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Abstract. Iterative methods play a crucial role in numerical analysis and optimization problems. This paper intro-
duces a hybrid fixed-point iterative process and compares its convergence rate with the established Abbas iterative
approach, using Berinde’s criteria. Additionally, the stability and data dependency of the improved iterative pro-
cess are established. This study’s purpose is to demonstrate the superiority, in terms of convergence speed, of the
hybrid approach and provide further insights into its stability and data dependency. Furthermore, we apply the
iterative process to find solutions of delay differential equations.
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1. INTRODUCTION

One of the several applications of the Banach contraction theorem is to ascertain that a unique
fixed point exists. Consequently, it is commonly employed in the development of numerous it-
erative processes. Several well-known iterative processes include the Picard process [1], the
Mann process [2], the Ishikawa process [3], the Noor process [4], the Abbas process [5], the
Agarwal process [6], the SP process [7], the S* process [8] and the CR process [9]. Several
hybrid iterative processes were introduced, including the Picard-Mann [10], Picard-Ishikawa
~ *Corresponding author

E-mail address: imnaveenphd @ gmail.com

Received March 19, 2024



2 MANBHALANG CHYNE, NAVEEN KUMAR

[11] and Picard-Noor [12] hybrid iterative processes. In Berinde’s sense [13], it was observed
that these procedures exhibited faster convergence compared to some well-known iterative pro-
cesses. This study presents a novel approach that combines the Picard and Abbas iterative
processes to create a hybrid. We establish the superiority of this hybrid over the Abbas itera-
tion, in terms of convergence rate, in Berinde’s sense [13]. We shall call this hybrid process
the Picard-Abbas hybrid iterative process or simply P-A hybrid iterative process. Furthermore,
the data dependency and stability results of the process are established. We also present an

application of the process.

2. PRELIMINARIES

Let C be a non-empty closed convex subset of a Banach space X. A point p € C is a fixed
pointof T:C — Cif Tp=p. Let Fix(T) ={p € C|Tp = p}.

A mapping T : C — C is a contraction if 36 € (0, 1), such that

(2.1) |Tx—Ty|| < 8lx—y| forall x,y € C

Definition 2.1. [13] If {x,},_, and {y,},_, are real sequences with x, — x and y, —y, and
. |xn —x]

lim
n—yeo |yn - .V|

=0, then {x,},_, converges to x faster than {y,},_, does to y.

Definition 2.2. [13] Let the fixed point iterative processes {x,},_, and {t,},_, be such that
Xp — p and t, — p. Suppose ||x, — p|| < an and ||t, — p|| < b, for all n € N, where {a,},_,
and {b,},_, are two sequences with a, — 0,b, — 0. If {a,},_, converges faster than {b,},_,,

then {x,}, | converges faster than {t,},_, to p.

Lemma 2.1. Let a real sequence {ky}, | (k, > 0) satisfy kpi1 < (1 — ty)kn. If {ttn},—; (0, 1)
and Wp = oo, then lim k,, = 0.
— n—yoo

n=1

Lemma 2.2. Let the real sequences {a,},_, and {b,},_, (an > 0,b, > 0) satisfy a,+1 < (1 —

b
An)an + by, where A, € (0,1) Vn €N, Z Ay = o0 and A_n —0asn— oo. Then li_r)n a, =0.
n=1 n e

Lemma 2.3. Let 0 be such that 0 < 0 < 1, and let {€&,}, _, (€, > 0) be a sequence, such that
lgn €, = 0. Then for any sequence {p,},_,, satisfying pp41 < Opp,+€,, n=1,2,3,..., we have
n—oo

lim p, = 0.

n—oo



CONVERGENCE ANALYSIS OF PICARD-ABBAS HYBRID ITERATIVE PROCESS 3

Lemma 2.4. Let {&,}_| be non-negative real sequence. Suppose there exists ny € N, such
that ¥n > ny, the inequality &, < (1 —§,)E, + 8,8y is satisfied, where §, € (0,1), Vn € N,
Z $y =0 and A, > 0, Vn € N. Then the inequality below holds

n=1

(2.2) 0 <limsupé&, <limsupA,

n—soo n—oo
Picard-Mann hybrid iterative process

It is defined by {p,},_, as
Pn+1 = T(Zn
(2.3) qn = (1= 04) pp+ T py

where {@, } is a real sequence in (0, 1).

Picard-Ishikawa hybrid iterative process

For any fixed p; in C, this process is defined by {p,},_, as
Pn+1=Tqn

qn = (1= ) pn+ 0t Try

(2.4) rn = (1=PBn)pn+ BT pn

where {a,}, {B,} are real sequences in (0, 1).

Picard-Noor hybrid iterative process

For any fixed p; in C, this process is defined by {p,}, _, as
Pn+1=Tqn

gn = (1= Qu)pn+ 4Ty

rn = (1= Bn)pn+BuTsn

(2.5) Sn= (1= "Yu)Pn+ WT pn

where {a,,}, {Bn}, {} are real sequences in (0,1).
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Abbas iterative process

For any fixed ; in C, this process is defined by {#,},_; as
the1 = (1 —04,)Tuy + 04, Ty,
up = (1= B)Tty+ BTy

(2.6) v = (1= %)ty + 1Tty
where {a, }, {Bn}, {1} are real sequences in (0, 1).
Picard-Abbas hybrid iterative process

We introduce the Picard-Abbas hybrid iterative process below.

For any fixed x; in C, the Picard-Abbas hybrid iterative process is defined by the sequence

{xn};o:l as
Xnt1 = Tyy
yn=(1—0a,)Tz,+ a,Twy
zn = (1= Bu)Txy+ B Twy
2.7) Wi = (1= %)xn + Ya T xn

where {a,}, {Bn}, {w} are real sequences in (0, 1).

3. CONVERGENCE AND STABILITY ANALYSIS

Theorem 3.1. Let T : C — C be a self-mapping on C and let T satisfy (2.1). If the process (2.7)
generates the iterative sequence {x,},_, with {0, }, {Bn}, {1} being real sequences in (0,1)
satisfying Z OBt = oo, then {x,},_, converges to a unique fixed point p of T.

n=1
Proof. The Banach contraction principle assures that a unique p € Fix(T') exists. We will show

that x,, — p as n — oco. Using (2.7) we have

[wn =PIl = (1= Ya)oxn+ % Txa = pl|

< (1=%) oo = Pl + %l Tx. = Tpl|
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< (1=%) e = pll + %6 = pl|

3.1 = (1 =%(1 = 0))|x — pll

lzn = pll = |(1 = Bu) T2+ BuTwn — p|
< (1= Ba)lITx0 = Tp|| + Bl Twa — T p|
< (1= Bn)0llxn — pll + BaOllwn — pll
< (1= Bu)8]lxn — pll + B0 (1 = 1(1— 6)) [l — pll

3.2) = 61— Bu1u(1 - 6] — p

[yn =Pl = |(1 = ) T + 0, Tz, — p|
< (1= a)|Txy —Tpl| + ol Tz. — Tpl|
< (1= 0)8|lxn — pll + 0 8lzn — p|
< (1= 04)0]pey — pl| + 067 [1 = BuYu(1— 6) |lx — ]
< (1= 00)0|lxu = pll + 06 (1 = Bu¥u(1 = 0)) [|lx — p|

(3.3) :9[1_(Xnﬁn7/n<1_6)]”xn_p”

[xn1—pll = [Ty —Tp|
< 0|ly.—p|

(3.4) = 621 — ouBu¥(1 - 0)][bn — pl|

Repeating the above process, we get
(
%41 = pll < 92[1 — Y (1 — 0)][1x, — pl|
[ben = pll < 6[1 = 0yt Bu—1 Y1 (1 = 0)] [t = p|

(3.5) a1 = pll < 071 = 2Bu2%n-2(1 — O)]lla2 — p

[ [P —pll < 6%[1 =i Bin(1—6)][lxi —pl|
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From (3.5) we get

(3.6) Pn1 = pll < llxt = pll 67" TT[1 — ouBeu(1— 6)]
k=1

Since 0, &, B, 1n € (0,1), we have

3.7 1 —o,Buy(1—0) <1

We know that Vx € (0,1), 1 —x < e~*. Using these facts and (3.6), we get
(3.8) i1 — pll < Jlxt — pl| 9216~ (1-0)Ziy b

Taking limit as n — oo on both sides of (3.8), we get lim ||x, — p|| = 0.
n—soo

Therefore, {x,},_, converges to a unique fixed point p of T 0J

Theorem 3.2. Let T : C — C be a self-mapping on C and let T satisfy (2.1). If the process (2.7)
generates the iterative sequence {x,}, | with {0}, {Bn}, {1} being real sequences in (0,1)

satisfying Z 0B Y, = oo, then (2.7) is T -stable.
n=1

Proof. Let{t,},_, be any sequence in C. Let (2.7) generate the sequence x,, 1| = F (T, x,) which
converge to a unique x* € Fix(T) (by Theorem 3.1) and &, = ||t,,r1 — F(T,x,)]|.

We will show that lim ¢, =0 <= lim1t, = x".
n—oo n—oo

Let lim &, = 0. We have

am
[tns1 =X < [tng1 — F (T, x0) || + [|F (T, 20) — 7|
< &+ 0% (1— 0, Bu¥n(1—0)) [t —x*|
< &+ (1= 0B ¥n(1—0)) [t —x*|

Now, 6 € (0,1), &, By, v € (0,1) for all n € N and ,}5908" =0.
Using Lemma (2.2), we get ’}grolo = x".
Conversely, let ’}glolo t,=x".
& = |tns1 — F (T, %)
< ltnar = x|+ [[F (T, 2x0) — x|

< a1 ="+ 62(1 = 0Bt (1 — 0)) s — |
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<t =X+ (1= 0 Butn(1 = 6)) It — 7

This implies that lim g, = 0.

n—oo

Hence, (2.7) is T-stable. U

We now prove that (2.7) converges faster than (2.6) in Berinde’s sense.

Theorem 3.3. Let T : C — C be a contraction satisfying (2.1) with a unique p € Fix(T). For
1 =x1 €C, let (2.6) and (2.7) generate the iterative sequences {t,}, | and {x,},_, respectively,
with {04}, {Bn}, {v} being real sequences in (0,1) satisfying

(i) a<o,<l,B<B,<l,y<7y, <lIforsomea,B,y>0andVneN.

Then {x,},_, converges to p faster than {t,}, _,.

Proof. From inequality (3.6) of Theorem 3.1, we have

n

(3.9) X1 —pll < llx1 = pl|0*" TT 11 — cuBir(1—6)]
k=1

Using assumption (i) to (3.9), we get

(3.10) %n+1— pll < 6% [1— aBy(1—6)]"|x1 — p||
Let
(3.11) an = 0%"[1— aBy(1—0)]"|xi — p|

Using (2.6), we have

||Vn_p|| = ”(1 _Yn)tn+ynTtn_ (1 _7n+7n)PH
< (I_Yn)th_pH+'}’n||Ttn_Tp||
< (L=%)lta — Pl + 10 |lta — p|

(3.12) =[1—%(1-06)]|t.— p|

[tn = pll = |(1 = Bu)Ttn+ BuTva — p
< (1=B)lITta =T p| + Bull Tva — T p||

< (1= Bn)0||tn — p|| + BnO||ve — Pl
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< (1= Ba)Olltn — pll + BB (1= (1= 0)) [lta — |

(3.13) = 0[1 — B ¥ (1 —-0)][ltn — pll

ltn1 = pll = (1 = 06) Tutn + 0 Tvi — |

< (1= )| Tun — T pl| 4 0| TV = T p|
< (1= 04)8|[utn — pl| + 00 — p|
< (1 0)0%[1 = Bu(1 = 6)]ltn = pl| + 0uB[1 — 1 (1 = 6)] 2 —
< O{1— 06— (1=6)(1 — 00)Butn + 0w — (1= 0) Y} [|tn — pl|
<O{1—(1=0)aufuyu+ (1=0)0By Y — (1= 6) 0¥} [t —

(3.14) = 0[1 — 0B ¥n(1—0)]ltn — p|

Repeating the above process, we get

(Iltn+1 = pll < [1 — 0t (1 0)] 10— p|

ltn = pll < O[1 = w1 Br1¥n—1 (1= O)]ltn—1 — P

(3.15) ”tn—l _pH < 9[1 - an—Zﬁn—ZYn—Z(l - 6)]th—2 —PH

| =Pl <6[l—afin(1-6)]]n —pl

From (3.15) we get

n

(3.16) tar1 — pIl < [l — pl|6" TT11 — owBewn(1 —6)]
k=1

Using assumption (i) to (3.16), we get

(3.17) [tn1 —pll < 0"[1—aBy(l—06)]"||t; — pl|
Let
(3.18) by, =0"[1—oafy(1—06)]"||ti —p||

an _ 0°"[1 —aBy(1-6)]"[lxi—pl| _ 6"|x1—pl

= = —0 as n— oo
by "1 —aBy(1—0)]"||tn—pl| |t1 — p|

Therefore, the process (2.7) converges faster than the process (2.6).
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4. DATA DEPENDENCY

Theorem 4.1. Let T be an approximate operator of a contraction mapping T. Let the process
(2.7) generate the iterative sequence {x,},_, for T . We define {%,},_, as follows
Snr1 =Ty

Fo=0—0,)T7,+ o, T,

Zn= (1= Bu)T5n+ PuT 0
(4.1) Wn = (1= )T+ YT 5
where Qy, By, 1, in (0, 1) satisfying

(i) 5 < QP ¥n € N

(ii) Z aanYn =
n=1

- 8e
If Tp=pand Tp = p be such that lim X, = p, then ||p—p|| < 1o where € > 0 is a fixed
n—oo —

number.
Proof.
Hxn—H _frH—lH = HTyn - Tﬁﬂ“
= ||T)’n — Ty, +Ty,— Tyn”
< ”T)’n - Tyn” + ”Tyn - Tyn”
(4.2) < O|lyn—Jull +€

1w = Voull = [[(1 = Y )n + T xn — (1 = Y )% — T |
< (=)0 = Tl + Yl T — T
< (1= %) llen —Znll + 1 {HTxn_Tan + 175 — Tfn”}
< (L= %) llxn = Zull + 10|20 — Tl + 1€

(4.3) = (1=%(1—=6))|lxy — %al| + 1€
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20 = Zall = I1(1 = Bu) T + BaTwn — (1 = Ba) TR — BT |

< (1= B) | Txn — T || + Bal [ Twn — T |
< (1=B) {ITx0 = Tx || + [|T %0 — TRl } 4 B {/|Twn — T0u|| + || TV — T }
< (1= Bn)0l[xn — Xl + (1 — Bn)€ + BuO|lwn — W + Bne
= (1= ) 0|xn — Znl[ + BB wn — W + €
< (1= Bo)0oxn = Zull + Bu6 { (1= 12 (1= 0)) [lxa — Zull + 1€} + €
< O[1 = Bu¥u(1—0)][|xn — Znl| +€(1 + Bu¥10)

(44) S [1_Bn'}/n(l_9)]||xn_fn||+8(1+ﬁn%le)

lyn = Fnll = | (1 = ) Tzn + 0 Twy — (1 — 0) T2 — 0 TV

< (1= 0) |20 — T2l + 0l | Twy — T |

< (1= )| T2n — T2y 4 T2 — TZu|| + 0| Twy — TV 4 T — T, |

< (1= 04) {IITzn = TZul| + | T%0 — T2l } + 040 { | Tw — T || + | TW0n — TV | }

< (1= ) 0]|z0 — 2| + (1 — )€ + 04,8]| Wy, — W || + OnE

= (1= 0:)0||zn — Zun| + 0 B[ Wy — || + €

< (1= 04)0{[1 = Bata (1 — 0)][[xn — %ul| + €(1+ Bu120) }
+ 0,0 { (1= %(1—0))|lxs—Zul| + o€} + €

<O{(1—at)(1 = Butn(1—6)) + (1 = %(1 = 6))} [[xn — T|
+0e(1—04) (1 +Bu110) +€(1+ 0 7,0)

<A1+ anfntn(1—0) = Butn(1—6) — ot (1 — 0) } |30 — %
+0e(l—a,)(1+Bu10)+ (1 + 0,%,0)

<A1+ Pt (1—6) — 0 u¥n(1 — 0) — P ¥n(1 — 6) } ||xn — |
+0e(l—a,)(1+B10)+e(1+ 0,%,0)

(4.5) = {1 = 0fu¥n(1—6)} |lxn — % + O€(1 — 00,) (1 + B 126) + €(1 + 0,1, 0)
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From (4.2) and (4.5), we have
[Ponr1 = Fuet || < 01— 0uBu¥an(1 = 6)]|xn — Tl + 6% (1 — 0t) (1 + B2 6)
+0e(1+a,1,0)+¢€
< [1 = anBumn(1 = 0)] [y — %ull + €(1 — ) (1 + B 1:6)
+e(l+0,7,0)+¢€
<1 = 06BuY(1 = 0)]llxn — Xl +€(1 —a)(1+1) +e(1+1) +€
=[1 = ,Buyn (1 — 0)]||x — %n|| +2€(1 — ) + 3€
< (1= Pt (1= 0)] [0 — %l +2€(1 — 06 Bu¥n)
(4.6) +3(1 = 0Bnth + O Putn)€

From assumption (i) we have 1 — o, 8,1 < ¢,B,%:- Using this in (4.6) we get

[Xn1 = Fng1]] <1 = aBu¥u(1 = 0)]||xn — Xn|| + 80tu B i€

- 8¢
4.7) = [1 = ctufu¥n(1 = 0)][[xn — Znl| + (1 — e)m
- 8¢

Let & := ||xp, — %n|l, & := anBnyu(1—0) € (0,1), A, := e
By Lemma (2.4), we have

. - . 8¢
(4.8) 0 <limsup ||x, — %, || < limsup

n—yoo n—eo 1—6
We know that lgn x, = p (by Theorem 3.1). Also by assumption, lgll Xn = p.

n—oo n—yoco0
8e

Therefore, we have ||p — p|| < s
This completes the proof. ([l

5. NUMERICAL ILLUSTRATION

We now compare the P-A hybrid iterative process with Abbas, Picard-Mann, Picard-Ishikawa

and Picard-Noor iterative processes by an illustration.

Example 5.1. Let C=[1,6] CX =R and T : C — C be defined in C by Tx = /x+2 for all
x € C. Choose 0y = B, =79, = %for each n € N with initial value x; = 5. Clearly, T is a

contraction and Fix(T) = 2. The comparison is shown in table 1.
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Step Picard-Abbas Abbas Picard-Mann Picard-Ishikawa Picard-Noor
1 5.00000000000 5.00000000000 5.00000000000  5.00000000000  5.00000000000
2 2.06655558777 2.27065199733 2.41306354154  2.38883481446  2.38629784546
3 2.00171524137 2.02760217242 2.06322476109 2.05528840652  2.05441369100
4 2.00004438379 2.00285282760 2.00984688238 2.00797195435 2.00776739377
5 2.00000114860 2.00029526479 2.00153779502  2.00115180092  2.00111089764
6 2.00000002972 2.00003056401 2.00024026142  2.00016646296  2.00015892486
7 2.00000000077 2.00000316385 2.00003754038 2.00002405893 2.00002273666
8 2.00000000002 2.00000032751 2.00000586567 2.00000347726  2.00000325285
9 2.00000000000 2.00000003390 2.00000091651 2.00000050257 2.00000046537
10 2.00000000000 2.00000000351 2.00000014320  2.00000007264  2.00000006658
11 2.00000000000 2.00000000036 2.00000002238 2.00000001050  2.00000000953
12 2.00000000000 2.00000000004 2.00000000350  2.00000000152  2.00000000136
13 2.00000000000 2.00000000000 2.00000000055 2.00000000022  2.00000000019
14 2.00000000000 2.00000000000 2.00000000009 2.00000000003 2.00000000003
15  2.00000000000 2.00000000000 2.00000000001 2.00000000000  2.00000000000
16  2.00000000000 2.00000000000 2.00000000000  2.00000000000  2.00000000000
17 2.00000000000 2.00000000000 2.00000000000  2.00000000000  2.00000000000
18  2.00000000000 2.00000000000 2.00000000000  2.00000000000  2.00000000000
19  2.00000000000 2.00000000000 2.00000000000  2.00000000000  2.00000000000
20  2.00000000000 2.00000000000 2.00000000000  2.00000000000  2.00000000000

TABLE 1. Comparison of convergence rate of iterative processes (2.3), (2.4),

(2.5), (2.6) and (2.7).

6. APPLICATION TO DELAY DIFFERENTIAL EQUATIONS

Let us endow the space C([a,b]) with the norm [jx — y||e = m[ax] lx(t) — y(r)| with C([a,b])
tela,b
being the space of real-valued functions which are continuous on the interval [a,b]. The space

(C([a,b]), || -[l) is known to be a Banach space.
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Let the following delay differential equation be considered:

(6.1) X (t) = ft,x(t),x(t — 7)), t € [to, D]
with initial condition

(6.2) x(t) = @(t), 1 € [to — 7,10]

We assume the following conditions are satisfied:

Cp to,beR, T>0;
(C2) f€C([to,b] x R*,R);
(C3) ¢ €C([to—1,b],R);

(C4) there exists Ly > 0 such that Vu;,v; € R, i =1,2,1 € |19, )]

2
(6.3) |f(tur,uz) = f(t,v1,v2)| S Lp Y Jui —vil
i=1

(C5) 2Lf(b—t0) <1

A solution x of problem (6.1) — (6.2) is a function x € C([ty — 7,5],R) NC' ([to, ], R).

We can reformulate the given problem (6.1) — (6.2) as an integral equation below:

o(1), t € [to— 7,10],
(6.4) x(t) = t
o(to)+ | f(s,x(s),x(s—1))ds, t € [to, D]

Io

We first state the following result established by Coman et al. [14]

Theorem 6.1. If (C) — (Cs) are satisfied, then a unique solution, say x*, to the problem (6.1) —
(6.2) exists in C([to — T,b],R) NC! ([to,b],R) and

(6.5) x* = lim T"(x) for any x € C([to — 7,b],R).

n—oo

Theorem 6.2. If (C) — (Cs) are satisfied, then a unique solution, say x*, to the problem (6.1) —
(6.2) exists in C([t() —1,b], ]R) NC! ([t(), b], ]R) and the Picard-Abbas iterative process (2.7) with

[

real sequences Qy, By, Yy in (0,1) such that 0B Y = oo, converges to x*.
n=1
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Proof. Let the iteration (2.7) generate the iterative sequence {x,}, _, for the operator
o(1), t € [to—T,10),
(6.6) x(t) = z
@(t0)+ | f(s,x(s),x(s —7))ds, t € [0, D]
fo
Let x* € Fix(T). We will prove that x, — x* as n — oo.

We can see that x,, — x* for each ¢ € [tg — 7, 19].

Now, for each ¢ € [ty, b] we have
W =" [eo = [[(1 = %)X + 1aTXn — x|
< (1 =%) on = %" [loo + Wl | T 200 — Tx" o

< (1 =1) |0 — x| + W max ‘Txn (1) — Tx*(t)}

tefto—

0t0) + [ F(5,3(8) (s — 7))ds

To

— () - f(SX() (s—1))ds

= (1= 9)|lxn — x|+ 7 max
t€lty—1,b)

f(s,xn(s),xn(s —17))ds

= (1 —=7)[}x, —x* ||oo—|—)/n max
[() Tb]

f(Sx (), X" (s —7))ds

< (1—%)||%n —x*||o+ ¥ max
E[lo Tb]

/t f(s,xn(s),xn(s— T))dS

0| = fs,x"(s),x" (s — 7))ds
< (1=%)ren = x|

+7, max Lf(|xn( ) = x"(8)] + [xu(s — ) —x" (s — 7)) ds

t€[to—1.,b] Jt
max |x,(s) —x*(s)|
N t t€ltg—1,b]
< (=l ="l 70 [ Ly ds
10 + max |x,(s—7)—x"(s—1)|
t€fto—1,b]

t

< (1 —%)[xn —x*||oo—|—yn/ Lf(||xn—x*||oo+ B —x*||oo)ds
Iy

< (1 - Vn)Hxn _x*"w+27an<t —t())HXn _X*H‘X’

(6.7) <1 =1 (1 =2L s (b —10))] I — x|
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|21 _X*Hoo = ||(1 = Bu)xn+ BuTwn _X*Hoo
< (1= Ba)[lxn = "o + Bal| TWn — Tx" ||oo

(1—/3,,)||xn—x*|]°o+[3,, max ‘Twn Tx*(t)‘
t€lto—7,b]

o(0) + ttf<s7wn<s>,wn<s—r>>ds
(l_ﬁn)Hxn_x oo + B [rtf)la);b] ’

— (1) — f(SX() (s—1))ds

t

F(s,wn(s),wu(s—1))ds
= (=Bl = o a7

f(sx (), X" (s —7))ds

/t f(S,Wn(S),Wn(S—T))dS
0 — f(s,x"(s),x" (s — 7))ds

< (1= Ba)[[xn —x"]Jo+ By max
G[lo Tb]

< (1= Bu)llxn ="l

+ B, max Lf(|wn( ) —x"(8)] + [wa(s — T) —x* (s — 7)|)ds

te[to—1.,b] Jig

max |wy(s) —x*(s)]

N 4 t€lto—1,b]
< (1= Bl ="l + B | Ly ds
10 + max |w,(s—1)—x"(s—1)]
tefty—1,b]

< (1= Bl =l + B [ Ly (I =t =)
< (1= Bu)llxn = x"[loo +2BaLs (£ = t0) | W — X7|oo
(6.8) < (1= Ba)llxn = x"[loo + 2BuL (b —10)[1 = ¥ (1 = 2Ly (b — t0) ) ]|t — "o
Using condition (Cs), that is 2Ly (b — 1) < 1 in (6.8), we have
2n =2 [|eo < (1= Ba) ln = x"[|eo + Bu[1 = Y (1 = 2L (b — 1)) ][I — 1"

(6.9) = [1= Bt (1= 2Ly (b —10))] [l — 2"

Y0 =" |leo = [|(1 = 0n) 20 + 0 Twy — X7 oo

< (1= 04)[|zn = X" [|eo + 0| T = T |
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<
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<
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(1—0)llzn —x*||loo+ @ max  |Tw,(t) — Tx*(1)]
r€to—1,b]

t

(P(t0)+ f(S>Wn<S)7Wn(S_T))dS

Ty

—o(ty) — zot f(S,x*(s),x* (s—1))ds

Fs,wy(s),wn(s—17))ds

To

— totf(s,x* (8),x*(s—1))ds

(1 —oty)||zn —x" || + 04 max
tefto—1,b]

(1= ay)|lzn —x* || + &t max
t€fto—1,b)

0| F(5,wn(s), wn(s —T))ds
(1= 0t) ||z — X*||eo+ 0t max /
ZG[I()*T,b] I0) _f(s,x*(S),X*<S—T))dS

(1= 0t) |20 — x"[[ oo

vy max [ Ly(Iwa(s) —x*(5)] + Pwnls — 7) —x*(s — 7)])ds

t€lto—1,b] J1y
max |wy(s) —x*(s)]
. t t€(ty—1,b]
O ds
fo + max |w,(s—1)—x"(s—1)|
t€lto—1,b]

t
(1= @) o = 0 | L (I ="+ [ =) s
0

(1= 06 )llzn — X" (oo + 200 Lp (1 — 10) || Wi — x| oo
(1= n)[1 = Bt (1 = 2L (b —10) )] lxn — X" |
+204,Lp(b—10)[1 = % (1= 2L (b —19))]]|xn — x*[|oe
(1= 0w)[1 = B (1= 2L (b = 10)) ]l tn — " |

+ 1= % (1= 2Ls (b —10))] [l — x"]|-o

'1 _ﬁnYn(l — 2Lf(b —l‘())) + (Xnﬁn'}/n(l — 2Lf(b —to)) H *H
— oy (1=2Ls(b—19)) ' )

1 — Bt (1 - 2Ly (b —10)) + Bt (1 — 2L (b — 10))

[0 =2 [oo

- aanYn(l - 2Lf(b _tO))
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(6.10) = [1— 04 Bu¥n (1= 2Ly (b —10))] [l2n — x"|-o

||xn+1 _X*”oo =Ty, — TX*HOO

= om0 s=)ds = [ (). (5= )
telty—, to fo

< max || Fsn(5) (s = 7)ds = F(5,x"(9).4" (5= ) ds
t€lto—1,b] J1g

< max [Lf(|yn(s)—x*(s)|+|yn(s—1')—x*(s—‘c)|)ds

o te[l‘of‘C,b} o

< 2Ly (b —10)lyn —x"|o»

(6.11) <2Lp(b—1t0)[1— 0Bt (1 = 2L (b —10))] [lxn — x*||os
Using condition (Cs), thatis 2L¢(b —1tp) < 1 in (6.11), we have
(6.12) %051 =2 oo < [1 = ¥ (1= 2L £ (b —10)) ]| %0 — X*|oo

Now, take ty = 0 Bu¥n (1 —2Ls(b—19)) < 1 and ky = |Jxy — x* | co.
By Lemma 2.1, we get 1211 ||, — x™ || = O.
n—>o00

Hecne the proof. U

7. CONCLUSION

We are able to demonstrate from the results above that the P-A iteration converges more
quickly than the Abbas iteration. Example (5.1) demonstrates our point. Additionally, the P-
A iteration is stable, and a data dependence result is obtained for the P-A iteration. On the
application side, we were able to employ the P-A iteration to find solution of delay differential
equations. It’s interesting to observe that the convergence rate appears to improve when well-
known iterative techniques are combined to create a hybrid. This actually creates a pathway for

more study in this area.
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