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1. INTRODUCTION

In recent years, fixed point theory has been a flourishing area of mathematical research be-
cause of its development through different standard metric spaces and many diverse application.
Several scholars, including Czerwik, have expanded on the concept of metric spaces. as Czer-
wik [3], Khamsi and Hussain [5], Mlaiki et al. [6], and so on. Jleli and Samet [4] recently
introduced the idea of .% -metric spaces, which is a generalization of the Banach Contraction

*Corresponding author

E-mail address: mahesksamy @ gmail.com

Received January 25, 2024



2 A. KAMAL, DOAA RIZK, MAHESHWARAN KANTHASAMY, T.C. MUJEEBURAHMAN

Principle (BCP). By considering a general condition given by an implicit relation, many classi-
cal fixed point theorems have recently been united.

This method was pioneered by Popa’s seminal papers [8,9]. Implicit functions are useful be-
cause of their unifying capacity as well as their ability to admit new contraction conditions. Jleli
and Samet (2018) proposed the .% -metric space as a new metric space. We look at some fixed
points in the notion of implied relation in the context of .% -metric spaces in this paper. In the
generalized setting, The researchers present some fixed point results. As a result, corresponding

implicit relation fixed point theorems are derived.

2. PRELIMINARIES

Definition 2.1. Given a set x and a function d : } X x — R, we say that the pair (x,d) is a
metric space if and only if d(0,M) satisfies the following properties:

(1)(Non-negativeness) For all 0,1 € x,d(6,1) >0

(2) (Identification) For all 6,m € x we have thatd(6,1) =0< 60 =1

(3) (Symmetry) For all 0,n € x,d(60,1)=d(n,0)

(4) (Triangular inequality) For all 6,1,V € X we have that

d(0,v)<d(6,n)+d(n,v)

In this section, we list the following definitions and examples that we will refer to its in our

main results.

Definition 2.2. [4] Suppose . be the set of functions f : (0,+o) => R satisfying the condi-
tiones as below:
(1) f is non-decreasing, i.e. 0 < s <1 = f(s) < f(1).

(F,) For every sequence 1, C (0,+o0), there is

lim 1, =0 <= lim f(1,) = —c.
n—-+eo n—r+-oo

The generalized concept of metric space is as follows:

Definition 2.3. [4] Suppose ) be a non-empty set and let dg : ¥ X ¥ — [0,+0) be a given

mapping. Suppose that there exists (f, o) € F X [0,~+0) such that
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dz1) (0,1) € x x x,d7(0,1) =06 =1.
dzy)dz(0,n) =dz(n,0), forall (6,n) € x X X.
dg3) Forevery (0,m) € x X X, for every N € N,N > 2, and for every

(
(
(
(M) C x with (U1, uy) = (0,1n), there is

N—1
dz(0,m)>0= f(d#(0,1m)) < (Y, dz(Ww,tis1))+c.
i=1
Then d # is said to be an .% -metric space on ), and the pair (),d ) is said to be an .% -metric

space.

Example 2.1. [4] The set of real numbers R is an .% -metric space if we define d z by

(6—m)%  if(6,n) €[0,4] x[0,4]

6 —nl, if (6,m) ¢ [0,4] x [0,4]
withf (1) = (1)and a =1n(4) for all (6,M) € x x x. It can be easily seen that d z satisfies (dz )
+ (dz2) and (dz3).

Definition 2.4. [4] Suppose (x,d ) is an F -metric space.

(i) Suppose 6, is a sequence in y. We say that {6,} is F-convergent to 0 € x if {0,} is
convergent to 0 in relation to .% -metric space d .

(ii) A sequence 6, is .7 -Cauchy, if

lim D(6,,6,)=0.

n,m——+oo

(iii) We assert that (),d z) is F -complete, if every 7 -Cauchy sequence in ) is ¥ -convergent

to a certain element in ).

Jleli and Samet [4] was presented the following generalization of Banach contraction princi-

ple (BCP):

Theorem 2.1. [4] Suppose (x,d ) is an F -metric space and g : ¥ — X be a given mapping.

Assume that the following criteria are met:
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(i) (x,dz) is F -complete.

(ii) there exists k € (0,1) as

dz(g(0),e(n)) <kdz(6,m),(0,m) € x x .

After that g has a unique fixed point 7* € X. Furthermore, for every 60y € X, the sequence
{6,} C x defined by
0,+1 =g(6,),nEN,

is F -convergent.

In (1997), According to Popa [8,9], several classical fixed point theorems and common fixed
point theorems have been recently unified by considering general contractive conditions ex-
pressed by an implicit condition.

Suppose @ is the set of all real continuous real functions ¢ : Ri — R, under which the follow-
ing conditions are taken into results:

(¢14) ¢ is non-increasing in the fifth variable and

o(u,v,0,u,u+v,0)<0 foru,v>0=3n€[0,1) asu <hv;
(¢1) ¢ is non-increasing in the fourth variable and

o(u,v,0,u+v,u,0) <0 foru,v>0=3Ir€[0,1) asu <hv;
(¢1c) ¢ is non-increasing in the third variable and

o(u,v,u+0,0,u,0v) <0 foru,v>0=3r€[0,1) asu <hv;
(¢14) ¢ is non-increasing in the third variable and

o(u,v,0,u,1,0) <0 foru,v>0=3r€[0,1) asu <hv;

(¢2) ¢(u,1,0,0,1,14) >0, for pu>0.

Example 2.2. The function ¢ € ®, is given by

1

¢(ll7lz’l37l47157l6) =u- §l27

where % € 10,1), satisfies (¢) and (¢14) — (1), with h = %
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3. MAIN RESULTS
We prove some fixed point results concerning implicit condition in this section of .% -metric

space.

Theorem 3.1. Suppose (),d z) be an 7 - complete metric space and T : X — X is a self mapping
for which there is an existence F fulfilling (%1),as for all 0,1 € %,

(1) (x,d#) be an F - metric space

(2)asO,n ey

G ¢(dz(6,7n),d7(0,1),dz(0,70),dz(n,Tn),dz(6,7n),d7(1,76)) < 0.

then there is an existence 0 € ) such that @ C T has a unique fixed point (y,d 7)

Proof. Suppose 6 is an arbitrary point in ), and 6,1 = 76,,n =0,1,...
If we take & = 6,1 and N = 6, in (3.1) and denote 4 = d #(6,,,6,,11), Vv = dz(6,_1,6,) we
get,

0(d#(16,-1,76,),dz(6,—1,6,),d7(6,—1,760,—1),d7(6,,76,),d#(6,-1,76,),d #(6,,76,-1)) <O.
¢(d7(On,0n41),d57 (0n-1,6,),d7 (0n—1,6,),d7 (04, 0n11),d 7 (61, 0n11),d7 (6, 04)) <O.
¢(d7 (01, 0nt1),d7(0n—1,61),d7(0n1,6,),d7 (61, 6p+1),d7 (651, 6,41),0) <O.
¢(1,0,0,4,4+0,0) <0

O (d7(0n,0n11),d7(61-1,00),d7(01-1,6,),d7 (60, 6p41) +d7(0,-1,6,),0) <O.
and consequently, in light of the assumption (¢y,), there exists /1 € [0,1) as u < hv, that is
(3.2) dz(6n,0n11) <Nhdz(6,1,6,)
(3.3) dz(0,-1,0n) <hdz(6,-2,0,-1)

A (6n,011) < hdz(8,—1,6,) < WPd 7 (6p—2,0,-1) < ... < H'd (60, 61)
For all n,m € N,
d 7 (0n,0m) <dz(6n,0n11) +d 7 (Ont1,0ps2) + ... +d 7 (On—1, Om)
<H'dz(60,01) +1""dz(60,61) +...+ " 'dz(60,01)

<H'[14+h+...|d#(60,6:)
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n

<
“1-h

dz(6o,01)

For each, n € N. Let € > 0 is a fixed and (f, @) € .% x [0,+o0) be such as (d#3) is satisfied by

(¢n), there exists § > 0 as

3.4 0<1<déd= tof(1) < f(e)—
suppose n(€) € N such that 0 < Y~ 1 d (60,01) <O
Consequently,by (3.4) and (¢1,), there is
m—1 B _
(3.5) Y 7—547(60,61)) 01)) < f(e) -

(i=n) n(e)
where, n > m > m(g) with d #(6,,6,,) > 0 using (d #3) in addition (3.5)

m—1 m—1 K

f(dz(60,6m) < (Y, dz(61,641)+ < f( ) T
(i=n) (i=n)

which is implied by (%)) that, d #(6,,6,,) < €,m > n > n(€).

dz(60,61)) +a < f(e),

This proves that {6, } is .%- Cauchy. since (y,d ) is complete suppose , there exists 6 € x as
{6,} is F- convergent to 6.
(3.6) lim d #(6,,6,) =0

n—soo

Now, to prove 0} is a fixed point of 7, we start with contradiction by supposing d #(76;,6;) >0,

n € Nby (dz3), there is
(3.7 f(d#(761,61)) < f(dz(761,6,) +dz(6,,61)) + o
using (3.1) by taking 6 = 6,,n = 6,

(38) (P(dﬁ(ren; Tel)7df(6n; 91)7df(9n, Ten)7dﬁ(91 ) 791),619‘(9”, 791)7(19\(61 ) T@n)) <0.

(3.9) ¢(dz(61,761),0,0,d#(61,761),d#(61,761),0) <O.
On the other hand, using (¢ ) and (3.6),

lim f( (761 0, ) d (9,,,91))—|—(X = —o0

n—oo

lim f( (”591 6, ) dz (9,,,91))—|—(X = —o0

n—oo
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Contraction, d #(6;,70;) = 0, that is 76, = 0.

To prove uniqueness, suppose ) # 6, are two fixed point of T
0(dz(160,,760,),d%(01,6,),dz(01,70,),d#(0,,760,),d7(61,762),d%(6,,76;)) <0
¢(dz(61,6,),d7(61,6,),d7(61,61),d7(62,6,),d7(61,62),d7(62,61)) <O
0(d#(61,0,),d#(61,6,),0,0,d#(61,0,),d#(6,,01)) <0

a contraction. Consequently, 7 has a unique fixed point in %. 0

Now, We give an example to support the generality of (3.1) over the theorem (5.1) [2].

Example 3.1. Suppose 6 = [0, 1] is endowed with the metric .F defined by d#(0,1n) =10 —n

>

It is clear that (),d z) is a complete metric space. Suppose that

3
O(11,12,13, 14,15, 16) = 1y — ik

forevery 11,12,13,14, 15, 16 € [0, +o0) It is obvious that ¢ € ® Define a mapping T on X such that

forall 6 € x,7(0) is the characteristic function for % For each 6,m €
¢(dz(76,7n),d7(0,1),d#(0,70),dz(n,Tn),d7(0,7n),d7(n,70)) <O0.

3 3 3
The characteristic function for O is the fixed point of 7.

Since 7T satisfies the condition in theorem (3.1), and also, the operator T has a unique common

fixed point, and it can be easily seen that T does not satisfy the condition in theorem (5.1) [2].

In (2003) [7], Popa introduced a new class of mappings F' : Ri — R such that the fulfillment

of the inequality of type

(3.10) ¢(d(t0,7n),d(0,1),d(6,71),d(n,7n),d(n,7*6),d(1,70)) < 0.

for 8,n € yx, ensures the existence and the uniqueness of a fixed point for 7.
Theorem 3.2. Suppose (),dz) is an F - metric space and ©: (),dz) — (X,d.#) be a mapping

satisfying the inequality 3.10 for every 6,m € x, where ¢ satisfies condition (¢14). Then T has

at most one fixed point. every 0 € .
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Proof. Suppose that T has two fixed points g and v with g # v. Then by (3.10) there is

successively
9(dr (i, 70),d7 (1, 0),dz (0, TH),d7 (0,70),d7 (0, 7°1), d 7 (v, 7)) <O,

¢(dy([i,U),dﬂ(,u,U),dg([.t,,u),dg(v,’l)),dy(U,,Ll),dy(U,[J)) <0.
¢(dg(u,v),dz(1,0),0,0,dz(v,1),dz (v, 1)) <O0.

¢, 1,0,0, 1, 1) > 0.

Contradiction, has fixed points with u = v. 0

Theorem 3.3. Suppose (),dz) is an .7 - metric space and T : (x,dz) — (x,dz) be a mapping
such that there exists h € [0,1) with d 7z (7°0,70) < hd #(0,70) for every 0 € x. Then for every

0 € x the sequence {1"0} is an F - Cauchy sequence.

Proof. Suppose 6 be arbitrary in . We shall show that the sequence defined by 6, = "0,

there is
(P(dgz:(f@n, 79n+1 ))dﬂ(ena 9n+1 )7df‘:(6n7 Ten)adff(en-&-l ) 7f-en-&-l)7‘135(&1-&-1 ) Tnen-H )7d§7(6n+1 » Ten)) <O0.
¢(d<7<fel’l+l ] 9n+2)7d9(9n7 9n+1)7de?(9n7 9n+] )7d7(6n+1 9 0n+2)7d377(6n+1 9 9n+2)70) S 0
¢(d,?(rn+19a Tne)vdf[(em 6n-&-l )7dﬂ(6na 9n+1)7d9(1’-n+197 Tne)vdf7(7n+lev Tn9)70) <O0.
Since, d#(7%60,70) < hd 7(6,76).
By induction, there is d #(7"*10,1"0) < #'d #(0,70)
For eachn,m € N,
dz(t7"710,7"10) <h'd#(0,10) + 1" 'd#(0,10) + ...+ F"'d#(6,10)

<H'[1+h+..]dz(6,10)

n

<
“1-h

d#(0,70)

For each, n € N. Suppose € > 0 be a fixed and (f, o) € . x [0,+0c0) be such that (dz3) is
satisfied by (@), there exists 6 > 0

such as

(3.11) 0<i1<d= tof(1)<fle)—a
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suppose n(€) € N such that 0 < Y ",ldgz(e,w) )

m>m

Hence,by (3.11) and (¢y,), there exists

m—1 B _
(3.12) Y, 570,
i=n)

0,70)) < f(e) -

where, n > m > m(g) with d 7 (7710, 7"+19) > 0 using (d #5) and (3.12)

m—1 m—1 B

fldz(7"710,7"10) < f( ) da(0n0) +a < f( Y +—
(i=n) (i=n) =

dz(0,70))+a < f(e),

which is implied by (.%1) that, d#(7"710,7"10) < £,n > m > m(¢).

this proves that {16} is .% - Cauchy. since (¥,d#) is complete. O

Theorem 3.4. Suppose (x,dz) is a complete .F -metric space and t : (x,dz) — (x,dz) a
mapping satisfying the inequality (3.10) for every 6,1 € X where ¢ € ®. Then T has a unique

fixed point
Proof. Suppose 0 is arbitrary in . From (3.10) for n = 16,6, = 176, there is
¢ (dz(160,7%0),d7(0,70),d7(0,7%0),d 7 (16,7°0),d 7(16,7°0),d #(16,76)) < 0.
0 (dz(70,7%0),d#(0,70),d#(0,76),d#(16,7%0),d #(76,7%0),0) < 0.
y (914)

0 (dz(70,7%0),d#(0,70),d#(0,76),d#(16,7%0),d#(76,7%6),0) < 0.

Suppose, 70 = 0,.1,7°0 = TU

0(d 7 (T0n,Ti),d 7 (00, 1t),d 7 (6,,76,),d.z (1, T1t),d 7 (1, 7°6,),d 7 (1, T6,)) <O.

¢<d (erH—lvT.u) (em.u) d’ (enaen—i-l)ady(.uar.u)adf(.ua9n+2)7dﬂ(.u79n+l)) < 0.

Suppose n — oo, there is

¢(dz(u,71),0,0,,d7(u, i), dz(u,7it),0) <0

which implies by (¢;,) that u = Tu. By Theorem (3.2) u is the unique fixed point of 7. O
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Theorem 3.5. If the inequality

¢(d#(10,tn),d7(8,1),d7(6,18),dz(n,Tn),d#(0,7°1),d#(8,71)) < 0.

For each 0,m € x, where ¢ € D, then ¢ has a unique fixed point.

Proof. The proof is similar to the proof of Theorem (3.2). Suppose ® be the family of all con-
tinuous mappings ¢ : ]Ri — R satisfying the following properties: (@14,) ¢ is non-increasing
in the 5" coordinate variables, and

0(J3 o(e)ds.fy o(9)ds. [y o (5)ds.fi a()ds, f3 " o(5)ds,0)
A v(p)dp <0

there exists 7 € [0, 1) such that for every [y 6(¢)dg < [y 6(5)ds . (@15) ¢ is non-increasing

in the 4" coordinate variables,and

0(J3' a(5)ds. [y a(9)ds,0.f3" o(5)ds.[3 o(5)ds. [y’ o(5)ds)
A v(p)dp <0

implies
u v
| ous <n [ o(s)as.

(@1cc) @ is non-increasing in the 3" coordinate variables, and

0 (J3 o(6)ds,Jy a(9)ds. [y o(5)ds,0. [y o(5)ds,0.f5 o(g)ds)
/ v(p)dp <0

0
implies

[ oterds 31 [ olcyae.

(¢14) ¢ is non-increasing in the 3" coordinate variables, and

o (s o(0)dg.Jy a(§)ds, [y o(6)ds. [y o (§)ds, [y (5)dg,0)
A v(p)dp <0

implies
u v
/‘Gwﬂgjh/)owwg
0 0
(¢22)

/¢(f(¢ o(¢)ds, [} 0(¢)ds.,0,0.[3 o(5)dg.0, [} a(g)dg)

0

y(p)dp > 0vu > 0.
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Where v, 0 : Ry — R is a summable non negative Lebesgue integrable function such as for

each € >0, [ y(p)dp > 0and [; 6(g)dg > 0. O

a

Corollary 3.1. suppose (x,dz) be an F- complete metric space and T : X — X be a self

mapping for which there exists %
(1) (x.dz) be an F-
(2) For each 6,1 € x

dz(n,7n)

[0}
(3.13)/
0
. a(g)ds, [170™ o (g)dg, [#71%0) 6 (¢)dg

then there exists 0 € x such that 8 C T has a unique fixed point.

satisfying (F),such that for all 6,1 € ¥,

metric space

37 a(e)dg, 37 o (g)dg, 37 o (6)ds,
v(p)dp <0.

Proof. Suppose 0y be an arbitrary point in x, and 6,1 = 16,,n =0,1,...
If we take 8 = 6,1 and = 6, in (3.13) and denote

u dg (6,0,11) vv 4.7 (8n-1,0n)
[Motcras= | ocys, [ = [ o(5)ds
0 0 0 0
we get,
(57 e()ds, [ M g ()dg, [ o (g)ae,
/0 v(p)dp <0.
S 700 g5, [l Bre700) <g>dg,f§'*“”"“’"‘”G<€>d€
. fody"(en,enﬂ ( ) f 61—1,60) ( )d f 6n-1,0n) (G)dga
/0 v(p)dp <0.
[0 () fo O-1001) () dg fd’ %) 6 (¢)dg
(17 ol)ds i M o(g)ds, i o(g)ds,
/0 w(p)dp <0.
(;if;f(@n,enﬂ) o(¢)dc, f On— I’Q”H)G(g)dg,()
¢ 7O o()dg, [i7 O o (g)dg, f37 O™ o (¢)ds,
/O w(p)dp <0.
(;iy(en,GnH)ery(@nq,9n+1) o(c)dg,0
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dﬁ(eﬂverﬂrl) d?(enflven)
el : [ o(c)as < [ o(5)ds

dﬁf(en—l 79n) dﬁf“(en—Len—l)
/O o(g)dg < h/o o(g)dg

dy(@n,9n+1) dﬂ(enflven) n d?(eoﬂl)
/0 o(g)dg < h/o o(g)dg<..<h /0 o(g)dg

For eachn,m € N,

dz(t"10,77%19) dz(6,70) dz(0,70) dz(6,70)
/0 o(g)dg gh"/o 6(g)d§+h”+1/0 G(g)dg+...+h’”‘1/0 o(g)dg

d5(6,78)
<H'[1+h+.. ]/ o(g)dg

B pds(6,76)
S

For each, n € N. Suppose € > 0 be a fixed and (f,a) € .F x [0,+) be such that (dz3) is

satisfied by (¢7), there exists 0 > 0

such that
(3.14) 0<1<déd= tof(1) < f(e)—

suppose n(€) € N as

m—1 d 7 (60,01)
o< Y 1—h/ o(g)dg <&
mm(e)

Consequently , by (3.14) and (¢;,), we have suppose n(€) € N such as

d§90791
0< Z 1—h/ c)dg < 6

m>m

Consequently, by (3.14) and (¢;,), we have

(3.15)

7(60,61) —1 pn pdz(60,61)
T [ oo < 1 Py — [ ele)ds) < se) -

f(dy(x,,,xm d g (xiXit1)+ 1 h” d (x0,x1)
/ Z / ()< (X 1 [ ()ds) < f(e),
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d? 9}179111)

which signifies (%) that, [, o(g)dg < €,n > m > m(€). this proves that {6,} is .7 -

Cauchy. since (x,d #) is complete , there exists 6; € x such as {6,} is .%- convergent to 6.

X dﬁ:(eﬂael)
(3.16) lim o(g)ds=0
n—o
Now, to prove O; is a fixed point of 7, we start with contradiction by supposing

Ji7 P8 6(5)dg > 0,n € Nby (d.z), there is

f(dz(761,61)) f(dz(761,6,)+d z(0,,61))+0
(3.17) /0 o (g)dg < /O o(c)dg

using (3.13) by taking 6 = 6,,,1 = 0,

07 a()dg, f37 " o(g)dg, fi T o(g)d,

)
dgz(el,fel) dL/ 9,,,‘1791) (91,‘59,,)
0
o (157 " 0(0)de.00.f7 NN a(cdg. 37N o (c)ds 0.)
G | w(p)dp <0
On the other hand, using (¢) and (3.16),
f(dd}(fel 76n)7d-9(9n791))+a
lim G(g)dg — —oo
n—eeo J(
_ f(dz(161,6,).d (xn,61))+0t
lim o(g)dg = —o°
n—oo 0

dz(61,76))

Contraction, |, 6(6)dg =0, that is T0; = 6; to prove uniqueness, suppose 0; # 6, are

two fixed point of T
d7 (16,76 d7(61,6) dz(6,,76
Jo 7T o (g)dg, fi 7™ o ()dg Ji 7" o()ds,
¢

dz(6,,76,) dz(01,76,) dz(6,,701)
J7O) 5 c)ag, (17 o(g)ag, [ M o(ydg)
/0 y(p)dp <

fodgi(GhGZ ( )d fd/ 01,60) ( )d fd/ 61,61) (g)dg,

fdﬂ(ezﬁz) 0)de, 87 %) o(gyag, 7 O o(g)dg
/0 0 y(p)dp <0
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d (0,6 d (61,0 d (67,0 d (6,0
0 (I 7 o(e)ds, 37 M 0()dg.0.0, k7N a(g)ag [ o (c)s)

A v(p)dp <0

a contraction. Hence, 7 has a unique fixed point in ¥. 0

4. CONCLUSION

We have suggested an application in an integral type contractive condition based on fixed
points theorems of .% metric space. We have also discussed the existence of fixed points for
implicit relation .# metric space as a generalization for some fixed point theorems on metric

space.
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