Available online at http://scik.org
Adv. Fixed Point Theory, 2024, 14:19
https://doi.org/10.28919/afpt/8547
ISSN: 1927-6303

APPROXIMATION OF COMMON FIXED POINTS OF A SEQUENCE OF
COMMUTING GENERALIZED NONEXPANSIVE MAPPINGS

GEZAHEGN ANBERBER TADESSE', MENGISTU GOA SANGAGO**, RONALD TSHELAMETSE?

'Department of Mathematics, College of Natural and Computational Sciences, Addis Ababa University, P. O. Box
1176, Addis Ababa, Ethiopia

2Department of Mathematics, Faculty of Science, University of Botswana, Pvt Bag 00704, Gaborone, Botswana

Copyright © 2024 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. It is the purpose of this paper to discuss the generalizations of nonexpansive mappings. We prove addi-
tional properties of these generalizations, particularly focusing on a sequence of commuting mappings satisfying
condition By . We propose iterative algorithms to approximate a common fixed point of a sequence of commuting
mappings satisfying condition By . With some mild assumptions on parameters, the convergence of these algo-
rithms to a common fixed point of a sequence of commuting mappings satisfying condition By, is also proved.
Our results extend and improve many recent results in the literature.
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1. INTRODUCTION

Fixed point theory for nonexpansive mappings is flourished as main area of study after the
appearance of four existence theorems in 1965 by Browder[5, 6], Gohde [13] and Kirk [16].
Many important results have been discovered which are related to existence of fixed points for
nonexpansive mappings as well as to the structure of the fixed points set and to techniques for
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approximating fixed points. Many mathematicians are attracted to the field to focus their re-
search on the extension of it because it is a generalization of the celebrated Banach contraction
principle[3] with its wide range of applications that pioneered the field of metric fixed point the-
ory. Thousands of citations of late Professor William Arthur Kirk’s 1965 article [16] indicates
without doubt the wide range of applications and importance of the generalized mapping.

In 1972, Goebel and Kirk[12] introduced another generalization of nonexpansive mappings
called asymptotically nonexpansive mappings and proved existence and approximation of fixed
points of such self-mappings in Banach spaces. Several authors (see Agarwal et al.[1], Betiuk-
Pilarska and Benavides [4], Chidume [7], Dhompongsa et al. [9], Garcia-Falset et al.[10],
Goebel and Kirk [11], Khamsi and Khan [14], Lael and Heidarpoor [17], Mishra[18], Mishra et
al. [20], Mishra et al. [19], Pant and Shukla [23], Patir et al [21, 22], Sangago[24], Sangago[25],
Suzuki [28, 29, 30], Ullah et al. [32] and the references therein) have contributed immensely in
this field.

Because of its important linkages with the theory of monotone and accretive operators, fixed
point theory for nonexpansive mappings has long been considered as a fundamental part of
nonlinear functional analysis. Different new classes of generalized nonexpansive mappings
with interesting properties have been developed in this context. Researching of the practical
significance of the metric fixed point approach in solving problems of applied sciences such us
signal processing, inverse problems, equilibrium problems, game theory in market economy,
optimization and so on come to the center stage in recent decades.

In this paper we analyze and generalize some of recent results in the generalization of nonex-
pansive mappings with particular attention to the mappings introduced by Suzuki [28, 30], and
further investigated by Patir et al.[22] and Thakur et al.[31].

Throughout this article, N and R stand for the set of natural numbers and the set of all real
numbers, respectively. For a sequence {x,} of a normed space E and a point x in E, the strong
convergence of {x,} to x is denoted by x, — x and the weak convergence of {x,} to x is
denoted by x,, — x.

First we present some basic concepts. Let X be a nonempty set and G : X — X be a mapping.

We say that a point x € X is said to be a fixed point of G when Gx = x. Fix(G) denotes the set
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of all fixed points of G; that is,
Fix(G) ={x€ X : Gx=x}.

Definition 1.1 ([8, 15]). Let E be a real Banach space. Let K be a nonempty subset of E and

G : K — K. We say G Lipschitz continuous if there exists a real constant A > 0 such that
(1.1) |Gx—Gy|| < Allx—y| forallx,y € K.

When A € [0,1) in (1.1), G is called a contraction mapping. If A < 1in (1.1), G said to be a

nonexpansive mapping; that is, G satisfies the inequality
(1.2) |Gx—Gy|| < ||x—y||, forall x,y € K.

In 1972 Goebel and Kirk [12] introduced a generalization of nonexpansive mappings as stated

in the following definition.

Definition 1.2 ([12]). Let E be a real Banach space. Let K be a nonempty subset of E and
G : K — K. G is said to be an asymptotically nonexpansive mapping if there exists a sequence

{rn} in [1,00) such that 1i_r>n rn=1and
n—oo
(1.3) |G"x — G"y|| < ry|x—y|, forall x,y € K.

Also in 1972 Dotson [8] introduced a generalization of nonexpansive mappings as stated

below.

Definition 1.3 ([8]). Let E be a real Banach space. Let K be a nonempty subset of E and
G : K — K. G is said to be a quasi-nonexpansive mapping if Fix(G) # 0, and

(1.4) |IGx —z|]| < ||x—z]| forall z € Fix(G), x € K.

It follows that a nonexpansive mapping with a nonempty fixed point set is quasi-
nonexpansive. Taking r,, = 1 for each n, we see that a nonexpansive mapping is also asymptot-
ically nonexpansive. Existence and approximation of fixed points of these mappings were also

proved (see [8], [2], [12], [16], and the references therein).
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Recently new classes of generalized nonexpansive mappings were introduced by Suzuki [30]
in 2008, Garcia-Falset et al. [10] in 2011 and Patir et al. [22] in 2018 as stated in the following

definitions and proved fixed point theorems for their generalizations.

Definition 1.4 ([30]). Let K be a nonempty subset of the Banach space E and G : K — K.
Then G is said to satisfy condition (C) if for all x,y € K

1
(1.5) 5 Ix=Gxll < fle =yl = [|Gx =Gyl < [lx =]

Suzuki (Propostion 1 and Proposition 2 of [30]) proved that the condition (C) is weaker than

nonexpansiveness and stronger than quasi-nonexpansiveness.

Definition 1.5 ([10]). Let K be a nonempty subset of the Banach space E and G : K — K.
Then G is said to satisfy condition (Cy), where A € (0,1), if for all x,y € K

(1.6) Allx=Gx|| <|[lx—y[| = |Gx—=Gy|| < [lx—y].

It was shown by Garcia-Falset et al. [10] that Condition (C) is a particular case of Condition

1
(Cy) with A = X Hence a nonexpansive self-mapping satisfies the condition (C;) for each

A€ (0,1).

Definition 1.6 ([22]). Let K be a nonempty subset of the Banach space E and G : K — K.
Then G is said to satisfy condition By, if there exists y € [0,1], u € [0, %] with 2 <y such
that for all x,y € K

(1.7)

Yl —Gxl| < [lx=yll+ully = Gyll = [Gx =Gyl < (1=7) llx =yl +u(llx = Gyl|+ Iy — Gx]]).

Patir et al. [22] constructed examples to justify that their generalization was more gen-
eral than that of Condition (C) and Condition (Cj ). Both authors justified that the inclusions
were strict. In case Fix(T) # 0, each of the conditions (C), (Cy) and By, implies quazi-
nonexpansiveness of self-mapping G.

Suzuki [28] stated and proved the following characterization for two commuting nonexpan-

sive mappings.
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Proposition 1.7 ([28]). Let K be a closed convex subset of the Banach space E. Let G1,G; :
K — K be commuting nonexpansive mappings (i.e., G oGy = Go0G1). Let {x, } be a sequence
in K that converges strongly to some z € K. If {04, } is a sequence in (0, %) converging to 0 such

that

(1.8) im I|(1 — ) G1xy + 0, Goxy — Xy || _

n—roo (079

0,
then z is a common fixed point of G| and G,.

In the same article Suzuki [28] extended Proposition 1.7 systematically from two to three and
then for a finite family of commuting nonexpansive mappings; and then proved the following

fixed point theorem.

Theorem 1.8 ([28]). Let K be a compact convex subset of a Banach space E. Let {T,, : n € N}
be an infinite family of commuting nonexpansive mappings on K. Fix A € (0,1). Let {a, } be a

sequence in [0, 5] satisfying

liminf o, = 0, limsup o, > 0, lim [0y, 41 — 0] = 0.
n—oo n—yo00 n—oo

Define a sequence {x,} in K and

x1 €K,

n—1 n
Xpi1 = A (1 -y a,’f) Tixa+A Y o Ty + (1= A)xy, n=1,2, ...
k=1 k=2

Then {x,} converges strongly to a common fixed point of {T, : n € N}.

Theorem 1.9 ([22]). Let K be a nonempty subset of the Banach space E. Let G be a self-

mapping and satisfies the condition By, on K. For xo € K, let a sequence {x,} in K be defined
by;

(1.9) Xpt1 = AGxp+ (1 — A)xy,
where A € [y,1) —{0}and n € NU{0}. Then ||Gx,, —x,|| — 0 as n — oo.

Motivated by the above results we continue to develop more characterizations of general-

izations of nonexpansive mappings. By the help of the new characterizations we prove fixed
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point theorems for generalized nonexpansive mappings. The main source of inspiration for this

article are the works of Suzuki [28, 30], Patir et al.[22] and Thakur et al.[31].

2. PRELIMINARIES

We collect here basic concepts and technical lemmas from literature that can be used in the
proof of our main results.
Let K be a nonempty closed convex subset of a Banach space E and let G: K — K. A

sequence {x,} in K said to be almost fixed point sequence for G if
lim ||Gx, — x,|| = 0.
n—oo

Definition 2.1 ([15]). A Banach space E is said to be uniformly convex, if for every €,0 < € <2

there exists a 8 = 6(€) > 0 such that

xy€eB, x| <1yl <1, & [lx—y|| > & implies

x+y

—=||<1-6.
b

One of the main characterization of uniformly convex spaces is the following.

Lemma 2.2 ([27]). Let E be a uniformly convex Banach space. Assume that 0 < b <t, <c <1,

n=1,2,3,---. Let the sequences {x,} and {y,} in E be such that

limsup ||x,|| < v, limsup||y,|| < v, and lim ||t,x, + (1 —#,)yn|| = v, where v > 0.
n—yoo n—oo n—yoo

Then

lim ||x, —y,|| =0.
n—o0

Lemma 2.3 ([1]). Let E be a uniformly convex Banach space and K be a nonempty closed
convex subset of E. Let G : K — E a mapping satisfying the condition By, on K with
2u <y, ye[0,1] and u € |0, %] Then, for any € > 0, there exists positive number M(€) > 0
such that ||x — Gx|| < € for all x € co({xo,x1}), where xo,x1 € K with ||xo — Gxo|| < M(€) and

lx1 = Gxi || < M(e).

Lemma 2.4. [1] Let E be a uniformly convex Banach space and K be a nonempty closed convex

bounded subset of E. Let G : K — E a mapping satisfying the condition By on K with 2 <
1

Y, Y€ [0,1] and u € [0, E] Then, I — G is demiclosed on K.



A SEQUENCE OF COMMUTING GENERALIZED NONEXPANSIVE MAPPINGS 7

The following properties of a mapping that satisfies condition By, ;, were proved in 2018.

Lemma 2.5 ([22]). Let K be a nonempty subset of the Banach space E. Let G : K — K satisfy
the condition By, on K. Then, for all x,y € K and for 6 € [0,1],
(i) HGx— G2xH < ||x— Gx||,
(ii) at least one of the following ((a) and (b)) holds:
(@ 3 e Gal < ey

0
(b) 5 [|Gx— G| < [|Gx—yll
The condition (a) implies
0
1Gx = Gyl = (1 = ) llx =y + u(llx = Gyl + Iy = Gxl])
and the condition (b) implies
2 6 2
|G*x—Gy| < (1 =) 1Gx =y + u([|Gx — Gyl + |y = G*)).
0
(7dd) [lx = Gy[| <(3 = 0) lx — G| + (1 = =) x|
+ (2 ||x = Gx[| + ||x — Gyl| + [ly — Gx|| +2[|Gx — G*x|)).

Lemma 2.6 ([22]). For a nonempty subset K of a Banach space E, let G : K — E be a mapping
satisfying By, condition. If p is a fixed point of G on K, then for all x € K,

1Gx—pl| < [lx—plI-
3. MOTIVATION OF THE PROBLEM

Recently in 2023 the authors [Sangago et al. [26]] stated and proved the weakest form of
Proposition 1.7 for two commuting self-mappings satisfying the condition By . The proof of

the result is also included for sake of completeness because the article has been under review.

Lemma 3.1 ([26]). Let K be a closed convex subset of the Banach space E. Let G1,Gy : K — K
be mappings satisfying the condition By, where 2l1 <y, with G1 o Gy = G, 0Gy on K. Let
{xn} be a sequence in K that converges strongly to some z € K. If {o,} is a sequence in (0, 5)

converging to 0 such that

(3.1) lim ||(1 = &) G 10 + 0, Goxy — x| = 0,

n—oo
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then z is a common fixed point of G| and G,.
Proof. For n € N it follows from (i) and (iii) of Lemma 2.5 that
2y
Iz = Graull < B =)z = Gzl + = [z =
+u (2)|lz—Giz| + |z — Gixal| + ||xn — Gizl| +2||G1z— Giz|)
3.2) < @—r+4u)lz—Gizll+ (1 =7) lz = xall + s |z = Groxal| + pt [|xn — Gi 2| -
It follows from (3.2) that

Iz = Gzl + L [z = xall + —E— [0 — Gz

1
(3.3) 72— Grxy|| <
Iz = G| m - 1

3—y+4u —
1—

Because {x,} is a bounded sequence, it follows from (3.3) that { G1x, } is a bounded sequence.
By similar argument we conclude that {Gx,} is also a bounded sequence.

For each n € N it follows from triangle inequality that
(3.4) |(1 = @) Gixn + 0, Goaxyy — xu || > (1 — ) ||Grxn — Xn|| — O ||X0 — Goxn |-

Thus for each n € N, we obtain from (3.4) that

Op

1

n 1—

(3.5) |G 10 — xn]| < 1 ||xn — Gaxyl| -

Using (3.1), the assumption a,, — 0 as n — oo, and boundedness of the sequence {||x, — Gaxy|| },

it follows from (3.5) that
3.6) lim ||G1x, — x,|| = 0.
n—»oo

To show that z is a fixed point of G| we utilize (i1) of Lemma 2.5.

Case 1. There exists a strictly increasing sequence {n };_; of natural numbers such that
3.7) Y% — Grt || < |Pon, — 2| Vk € N

° 2 ny 1 ni |l = Ny Z .
It follows from Lemma 2.5 (ii)(a) and (3.7) that

Y
1G1z= G, || < (1= S) llz =2 [ + 1t (lz = Groxvay | + [l — Grzl)

(3.8) < (1= 2 1) 2=+ 202, = G | + 1 Gri, — Gl
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We get from (3.8) that

1-Y+pu 2
(3.9) 1612= Gl < ST o+ 2~ G
It follows from (3.6), (3.9) and convergence of {x,} to z that
(3.10) lim ||G1x,, — Gyz| = 0.
k—yo0
For each k € N we have
(3.11) Iz = Gzl < llz= x| + [|%n, = Groxw || + |G 160, — G 2] -

Using (3.6) and convergence of {x,} to z, and letting k — e in (3.11), we get
(3.12) Giz=z

Therefore, z is a fixed point of G.

Case 2. There exists a strictly increasing sequence {ny};_; of natural numbers such that
(3.13) 2| Grsn — G| < 1Gr, — | vk € N

It follows from Lemma 2.5[(1) & (ii)(b)] and (3.13) that

(3.14)
|G12= G || < (1= D)1z = Guxuy |+ 1 (1612 G|+ [[2= Gl )

Y 4
< (1= 2430 oon = Guo | + (1= 2+ 4) [, = 2| + 1 | G, = Gz
We get from (3.14) that
1-2+pu 1-1+p
(3.15) |G1z— Gty || < (i—> [, — G || + (zath) [, — 2]l -

1 I1—u

It follows from (3.6), (3.15) and convergence of {x,} to z that
(3.16) lim || GTxy, — Giz|| = 0.
k—>oo

For each k € N, it follows from repeated application of triangle inequality and Lemma 2.5(i)

that
G171 lle=Gizll < o= | + [lon, — Grxg |+ [| G — G, || + || G, — G

< llz =2 || +2 |3, = Grta, | + | Gixa, — Gz
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Using (3.6), (3.16), and letting k — o in (3.17), we get

Giz=z.
Therefore, z is a fixed point of G.
We note that
(3.18) (G10G2)z=(Gr0G))z = Gz

For each n € N we have
”GZZ_an < HGZZ_ (1 — (Xn)Glxn - anGZ)an + H(l - an)Glxn + (XnGZ)xn _an
(319) S (1 - an) HGZZ_ Glan + oy HGZZ_ sznH + H(l - an>G1-xn + anGZ)xn _an .

Because Y|/ G2z — G1(G2z2)|| = 0 < ||Gaz — x| + 1 || x4 — G1x, ||, it follows from By, condition

that
G2z = Gixa|| = [|G1(G2z) — Gixa|
< (1=9)|Gaz— x| + p [[| G2z — Grxa| + [1x0 — Gaz]]]
(3.20) < (1 =7+ ) [[Gaz—xull + |Gz = Grxn]| -

It follows from (3.20) that

-7+
(3.21) ||G22—G1Xn|| < (#) ||G2Z—an.
We get from (3.19) and (3.21) that
(3.22)
l—y+u

1—(1—ay) T |Gaz — xul| < @ ||Gaz — Goxn || +||(1 — 04,) G 1 + 06,G2) X — X4 -

Since ||G2z — Gax,|| is a bounded sequence, letting n — oo in (3.22) we get
-2
(3.23) (y “) 1G2z— 2| < 0.
1—p
-2

Because oK > 0, we have G,z = z. Hence z is a common fixed point of G| and G5. [
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Let K be a nonempty closed convex subset of a given Banach space E. Let u € [0, %] and
y € [0,1] such that 2u < y. Let G|, G, : K — K be commutating mappings (that is; G; o G, =
G, 0 Gy,) satisfying the condition By,. Let {a, },_o be a sequence in (0, %) and A € (7,1).
Let us define a sequence {x,} in K by the iteration

(

xo €K

(3.24) Vo = (1 —0t;)G1x, + @, Goxy,

Xn+1 = }L’yn+(1 _l)xna n=0,1,2,---
Lemma 3.2. [f F = Fix(G|) N Fix(G,) # 0, then the sequence {x, } defined in (3.24) is bounded.
Proof. Let p € F. Then it follows from Lemma 2.6 that for each x € K
1Grx—pll < [x—pll & [[Gox = pl| < |x—pl|.
Thus for eachn =0,1,2,---, we have
[Xn+1 =PIl < A llya — pll+ (1= 4) [[x, — pl
< A[(1—04) [[Grxn = pll 4 04 [[Goxn — pl] + (1 = 4) [lxa —
< A[(1 =) [lxn = pll + 0 [lxn = pl[]+ (1= 2) [lxa = pl|
<Al = pll 4 (1= 2) [lxa = pll
< lxn = pll-

Therefore, {||x, — p||} is a decreasing sequence, and so that {x,} is a bounded sequence. This

completes the proof. 0

Motivated and inspired by the above results we further investigate and generalize Lemma
3.1 to countably many family of mappings satisfying the condition By, . We also prove the
convergence of some iterative algorithms to common fixed points of such mappings with mild

assumptions on the parameters.

Methodology: Well developed analytic as well as fixed point theoretical methods to
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prove our results are implemented. Mainly the key existing methods in the literature to prove

our results are taken from [22, 26, 27, 28] and references therein.

4. MAIN RESULTS

It is mainly the purpose of this section to state and prove the generalizations we make on the
main results of Suzuki [28] for countably many commuting mappings satisfying By, ;. More-
over, we prove the convergence of an iterative algorithm to a common fixed point of these
mappings.

4.1. Proofs of Technical Lemmas.

Let us start with three mappings satisfying the condition By ;.

Lemma 4.1. Let K be a nonempty closed convex subset of a Banach space E. Let G1,G, and

G3 be commuting mappings satisfying the condition By, where 211 <y, on K. Let {0, } be a
1

sequence in (0, E) converging to 0, and let {x,} be a sequence in K that converges strongly to

some z € K and satisfies
4.1) lim ||(1— o — 047)G1xn + 0 Gaxy + 04 G3xy — X || = 0

n—oo

Then z is a common fixed point of G1,G, and Gj3.
Proof. For each n € N, it follows from (i) and (iii) of Lemma 2.5 that
2—v
2= Gl < G- le= Gzl + L o=
+ 1 (22— Gizl| 4 |z — Gixal| + ||x0 — Gizl| +2||G1z — Giz]|)
(4.2) < B =v+4u)llz =Gzl + (1 =) [z = xall + 1 [z = Groxal[ + p |30 — G2}
It follows from (4.2) that

(4.3) Iz — G| < H

3—y+4u
1—

lz—Giz H+ HZ Xall + 5

Because {x,} is a bounded sequence, it follows from (4.3) that {Gx,} is a bounded sequence.
By similar argument we conclude that both sequences {G»x, } and {G3x,} are also bounded.

For each n € N, we get by applying the triangle inequality that
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+a?||Gix, — G
n 1Xn 3Xn || .

It follows from (4.4), a;,, — 0, and boundedness of the sequences {G1x,}, {Gax,} and {G3x, }

that

(4.5) lim ||(1 — &) G, + 0, Gaxy — Xp|| = 0.

n—oo

Thus it follows from Lemma 3.1 that z is a common fixed point of G| and G,.
For each n € N it follows from simple triangle inequality that
4.6) (1= 00)Gixy+ 0uGaxy — xa|| < || (1 — 04y — 047 ) G123y + 0uGoxy + 0y Gy — X, |
+ oy, Hoanlxn —Gox, + (1 — OCn)G3XnH .

It follows from (4.6), a;,, — 0, and boundedness of the sequences {G1x,}, {Gax,} and {G3x,}

that

4.7) lim [[(1 — 04,) G1x, + 0,G3X, — X, || = 0.

n—soo

Thus it follows from (4.7) and Lemma 3.1 that z is a common fixed point of G| and G3. Hence
Z€ Fix(Gl) ﬂFix(Gz) ﬂFiX(G3).
This completes the proof. 0J

Now we prove for finitely many commuting self mappings satisfying the condition By, in

the following proposition.

Lemma 4.2. Let K be a nonempty convex closed subset of a uniformly convex Banach space E.
Let G1,Ga, -+ ,Gp, m € N be commuting self mappings satisfying the condition By ;, on K with

1
u €0, 5],3/ € [0, 1] such that 2u < 7y. Let {x,} be a sequence in K converging strongly to some

1
z€ K. If {a,} is a sequence in (0, E) converging to 0 such that

n—oo

m—1 m
(4.8) tim ||(1-' Y @) Gix+ Y 047" Gixa =3,
i=1 i=2

then z is a common fixed point of G1,G2,- - ,Gy,.
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Proof. Tt follows from the proof of Lemma 4.1 that the sequences {G1x,}, {Gaxn}, - ,{Gmxn}

are bounded. Let j € {2,3,...,m}. Then For each n € N, it follows from triangle inequality that

m—1 m ]
(1 — Z a,’,) Gix, + ZOC,’[lGixn—xn

i=1 =2

49  ||(1 = 04)G1xn + 04,G oy — xa|| <

+ ot .

m—1 m
(X,lflGlxn — Z Ot,lflGixn + G jxy
=2 =2

It follows from (4.9), o, — 0, and boundedness of the sequences {Gx,}, {Gaxn}, -+, {Gmxn}

that

(4.10) lim ||(1 = 04,)G1x + 0 G jxp — x| = 0.

n—oo

Thus it follows from (4.10) and Lemma 3.1 that z is a common fixed point of G| and G;.

Therefore,

m
z€ (Fix(Gy).
i=1
This completes the proof. 0J

Now we prove for infinitely many commuting self mappings satisfying the condition By, in

the following Lemma.

Lemma 4.3. Let K be a nonempty bounded convex closed subset of a uniformly convex Banach
space E. Let {G,},,—, be a sequence of commuting self mappings satisfying the condition By,

1
on K with u € |0, 5],’}/ € [0,1] such that 2u < 7y. Let {x,} be a sequence in K converging

1
strongly to some z € K. If {a,} is a sequence in (0, 5) converging to 0 such that

(4.11) lim

n—oo

=0,

m=1 —

(1 — i OC,T) Gix,+ i 0, GXn — Xy
m=2

then z is a common fixed point of the sequence {Gy, }_;.

Proof. Put 6 = sup ||x—y||. Foreachk=2,3,4,--- it follows from simple triangle inequality
x,yeK
that

|| (1 - an)Glxn + 0, Gxy —an <

(1 — Z Ot,’f) Gix,+ Z 04! Gxn — Xp
m=1

m=2
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m=2 m=2
< (l — Z Ot,',”) Gix,+ Z 0! Gxn — Xp
m=1 m=

=2

+ Z a}T”Glxn_Gman + Oy ”kan”

m=2
<l 1- Z o' | Gix,+ Z 04 GXn — Xp
m=1 m=2
+o, 81+ Y o
m=1
4.12 = 1— o’ | Gix, o Gxy — X 0
(4.12) H( n§'1 n) 1X+n;2n Xp — X +1—06n

By letting n — oo we get from (4.11) and (4.12) that

(4.13) lim ||(1 — o) G1x, + @, Grxp, — x| = 0.

n—so0

Thus it follows from (4.13) and Lemma 3.1 that z is a common fixed point of G; and Gy.
Therefore,
z€ () Fix(Gy).
k=1

This completes the proof. ]

Remark 4.4. The boundedness condition imposed on K in Lemma 4.3 is equivalent to stating

ﬁ Fix(Gy) # 0.

k=1

4.2. Fixed Point Theorems.
By using the technical lemmas proved above we propose iterative algorithms and prove their
convergence to a common fixed point of a given family of self mappings.

Let K be a nonempty closed convex subset of a given Banach space E. Let u € [0, %] and
y € [0,1] such that 2u < y. Let G1,G, and G3 be commuting self mappings satisfying the

1
condition By, on K. Let {a, } be a sequence in (0, 5) and A € (7,1). Let us define a sequence
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{x,} in K by the iteration

;

xo €K

Xpt1 = Ayn+(1—=A)xp,n=0,1,2,--.
\
Lemma 4.5. If F = Fix(G) N Fix(G2) NFix(G3) # 0, then the sequence {x,} defined by (4.14)

is bounded.

Proof. Let p € F. Then it follows from Lemma 2.6 that for each x € K,
(4.15) |Gix—pl| < [lx=pll, i=1,2,3
For eachn=0,1,2,--- applying (4.15) yields

1= pll < A lyn = pll + (1 =2) [l = pl|

<A[(1= o= 07) [|Gixn = pll + 0 || Goxn — pl| + 0 | G3x = plI] + (1= 4) s — |
= [l = plI-

Therefore, {||x, — p||} is a decreasing sequence, and hence {x,} is a bounded sequence. O

Lemma 4.6. Let E be a uniformly convex Banach space and K be a non-empty closed convex

subset of E. Let Gy, G, and G3 be commuting self mappings satisfying the condition By, where
1 3
Y€ [0,1],u €0, 5] such that 2p1 <y on K. Suppose that F = (| Fix(G;) # 0. Let {04} be a
i=1
1
sequence in (0, E) converging to 0 and A € (y,1). Then, for each xy € K, the sequence {x,}

defined by (4.14) satisfies

lim | (1= 0ty — 067) G 1 + 0 G + 0y Gy — X || = 0.

Proof. Let p € F. Putw, =y, — p and z,, = x,, — p. It follows from Lemma 4.5 that for some

v >0,
(4.16) lim ||z, || = lim |jx, — p|| = v.
n—oo n—so0
(4.17) limsup ||wy|| = limsup ||y, — p|| < v.

n—soo n—soo
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(4.18) Tim (1= w2z = Tim [0 — pl| = v
It follows from (4.16), (4.17), (4.18) and Lemma 2.2 that

lim ||w, — z,|| =0,

n—o0
and so that

lim || (1 — 0 — &7 ) G1xy + QuGaxy + 0 G3xy — X || = 1im [[wy — 24| = 0.
n—oo n—oo

This completes the proof. H

For a nonempty compact convex subset K of a uniformly convex Banach space E, we have

the following fixed point result.

Theorem 4.7. Let K be a nonempty compact convex subset of a uniformly convex Banach space

E. Let G1,G; and G3 be commuting self mappings satisfying the condition By, where y €
3
1
[0,1],u € [O’E] such that 2yt < y on K and F = (| Fix(G;) # 0. Let {04} be a sequence
i=1
1
in (0, 5) converging to 0 and A € (y,1). For xog € K the sequence {x,},_ defined by (4.14)

converges strongly to a common fixed point of G1,G, and G3.

Proof. Tt follows from Lemma 4.5 that the sequence {x,} is bounded. Since K is compact, there

is a subsequence {xy, } of {x,} such that for some p € K

(4.19) lim Xn; = P-

=

It follows from Lemma 4.6 that

(4.20) lim || (1= 04, — &2 )Gra, + 0, G, + 02 G, — 3, || =0.

J=ee !

It follows from Lemma 4.1 that p is a common fixed point of G, G, and G3; thatis, p € F. The
proof of Lemma 4.5, (4.19) and (4.20) give us that

lim ||x, — p|| = lim ||x,, — p|| = 0.
n—oo J—roo

Therefore, {x,} converges strongly to a common fixed point of G, G, and Gs. UJ
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Let K be a non-empty closed convex subset of a given Banach space E. Let y € [0,1],u €
[0, %] such that2u < y.Let G1,Ga, -, Gy, m € N be a finitely many commuting self mappings
satisfying the condition By, on K. Let {a,} be a sequence in (0, %) and A € (y,1). Define a
sequence {x,} in K by

.
xg €K

m—1 m
.21) = (1= ¥ )G+ Y, o G,
k=1 k=2

\xn—l—l :)'yn_k(l_l)xna n=0,1,2,---.

m
Lemma4.8. IfF = ﬂ Fix(G;) # 0, then the sequence {x,} defined by (4.21) is bounded.

i=1

Proof. Let p € F. Then it follows from Lemma 2.2 that for each x € K,
(4.22) |Gixy — pl| < [lxn — pl| fori=1,2,---,m
By using (4.22) and repeated application of triangle inequality, for eachn =0,1,2,--- , we have

4.23) [xns1 =Pl < Alyn = pll+ (1= 2) [0 — p
m—1 m
<A (1= X o) G —pll+ Y k" [ Geva— pll | + (1 = 2) |xa =
k=1 k=2
< e = pII-
Therefore, {||x, — p||} is a decreasing sequence and so that {x, } is a bounded sequence. O

Lemma 4.9. Let E be a uniformly convex Banach space and K a non-empty closed convex
subset of E. Let G1,Gy,---,G,, : K — K be commuting mappings satisfying the condition
m

1
By onK, ue|o, E]’ y € [0,1] and 2u < y. Suppose that F = ﬂFix(G,-) # 0. Let {ot,} be
i=1
1
a sequence in (0, 5) converging to 0 and A € (7, 1). Then, for each xy € K, the sequence {x,}

defined by (4.21) satisfies

(4.24) lim —0.

n—eo

m—1 m
(1 — Z Oc,’f) Gix,+ Z Oc,]f_lexn — Xn
k=2

k=1
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Proof. Let p € F. Putw,, =y, — p and z,, = x, — p. Then by Lemma 4.8
(4.25) lim ||z, [| = lim [}x, —p[| = v

n—soo n—soo
for some nonnegative real number v. We note that by Lemma 2.6

26) tmsup | = Limsup [, — p| < lim |x, — pl| = .

n—oo n—oo

Moreover,
@.27) lim [[(1=2A)w, +Az,[| = lim [|(1 = 2)(ya = p) + A (2 = p)[| = lim |41 = pl| = V.
n—$o0 n—soo n—so0
It follows from (4.25), (4.26), (4.27) and Lemma 2.2 that
lim ||w,, — z,|| =0,
n—oo
and so that (4.24) holds. O

Now we are in a position to state and prove a fixed point theorem.

Theorem 4.10. Let K be a nonempty compact convex subset of a uniformly convex Banach

space E and m € N. Let G1,G», -+ , Gy, be commuting self mappings on K satisfying the condi-
1 m

tion By, where y € [0,1], p € |0, 5] such that 2u < y. Assume that F = ﬂFix(Gi) # (. Let

i=1
1
{o,} be a sequence in (0, 5) converging to 0 and A € (7, 1). Then for each xy € K the sequence

{xn}n—o in K defined by (4.21) converges strongly to a point p € F.

Proof. Tt follows from Lemma 4.8 that the sequence {x,} is bounded. By the compactness of

K, there is a subsequence {x,, } of {x,} such that for some p € K

(4.28) lim x,, = p.

e

By Lemma 4.9 we have

(4.29) lim

Jree

=0.

m—1 m
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The hypotheses of Lemma 4.2 are all fulfilled as indicated in (4.28) and (4.29). Therefore, p
is a common fixed point of G1,Gy,--,Gy; that is, p € F. The proof of Lemma 4.8 and (4.28)

imply that
(430) lim [, — pl| = lim [lx, —p[| = 0.
By (4.30) the sequence {x,}, o converges strongly to p € F. This completes the proof. O

Let us discuss the infinite cases. Let K be a nonempty bounded convex closed subset of

1
the Banach space E. Let y € [0,1],u € [0, 5] such that 2 < y. Let {Gy}_; be a sequence of

1
commuting self mappings satisfying the condition By, on K. Let {c,} be a sequence in (0, §>

and A € (7,1). Define a sequence {x,} in K by

.

xo €K
(4.31) wm=1-Y af | Gix,+ Y atGx,
k=1 k=2
\xn—l—l :)«)’n+(1 _A‘)xna n=0,1,2,---.

Lemma 4.11. Let E be a uniformly convex Banach space and K a nonempty bounded convex
closed subset of E. Let {Gy }—, be a sequence of commuting mappings satisfying the condition

1
ByyonK, ue [0,5], y € [0,1] and 2u < 7. Assume that F = ﬂ Fix(Gy) # 0. Let {a, } be
k=1

1
a sequence in (0, E) converging to 0 and A € (v, 1). Then, for each xy € K, the sequence {x,}
defined by (4.31) satisfies

(4.32) lim

n—oo

=0.

(1 — Z a,’f) Gix,+ Z Oc,]f_lexn — Xp
k=1

k=2

Proof. Let p € F. It follows from Lemma 2.2 that for eachn =0,1,2,---
%1 =Pl < Ay —pll 4+ (1= 2) [|xn — Pl
<A (1 - 062‘) 1G1x: = pll+ 2 Y 0y |Grxw — pll + (1= 2) [l — pl|
k=1 k=2

< |l — plI-
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Thus {||x, — p||} ;= is a decreasing sequence and so for some v > 0
(4.33) lim ||x, — p|| = v.
n—oo

Put w, =y, — p and z, = x,, — p. By referring to Lemma 2.6 and (4.33) we get

[

(434)  limsup|ly, — p|| < limsup [(1 -y a,’;) 1G1xn —pll+ Y. ot |Gixn — p|
n—oo k=2

n—oo k=1 =

< limsup [[x, — p||
n—oo

= V.
Moreover,

(4.35) limsup [|(1 = A)wy + Az, || <limsup[(1—2) |y, = pll + 2 | = pl] < v.

n—oo n—oo

It follows from (4.33), (4.34), (4.35) and Lemma 2.2 that
lim ||wy, —z,|| =0,
n—oo
and so that (4.32) holds. O

Let us state and prove a fixed point theorem.

Theorem 4.12. Let K be a nonempty compact convex subset of a uniformly convex Banach
space E and m € N. Let { Gy}, be a sequence of commuting self mappings on K satisfying the

1
condition By, where y € [0,1], p € [0, 5] such that 20 < 7. Assume that F = ﬂ Fix(Gy) # 0.
k=1

1
Let {a,} be a sequence in (0, 5) converging to 0 and A € (y,1). Then for each xy € K the

sequence {x, },_o in K defined by (4.31) converges strongly to a point p € F.

Proof. By the compactness of K, there is a subsequence {x, } of {x,} such that for some p € K

(4.36) lim x,, = p.

Je

By Lemma 4.11 we have

4.37) lim

=

=0.

k k—1
(1 — kzll OCnJ,) Glxnj + ];2 Otnj kanj — Xp;
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The hypotheses of Lemma 4.3 are satisfied by (4.36) and (4.37). Therefore, p is a common
fixed point of G, Gy, - - ; that is, p € F. The proof of Lemma 4.11 and (4.36) imply that

(438) lim = pl| = lim [}x, = p[| = 0.
By (4.38) the sequence {x,},_ converges strongly to p € F. This completes the proof. O

5. CONCLUSION

In this paper, we have extended the Suzuki’s[28] approach of fixed point searching for non-
expansive mappings to mappings satisfying the condition By, introduced by Patir et al. [22]. In
other words, we brought together both the Suziki’s strong nonexpansive mappings and the Patir
et al. [22] condition By, under the same iteration process. Under the resulted iteration process,
we proved the approximation of a common fixed point of a sequence of mappings satisfying the

weaker condition By ;.
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