric space in fuzzy set theory that generalizes almost
all the metric spaces discussed above. We prove some fixed point results and elaborate our
results with examples. We use the sense of [32] to define this space. We will use y-contractive
mapping in our main results that generalize some existing fixed point theorems in the literature.
Each result and definition is supported by examples, further, we prove that this newly defined

space is not Hausdorff.

2. PRELIMINARIES

Definition 2.1. A binary operation * : J x J — J,(J = [0, 1]) is known as continuous triangular
norm, if for all x,y,z,¢ € [0, 1], * satisfy:

(D) #(x,y) = *(y,%);

(i) *(x, %(y,2)) = *(x(x,9),2);

(1i1) * is continuous;

(iv) *(x,1) = x for every x € [0, 1]

(v) *(x,z) < *(y,t) whenever x <y, 7 <t.
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Definition 2.2. Let X # 0, a fuzzy set P: X x X x R™ — [0, 1] is called fuzzy metric on X with
x as a (CTN), if for all x,y,z € X the following conditions holds:

(i) P(x,y,t) > 0; forallt >0,

(ii) P(x,y,t) =1;forallr >0, if and only if x =y

(iii) P(x,y,1) = P(y,x,1);

(iv) P(x,z,t+1") > P(x,y,t) * P(y,z,t") forall £,t/ > 0

(v) P(x,y,.):(0,00) — [0, 1] is continuous.

The triplet (X, P, %) is called a fuzzy metric space.

Definition 2.3. Let X # 0, f,g: X XX — [1,) are two non-comparable functions. Then a
fuzzy set P;: X x X x RT™ — [0, 1] is fuzzy double controlled metric on X with * as a (CTN), if
for all x,y,z € X the following conditions holds:

(i) Py(x,y,t) > 0; forallz >0,

(ii) Py(x,y,t) =1;forallz >0, if and only if x =y

(iii) Py(x,y,1) = Pa(y,x,1);

(iv) Py(x,z,t+1") > Py(x,y,

t/
)* Py(y,z, ——) forall £,¢/ >0

1
f(x,y) g(»2)

(V) Py(x,y,.):(0,00) — [0, 1] is continuous.

The triplet (X, Py, *) is called a fuzzy double controlled metric space.

Example 2.4. Let X = {1,2,3} and f,g: X x X — [1,0) be two non-comparable continuous
functions given by f(x,y) =x+y+1and g(y,z) = y> +z> — 1. Define P;: X xX x RT —[0,1]

as
min{x,y}+¢
Pd(x7y7t) = L'
max{x,y}+1

Then (X, Py, *) is fuzzy double controlled metric space with product t-norm.

Definition 2.5. Let X ## 0 and consider three functions f,g,h: X X X — [1,00). Then a fuzzy
set Pr:X x X x RT — [0,1] is fuzzy triple controlled metric on X with * as a (CTN), if for all
x,y € X and all distinct z,s € X the following conditions are satisfied:

(i) Pr(x,y,t) > 0; forallz > 0,

(ii) Pr(x,y,t) =1;forallt > 0, if and only if x =y

(111) PT(x7y7t) :PT(y7-x7t);



y—CONTRACTION MAPPING IN FUZZY N-CONTROLLED METRIC SPACE 5

. 3] 15) 13
(lV) PT(X,S,tl +t2+t3) > PT<X7y7—)*PT(y7Z7—) *PT(Z7Sa—) for all h,0,3 > 0
f(x,y) §(»2) h(z,s)

(V) Pr(x,y,.):(0,00) — [0,1] is continuous.

Then (X, Pr,*) is called a fuzzy triple controlled metric space.
Example 2.6. Let X =[0,1] and Pr: X x X x RT — [0, 1] be defined as

forall t>0.

X—=y
Prx) = exp(~ ")

Further let f,g,h: X x X — [0,o0) be continuous functions defined by f(x,y) =x+y+1,
g(,2) =y*+z+1.and g(z,5) =22 + s>+ 1.

Then (X, Pr,*) is fuzzy triple controlled metric space.

Definition 2.7. Let X # 0, f; : X x X — [1,0), 1 <i <5 be given functions. Then a fuzzy set
Prp:X x X x RT —[0,1] is fuzzy pentagonal controlled metric on X with * as a (CTN), if for
any distinct x,y,z,51,52,53 € X the following conditions are satisfied:
(i) Pr(x,y,t) > 0; forallz >0,
(ii) Pr(x,y,t) = 1;forallt >0, if and only if x =y

(111) PF(-x7y7t) :PF(yaxat);

. 5] 1) 3
(IV) PF(X,S,tl + 6+ t3+14+ l5) 2 PF(xaya—) * PF(yazv—) * PF(Z,S,—) *
p p fl(xay) fZ(yuz) f3(S1,S2)
4 5
Pr(s1,80, — ) x Pp(sp,53,——— ) forall t,t,13,14,t5 > 0
( f4(Sl,S2)) ( fs(Sz,Ss))

(V) Pr(x,y,.):(0,00) — [0, 1] is continuous and lim;_,e Pr(x,y,7) = 1.

Then (X, Pr,*) is called a fuzzy pentagonal controlled metric space.
3. MAIN RESULTS

This section contains definitions, examples and theorems related to fuzzy n-controlled metric
space. We will also deduce some important remarks that prove generalizations of many metric
spaces in fuzzy set theory. We will define open ball and will prove that the newly defined
space is not Hausdorff. Each result is elaborated with the help of examples. Now we give the

definition of a fuzzy n-controlled metric space in the sense of [23]:

Definition 3.1. Let X # 0, f; : X XX — [1,), 1 <i < n be n non-comparable functions. A
fuzzy set Pp:X x X x RT, together with a (CTN) x, is called a fuzzy n-controlled metric, if for

any distinct s1,52,53,...,5,+1 € X the following conditions are satisfied:
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(i) Pp(s1,s2,¢) > 0; forallz >0,

(i) Pp(s1,82,t) = 1;forallz > 0, if and only if 51 =52

(111) PQ(S17S27I) :PF(S27S17t);

(Av) Po(s1,Snt1,t1 + 1o + oo + 1) > Po(s1,s2,

PQ(Sn7sn+17

In
fn(smsn-i-])

I

(v) Py(s1,s2,.) : (0,00) — [0, 1] is continuous and.

fi(s1,82
) for all ty,t5,13,t4,..,t, > 0

15}
)) * Pp(s2,s3,

fz(S2,S3))

for all distinct s1,52,53,...,5,+1 € X The quadruple (X, Py, f4,*) is called a fuzzy n-controlled

metric space (FnCMS).

Example 3.2. Consider X = {1,2,3,4,5,6,7} and f; : X x X — [0,00) (1 <i < 6) be defined as

fils1,82) =s1+s2+1, fols1,s2) =52 +s2+ 1, f3(s1,8) = s3+s1+ 1, fa(s1,52) =57 +s3+1,
f5(s1,52) = s1+53+ 1, fo(s1,52) = 57 + 53 + 1. Now define Pp:X x X x Rt — [0,1] as

PQ(SI,SQ,I) =

min{sy,s2} +1t

max{sy,s2}

+t

Then with product t-norm (X, Py, f,*) is a (FnCMS).Here we will prove only (iv) as (i)-(iii)

and (v) are easy to prove.

Lets; =1, s, =7. then

Pp(1,2

Pp(2,3,

Pp(3,4,

Po(1,7,t1 +ta+13 +14+15+16) =

min{1,7} +t +tr+t3+1t4+15+ 16

max{1,7} +t, +t +13+1t4+15+1¢

_1+n+m+m+m+g+%

f3(3’4)

T4ttt s+
min{1,2} + 2 1_|_t_1
h _ f1(1,2) _ 4 :4+l‘1
. 15) t
2,3 _— 2
£(2.3)" axi2.3 + 2 3+t—2 24+
. 3 t
min{3,4} + ——— 3
& 3.4} f3(3,4) _3+2O _60+13
= ; - 3 '
£3(3,4) max{3,4} + : 443 80+13

20
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14
P45, A7) (4 5 _ttap_168+n
Q .5, _ = .
4\,
. s
Py(5,6, —2 mln{5’6}+fs(5,6) 5+222 1110+
0\, = ‘
f5(5,6) max{5,6}—|-f(55 3 6+@ 1332415
5\9
le
Po(6,7, -1 min{6,7) +f<6 7) 6+% 3360 + 1
o\Y, 7/, = - ‘
f6(6,7) max{6 7}_|_f (66 7 7_}_% 3920 +16
Clearly,
I3 15} &
Po(l, T+t tts 1+ is +16) 2 Po(1,2, =)+ Po(2,3, & 5 53) (3,4, -3 75)
I Is s
*Po(4,5, —— =) % Po(5,6, -2 ) ¥ Po(6,7, =)
ot ) 0 s ) 0T 56 7))

Similarly, we can prove in other cases. Hence (X, Py, f, *) is called a fuzzy n-controlled metric

space, for n = 6.In the same steps, we can prove higher values of n.

Definition 3.3. Let s, be a sequence in (FnCMS) (X, Py, fy,*).
Then:

(1) s, 1s convergent sequence,if for any ¢ > O; there exists s € X satisfy
limp—eoPp(Sn,8,t) = 1.
(2) s, 1s Cauchy sequence,if forall t > 0,7 > 0
limp—0oPo(Spt-psSnst) = 1.

A (FnCMS) (X, Py, fu,*) is called complete (FnCMS), if every Cauchy sequence s, converges

to some s € X.

Definition 3.4. Let (X, Py, f4,*) be a (FnCMS). then the open ball B(s, r,t), is given by
B(s,r,t) ={ve X :Py(s,v,t) >1—r}.
where s 1s the center and r is the radius of the ball.

In next example, we will prove a (FnCMS) need not to be Hausdorff.
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Example 3.5. Take the (FnCMS) of example (3.1) and define By (1,0.4,5) with center s; = 1,

radius r; =0.4and t; =5 as

B1(1,0.4,5) ={s€ X : Pp(1,s,5) > 0.6}.

Let 1 € X then Py(1,1,5) =
Let2 € X then Py(1,2,5) =
Let 3 € X then Pp(1,3,5) =
Let4 € X then Py(1,4,5) =
Let 5 € X then Pp(1,5,5) =
Let 6 € X then Py(1,6,5) =

Let 7 € X then Py(1,7,5) =

min{1,1} +5 1+5

— — 1,50 1€ B;(1,0.4,5).
max{1,1}+5 1+5 > i )

min{1,2} +5 1+5

_ =0.8571,s02 € B1(1,0.4,5).
mar{12) 15 245 s02 € By( )

min{1,3} +5 1+5

— =0.75,503 € B1(1,0.4,5).
max{1,3}+5 3+5 03 € Bl )
in{1,41+5 1

min{1,4} +5 _ +5:0.6666,504681(1,0-4,5)-

max{1,4} +5  4+5
min{1,5} +5 1+5

= =0.6,s05¢ B;(1,0.4,5).
max{1,5}+5 545 05 ¢ Bi )

min{1,6} +5 1+5

_ — 0.5454,50 6 ¢ B, (1,0.4,5).
max{1,6} +5 6+5 506 ¢ B )

min{1,7} +5 1+5

_ —0.5.507 ¢ B;(1,0.4,5).
max{1,7}+5 T+5 07 ¢ Bl )

B»(2,0.2,5) ={s € X : Pp(2,s5,5) > 0.8}.

Let 1 € X then Py(2,1,5) =
Let 2 € X then Pp(2,2,5) =
Let 3 € X then Pp(2,3,5) =
Let4 € X then Py(2,4,5) =
Let 5 € X then Pp(2,5,5) =
Let 6 € X then Pp(2,6,5) =

Let 7 € X then Py(2,7,5) =

min{2,1} +5 1+5

_ — 0.8571, 50 1 € By(2,0.2,5).
max{2,1}+5 1+5 % 2 )

min{2,2} +5 2+5

2 ) 02 B,(2,02,5).
max(2,2) 45 245 s02E B )

min{2,3} +5 2+5

= =0.875,s03 € B»(2,0.2,5).
max{2,3}+5 345 " 2{ )

min{2,4}+5 2+5
max{2,4} +5  4+5
min{2,5} +5 2+5
max{2,5}+5 545
min{2,6}+5 2+5
max{2,6} +5  6+5
min{2,7} +5 2+5
max{2,7}+5 7+5

=0.7777,s04 € B»(2,0.2,5).

=0.7,s05 ¢ B»(2,0.2,5).

—0.6363, 50 6 ¢ B5(2,0.2,5).

—0.5833,507 ¢ B»(2,0.2,5).

Thus B»(2,0.2,5) = 1,2,3. Clearly B (1,0.4,5) N B5(2,0.2,5) # 0.

Hence a (FnCMS) need not to be Hausdorff.

Remark 3.6. In the light of remark (3.1), a pentagonal, hexagonal, triple controlled, double
controlled, b-extended and controlled rectangular, b-rectangular metric space and some other

fuzzy metric spaces are also not Hausdorff.
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Denote ¥ = {y : RT — R, such that, y is non-decreasing, continuous, lim,,_,.. y"(z) = 0,

w(t) <t fort >0, where y* is the k —th iterate of y }.

Definition 3.7. Let (X, Py, f,,*) be a (FnCMS). Then the mapping 7 : X — X is called a gen-

eralized y-fuzzy contractive mapping if for function y € ¥, we have

1 1

3.1 Te T VSV o ——
G- PQ(TSl,TS2,t) B W(P*(Slas2>t)

).

for all 51,5, € X and r > 0, where

ZPQ(SI, TSQ,Z)PQ(Sz, Tsq ,l‘)
PQ(Sl,TS2,t) —|—PQ(S2, Tsy,t)
We now prove Banach fixed point theorem by using generalized y-fuzzy contraction.

P*<S1,S2,t> = min{PQ(sl,sz,t),PQ(sl, Tsl,l),PQ(Sz, TSQ,I),

Theorem 3.8. Let (X, Py, fu,*) be a complete (FnCMS), and T : X — X be a generalized -

fuzzy contractive mapping, continuous, then T has a fixed point.

Proof. Let s, be a sequence such that s, = T's,,_1 Suppose that there exists ny € N such that
Sny = T'sny,. Then s,, is a fixed point of T and the prove is finished. Hence, we assume that

sp # T'sy, we have

1 1

Po(SnsSnt1,1) Po(Tsp—1,Tsp,t)

< y( !
=V P*(snflasnvt)

—1),
where

P*(Snflasnal) = min{PQ(Snfl7Sn7t)7PQ(Sn717Tsn*17l)7

2Py(sn—1,Tsn,t)Po(sn, Tsp—1,t)
’ PQ(Sn,I,TSn,t) —I-PQ(S,,, Tsnfl,l‘)

Po(sn, Tsp,t)

On simplifying, we have

2PQ<Sn—17sn+17t)
PQ(Snflvsnlevt) +1

P*(Snflasrht) = min{PQ(Snfl,Sn,t),PQ(Sn,Sn+1,l),
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‘We have

2PQ(S,,_1,S,H_1,I) 2
Po(Sn—1,8n+1,1) + 1 i 1
PQ(Sn—I:Sn+17t)
2
1 1

+
PQ(Sn—lasn;t) PQ(snasn—i-l;t)

v

> min{PQ(sn—l 7Sn7t)7PQ(Sn7sn+1 7t)}'

Then P*(sp—1,84,¢) = min{Pp(sy—1,5n,1), Po(Sn,Sn+1,1)}.
If P*(sp—1,5n,t) = Po(sn,Snt1,t). then as y(r) <t we have
1 1 1
Po(Sn,Sn+1,1) -l W(PQ(SmSnHJ) —b< Po(SnsSnt1,1) -h
which is a contradiction.
So P*(sp—1,8n,t) = Po(Sp—1,8s,¢). and
1 1 1

— 1< _ < —
PQ(serH—lal) Il/(PQ(-S'n—lwgnat) ) PQ(sn—lasnat)

—1,
Hence Py(sn,Sn+1,t) > Po(Sp—1,8n,1). So, the sequence {Pp(sp,Sn+1,7)} is strictly increasing
in [0,1], for all > 0. Let for all 7 > 0, [(¢) = lim,—ye0 Po(Sn, Snt+1,1). We claim that [(r) =1, on
contrary, assume /(fy) < 1, for some 7y > 0, Taking limit on both sides, we have

1 1 1

a contradiction. Thus, we have

]1li_r>rgoPQ(sn,sn+1,t) =1, t>0.

To prove Cauchyness of s,, consider the cases as:

Case-1. When p =2g+1 (odd), then by writing t = (22qq—:—11)t = 2q1+ I + 2q{k I +...+2q—1+1.
We have
t t
PQ(sn7Sn+2q+l7t) > PQ(Sn7sn+17 f%) *PQ(Sn+17Sn+27 ﬁ
t
2g+1

---*PQ(sn+2qasn+2q+lafn(s +2q5Sn+2 —H) ‘
n+2q,°n+2q
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Applying limit n — oo, we have

lim Py (Sp,Snt2g+1,1) > 1x 1% ...x1=1.

n—oo
.. (2g)t 1 1 1
Case-2. When p = 2q (even), then by writingt = —— = —+ —+...... + —. we have
29 2 24 2q
t t
29 29
Po(sy,$n124,t) 2 Po(Sn,Snat, ————) * Po(Spa1,Sp10, ————— ) *...
Q( nySn42q ) Q( nySn+ fl(Sn,SnJrl)) Q( n+1;5n+4 f2(5n+1,Sn+2))
t
29

....*PQ(SnJqu*l’s””q’fn(s 12g-1,5n12¢)
n+2g—1+9n+2q

Applying limit n — oo, we have

lim Py (sp,Sni2g:) > 11 ..x1=1.

n—oo

Hence in either case, lim;,_o. PQ(sn,sn+p,t) = 1,showing Cauchyness of s, and converges to

s€X,so

lim Py(sp,s,t) = 1.

n—oo

Now as T is continuous, we get T's, — T's, for all t > 0, that is s, — T's, the uniqueness of the

limit implies that 7's = s. Then s is the fixed point of T. U
Example 3.9. Let

X = {g p=0,1,3,9,...g=1,4,..3k+1,..).

X = {’5’ p=1,3,9,...0=2,5,....3k+2,..}.

t
and X = XjUX,. Letf; xt, =111 for all 11,1, € [0, 1] and PQ(S17S2,t) = ———— forall
t+’SI—S2‘n
s1,82 € Xandt > 0.

Define T : X — X by

—, SEX],

S
§7 S€X2,
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If 51,57 € Xj. then

<(31) (P )

If 51,52 € X5. then

B2y n
1 = 8 8 . 1 |S1 —S2|n . 1 1 1
PQ(TSl,TSQ,t) N t - \8 t - \8 PQ(S],Sz,t)

W ()

Now if 51 € Xj and 52 € X5

3S1 Szn 11 n
SR B L A
Py(Ts1,Tsy,t) t 11 t '
So, if >11 th
i — n
0,1 851 2482, &
-2 Ll 51— gl
1 T L " |s1 =575 _ (3 g
PQ(TS],TSg,l‘) 11 t —\ 11 t
6\"[1 1
<(—= _
—\ 11 PQ(Sl,TSZ,l‘) >:|

1 1
—1
PQ(slaTSZJ)+PQ(S27TS]7I)> :|

6\" 1
2PQ(S1,TS2,Z‘)PQ(S2, Tsl,l‘)
_PQ(S],TSQ,I) +PQ(S2,TS1 ,t)

oNY(_ v,
11 P*(s1,52,1)
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11
and if s; < —s>7, then

6
11

IN

24
3 Sz—S1|"
P (Ts1 Tsyt) (ﬁ)
< (2 |s2—s1|" —1
—\11 PQ Sl,SZ,

—1
(P* (s1,82,1) )

1 6
We see that ———— — 1 < | — — 1| for all s;,50 € X. Thus, T is a
Po(Ts1,Ts2,t) 11 P>|< (51,82,1)
; )

generalized psi fuzzy contractive mapping with y(z T

t. Then T has a fixed point, i-e
s=0

Theorem 3.10. Let (X, Py, fu,*) be a complete (FnCMS) with
tll}l‘EloPQ(Sl,Sz,l) =1.
And T : X — X be a self-mapping on X satisfying:
PQ(TSI,TSQ,kt) > PQ(Sl,SQ,t).

forall s1,so € X, then T has a unique fixed point in X.

Proof. Let so € X and the sequence T's,, = 7" sy = s,,1. After routine steps, we have

t

(32) PQ(Snasl’H-ht) ZPQ(S()uslaﬁ)'

Consider the sequence s, in X then:

2g+ 1)t 1 1
Case-1 When p = 2¢g+ 1 (odd), then by writing ¢t = (2(2—:_ 1) = 2011 + P ERIES
1
——. we have
2g+1
t t
2g+1 2g+1
Po(sn,Snt2g+1:t) = Po(SnySn+1, 77— ) *Po(Sn+1,Sn+2, 77—
Q(n st ) Q<n i fl(snasn—l—l)) Q( SR J2(Sns1,8n42)

t
2g+1
Sn+2q> Sn+2q+1) ‘

*PQ(Sn+2ann+2q+17 7 (
n
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Using(..), we have

t t
2g+1 2g+1
Po(su,Spi0011,t) > Po(So,81, ———— ) * Pp(s0, 51, *....
ol Sn42g:1:1) 2 Fol fl(Sn,Sn+1)k") ol fz(Sn+1,Sn+2)k"H)
t
2g+1

...*Pp(so,s .
Q( 0, 17fn(Sn+2q,Sn+2q+1)kn+2q

lim Py (Sp,Snt2g+1,1) > 1x1x..x1 =1.

n—oo
2g)t 1 1 1
Case-2. When p = 2¢q (even), then by writingt:@:—+—+ ...... + —. we have
29 29 2q 2q
t t
29 29
Po($n,Snt2q,t) 2 Po(Sn,Spr1,———) * Po(Sna1,8p10, ————— ) * ...
0{sn:Sn420:1) 2 P s fl(snvsn-i-l)) o{Sn 1, 5 f2(sn+lvsn+2))
t
2q

----*PQ(S"“‘I*I’S"”q’fn(s 12g-155n42q) "
n -1, q

using (3.10), we have
t t

2q 2q
— )% Py(sg,s1, ...
fi (snaSnJrl)kn) Q( f2(5n+lasn+2)kn+l )

PQ(snasn+2q7t) > PQ(S()vsb
t
2q
Jn (Sn—l—Zq—l »Sn+2q

....*PQ(S(),S], )kn+2q_1).

Applying limit n — oo, we have

}i_r)rgoPQ(sn,anrzq,t) >1xl*....x1=1.

Hence in either case, lim,—e Po($y,Sn4p,t) = 1,showing Cauchyness of s, and converges to
s€ X, so

lim Pp(sy,s,t) = 1.

n—oo
Next to show that s is the fixed point of 7. Here again arises two cases:

Case-1 When n = 2g + 1 is odd, then by writing
. (2q+1) 1 1 1

2g+1  2q+1 2q+1jL +2q+1'
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We have
t t

2g+1 2q+1
ATy Py (s Sprg, —T T
fl(S,Sn)) olsn Sn So(SnySnt1)

Py(s,Ts,t) > Py(s,sn,
t

2g+1
...*PQ(sn+1,sn+2,f 4

2(sn+1 s Sn+2)
t

2g+1
ok Po(Spt2 1,TS,
Q( et fn(sn+2q+1:TS)
t t
2g+1 2g+1
> Po(s,sp,——)*xPo(Ts,—1,Tsp, —m——
Q( " fl(sasn)) Q( " " fZ(Snasn—l—l)
t
2g+1
wxPo(Tsy, TSpt1y,————
0T s, T'snr f2(Sns1,8n42)
t
2g+1
ok Po(Tspsy24,T's,
Q( e fn(sn+2q+17TS)
t t
2g+1 2g+1
> Po(s,sp, —— ) *Po(sp_1,8p, ———
0 5m . () Rt
t
2g+1

e x Po(Spt24, S,
Q( e fn(sn+2q+l7Ts)k

—Ixlx...x1=1,

as n— oo,
2g)t 1 1 1
Case-2 When n = 2¢ is odd, then by writingt:ﬂ:—+——|— ...... + —.
29 29 24 2q
We have
t t
2q 2q
Po(s,Ts,t) > Pol(s,Sn, * Po(Sn,Sptl, ———) % ...
ol )= Fol "fl(s,sn)) ol Sns f2(snasn+l))
t
2q
vk Po(Spat,Span, ——————— ) % ...
olSn+1:ns f2(5n+1,sn+2)>

1
2q

... % P Ts,———
Q(SYH—Zq, > fn(sn+2q7 TS)

15
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t t
2q
xPo(Tsp_1, TSy, —————) %....
) Q( " " f2(snasn+l))

2q
> Po(s,sp, ———
- Q( " fl(S,Sn)
t
2g
xPo(Tsy, Tspr1, —————) *....
0(Tsn, T+ fz(Sn+1,Sn+2))
t
2—‘1)
fn(sn+2q,Ts)
t t
2q
* Po(Sp—1,8n, ———— ) *....
) * Polsn=1,5n f2(sn>sn+1)k)

*PQ(TSn+2q_1,TS,

2q
=R s

t

2
¥ Po(Spang—1,8, ———F——
Q( i fn(sn—i-anTS)k

—I*xl*x....x1=1

Y

as n-— o

hence in either case, s is the fixed point of 7.

Uniqueness: Assume 7'z = z for any other z € X, then

t
PQ(S,Z,t) = PQ(TS,TZ,I) > PQ(S,Z, %),

which shows the uniqueness of s.

Example 3.11. Let X = [0, 1], Define a (FnCMS) (X, Py, fn, *) as

(s1—52)"

Py(s1,s2,t) = exp t

with product t-norm. Further let 7 : X — X be defined as T's =1 — 2

3
Now
(Tsy—Tsy)"
Py(Tsy,Tsy,kt) = exp kt
S1 $2
1= 2y
(S
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(s1=9)"
=exp 3kt

(s1—52)"

> exp t

= PQ(S] ,SQ,Z‘).
. . 3
By Theorem (3.2), T has a unique fixed point, here s = T

4. APPLICATION TO FRACTIONAL DIFFERENTIAL EQUATIONS

Fractional calculus has brought many significant improvements in scientific research. It deals
with the variable derivative that gives more accuracy and helps to make models of mathematical
problems. Whereas an ordinary derivative was not so good in this regard because it deals with
integer order derivatives.

The main idea of fractional derivatives and integrals is usually associated with Liouville.

However, mathematicians had already studied derivatives containing fractional order. Fractional
calculus was the subject of Leibnitz’s study. Later, Euler also made a contribution to it. Liou-
ville, Reimann, Abel, Litnikov, Hadamard, Weyl, and many other mathematicians from past and
present have made significant improvements in the study of fractional calculus and now it is a
symbolic topic in mathematics. This section is devoted to prove the uniqueness of the solution

of the following fractional differential equation consisting of Caputo fractional derivative

(4.1) Dy, v(E)+g(E,v(E) =0, 0<E<],

where, 1 < 8 <2, £(0)+&'(0) =0, £(1)+ &'(1) = 0 are the boundary conditions with g :
[0,1] x [0,00) — [0,00) being continuous. Define a complete (FnCMS) (X, Py, f,,*) on X =
C([0,1],R) as

supyeo, 1) 1§ (V) —u(v)["
t

PQ(&?“J) - exp(—

for all v,u € X, t > 0, where t xt, = t1t,. Note that v € X solves (4.1) whenever v € X is the

solution of
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_ L peey d ! RIINaLETt d
V(&)= gy ) (1= 07 (=8 VENaL + gy | (1072018l v(E))ag

¢
i ) -0 e @

Theorem 4.1. Consider the operator H : X — X as

HVE) = g5 [ (1= 0% (1= eCvEE+ s [ 1= 0721 - Oeld. gL

1 /s 5
gy €07 s V()
suppose the conditions:
(i) forall v,u € X, g:10,1] x [0,00) — [0,00), satisfies

1
9(8,E(8)) — 8(&,1(E)) < kn|EE) — u(0)]

(ii)
1-& 1-¢ g9

sup + +
£€(0,1) ’F(S +1) TI(8) TI(6+1) |

t=n <,
holds. Then equation (4.1) has a unique solution.

Proof. Let v,u € X and consider

V(&) ~HREI = sy [ (1= 0511 E)(alE. V0D - (G (@)

L [ (1= 0)52(1 = £) (8, V(D)) — 8(C ()
e ) 1707186 V) —s(E(0)

n

L /6@ $)5 (g v(8)) — 8(C, 1(E)))dE
') Jo B 5 CESH

S(Fészjﬂ—éfWl—éﬂﬂCﬂ%O)—g@ddCDWC

1 1 _
PR (107 0= 8)l8(E V() —(E m(E g

+ sy 6 0P e - o€l
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1 1 B 1
< (m/o (1— 0P (1 £ v(£) — u()|dE

N ﬁ / (1= 0721 B v(E) — u(Q)lag

1 6 1,1 "
F s € 0P RO - ()l

—KVE) - R (1 [ (1= 051 - g

1 ! . Lo e
b (-0 -gags s [ e -0 ag)

()

_ n 1_5 1_5 56 n

=k[v(&) —u(S)| (F(5+1) T TG) Jr1“(5+1)>
E o 1-¢&, &

<kv(e)—nu(S)I"

so, we have
[Hv(E) —Hu(S)" <klv(8) — (&))",
i-e
_ Supgepo, 1) [HV(E) — Hu(E)/" o SUPeefo] V(&) — ()"
kt - t ’
xp (_supge[o,u |Hvk(f) —Hu(€)|"> - exp (_supase[o,ﬂ Ivié) —u(é)!”) |

thus, we have
Po(HV(S),HU(S),kt) = Po(v(S), 1(8),1),

from Theorem 3.2, the equation (4.1) has a unique solution. ]

CONFLICT OF INTERESTS

The authors declare that there is no conflict of interests.



20 AMINE FAIZ, ADIL BAIZ, JAMAL MOULINE, KHADIJA BOUZKOURA

REFERENCES

[1] S. Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations intégrales, Fund.
Math. 3 (1922), 133-181.

[2] M. Jleli, E. Karapinar, B. Samet, Further generalizations of the Banach contraction principle, J. Inequal. Appl.
2014 (2014), 439. https://doi.org/10.1186/1029-242x-2014-439.

[3] M. Jleli, B. Samet, A new generalization of the Banach contraction principle, J. Inequal. Appl. 2014 (2014),
38. https://doi.org/10.1186/1029-242x-2014-38.

[4] R. Kannan, Some results on fixed points, Bull. Calcutta Math. Soc. 60 (1968), 71-76.

[5] A.Baiz, J. Mouline, A. Kari, Fixed point theorems for generalized T — y-contraction mappings in rectangular
quasi b-metric spaces, Adv. Fixed Point Theory, 13 (2023), 10. https://doi.org/10.28919/afpt/8114.

[6] A. Baiz, J. Mouline, Y. El Bekri, Existence and uniqueness of fixed point for ¢-contractions in rectangular
quasi b-metric spaces, Adv. Fixed Point Theory, 13 (2023), 16. https://doi.org/10.28919/afpt/8152.

[7] A.Kari, H. Emadifar, A. Baiz, fixed point theorems for generalized 6 — Q2—contraction on metric spaces, JP
J. Fixed Point Theory Appl. 19 (2023), 7-33.

[8] A.Baiz, J. Mouline, Y. El Bekri, et al. New fixed point theorems for (7 — y)-contraction mapping in complete
rectangular M-metric space, Adv. Fixed Point Theory, 13 (2023), 18. https://doi.org/10.28919/afpt/8190.

[9] A. Kari, M. Rossafi, E.M. Marhrani, M. Aamri, New Fixed Point Theorems for 8 — ¢ —contraction on com-
plete rectangular b—metric spaces, Abstr. Appl. Anal. 2020 (2020), 8833214. https://doi.org/10.1155/2020/8
833214.

[10] M. Asadi, E. Karapinar, P. Salimi, New extension of p-metric spaces with some fixed-point results on M-
metric spaces, J. Inequal. Appl. 2014 (2014), 18. https://doi.org/10.1186/1029-242x-2014-18.

[11] A.Branciari, A fixed point theorem of Banach-Caccioppoli type on a class of generalized metric spaces, Publ.
Math. Debrecen. 57 (2000), 31-37.

[12] A. Kari, M. Rossafi, E.IM. Marhrani, M. Aamri, Fixed-point theorem for nonlinear F-contraction via w-
distance, Advances in Mathematical Physics. 2020 (2020), 6617517. https://doi.org/10.1155/2020/6617517.

[13] N.Y. Ozgiir, N. Mlaiki, N. Tas, et al. A new generalization of metric spaces: rectangular M-metric spaces,
Math. Sci. 12 (2018), 223-233. https://doi.org/10.1007/s40096-018-0262-4.

[14] F.E. Browder, On the convergence of successive approximations for nonlinear functional equations, Indag.
Math. 30 (1968), 27-35.

[15] A. Kari, H. Hammad, A. Baiz, et al. Best proximity point of generalized (F — 7)-proximal non-self contrac-
tions in generalized metric spaces, Appl. Math. Inform. Sci. 16 (2022), 853-861. https://doi.org/10.18576/a
mis/160601.

[16] S. Shukla, Partial rectangular metric spaces and fixed point theorems, Sci. World J. 2014 (2014), 756298.
https://doi.org/10.1155/2014/756298.


https://doi.org/10.1186/1029-242x-2014-439
https://doi.org/10.1186/1029-242x-2014-38
https://doi.org/10.28919/afpt/8114
https://doi.org/10.28919/afpt/8152
https://doi.org/10.28919/afpt/8190
https://doi.org/10.1155/2020/8833214
https://doi.org/10.1155/2020/8833214
https://doi.org/10.1186/1029-242x-2014-18
https://doi.org/10.1155/2020/6617517
https://doi.org/10.1007/s40096-018-0262-4
https://doi.org/10.18576/amis/160601
https://doi.org/10.18576/amis/160601
https://doi.org/10.1155/2014/756298

y—CONTRACTION MAPPING IN FUZZY N-CONTROLLED METRIC SPACE 21

[17] S.K. Chatterjea, Fixed point theorems, C.R. Acad., Bulgare Sci. 25 (1972), 727-730.

[18] Lj.B. Ciric, A generalization of Banach’s contraction principle, Proc. Amer. Math. Soc. 45 (1974), 267-273.
https://doi.org/10.1090/s0002-9939-1974-0356011-2.

[19] T. Suzuki, A generalized Banach contraction principle that characterizes metric completeness, Proc. Amer.
Math. Soc. 136 (2007), 1861-1870. https://doi.org/10.1090/50002-9939-07-09055-7.

[20] D. Wardowski, Fixed points of a new type of contractive mappings in complete metric spaces, Fixed Point
Theory Appl. 2012 (2012), 94. https://doi.org/10.1186/1687-1812-2012-94.

[21] N. Saleem, M. Abbas, Z. Raza, Fixed fuzzy point results of generalized Suzuki type F-contraction mappings
in ordered metric spaces, Georgian Math. J. 27 (2017), 307-320. https://doi.org/10.1515/gmj-2017-0048.

[22] N. Saleem, I. Habib, M.D. la Sen, Some new results on coincidence points for multivalued Suzuki-type
mappings in fairly complete spaces, Computation. 8 (2020), 17. https://doi.org/10.3390/computation80100
17.

[23] M. Edelstein, An extension of Banach’s contraction principle, Proc. Amer. Math. Soc. 12 (1961), 7-10.
https://doi.org/10.1090/s0002-9939-1961-0120625-6.

[24] L.A. Zadeh, Fuzzy sets, Inform. Control. 8 (1965), 338-353. https://doi.org/10.1016/s0019-9958(65)90241
-x. 90241-x.

[25] B. Samet, C. Vetro, P. Vetro, Fixed point theorems for -contractive type mappings, Nonlinear Anal.: Theory
Methods Appl. 75 (2012), 2154-2165. https://doi.org/10.1016/j.na.2011.10.014.

[26] J.J. Buckley, T. Feuring, Introduction to fuzzy partial differential equations, Fuzzy Sets Syst. 105 (1999),
241-248. https://doi.org/10.1016/s0165-0114(98)00323-6.

[27] O. Kaleva, Fuzzy differential equations, Fuzzy Sets Syst. 24 (1987), 301-317. https://doi.org/10.1016/0165
-0114(87)90029-7.

[28] M.L. Puri, D.A. Ralescu, Differentials of fuzzy functions, J. Math. Anal. Appl. 91 (1983), 552-558. https:
//doi.org/10.1016/0022-247x(83)90169-5.

[29] I. Kramosil, J. Michdlek, Fuzzy metrics and statistical metric spaces, Kybernetika. 11 (1975), 336-344.
http://dml.cz/dmlcz/125556.

[30] K. Menger, Statistical metrics, Proc. Natl. Acad. Sci. U.S.A. 28 (1942), 535-537. https://doi.org/10.1073/pn
as.28.12.535.

[31] M. Grabiec, Fixed points in fuzzy metric spaces, Fuzzy Sets Syst. 27 (1988), 385-389. https://doi.org/10.1
016/0165-0114(88)90064-4.

[32] A. George, P. Veeramani, On some results in fuzzy metric spaces, Fuzzy Sets Syst. 64 (1994), 395-399.
https://doi.org/10.1016/0165-0114(94)90162-7.

[33] A. Branciari, A fixed point theorem of Banach-Caccioppoli-type on a class of generalized metric spaces,

Publ. Math. Debrecen. 57 (2000), 31-37.


https://doi.org/10.1090/s0002-9939-1974-0356011-2
https://doi.org/10.1090/s0002-9939-07-09055-7
https://doi.org/10.1186/1687-1812-2012-94
https://doi.org/10.1515/gmj-2017-0048
https://doi.org/10.3390/computation8010017
https://doi.org/10.3390/computation8010017
https://doi.org/10.1090/s0002-9939-1961-0120625-6
https://doi.org/10.1016/s0019-9958(65)90241-x
https://doi.org/10.1016/s0019-9958(65)90241-x
https://doi.org/10.1016/j.na.2011.10.014
https://doi.org/10.1016/s0165-0114(98)00323-6
https://doi.org/10.1016/0165-0114(87)90029-7
https://doi.org/10.1016/0165-0114(87)90029-7
https://doi.org/10.1016/0022-247x(83)90169-5
https://doi.org/10.1016/0022-247x(83)90169-5
http://dml.cz/dmlcz/125556
https://doi.org/10.1073/pnas.28.12.535
https://doi.org/10.1073/pnas.28.12.535
https://doi.org/10.1016/0165-0114(88)90064-4
https://doi.org/10.1016/0165-0114(88)90064-4
https://doi.org/10.1016/0165-0114(94)90162-7

22 AMINE FAIZ, ADIL BAIZ, JAMAL MOULINE, KHADIJA BOUZKOURA

[34] S. Nidaban, Fuzzy b-Metric Spaces, Int. J. Comput. Commun. 11 (2016), 273-281. https://doi.org/10.15837
/ijeccc.2016.2.2443.

[35] F. Mehmood, R. Ali, C. Ionescu, et al. Extended fuzzy b-metric Spaces, J. Math. Anal. 8 (2017), 124-131.

[36] M.S. Sezen, Controlled fuzzy metric spaces and some related fixed point results, Numer. Methods Part. Differ.
Equ. 37 (2020), 583-593. https://doi.org/10.1002/num.22541.

[37] N. Saleem, H. Isik, S. Furqan, C. Park, Fuzzy double controlled metric spaces and related results, J. Intell.
Fuzzy Syst. 40 (2021), 9977-9985. https://doi.org/10.3233/jifs-202594.

[38] R. Chugh, S. Kumar, Weakly compatible maps in generalized fuzzy metric spaces, J. Anal. 10 (2002), 65-74.

[39] F. Mehmood, R. Ali, N. Hussain, Contractions in fuzzy rectangular b-metric spaces with application, J. Intell.
Fuzzy Syst. 37 (2019), 1275-1285. https://doi.org/10.3233/jifs-182719.

[40] N. Saleem, S. Furqan, M. Abbas, et al. Extended Rectangular Fuzzy b-Metric Space with Application, AIMS
Math. 7 (2022), 16208-16230.

[41] S. Furgan, H. Igsik, N. Saleem, Fuzzy triple controlled metric spaces and related fixed point results, J. Funct.
Spaces. 2021 (2021), 9936992. https://doi.org/10.1155/2021/9936992.

[42] S.T.Zubair, K. Gopalan, T. Abdeljawad, et al. On fuzzy extended hexagonal b-metric spaces with applications
to nonlinear fractional differential equations, Symmetry. 13 (2021), 2032. https://doi.org/10.3390/sym13112
032.

[43] A. Hussain, U. Ishtiaq, K. Ahmed, et al. On pentagonal controlled fuzzy metric spaces with an application to
dynamic market equilibrium, J. Funct. Spaces. 2022 (2022), 5301293. https://doi.org/10.1155/2022/5301293.

[44] N. Saleem, U. Ishtiaq, L. Guran, et al. On graphical fuzzy metric spaces with application to fractional differ-
ential equations, Fractal Fract. 6 (2022), 238. https://doi.org/10.3390/fractalfract6050238.


https://doi.org/10.15837/ijccc.2016.2.2443
https://doi.org/10.15837/ijccc.2016.2.2443
https://doi.org/10.1002/num.22541
https://doi.org/10.3233/jifs-202594
https://doi.org/10.3233/jifs-182719
https://doi.org/10.1155/2021/9936992
https://doi.org/10.3390/sym13112032
https://doi.org/10.3390/sym13112032
https://doi.org/10.1155/2022/5301293
https://doi.org/10.3390/fractalfract6050238

	1. Introduction
	2. Preliminaries
	3. Main Results
	4. Application to Fractional Differential Equations
	Conflict of Interests
	References

