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Abstract. In this paper, we discuss the unique common fixed point of two pair of weakly compatible mappings on

a complete multiplicative b-metric space, which satisfies the following inequality:
d(Sx,Ty) < [k{max{d(Ax,By).d(Ax,5x),d(By,Ty),d(Sx, By).d(Ax,Ty)}}]*,

where A and S are weakly compatible, B and T also are weakly compatible. Our results improve and generalize
the results of X. He et al. [3].
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1. INTRODUCTION

The study for the fixed point of contractive mappings is a famous topic in metric spaces.
fixed point theory is, in fact, a simple, powerful, and useful tool for research area. In addition to

an acceptable contraction condition, the metrical common fixed point theorems usually include
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constraints on commutativity, continuity, completeness, and appropriate containment of ranges
of detailed maps. Since Banach [1] proved the Banach contraction principle in 1922.

Bashirov [2] introduced the usefullness of multiplicative calculus with some interesting appli-
cations. With the help of multiplicative absolute value function, they defined the multiplicative
distance between two non-negative real numbers as well as between two positive square matri-
ces. In 1976, Jungck [4] introduced the notion of commuting maps to prove the existence of a
common fixed point theorems on a metric space

In 2012, Ozavsar et al.[6] investigate the multiplicative metric space by remarking its topo-
logical properties and introduced the concept of multiplicative contraction mapping and some
fixed-point theorem of multiplicative, contraction mappings on multiplicative metric space.
They recently proved a common fixed-point theorem for four self-mappings in multiplicative
metric spaces.

We present some definition and result in common fixed-point theorem for compatible map-
pings in complete multiplicative b-metric space. For, we have introduced the notion of b-metric

in multiplicative metric space.

2. PRELIMINARIES

Definition 2.1. [3] Let X be a nonempty set. A multiplicative metric is a mapping d : X X X —
R satisfying the following conditions:

(1) d(x,y) > 1 forall x,y € X and d(x,y) = 1 if and only if x = y;

(ii) d(x,y) = d(y,x) for all x,y € X;

(iil) d(x,y) < d(x,z)d(z,y) for all x,y € X,

(multiplicative triangle inequality).

We use the following definition for our main result:

Definition 2.2. Let X be a nonempty set. A multiplicative b-metric is a mappingd : X x X — R™
satisfying the following conditions:

[B1] d(x,y) > 1forall x,y € X and d(x,y) = 1 if and only if x = y;

[B2] d(x,y) = (y,x) for all x,y € X;
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[B3] d(x,y) < b.d(x,z).d(z,y) for all x,y,z € X (multiplicative triangle inequality),

where b > 1.

Definition 2.3. [3] Let (X,d) be a multiplicative metric space, {x,} be a sequence in X and
x € X. If for every multiplicative open ball B¢(x) = {y | d(x,y) < €}, € > 1, there exists a
natural number N such that n > N , then x,, € B(x). The sequence {x, }is said to be multiplicative

converging to x, denoted by x,, — x (n — ).

Definition 2.4. [3] Let (X,d) be a multiplicative metric space and {x, } be a sequence in X. The
sequence is called a multiplicative Cauchy sequence if it holds that for all € > 1, there exists

N € N such that d(x,,x,,) < € for all m,n > N.

Definition 2.5. [3] We call a multiplicative metric space complete if every multiplicative

Cauchy sequence in it is multiplicative convergence to x € X.

Definition 2.6. [3] Suppose that S, 7T are two self-mappings of a multiplicative metric space

(X,d); S, T are called commutative mappings if it holds that for all x € X, STx = T Sx.

Definition 2.7. [3] Suppose that S,7T are two self-mappings of a multiplicative metric space
(X,d); S, T are called weak commutative mappings if it holds that for all x € X, d(STx, T Sx) <
d(Sx,Tx).

Definition 2.8. [3] Let (X, d) be a multiplicative metric space. A mapping f : X — X is called
a multiplicative contraction if there exists a real constant A € [0, 1) such that d(f(x1), f(x2)) <

d(xl,xz)’1 forall x,y € X.

Definition 2.9. [3] Suppose that f and g are two self-maps of a multiplicative metric space
(X,d). The pair (fg) are called weakly compatible mappings if fx = gx, x € X implies fg, =
gfx. Thatis, d(fx,gx) =1=d(fgx,gfx) = 1.

Proposition 2.10. [5] Let S and A be compatible mappings of a multiplicative metric space

(X,d) into itself. If for some 7 € X, then SAr = SSt = AAT = ASt.

Proposition 2.11. [5] Let S and A be compatible mappings of a multiplicative metric space

(X,d) into itself. Suppose that {x,} is a sequence in X such that lim,_,c Sx,, = lim,, e Ax, =1
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for some t € X.

Then we have

1. lim, . ASx, = St if S is continuous at t;

2. lim,, .. SAx, = At if A is continuous at t;

3. SAt = ASt and St = Ar if S and A is continuous at t.

Proposition 2.12. [6] Let (X,d) be a multiplicative metric space, {x,} be a sequence in X and

x € X. Then {x,} — x (n — oo) if and only if d(x,,x) — 1 (n — o).

Proposition 2.13. [6] Let (X,d) be a multiplicative metric space, {x,} be a sequence in X and

x € X. Then {x,} is a multiplicative Cauchy sequence if and only if d(x,,x,,) — 1 (n,m — o0).

Proposition 2.14. [6] Let (X,d,) be a multiplicative metric space, {x,} and {y,} be two se-

quences in X such that x, — x,y, =y (n — ), x,y € X. Then d(x,,y,) — d(x,y) (n — o).

Bashirov [2] proved the result i 2008 [see Theorem 2.1]. In 2012, Ozavsar [6] proved the
multiplicative contraction mapping [see Theorem 2.2] and in 2014, X. He. [3] Proved the fixed

point result using weakly commuting in mappings [see Theorem 2.3].

3. MAIN RESULTS

In this section, we prove some common fixed point results for generalized contaction map-

pings satisfying compatible conditions:

Theorem 3.1. Let S,T,A and B be self-mappings of a complete multiplicative b-metric space
X, which satisfy the following conditions:

(i) SX C BX,TX C AX;

(ii) A and S are weakly compatible, B and T also are weakly compatible;

(iii) One of S, T , A and B is continuous;

(iv) d(Sx,Ty) < [k{max{d(Ax,By),d(Ax,Sx),d(By,Ty),d(Sx,By),d(Ax,Ty)} }|*

Then S, T, A and B have a unique common fixed point

(m-n)
where b > 1 such that lim,, ;e (kb)ﬁ =1.
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Proof. Since SX C BX, and T(X) C AX, for an arbitrary chosen point xp in X we obtain x; in

X. For this x; € X, we may obtain x; € X; etc. Continuing in this way we obtain a sequence

{yn} €X,
dxp € X such that Tx; = Axy = yq,... ;

Jx2,41 € X such that Bxy, 1 = yau,

Jxon42 € X such that Txp,+1 = AX0p12 = Yont1y--- 5 Vn=0,1,2....00.

define a sequence {y,} € X.

In order to show {y,} Cauchy sequence, let us put x,, for x, and x,; for y in condition (iv),

and using (1) we have

d(yan,yan+1) = d(Sxan, TX2041)
< [k (max{d(Axan,Bx2n+1),d(Ax2, Sx2n),d(Bx2nt1, TX2n41),d(SX2n, BX2y11),
d(Axzn, Tx2p 1)}
= [k (max{d(yan—1,520):d(y20—1,¥20):d (Y2, Y2041)d (Y2, Y20),d (Van—1,¥201) )]*
< [k(max{d(yan—1,Y2n),d(Y2n—1,Y20),d (Y2n; Y2n+1),
Ld(van—1,¥2) - d¥2y2ne1) P
< [k(max{bd(y2n—1,y2n) - d(Y2n,y2n+1),6d(yan—1,Y20) -d(Y2n,y2n+1),
bd(yau—1,52) - d(¥2n,Y2051), 1,bd (y2u—1,520) - d(y2m,y2ns1) DI
(using B3,as d(x,y) < bd(x,z).d(z,y)Vx € X)
= [k (max{bd(yan—1,y2n) - d(yzn,yszrl)})])L , (using Bl,as d(x,y) > 1¥x € X)

< I*DMd (yan—1,y2)]* - [dans yans 1))

- dlil(y2n7))2n+l) < klbl -d/l(y2n717y2n)
A A

= d(yan:Yont+1) < (kD) TAdTT (y2p—1,Y20)-
Let % = h, where A € (0,%) then

d(y2n7y2n+1) S (kb)hdh (y2n71 ayZn)-

Similarly, putting x = x2,,42, ¥y = X2,+1 on (iv), we may obtain
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d(Yant1,Y2n12)

= d(Sx2n12, Tx2n11)

< [kmax{d(Axop12,Bx2n11),d(Axon128%0n+2), d(Bxany1, Txon11),d (Sxon42, Bxont 1),
d(Axpni2, Txoni1)}1*

< [k (max {d(y2ns1,20),d (Y241, ¥2012),d V2, Y2041)5d (V2425 Y20) s d (Y21, Y2051) DI
< [k(max{d(yan,y2n+1),d(Y2n+1,Y20+2):d(Y2n, Y2n+1)-d(Yan, y2n+1),
d(yans1,y2m12), P

< [k (max{bd(y2n,y2n+1)-d(Yan+1:Y2n+2),bd (Y2n, yan+1)-d(Vant1,Y2n+2), bd (Yon, yan+1)-
d(yans1:Y2012),bd (Yo, y2us1)-d (Yons1,y2042), DI

= [k (max {bd (y2n,y201)-d (V2ns1,Y2042) })]*

< KDM[d(yan,yonse )] [dang1, yoni2)]) -

This implies that d'~* (y2ur1,y2042) < K*b* . d* (yanr1,y20)

A
d(yont1,Y2n+2) < (kb)T-2d T2 (yapt1,Y2m)-
Let % = h, where A € (0,}) then

(3.1) d(yan,yani1) < (kb)".d"(yan_1,y20),

(3.2) d(yons1,yons2) < (kDY .d"(yap, yans1).

From (3.1) and (3.2), we obtain d(y,,yus1) < (kb)'d"(yu_1,y,), n = 1,2,3,... which induc-
tively implies that

d(yn,ynr1) < (kb)"[(kb)"d" (yn—2,yn-1)]"
= (kb)" " [d" (yu—2, yu—1))]
< (kb)Y [(kb)d" (3, ym2)]"

2 3 3
= (kb)" (A (303, y02)]
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2 3 n n
< (kb)h—i-h +h+.. +h [dh (y0>y1)]

\ h
< (kb) A [d" (yo,y1)], B+ 2+ 1+ o+ < —

Let m,n € N such that m > n, then for Cauchy sequence, we have

d(Ym,yn) < d()’maym—l)'d(yYn—laym—Z)--'d(yn—I—l7)’n>

—1

m _h m— _h h
< (kb) T d"™ (yo,31).(kb) 5 d"™ (yo,y1)-.. (kb) 5" (yo,31)]

m—1)+(m—2)+...4n| (y y )}
0,1

m=n)[(m=1)= X (m—n-1)]

< {(kp) i} {a"
ko m—n (

= {(kp)Ti} " {a" (vo,y1)}

< {(kb)ﬁ}(’"*”)dhm(mw) (y0,¥1), since (m—1)+ (m—2)+...4+n < m(m—n) where m > n,

= Bd""" (y0,y1), where 2 = {(kb)ﬁ}(m*”) — lasn— oo,

This implies that d(y,,,y,) — 1 as m,n — . Hence {y,} is a multiplicative Cauchy sequence
in X.

By the completeness of X, there exists z € X such that y,, — z as n — oo.

We claim that z is a coincidence point of the pair A,S for, putting x = z and y = x4 in the
inequality (1) we have;

Moreover, since
{Sx2,} = {Bxons1} = {yon} and {Txpp1} = {Axons2} = {yon+1},
are subsequence of {y, }, so we obtain
nlgrolo SXxon = ,115130 Bxyp 1 = r}g{}o Txopy1 = ,}grolo AXoptr = 2.

Taking condition (i1) and (ii1) we obtain following cases:
Case 1: Suppose that A is continuous then
lim ASx,, = lim A%x,, = Az.
n—oo n—oo
Since A and § are weakly compatible, then

d(ASXQn, SAin) = d(szn,szn).

Let n — oo, we get lim,, o d(SAX2,,A7) = d(z,2) = 1, i.e.,lim, e SAxy, = Az.
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Putting Ax,, and xy,1, respectively for x and y in condition (iv) of Theorem 3.1, and using

the continuity of A, we respectively obtain,

d(SAxZn; Tx2n+1 ) < [k{max{d(AZXZna Bx2n+1 ), d(AZXZm SAin),

d(Bxys1, Txont1),d(SAX2, Bxons1),d(A%X0n, Txons1)} 1.

Let n — oo, we can obtain

d(Az,z) < [k{max{d(Az,2),d(Az,Az2),d(z,2),d(Az,z),d(Az,2) } }]*
= [k{max{d(Az,2), 1}}]*
(dropping 1 as d(x,y) > 1 Vx,y € X in the multiplicative metric space)

= Kk*.d*(Az,z).
This implies that d(Az,z) = 1i.e., Az=z2,

d(Sz,Tx2n11)
< [k{max{d(Az,,Bxzy1),d(Az,8z2),d(Bxops1, Txons1),d(S2.Bxon11),d(Az, Txouy1) } }*.

Let n — o we can obtain

d(Sz,2) < [K{max{d(z,2),d(z,52),d(z,2),d(Sz,2),d(z,2) }}]*
= [k{max{d(Sz,2), 1}}]*
(dropping 1 as d(x,y) > 1 Vx,y € X in the multiplicative metric space)

= k*.d*(Sz,2),
This implies that d(Sz,z) = 1,
i.e. Sz=z. On the other hand,

since z = Sz € SX C BX , so Jz* € X such that z = Sz = Bz*

d(z,TZ") = d(Sz,Tz")
S [k{max{d(AZ,BZ*),d<AZ,SZ)7d(BZ*7TZ*)’d(SZ’BZ*)’d(AZ’ TZ*)}}]A
= [k{max{d(z,Tz"),1}}*

=it d* (z,TZ"),
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which implies d(z,Tz") = lie., TZ" =z.

Since B and T are weakly compatible mappings then
d(Bz,Tz) =d(BT7*,TB7") =d(Bz",T7") = d(z,z) = 1,

soBz=Tz,
d(Sxon, T2) < [k{max{d(Axan,Bz),d(Axan,Sx2n),d(Bz, Tz),d(Sx2m, Bz),d(Axzn, T2) Y }*.

Let n — o we can obtain
d(z,Tz) < [k{max{d(z,Tz),d(z,z),d(Tz,Tz),d(z,Tz),d(z,Tz)}}]*
= [k{max{d(z,Tz),1}}]*
= k*.d* (2, T2).
which implies d(T'z,z) = 1 i.e., Tz = z. So z is a common fixed point of S, T', A and B.
Case 2: Suppose that B is continuous , we can obtain the same result by the way of case 1.
Case 3: Suppose that S is continuous then lim,,_,. SAX2, = lim;, e S%x, = Sz.
Since A and S are weakly compatible then d(ASx,,SAxy,) = d(Sxp,,Axzy).
Let n — oo we get then limy, e (ASx,,,87) = d(z,2) = 1, i.e., lim,_0ASxp, = Sz,
d(S%x2n, Txons1) < [k{max{d(ASxzn, Bxn11),d(ASxon,5%2),d(Bxons1, Txons1),
d(S%x20, Bx2n 1), d(ASX20, Tx2n1) } 1.
Let n — o we can obtain
d(Sz,z) < [k{max{d(Sz,z),d(Sz,5z),d(z,2),d(Sz,2),d(Sz,z) } }]*
= [k{max{d(Sz,2), 1}}]*
= k*a* (Sz,2),
which implies d(Sz,z) = 1 i.e., Sz =z.

7=_S8z€ SX C BX, so 3z" € X such that z = BZ*

d(8%x20, TZ") < [k{max{d(ASxyn,Bz*),d(ASx2n,S%x2,),d(Bz*, TZ*),d(5%x2m, Bz*),d(ASx2n, TZ*) } 1
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d(z,Tz")=d(Sz,Tz")
< k{max{d(Sz,Bz"),d(Sz,5z),d(z,Tz*),d(Sz,2),d(Sz, Tz") } }]*
— [k{max{d(z,Tz"),1}}]*
= i*.d* (z,T7Y),
which implies that d(z,7z*) = 1, i.e., Tz* = z = BZ".

Since T and B are weakly compatible,then

d(Tz,Bz) =d(TBz*,BT7") =d(Tz",B7*) =d(z,z) = 1,s0 Bz =Tz,
d(Sxon, T2) < [k{max{d(Axan,Bz),d(Axan,Sx21),d(Bz,Tz),d(Sx2n, Bz),d(Axzy, T2) Y }]*.

Let n — co we can obtain
d(z,Tz) < [k{max{d(z,Bz),d(z,2),d(Bz,T2),d(z,T2),d(z,B2) } }|*
= [k{max{d(z,Tz), 1}*
= k*.d (2, T2).
which implies d(z,Tz) =l ie., Tz =z
z=Tze€TX C AX, so dz** € X, such that z = AZ™
d(S7",z) =d(S77,Tz)
< [k{max{d(Az** ,Bz),d(Az"*,S7"),d(Bz,Tz),d(Sz**, Bz),d(Az**,Tz) } }]*
= [k{max{d(z,z),d(z,5z"),d(z,2),d(Sz"*,z),d(z.2) }}]*
= [k{max{d(sz"*,2), 1}}]*
= k*.d* (87 ,z).
This implies that d(Sz**,z) = 1 i.e., Sz = z.
Since S and A are weakly compatible, then
d(Az,Sz) = d(AS7™,SAZ**) = d(Az",87") = d(z,z) = 1, s0 Az = Sz,
We obtain Sz =Tz =Az=Bz=z,
so z is common fixed point of S, T', A and B.

Case 4: Suppose that 7 is continuous, we can obtain the same result by the way of case 3.
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In addition we prove that S,7, A and B have a unique common fixed point. suppose that w € X

is also a common fixed point of S,7,A and B, then we obtain
d(z,w) =d(Sz,Tw)
< [k{max{d(Az,Bw),d(Az,5z),d(Bw,Tw),d(Sz,Bw),d(Az, Tw)} }*
= [k{max{d(z,w), 1}}]*
= k*.d*(z,w).

This implies that d(z, w)=1 and so w=z.

Therefore z is a unique common fixed point of A,B,S, T C X. O

Corollary 3.2. Let X,d be a complete multiplicative b-metric space S,T,A and B be four map-
pings of X into itself.

Suppose that there exists A € (0, %) Vx,y € X,

such that S(X) C B(X),T(X) C A(X) and

d(SPx, Ty) < k*{max{d* (Ax,By),d* (Ax,SPx),d" (By, T%y),d" (SPx, By),d* (Ax,T%)}},

Assume one of the following conditions is satisfied:

(a) either A or S is continuous the pair S,A and the pair T,B are commuting mappings;
(b) either A, B, S or T is continuous;

Then S,T,AandB have a unique common fixed point

where b > 1 such that lim,, ,..b" =B < 1.

Corollary 3.3. Let X,d be a complete multiplicative b-metric space S,T,AandB be four map-
pings of X into itself.

Suppose that there exists A € (0, %) Vx,y € X,

such that S(X) C B(X),T(X) C A(X) and

d(Sx,Ty) < k*{max{a* (Ax,By),d" (Ax,Sx),d" (By, Ty),a* (Sx,By),a* (Ax,Ty)}},

Assume one of the following conditions is satisfied:
(a) either A or S is continuous the pair S,A and the pair T,B are weakly compatible;

(b) either B or T is continuous the pair (T,B) and the pair (S,A) are weakly compatible.
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Then S,T,AandB have a unique common fixed point

where b > 1 such that lim,,_..b" =B < 1.

Corollary 3.4. Let X,d be a complete multiplicative b-metric space S,T,A and B be four map-
pings of X into itself.

Suppose that there exists A € (0, %) Vx,ye X,

such that S(X) C B(X),T(X) C A(X) and

d(SPx, Ty) < k* {max{d* (Ax, By) +d" (Ax, SPx) +d* (By, T%y) +d* (S"x, By) +d* (Ax,T%y)}}

forall x,y € X. Here ay,as,a3,a4,as > 0and 0 < a; +ay +az +as +as < 1 Assume one of the
following conditions is satisfied:

(a) either A or S is continuous the pair S,A and the pair T,B are commuting mappings;

(b) either A, B, S or T is continuous;

Then S,T,AandB have a unique common fixed point.

Corollary 3.5. Let X,d be a complete multiplicative b-metric space S,T,AandB be four map-
pings of X into itself.

Suppose that there exists A € (0, %) Vx,y € X,

such that S(X) C B(X),T(X) C A(X) and

d(Sx,Ty) < k*{max a\d* (Ax, By) + ard* (Ax, Sx) + azd* (By, Ty) + asd* (Sx, By) + asd” (Ax, Ty) }}

forall x,y € X. Here ay,ay,a3,a4,a5s > 0and 0 < a; +ar+az+aq+as < 1. Assume one of
the following conditions is satisfied:

(a) either A or S is continuous the pair (S,A) and the pair (T,B) are weakly compatible;

(b) either B or T is continuous the pair (T,B) and the pair (S,A) are weakly compatible.

Then S,T,A and B have a unique common fixed point.

Corollary 3.6. Let (X,d) be a complete multiplicative b-metric space S,T,A and B be four
mappings of X into itself.

Suppose that there exists A € (0, %) and p,qeZ*

d(TPx,T7y) € k* {max (d*(x,y),d* (x,T?x),d* (y,T%y),d* (T?x,y),d* (x,T?y)}})

forall x,y € X. Then T have a unique fixed point.
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Corollary 3.7. Let (X,d) be a complete multiplicative b-metric space S,T,A and B be four
mappings of X into itself.

Suppose that there exists A € (0,3) such that

d(Tx,Ty) < k*{max (a1d* (x,y) + axd* (x,Tx) + azd* (y, Ty) + asd*(Tx,y) + asd* (x, Ty))}}
forall x,y € X. Here ay,a,a3,as,a5s > 0and 0 < a;+ar+az+as+as < 1.

Then T have a unique fixed point.
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