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Abstract. In this paper, we introduce a new type of contractive maps referred to as 8-Reich-type contractions and
prove fixed point theorems for such maps on a setting of a generalized b,-metric space.
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1. INTRODUCTION

In 1968, Kannan provided a generalization of the Banach contraction principle in that a con-
traction mapping with a fixed point need not be continuous, [1]. Kannan’s theorem characterizes
the completenesss of the metric space and was proved by Subrahmanyam in 1975, [2]. In [3],
the authors presented results dealing with fixed point for maps that are not continuous on a met-
ric space and addressed the aspect of convergence which improves the classical results.

Reich’s fixed point theorem is a generalization of Banach’s fixed point theorem,

Theorem 1.1. [4] Let (X,d) be a complete metric space. Suppose that the self-map T : X — X
satisfies the following:
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(1 d(Tx,Ty) < oud(x,Tx) + 00d(y, Ty) + azd(x, y)
for x,y € X where a1 + 0o + 03 < 1. Then T admits a unique fixed point.

with a; = ap = 0 while o = ap = % and oz = 0 yields Kannan’s fixed point theorem, [4].
Several generalizations of the Banach contraction principle were derived by either changing the
contraction conditions or by changing the space. Samet et.al., in [6], introduced a new type of
O-contractive maps and established a new fixed point theorem for such maps on the setting of
a generalized metric space. In this paper, we introduce a new type of O-contractive maps that
display a sublinearity nature on a generalized b,-metric space. Before we proceed, we provide
a generalization of the concept of a by-metric space. The authors in a similar way provided

generalizations of the concept of a metric in [7, 8, 9].

Definition 1.2. [S] Let X be a non-empty set and d : X x X x X — [0,e0) be a map satisfying
the following properties:

(i) d(x,y,z) = 0 for x,y,z € X, if at least two of the three points are the same.

(ii) For x,y € X such that x # y there exists a point 7 € X such that d(x,y,z) # 0.

(iii) symmetry property: for x,y,z € X,
d(x,y,2) =d(x,2,y) = d(y,x,2) = d(y,z,x) = d(z,x,y) = d(2,,%).
(iv) rectangle inequality:
d(x,y,z) <d(x,y,t)+d(y,z,t) +d(z,x,1)

forx,y,z,t € X.

Then d is a 2-metric and (X,d) is a 2-metric space.

Definition 1.3. Let X be a non-empty set and d : X x X x X — [0,0) be a map satisfying the
following properties:
(i) d(x,y,z) = 0 for x,y,z € X, if at least two of the three points are the same.

(ii) For x,y € X such that x # y there exists a point 7 € X such that d(x,y,z) # 0.



GENERALIZED 6-REICH TYPE CONTRACTION 3

(iii) symmetry property: for x,y,z € X,
d(x,y,2) = d(x,2,y) = d(y,x,2) = d(y,2,%) = d(z,x,y) = d(z,y,%).
(iv) modified rectangle inequality:there exists o, 3,7 > 1 such that
d(x,y,z) < od(x,y,1) + Bd(y,2,1) + vd(z,x,1)]

forx,y,z,t € X.

Then d is a generalized by-metric and (X,d) is a generalized by- metric space.

If « = B =y =1 then the generalized b,-metric is a 2-metric. If @ = B = y=s > 1 then the

generalized b,-metric is a br-metric.

Example 1.4. Let X = (0, 1) and define

0, if at least two of the three points are the same

@) dxyz)=
. e\x—Y|5+\y—Z|5+\Z—x|€, otherwise.

for x,y,z € X and & > 1. Properties i) — iii) of definition 1.3, can be easily verified. We shall

verify property iv):

For x,y,z € X and using Jensens’ inequality, we get
d(x,y,z) = e|x*y|§+|y*2|5+|2ﬂc|5
— ey szl b gl ey Syl el
< 2es oy + =2+ |z—xl®
< 2 Bexylé + %eyzlg + éekxé
< {%ex—y|5+|y—t5+|z_x|5 i 1e|z—y|§+|y—t|5+\t—z\5 n le\Z—x|€+\x—t|§+|t—z|g

= od(x,y,t) +Bd(z,y,t) +yd(z,x,t)

whereoczéZl,ﬁz%Zland'y:%ZI.

It follows that d is a generalized by-metric and not a by-metric.
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Definition 1.5. Let {x,}, .y be a sequence in a generalized by-metric space (X,d).

a) the sequence {x, },. is convergent to x € X iff for all § € X,

lim d(x,,x,§) = 0.

n—soo

b) the sequence {x,}, is a Cauchy sequence in X iff for all § € X,

lim  d(x,,xn,&) = 0.

n,m—o0
2. MAIN RESULT

Definition 2.1. Ler (X,d) be a generalized by-metric space and a mapping T : X — X is a

0-Reich-type contraction if x,y,z € X,
0(d(Tx,Ty,z))
< o 6(d(x,y,2)) + 020(d(x,Tx,z)) + a360(d(y, Ty, z))

where 0 + 0 + 03 < 1,
0 : [0,00) — [0,00) is a function satisfying the following conditions:
(i) 0 is continuous and non-decreasing.

(ii) for each sequence {t,} C (0,00),

lim 6(t,) =0 <= lim #, = 0.
n—soo n—oo

(iii) there exists k € (0,1) and [ € [0,00) such that lim,_,o+ % =1l

Theorem 2.2. Let (X, d) be a complete generalized by-metric space and if a mapping T : X — X

is a 0-Reich-type contraction then T has a unique fixed point in X.

Proof. Let xo € X be arbitrary. Then the sequence {x,},cn, Where x, = Tx,_1 = T"xg is a
Cauchy sequence in X. If x,_; = x, for some n € N then {x,},y is a Cauchy sequence. To
prove that {x,},.y is a Cauchy sequence we suppose that x,,_; # x, for n € N and let x = x,_;

and y = x,, in the assumption, then we get

G(d(xmxn—i-l»Z))

= 0(d(Txy—1,Tx,2))
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S ale(d(xn—laxn7z)) + a29<d(-xnaxn—laz)) + a39(d(xn7xn+l7z>)'
It follows that

(1= 03)0(d(xn, Xn11,2)) < (01 + 02)0(d (X, Xn—1,2))

) 0 (d (Xn, Xn-1,2))

o+ 0y
1—o03

) 0(d(tm011,2)) < (

6 (d (xp, Xn11,2)) < 0(d(Xn,Xn—1,2)),

since a; + o + o3 < 1. Since O is an increasing function it follows that d(x,,x,1+1) <
d(Xn;Xn—1,2), thus {d(xn,Xn+1,2)},en is a decreasing sequence. Next, we show that

d(xp,xn+1,2) — 0 as n — oo. Recursively using (3), we get

d(xn+17xn7 ))

(‘“O‘Z) d(n1,%0,2))
(

) (d(x-1,502,2))

IA

IN

@ < (“l +‘)‘2) 0(d(x0,x1,2)).

since <°{' +O“xz) < 1, it follows that as n — oo, we get 0 (d (x,+1,%n,2)) — O thus d(x,41,%n,2) —

0. We now show that {x, },.y is a Cauchy sequence. It follows from the property of 6 that from

k€ (0,1)and / € (0,0) that

) lim 9<d(xnaxn+laZ))

=1.
oo [d(xn7xn+17z)]k

For 0 < A < [, by the definition of a limit there exists n; € N such that

0 (d(Xn,Xn+1,2))
[d(‘xn7-xl’l+l 7Z)]k

l[d(xn,anr],Z)]k < e(d(xnaxn+laz))

A<
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From inequality (4), we get
n[d (i, %41,2)]" < nA”H(O(d (xn,Xn11,2)))

< (152 blaton <)

for all n > ny which yields that
lim n[d (x,,%,11,2)]* = 0.

n—oo

Hence there exists ny € N such that
n[d(xn,an,z)]k <l
which implies that
©) A5, 041,) < T
o

for all n > ny. For m € N, using (6) we obtain

d (Xn, Xn1m»2)

< od (Xn, Xnsms Xn1) + Bd (Xngms 2, Xn 1) + ¥ (2, X0, Xn 1)

< max{a, B, 7} (d(Xn, Xntm,Xnt1) +d(Xnsms 2 Xn+1) +d (2, X0, X0 41))

< max{a, 3,7} +d(Xpgm: 2, xn—i-l))

o M_| o

+ OCd xn+mazyxn+2) + ﬁd(z,xn+1,xn+2) + Yd(xn+17xn+maxn+2))

(;
< max{c B} -

< max{a,f,7} | max{a,pf, Y} +maX{a B. 7}< 2 +d(xn+m,z,xn+z)>>
(n—|—1)

=

— (max{et,B.7})? ( 242
nk (n+1)

T+ d(xn—i-m,Z Xn42 >

o —

< (max{at, B.7})""! <3+ 2 1+---+%)
it (ntm)

n+m

= (max{a, B, Y}'"+1§: -

JnJ

< (max{o,B,y})" 12 i il

j=n jt
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Based on the convergence of the series }.7, i, since 0 < % < 1, we conclude that {x, },. is a
J
Cauchy sequence in X. Since (X,d) is a complete generalized b,-metric space there exist u € X

such that ¥ = lim,, .. x,;. We show that u is a fixed of T,

6 (d(xns1,Tu,z))
= 0(d(Txp,Tu,z))
<01 0(d(xp,u,z)) + 0(d(xy, Txn,z)) + 030 (d(u, Tu,z))

< 00 0(d(xn, u,2)) + 026(d (xn, Xn+1,2)) + 036 (d(u, Tu, 2)).
Taking the limits on both sides, we get
) 6(d(u,Tu,z)) < 036(d(u,Tu,z)),

which is a contradication, unless d(u,Tu,z) = 0, u = Tu. To prove the uniqueness, we assume

that Tu" = u":

0(du',u",z)) = 0(d(Tu',Tu" 7))
<o 0(d,u",z)+a0(du T ,2)) +0o30(d(u’,Tu" 7))
It follows that
0(d(u',u",2)) < a10(d(u,u",z))

which is a contradiction unless d(«',u”,z) =0, i.e., ' = u". O

Example 2.3. Let X = [0, 1+2\5] and define

(8) d ( ) 07 lf at least two of the three are the same.
X, ¥,2) =
,ue‘x YFby=al+z x'; otherwise.

where 0 < 1 < oy < 1.

Then d is a generalized by-metric. Let T : X — X and define

Tx=vx+1
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and 0(t) =t. Then for x,y € X, from the Mean Value Theorem, we get

1
Vx+1-— y+1‘§ |x —y|
‘ v VE+1

< fx—yl

since 0 < & < HT‘B

For x,z € X: we obtain |z—/x+1| < |z—x| since
Vx+1>x

1+V5
Jor 0 <x < =3=.

Since the exponential function is increasing, we obtain that

6(d(Tx,Ty,z))
_ ‘ue\\/x-i-l—\/y—kl|+|\/y+1—z\+|z—\/x+l|

< pelyHhy—el+ex
< oc19(d(x,y,z))
with @ < o < 1 and op = oz = 0. By applying theorem 2.2, it follows that T has a fixed point

in X.

The following theorem is a result of [11], in which they introduced the notion of a O-
contractions and Suzuki contractions, but in this case the underlying space is a generalized

by-metric space.

Theorem 2.4. Let (X,d) be a complete generalized by-metric space and a mapping T : X — X

satisfying: for all x,y,z € X,
0(d(Tx,Ty,z))
< [6 (max{d(x,y,2),d(x,Tx,2),d(y,Ty,2)})]"

where O <r <1, 6 :(0,00) — (1,00) is a function satisfying the following conditions:

(i) 0 is continuous and non-decreasing.



GENERALIZED 6-REICH TYPE CONTRACTION 9

(ii) for each sequence {t,} C (0,00),

lim 0(t,) =1 < limt, =0.

n—oo n—oo

t)—1

(iii) there exists k € (0,1) and I € (0,00) such that lim,_,+ % =1

Then T has a unique fixed point in X.

Proof. Let xo € X be arbitrary. Then the sequence {x,}, .y, Where x, = Tx,_1 = T"xp is a
Cauchy sequence in X. If x,_; = x,, for some n € N then {x,},y is a Cauchy sequence. To
prove that {x,},n is a Cauchy sequence we suppose that x,_; # x, for n € N and let x = x,,_;

and y = x,, in the assumption, then we get

0(d(xn, Xn+1,2))

=0(d(Txp—1,Txn,2))

< [max {d(xn,%n—1,2),d (Xn, Xn11,2) }]"-
If max {d(x,,xn—1,2),d(Xn, Xn+1,2) } = d(Xn,Xn+1,2) then
©) 6(d(xn, Xn+1,2)) < [0(d(xXn,Xn11,2))]"

which leads to a contradiction, since 0 < r < 1. It follows that
(10) 9<d(xn;xn+laz)) S [e(d(xnrxn—hZ))]r < e(d(xnvxn—bz))

Since 6 is an increasing function it follows that d(x,,x,1+1) < d(xu,x,-1,z) thus
{d(xn,%n41,2) } ey 18 @ decreasing sequence. Next, we show that d(x,,x,41,2) — 0 as n — oo

Recursively, using (10), we get

0 (d(xn+l7xnaz))

< [0 (d(xp_1,%,2))]"

2

< [0(d(xn—1,Xn-2,2))]"

n

(11) < [6(d(x0,x1,2))]" ,
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since r < 1, it follows that as n — oo, we get 0 (d(x,+1,%4,2)) — 1 thus d(x,41,X,,2) — 0. We
now show that {x,},.y is a Cauchy sequence. It follows from the property of 6 that from
k€ (0,1)and ! € (0,0) that

(12) lim 0(d(xn,Xn4+1,2)) — 1

=1.
oo [d(xnvxn+1vz)]k

For 0 < A < [, by the definition of a limit there exists n; € N such that

6(d (xn,%n11,2)) — 1
[d(xnyxn+1 7Z)]k

(13) A1d (%, %01 1,2)]% < 0(d (X0, %01 1,2))-

A<

From inequality (11), we get

Ald (%1, 2] < nA " (O(d (0, 2041,2))) — 1
(14) <nd = [B(d(x,x1,2))]" — 1
for all n > ny which yields that

(15) lim n[d (xp,%11,2)]F = 0.

n—co

Hence, there exists np € N such that
(16) nld (xn,%n11,2)]" < 1,
which implies that
1
(17 d(n,3n41,2) < T
_k
for all n > ny. For m € N, we obtain
d(Xn, Xntm2)

< ad(xnaxn+m;xn+l) +[5d(xn+mazaxn+l) + Yd(Z,Xn,er-])

< max{a, B, Y} (d(Xn Xntmy Xnt+1) +d(Xntms 2 Xn1) +d(2, %0, %n+1))

< max{a,ﬁ Y ( +d xn+m7Z xn—l—l))

RN »‘_I S

+ OCd xn+mazvxn+2) + ﬁd(zaxn—i-laxn—l—Z) + Yd(xn+l 7xn+maxn+2))

< max(a. .7}



GENERALIZED 6-REICH TYPE CONTRACTION 11

< max{a,B,y} (max{a,ﬁ,y}ni —I—maX{OC,B,’}/} ( 2 1 +d(xn+m727xn+2)>>

I (n+ 1)k
_ (max{a,B,7}) (%Jr 2 i +d(xn+m,z,xn+2)>
nk (I’l—l—l)k
< (max{a’ﬁ’y})m—l—l (31_{_ 2 I —{-—{—;)
nk  (n+1)x (n+m)k
n+m
— (max{e, B, 7)™ Y. =
j=n Jk
< (max{a,ﬁ,')’})mHzi Jil
j=nJk

Based on the convergence of the series .77, Ll, since 0 < % < 1, we conclude that {x, },. is a

jk
Cauchy sequence in X. Since (X,d) is a complete generalized b,-metric space there exist u € X

such that u = lim;,_,.. x;;. We show that u is a fixed of T,
0(d(xn+1,Tu,z))
= 0(d(Tx,,Tu,z))
< [0 max {(d(xy,u,2),d(xp, Txn,z),d(u,Tu,z)}]"
Taking the limits on both side we get
(18) 6(d(u,Tu,z)) < [0(d(u,Tu,z))]"

which is a contradication, unless d(u,Tu,z) = 0, u = Tu. To prove the uniqueness, we assume

that Tu”" = u” #u' =Tu':
0(d(,u",z)) = 0(d(Tu,Tu",z))
(19) < [6 (max {d(u’,u",z),d(u',Tu/,z),d(u",Tu",Z)})]r

It follows that
0(d( ,u",z)) < [max{0(d(,u",2))}]",
which is a contradiction, since 0 < r < 1, thus «’ = /", O

The following theorem provides a 0-type contraction of the principle result found in [12].
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Theorem 2.5. Let (X,d) be a complete generalized by-metric space and a mapping T : X — X
satisfying:
6(d(Tx,Ty,z))
<o G(d(x,y,z)) + (Xze(d(x, TX,Z)) + (X39<d(y, Ty,z)) + Ot49(d(x, Ty,z))
(20) +a56(d(y7 TX,Z))
forall x,y,z € X, where o1 + 0 + 03+ a4 + 05 < 1, and
0 : [0,00) — [0,00) is a function satisfying the following conditions:

(i) 0 is continuous and non-decreasing.

(ii) for each sequence {t,} C (0,0),

lim 6(1,) =0 <= limz, =0.
n—o0 n—oo

(iii) there exists k € (0,1) and | € (0,0) such that lim,_,y+ % =1

Then T has a unique fixed point in X.

Proof. For x,y,z € X,

0(d(Tx,Ty,z))

< 016(d(x,,2)) + 020(d(x, Tx,2)) + 030(d(y, Ty,2)) + 040 (d(x, Ty, 2))
(21) +0s0(d(y,Tx,z)).
It follows that

0(d(Ty,Tx,z))

< 016(d(y,x,2)) +026(d(y, Ty, 2)) + 030(d(x,Tx,2)) + qu6(d(y, Tx,2))
(22) +as0(d(x,Ty,z)).
Adding (21) and (22) and by the symmetry of the metric, we get

0(d(Tx,Ty,z))

O+ 03
2

< 0619(d(x,y,z))+ [9(d(x,Tx,z))+9(d(y, Ty,z))]
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Oy + O5

(23) + 3

[6(d(x,Ty,2)) +6(d(y,Tx,2))].
Taking y = Tx in (23), we get

0(d(Tx, T2x7z))

o+ 03
2

[0(d(x, T2x,z)) + 6(d(Tx, Tx,z))].

< 0y 60(d(x,Tx,2)) + 0(d(x,Tx,2)) + 6(d(Tx,T%x,2))]

Oy + Ols
2

(24)

Replacing z by Tx, (24) reduces to

(1 _ “2+O‘3) 6(d(Tx,T%x,z))

Oh + 03

§<a1+ . )[G(d(x,Tx,z))]

Oy + s
+ 2

(25) [6(d(x,T%x,2))] .

It follows that
0(d(Tx,T°x,z))

<

200 4+ 0 + 03
2— 00— 03
Oy + O5

2
(26) + m [G(d(x,T X,Z))}

) [0(d(x,Tx,2))]

Using the modified triangle inequality, we obtain
27) 0(d(T?x,x,2)) < aB(d(T?x,x,1)) 4+ BO(d(x,z,1)) + y0(d(z, T?x,1))
Taking t = T'x, inequality (27) becomes
(28) 0(d(T?x,x,2)) < a@(d(T?x,x,Tx)) 4+ BO(d(x,z,Tx)) + y0(d(z, T*x, Tx)).
Rearrange terms, and using inequality (26),we get

0(d(T*x,x,2)) — aB(d(T%x,x,Tx)) — BO(d(x,z,Tx))

< y6(d(z, T*x, Tx))

< 2000+ 0 + o3
- 2—0n— 03

) 10(d(x,Tx,2))]
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(29) Ly (%) [6(d(x, T?x,2))] .

It follows that

( 7’<2 om(;—fésm)) [6(d(x,T%x,2))] — a6(d(T*x,x,Tx))
< ( (2(51 +a2‘2_+a?3> +B> 0(d(x,Tx,2))].

(30)

Replacing z = Tx in (30),

(1 y (M) _ a> 0(d(T%x,x,Tx))]

2—0n— 03

200 + o+ 03

< (r(5522) +8) bl ra o)
(€29)

It follows that

( y( . “40235&3) - oc) [6(d(T?x,x,2))]
< (r(5mmm) 1) ot

(0 0

(32)
Substituting (32) into (26), we get

0(d(Tx,T%x,z))

200 +00n+o
200+ oo t0s , autas (7’< T %>+ﬁ>

2—0p— 03 2—0p— 0 (1—7/( oy+as >—oc> 0(d(x,Tx,z))

2—op—0o3

(33) < ub(d(x,Tx,z)),

2a1+a2+a3

N7 ) TP .

where U = <2g1_q;§u:&?% + 2a4+a5 <<<1<722002+O¢35 >>a>> >> < 1. Let xg € X be arbitrary. Then
—0p—03

the sequence {xn}nEN’ where x,, = Tx,,_; = T"x¢ is a Cauchy sequence in X. If x,,_; = x, for
some n € N then {x,},. is a Cauchy sequence. To prove that {x,},.y is a Cauchy sequence

we suppose that x;,_| # x, for n € N and let x = x,,_1 in (33), then we get
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6(d(xn, Xn+1,2)) = 0(d(Txp—1, T (Txp-1),2))
< ,uG(d(xn_l,Txn_l,z)) = u@(d(xn_l,,xn,z))

since 4 < 1 and O is an increasing function it follows that d(x,,Xx,+1,2) < d(x,x,—1,2) thus
{d(xn,Xn+1,2) } ey 1s a decreasing sequence. Next we show that d(x,,x,41,2) — 0 as n — oo

Recursively, using (33), we get

Q(d(anrl,xnaZ))
< 0 (d(xp—1,%n,2))

< (1)* 0 (d(Xn—1,%-2,2))

(34) < (,u)"Q(d(xo,xl,z)),

since u < 1, it follows that as n — oo, we get 6 (d(x,+1,%n,2)) — O thus d(x,+1,%,,2) — O.
We now show that {x,},cy is a Cauchy sequence. It follows from the property of 6 that from
k€ (0,1)and ! € (0,) that

(35) lim e(d(xnaxn—i—laZ))

=1.
n=ee [d(dxn, Xng1,2)]*

For 0 < A < [, by the definition of a limit there exists n; € N such that
6(d (xn; Xn+1,2))
[d(xmxn-i-l 72)]k

(36) Ald (xn,%n41,2)]% < 0(d (3p, %041, 2)).-

A<

From inequality (34), we get

n[d(xn,xnﬂ,z)]k <nA~! (6(d(xn,Xn+1,2)))
(37) <nA ' ()" 6(d(x0,x1,2))
for all n > ny which yields that

(38) lim n[d (x,,X41,2)]F = 0.

n—soo



16 V. SINGH, P. SINGH, S. SINGH

Hence, there exists np € N such that
(39) nld (x50 11,2)]F < 1,
which implies that

(40) d<xn;xn+la ) S

3 |- |,_

for all n > n,. For m € N, we obtain

d (Xn, Xn+m»2)
< ad(xnvxn+maxn+l) +Bd(xn+maz>xn+l) + Yd(Z,Xn,an)

< max{oc B 7}( xnaxn—l—m;xn-i-l) +d(xn+maz xn—H) —|—d(z xnaxn—H))

< max{a,B,7} +d(Xntm; 2, xn+l))

RN »‘_I =

+ OCd xn+mazaxn+2) + ﬁd(Z;xn—H ,Xn+2) + Yd<xn+1 >xn+maxn+2))

(;
< max(a. .7}

«mnaﬁﬂlmﬂaﬁﬂl+mmaﬂﬂ< 21+ﬂhm%MH0)
(n+ 1)k

1 +d(xn+m7zaxn+2)
nt  (n+1)x

meﬁﬂ>(-+ 2

gmMWﬁmwm<% 2,+m+—3—ﬁ
nk  (n+1)k (n+m)k

n+m 2

= (max{a, B.7})" Y

j=n Jj*

< (max{«a, 3, Y})mﬂ 2 i il

j=n Jj*
Based on the convergence of the series }.7, 1. since 0 < % <1, we conclude that {x,}, isa

jk
Cauchy sequence in X. Since (X,d) is a complete generalized b,-metric space there exist u € X

such that ¥ = lim,, .. x;,. We show that u is a fixed of T,

e(d(xn—l—l ) TM7Z)>

= 0(d(Txp,Tu,z))
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< 016(d(x,,2)) + 020(d(x, Tx,2)) + 030(d(y, Ty,2)) + 040 (d(x, Ty, 2))
+050(d(y,Tx,z)).
Taking the limits on both sides, we get
41) 0(d(u,Tu,z)) < (a3 +04)0(d(u,Tu,z)),

which is a contradication, since a3 + o4 < 1, unless d(u,Tu,z) =0, u = Tu. To prove the

uniqueness, we assume that Tu” = u”. Then using inequality (20)
0(d(u',u",z)) = 6(d(Tu,Tu" 7))
<o0(d u",2))+0(du,Tu' ,2)) + oz0(d(u",Tu" 7))
+a40(d(u,Tu",2)) +as0(d(u",Tu',7))
= 0(d(u',u",2))+ou0(dW,Tu" 7))+ as0(d(u’, T 7))
=1 0(d(u,u",z)) + o0 (d(Tu', T*u" 2)) + 050 (d(Tu" , T 7))
<o 0(d u",2)) +ouub(du , Tu' )+ os0(d(u”, Tu" z)).
It follows that
0(d(u',u",z)) < on0(d(u/ ,u",2)),

which is a contradiction, since oy < 1, unless d(u/,u”,z) =0, i.e., ' =u". O
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