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Abstract. In this paper, we introduce the concept of generalized interpolative enriched Kannan to prove some

fixed point results in the setting of complete convex metric spaces. We give an example to illustrate our result. As

an application, we obtain a fixed point theorem in convex quasi-metric space.
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1. INTRODUCTION

Fixed point theory is a mathematical theory that deals with the study of fixed points in func-

tions or mappings. A fixed point of a function is a point that remains unchanged when the

function is applied to it. More formally, if you have a mapping T and a point x, then u is a fixed

point of T if T x = x.

Fixed point theory has a wide range of applications in various areas of mathematics and

beyond. Some key aspects and concepts related to fixed point theory include:
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Existence and Uniqueness Theorems: Fixed point theory provides theorems and conditions

that establish when fixed points exist and whether they are unique for certain functions or map-

pings. The Banach Fixed Point Theorem is one of the most well-known results in this area.

Contraction Mappings: Contraction mappings are a specific class of mappings for which

fixed point theorems often apply. These mappings contract distances between points, and the

Banach Fixed Point Theorem is a classic example that applies to contraction mappings see for

example [2, 3, 4, 5, 6, 7, 8, 9, 14, 15, 16, 17, 18, 19, 21, 22, 23].

Applications in Equations and Systems: Fixed point theory can be used to study and solve

equations and systems of equations. Many mathematical problems can be reformulated as fixed

point problems, allowing for applying fixed point theorems to find solutions.

Topological and Metric Spaces: Fixed point theory is often applied in the context of topolog-

ical spaces and metric spaces. Complete metric spaces, in particular, play a crucial role in many

fixed point theorems.

Iterative Methods: Fixed point iterations are common in numerical analysis and optimization.

These iterative methods are often used to approximate fixed points numerically.

Applications Beyond Mathematics: Fixed point theory has applications in physics, engineer-

ing, economics, computer science, and various other fields. For example, it’s used in the study

of dynamical systems, game theory, and equilibrium points in economic models

In 2018 Karapinar [1] proposed a new Kannan-type contractive mapping using the concept

of interpolation and proved a fixed point theorem in metric space. This new type of mapping,

called interpolative Kannan-type contractive mapping, is a generalization of Kannan’s fixed

point theorem.

Theorem 1. Let us recall that an interpolative Kannan contraction on a metric space (E,d) is

a self-mapping T : E→ E such that there exist k ∈ [0,1) and α ∈ (0,1) such that

(1) d (T x,Ty)≤ k [d (T x,x)]α [d (Ty,y)]1−α ,

(x,y) ∈ E×E with x,y /∈ Fix(T )

Then T has a unique fixed point in E.
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This theorem has been generalized in 2023 by Edraoui et al. [15] for various types of cyclic

contractions in a metric space.

Definition 2. [15] Let (E,d) be a metric space and let X and Y be nonempty subsets of E. A

cyclic map T : X ∪Y → X ∪Y is said to be an interpolative Kannan Type cyclic contraction if

there exists k ∈ [0,1) and α ∈ (0,1) such that

(2) d (T x,Ty)≤ k [d (T x,x)]α [d (Ty,y)]1−α

for all (x,y) ∈ X×Y with x,y /∈ Fix(T ) .

Theorem 3. [15] Let (E,d) be a complete metric space and let X and Y be nonempty subsets

of E and let T : X ∪Y → X ∪Y be interpolative Kannan type cyclic contraction. Then T has a

unique fixed point in X ∩Y .

Takahashi [3] introduced the notion of convexity within metric spaces, specifically referred to

as convex metric spaces. In doing so, the investigation centred around establishing the existence

of fixed points for nonexpansive mappings within these convex metric spaces.

Before providing the main result, we need to introduce some basic facts about convex metric

spaces.

Definition 4. Let E be a metric space. A continuous function W : E×E× [0,1]→ E is said to

be a convex structure on E, if for all u,v ∈ E and λ ∈ [0,1] the following inequality holds

(3) d (z,W (u,v,λ )) = λd (z,u)+(1−λ )d (z,v) for any z ∈ E

Example 5. Let E = R2. For u = (u1,u2) , v = (v1,v2) in E and λ ∈ [0,1] . Define a mapping

W : E×E× [0,1]→ E by

W (u,v,λ ) =
(

λu1 +(1−λ )v1,
λu1u2 +(1−λ )v1v2

λu1 +(1−λ )v1

)
and a metric

d : E×E×→ [0,∞)

u,v → d (u,v) = |u1− v1|+ |u1v1− v1v2|

It can be verified that E is a convex metric space.
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Lemma 6. [2] Let (E,d,W ) be a convex metric space and T : E → E. Define the mapping

Tλ : E→ E by

(4) Tλ u =W (u,Tu,λ ) u ∈ E

Then, for any λ ∈ [0,1), we have

(5) Fix(T ) = Fix(Tλ ) .

Definition 7. [2] Let (E,d,W ) be a convex metric space and T : E → E. be a selfmap. If there

exist k ∈ [0,1) and λ ∈ [0,1] such that

(6) d (W (u,Tu,λ ) ,W (v,T v,λ ))≤ kd (u,v)

for all u,v ∈ E. We also call T a (λ ,k)-enriched Kannan type contraction.

We defne Tλ : E→ E by Tλ u =W (u,Tu,λ ). Then (6) reduces to

(7) d (Tλ u,Tλ v)≤ kd (u,v) for all u,v ∈ E.

Employing the ideas of Karapinar [1] Berinde and Pacurar , Karapinar [2] we introduce

the concept of generalized interpolative enriched Kannan prove some fixed point results in the

setting of complete convex metric spaces. We give an example to illustrate our result. As an

application, we obtain a fixed point theorem in convex quasi-metric space.

2. MAIN RESULTS

We enrich the interpolative Kannan type contraction as follows:

Definition 8. Let (E,d,W )be a convex metric space. A self-mapping T : E → E is an gener-

alized interpolative enriched Kannan type contraction if there exist k ∈ [0,1) , λ ∈ [0,1) and

α ∈ (0,1)

(8) d (W (u,Tu,λ ) ,W (v,T v,λ ))≤ k max

 [d (u,W (u,Tu,λ ))]α . [d (v,W (v,T v,λ ))]1−α ,

[d (u,W (u,Tu,λ ))]1−α . [d (v,W (v,T v,λ ))]α


for all u,v ∈ E\Fix(T ).

Theorem 9. Let (E,d,W ) be a complete convex metric space T : E → E be a continuous

generalized interpolative enriched Kannan type contraction. Then,
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1: Fix(T ) 6= /0

2: The following estimate holds

(9) d (un+m−1,u∗)≤
km

1− k
d (un,un−1) ,n = 1,2, ..and m = 1,2, ..

where u∗ = Fix(T )

Proof. Using Lemma (6 ), the condition (8), is transformed to following equivalent form

(10) d (Tλ u,Tλ v)≤ k max
{
[d (u,Tλ u)]α . [d (v,Tλ v)]1−α , [d (u,Tλ u)]1−α . [d (v,Tλ v)]α

}
.

Namely, Tλ represents an generalized interpolative Kannan type contraction. The Picard

iteration linked with Tλ corresponds to the Krasnoselskij iterative approach {un}∞

n=0 associated

to T , which is defned by un+1 =W (un,Tun,λ ) , i.e, un+1 = Tλ un, n≥ 0.

Without any loss of generality, we assume that the successive terms of {un} are distinct (i,e

un+1 6= un ) for each nonnegative integer n. Indeed, if there exists a nonnegative integer n0, such

that un0 = un0+1 = Tλ un0 ,Then un0 becomes a fixed point. Hence, we obtain.

Take u = un and v = un−1 in (10), we get

d (Tλ un,Tλ un−1)≤ k max
{
[d (un,Tλ un)]

α . [d (un−1,Tλ un−1)]
1−α , [d (un,Tλ un)]

1−α . [d (un−1,Tλ un−1)]
α
}

d (un+1,un)≤ k max
{
[d (un,un+1)]

α . [d (un−1,un)]
1−α , [d (un,un+1)]

1−α [.d (un−1,un)]
α
}

If

max
{
[d (un,un+1)]

α . [d (un−1,un)]
1−α , [d (un,un+1)]

1−α . [d (un−1,un)]
α
}

= [d (un,un+1)]
α . [d (un−1,un)]

1−α

Then

d (un+1,un)≤ kd [(un,un+1)]
α . [d (un−1,un)]

1−α

which further gives

d [(un+1,un)]
1−α ≤ k. [d (un−1,un)]

1−α

We deduce that

d (un+1,un) ≤ k.d (un−1,un)(11)

≤ k.d (un−2,un−1)
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...

≤ kn.d (u0,u1)

If

max
{
[d (un,un+1)]

α . [d (un−1,un)]
1−α , [d (un,un+1)]

1−α . [d (un−1,un)]
α
}

= [d (un,un+1)]
1−α . [d (un−1,un)]

α ,

then

d (un+1,un)≤ k [d (un,un+1)]
1−α . [d (un−1,un)]

α .

which further gives

d [(un+1,un)]
α ≤ k. [d (un−1,un)]

α .

We deduce that

d (un+1,un) ≤ k.d (un−1,un)(12)

≤ k.d (un−2,un−1)

...

≤ kn.d (u0,u1)

It follows from (11) and (12), we get

(13) d (un+1,un)≤ kn.d (u0,u1) .

For m > 0. Using the triangular inequality, we obtain

d (un,un+m) ≤ d (un,un+1)+d (un+1,un+2)+ ...+d (un+m−1,un+m)

≤ knd (u0,u1)+ kn+1d (u0,u1)+ ...+ kn+m−1d (u0,u1)

≤
(
kn + kn+1 + ...+ kn+m−1)d (u0,u1)

≤
(
kn + kn+1 + ...+ kn+m−1)d (u0,u1)

≤ kn

1− k
(1− km)d (u0,u1) .



FIXED POINTS VIA INTERPOLATIVE ENRICHED CONTRACTIONS 7

We obtain

(14) d (un,un+m)≤
kn

1− k
(1− km)d (u0,u1)

Taking n→ +∞ in the inequality above, we derive that {un} is a Cauchy sequence. since

(E,d,W ), is a convex complete metric space, there exists a u∗ ∈ X such that lim
n→∞

d (un,u∗) = 0.

Taking u = un and v = u∗in (10), Using the continuity of the metric in its both variables we

can prove that x∗ ia a fixed point of T as follows

d (Tλ un,Tλ u∗)≤ k max
{
[d (un,Tλ un)]

α . [d (u∗,Tλ u∗)]1−α , [d (un,Tλ un)]
1−α . [d (u∗,Tλ u∗)]α

}
Letting n→+∞ we get d (Tλ u∗,u∗) = 0 that is Tλ u∗ = u∗,i.e u∗ ∈ Fix(Tλ ) = Fix(T )

To establish the final statement of our theorem, we first derive the subsequent result from (13)

(15) d (un+m,un)≤
k

1− k
d (un,un−1) .

Now, letting m→+∞ in(14) and (15), we get

(16) d (un,u∗)≤
kn

1− k
d (u0,u1) , n≥ 1,

and

(17) d (un,u∗)≤
k

1− k
d (un,un−1) , n≥ 1.

respectively. From (16) and (17), we get the unifying error estimate (9) �

Example 10. Let E = [0,5]. For any u,v ∈ E and λ ∈ [0,1) . Define a mapping W : E×E×

[0,1]→ E by W (u,v,λ ) = λu+(1−λ )v and a metric d : E×E→ [0,∞) by d (u,v) = |u− v|.

Let T : E→ E be given by T x = 5−u
9 .

For any u,v,z ∈ E, we have

d (z,W (u,v,λ )) = |λ (z−u)+(1−λ )(z− v)|

≤ λ |(z−u)|+(1−λ ) |(z− v)|

= λd (z,u)+(1−λ )d (z,v) .

Hence, (E,d,W ) is a convex metric space. Also for λ = 1
10 , then Tλ u = W (u,Tu,λ ) = λu+

λTu = 1
10u+

(
1− 1

10

) 5−u
9 = 1

2 .
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So, we have d (Tλ u,Tλ v) = 0 where u,v ∈ E\Fix(T ) Therefore, for any α ∈ (0,1) , T gener-

alized interpolative enriched Kannan type contraction. Thus, by Theorem 9, T has a fixed point

which is 1
2 .

3. APPLICATION TO QUASI-METRIC SPACES

Definition 11. Let E be a nonempty set and let d : E×E→ [0,+∞[ be a functiion satisfying the

following conditions : for all u,v,w ∈ E

(C1) d(u,u) = 0

(C2) d(u,v)≤ d(u,w)+d(w,v)

Then d is called a quasi-pseudometric on E if d satisfies the additional condition

(C4) d(u,v) = 0 =⇒ u = v

then d is said to be T0-quasi metric.

Example 12. Let E = [0,+∞[ and d(u,v) = max{u− v,0} for all u,v ∈ E. Then, (E,d) it’s a

T0−quasi-metric space but it’s not a metric space.

Fach quasi-metric d on E induces a T0 topology τd on E which has as a base the family of

open balls Bd(u,ε) for all u ∈ E.

Bd(u,ε) = {v ∈ E : d(u,v)< ε}

If the quasi-metric τd satisfies the separation axiom T1 (or T2) on E, This is termed (E,d) as

a T1 (or Hausdorff) quasi-metric space. It’s important to observe that a T0-quasi-metric space

(E,d) qualifies as T1 only if for each u,v ∈ E, the condition d (u,v) = 0 implies u = v.

Definition 13. Let (E,d) be a quasi-metric space. The fonction dsand d−1 : E ×E → R+

defined by : for all u,v ∈ E

ds(u,v) = max{d(u,v),d(v,u)} d−1 (u,v) = d (v,u) .

If (E,d) is a quasi metric on E, then (E,d−1) is also a quasi metric and (E,ds) is an ordinary

metric on E.

A quasi-metric space (E,d) is called bicomplete if the metric space (E,ds) is complete.
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The convergence of a sequence {un} to u with respect to τd called d-convergence and denoted

by un
d7→ u, is defined

un
d7→ u⇔ d (u,un) = 0 as n→ ∞.

Similarly, the convergence of a sequence{un} to u with respect to τd−1 called d−1−-convergence

and denoted by un
d−1
7→ u is defined

un
d−1
7→ u⇔ d (u,un) = 0 as n→ ∞.

Finally, the convergence of a sequence {un}to u with respect to τds called ds-convergence and

denoted by un
ds
7→ u, is defined

un
ds
7→ u⇔ d (u,un) = 0 as n→ ∞.

It is clear that un
ds
7→ u⇔ un

d7→ u and un
d−1
7→ u.

Additional and comprehensive insights into the significant characteristics of quasi-metric

spaces and their associated topological structures are available in references [5, 6, 7, 8].

The analysis conducted in the preceding section indicates, in a straightforward manner, the

following concepts.

Definition 14. Let (E,d,W ) be a convex quasi-metric space. A self-mapping T : E → E is

a d−interpolative enriched Kannan type contraction if there exist k ∈ [0,1) , λ ∈ [0,1) and

α ∈ (0,1)

(18) d (W (u,Tu,λ ) ,W (v,T v,λ ))≤ k [d (W (u,Tu,λ ) ,u)]α . [d (v,W (v,T v,λ ))]1−α ,

for all u,v ∈ E\Fix(T ).

A self-mapping T : E→ E is a d−1−interpolative enriched Kannan type contraction if there

exist k ∈ [0,1) , λ ∈ [0,1) and α ∈ (0,1)

(19) d (W (u,Tu,λ ) ,W (v,T v,λ ))≤ k [d (u,W (u,Tu,λ ))]α . [d (W (v,T v,λ )) ,v]1−α ,

for all u,v ∈ E\Fix(T ).

Lemma 15. Let (E,d,W ) be a T0-quasi-metric space. If T is a d-interpolative enriched Kannan

contraction or a d−1−interpolative enriched Kannan contraction on (E,d,W ), then
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(I): T is a generalized interpolative enriched Kannan contractionon the metric space

(E,ds,W ).

(II): The sequence
{

T n
λ

u0
}∞

n=0 obtained from the iterative process Tλ un =W (un,Tun,λ ) ,

n≥ 0 is a Cauchy sequence in (E,ds,W ).

Proof. Suppose that T is a d- interpolative enriched contraction in the space (E,d,W ). Using

Lemma (6 ), the condition (18), is transformed to following equivalent form

d (Tλ u,Tλ v) ≤ [d (Tλ u,u)]α . [d (Tλ v,v)]1−α(20)

≤ k [ds (v,Tλ v)]α . [ds (Tλ u,u)]1−α

for all u,v ∈ E\Fix(T ). Similarly, given x,y ∈ E, We also possess.

d (Tλ v,Tλ u) ≤ k [d (Tλ v,v)]α . [d (u,Tλ u)]1−α(21)

≤ k [ds (u,Tλ u)]α . [ds (Tλ v,v)]1−α

for all u,v ∈ E\Fix(T ) .

Thus, given u,v ∈ E

(22)

ds (d (Tλ u,Tλ v))≤ k max
{
[ds (u,Tλ u)]α . [ds (Tλ v,v)]1−α , [ds (v,Tλ v)]α . [ds (Tλ u,u)]1−α

}
.

We have

ds (W (u,Tu,λ ) ,W (v,T v,λ ))≤ k max

 [ds (u,W (u,Tu,λ ))]α . [ds (W (v,T v,λ ) ,v)]1−α ,

[ds (v,W (v,T v,λ ))]α . [ds (W (u,Tu,λ ) ,u)]1−α

 .

Then, T is a generalized interpolative enriched Kannan contraction on (E,ds,W ).

Let u0 ∈ E and {un}∞

n=0 , un = Tλ un−1 = · · ·= T n
λ

u0.

Let Tλ be a d-interpolative enriched Kannan contraction. By the statement (I), it is a Tλ

is a generalized interpolative enriched Kannan contraction on (E,ds,W ). Then, the proof of

interpolative enriched Kannan that
(
T n

λ
u0
)

n∈N is a Cauchy sequence in (E,ds,W ) �

By employing the proposition mentioned earlier, three variations of the generalized interpola-

tive enriched Kannan principle can be readily derived.
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Theorem 16. Let (E,d,W ) be a bicomplete T0-quasi-metric space. Every d−(resp. every d−1)

interpolative enriched Kannan contraction on (E,d,W ) has a unique fixed point.

Proof. Let T be a d−1 or d−interpolative enriched Kannan contraction. by lemma (6 )(I), T is

a generalized interpolative Kannan on (E,ds,W ). Since (E,ds,W ) is a complete metric space.

So by Theorem (9 ) T has a fixed point. �

Theorem 17. Every d-interpolative enriched Kannan contraction on a Hausdorff d-

sequentially complete T0-quasi-metric space (E,d,W ) has a fixed point.

Proof. Let T be a d-interpolative enriched Kannan contraction on the Hausdorff d-sequentially

complete T0-quasi-metric space (E,d,w). Fix an u0 ∈ E. by lemma (6 )(II) ,
(
T n

λ
u0
)

n∈N is a

Cauchy sequence in (E,ds,W ). Hence, there is u∗ ∈ E such that T n
λ

u0
d→ u∗. Since T is d-

interpolative enriched Kannan contraction there exist k ∈ [0,1) , α ∈ (0,1) and λ ∈ [0,1) for

which

(23) d
(
T n+1

λ
u0,Tu∗

)
≤ k
[
d
(
T n+1

λ
u0,T n

λ
u0
)]α

. [d (u∗,Tλ u∗)]1−α .

Consequently, lim
n→∞

d
(
T n+1

λ
u0,Tu∗

)
= 0, From Hausdorffness of (E,d,W ), we get u∗ ∈

Fix(Tλ ) = Fix(T ) . �

Theorem 18. Every d−1-interpolative enriched Kannan contraction on a T1d-sequentially com-

plete T0-quasi-metric space (E,d,W ) has a fixed point.

Proof. Let T be d−1-interpolative enriched Kannan contraction on T1d-sequentially complete

T0-quasi-metric space (E,d,W ).

Fix u0 ∈E. As in the proof of ,Teorem(18 ) (see lemma (15))
(
T n

λ
u0
)

n∈N is a Cauchy sequence

in (E,ds,W ). Hence, there is u∗ ∈ E such that T n
λ

u0
d→ u∗,i.e d

(
u∗,T n

λ
u0
)
= 0 as n→ ∞.Since

T is a d−1-interpolative enriched Kannan contraction there exist k ∈ [0,1) , λ ∈ [0,1) and α ∈

(0,1) for which

d
(
T n+1

λ
u0,Tu∗

)
≤ k
[
d
(
T n

λ
u0,T n+1

λ
u0
)]α

. [d (Tλ u∗,u∗)]1−α .

Consequently, lim
n→∞

d
(
T n+1

λ
u0,Tu∗

)
= 0.Using the triangular inequality, we obtain,

d (u∗,Tλ u∗)≤ d
(
u∗,T n

λ
u0
)
+d
(
T n

λ
u0,Tλ u∗

)
.
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We deduce d (u∗,Tλ u∗) = 0. i.e, u∗ ∈ Fix(Tλ ) = Fix(T ). �
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