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Abstract. In this paper, we prove that common quadruple fixed point solutions of covariant mappings in complete
bipolar metric spaces exist and are unique. Additionally, we discussed an example that shows how the obtained
results are applied, as well as applications to integral equations and homotopy theory.
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1. INTRODUCTION

In nonlinear analysis, fixed-point theory is a well-known field. It has been demonstrated
that the study of many equation forms that occur in the fields of physical, biological, social,
engineering, and other science and technology has essential importance. It is frequently used to
examine the conditions under which solutions to single or multivalued mappings exist.

Recently, Mutlu and Giirdal [1] proposed the idea of bipolar metric spaces and gave coupled

fixed point solutions for covariant and contravariant contractive mappings ([2]-[7]).
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Using the concept of quadruple fixed point, E. Karapinar [8] recently demonstrated certain
quadruple fixed results in partially ordered metric spaces. Then, in various metric spaces, sev-
eral researchers ([9]-[15]) developed quadruple fixed theorems.

In this work we investigated the quadruple fixed point solutions of two covariant mappings
in complete bipolar metric spaces. and we have shown an example which support the our main

result, also we have discussed an applications to integral equation and to homotopy theory.

2. PRELIMINARIES

Definition 2.1 ([1]). A Bipolar-metric on a pair of non-empty sets (2,B) is defined as the
mapping d : A x B — [0,00).1If, for any &, 1,2, € A and &, 1,07 € B.

B)) d(®,ce) = 0 implies that & = ce;

B e implies that d(z,ce) = 0;

(B1)

(B2) @ =

(B3) if (z,) € (A,B), then d(z, ) = d(ce,®),
(Bs) d(®1,0) < d(ej,001)+d(®s,0e1)+d(e,002).

And the triple (,°B,d) is Bipolar-metric space.

Example 2.2 ([1]). Assume that B = [—1,1] and 2 = (1,0). Define a mapping
d: A x B — [0, 4o00) such that, for every (n,0) € (A,B), d(n,0) = |n*— 6>|. A Bipolar-metric
space is then the triple (A,B,d).

Example 2.3 ([1]). For all (y,a) € (A,B), let d : A x B — [0,+00) be defined as d(y,a) =
y(a). The set of all functions is A ={y/y : R — [1,3]}, and B = R. Then, a disjoint Bipolar-
metric space is the triple (,°B,d).

Definition 2.4 ([1]). A function defined on two pairs of sets, (D1, €) and (D,,&,), is said to
be Q:D1UE — Dy UEs.

(i) covariant if Q(D1) C D, and Q(&) C &,. This is denoted as
Q:(D1,€1) = (D2,&);

(ii) contravariant if Q(D1) C &, and Q(€;) C D5. It is denoted as
Q:(91,¢)) = (9D2,&,).
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Particularly, if dy is bipolar metrics on (D1, €1) and dy is bipolar metrics on (D,, &), we often
write Q: (D1,€1,d)) = (D2,&),d») and
Q:(91,€1,d)) = (D7,€,,d>) respectively.

Definition 2.5 ([1]). (i) Such @ is a left point if & € 2,
(ii) Such @ is a right point if & € B;
(iii) Such @ is a central point if it is both left and right.
{#;} and {ce;} are both convergent, then ({&;},{ce;}) is convergent.
The bi-sequence ({#;},{c;}) is a Cauchy bisequence U‘iljinmd(&i,mj) =0.
Every convergent Cauchy bisequence is biconvergent, ’leS you can see. If every Cauchy bise-

quence is convergent, then the bipolar metric space is complete (and so it is biconvergent).

The reader go through ([1], [2]) for more characteristics of a bipolar metric.

3. MAIN RESULTS

Definition 3.1. Let Q: (A*,B%) = (A,B) be a covariant mapping. Let (U,B,d) be a bipolar
metric space. If Q (e, ce,B, ) =, Q(ce,B, L, &) =ce, Q(B,E,z,¢) =Band Q (£, z,e,B) =
A&, for &, e,B,E € AUDB, then (&,ce,B, E) is referred to as a quadruple fixed point of Q.

Definition 3.2. Q: (A%, B*) = (A,B) and 7 : (A, B) = (A,B) are two covariant mappings.
Let (A,%B,d) be a bipolar metric space. (&,0e,B, ) is an element that quaruple coincide of Q
and T ,if Q (@, ,B,E) = 1@, Q(,B,E, &) =108, Q(B, E, 2, 00) = 706, and Q (&, ,ce,B) =
TAE.

Definition 3.3. Q: (A%, B*) = (A,B) and 7: (A, B) = (A,B) are two covariant mappings,
let (A,B,d) be a bipolar metric space. An element (&,ce,B, &) is considered to be Q and T’s
quadruple fixed point.If for Q (e, e,B, ) = te =2, Q(ce,B, E, &) =t =0, Q(B, £, &, 02) =
B =Band Q(E,z,x,B)=1E = .

Definition 3.4. Let Q : (A*B*) and 7 : (A,B) = (A,B) be two covariant
mappings are called ®-compatible, if T(Q(x,®,B8,£)) = Q(t®, T, TB,TE),
T(Q(ee,B,E,2)) = Q(tee,78,7E,72), T(QB,E,2,)) = Q(B,7E,te,T) and
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T(Q(E,2,@,B)) = Q(TE, 1, Te, TB) whenever Q (2, ,B,E) = 12, Q(,B,E,2) = Tc,
QB E,&,e)=1Band Q(E, =, e, B) = TA.

Theorem 3.5. Let (A,B,d) is bipolar metric space. Suppose Q : (A% B*) — (A,B) and
7: (A, B) — (A,B) be a two covirant mappings satisfying
(3.1) d(Q (=, c,B,£),Q(x,n,3,w) < GmaX{ d(t®,tx),d(tee, my),d(18,73),d(TAE, T1o) }

forall e, e,B,E €, r,9,3,0 B, 0<(0,1)and
a) QA*UBY) C t(AUDB) and T(AUB) is complete,
b) pair (Q,7) is ®-compatible.

Then there is a unique common quadruple fixed point of Q, T in AU B.

Proof. Let &, g, By, By € A and g, 9o, 30, 100 € B be arbitrary, and from (a), we can construct

the bisequences ({0}, {8 }), ({Bp} - {mp})s (W} {0 })s ({ %} 5 {Vp}) in (A,B) as

Q(=p,0ep,By,Ep) =T&)p11 =0, Q(1p,Yp,3p,10p) =Tpr1 = Ep
(ep, By, Bp,®p) = T€p11=Bp,  Q(Dps3p,10p,Tp) = TYpt1 =Np
(Bp, Ep,&p,p) = TBpi1="7p, Q(3p,10p,2psVp) = Tap+1 = Xp
(Ep,®p,ep,Bp,) = TEp1 =Kp,  Q(W0p,2p,Vpy3p) = TWp11 = Vp

where p=0,1,2,....
From eqn (3.1) we have
d (0, Cpr1) =d (Q(=p,p, By, Bp) , Q (£p+1,0pt1,3p+1,0p41))
< GmaX{ d(te,, Trpt1).d(T®p, TYp41),d(TBp, Tips1).d(TAE,, THO, 1) }
62 <omaxc{ d(ey1.8)d Byt ) d(tpor 1) Ko,y |
Similarly,

(33) d (ﬁpa np+1) S GmaX (d<ap—la Cp)vd(ﬁp—lanp)ad(Yp—th)»d(Kp—l,Vp))

and

(34) d (7pa%p+1> S Qmax (d(apfla Cp)vd(ﬁpfhnp>ad(7p71775p)7d(’<p71aVp))
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also

(3.5) d(kp,Vp+1) < Omax (d(0tp—1,8p),d(Bp—1,Mp),d(Yp—1,Xp) +d(Kp—1,Vp)) .

From eqns (3.2)-(3.5), we conclude that

( 3\
ap7 CP+1)

(
(/3 np+1)
(}’pJCp-I—l)

L (va"pH) J

max

d
d
d
d

0 max

Q

(
L d(Kp_l, Vp) J

(otp—1,8p),
(5p71,77p),
'}/p—th);

U

d

( )

((prz, Cpfl)a

(1817727 np*1>7

d(?’ 2;%]7*1)7
(

d K‘p 2,Vp 1) J

QU

< 62 max

d(00,51),
d(Bo, M),
d(¥0,21)5
[ d(xo,v1) ]

< 6Pmax

Which means that

@ (@, Gpr) < 07 max { d(0t0,81).d(Bo, 1) d (0. 10). (0, 1) |

and

d (Bpp1) < 07 max{ d(an, &1).d(Bo.1).d(00. 1) d(k0.v1) }
and

d (v 2p+1) < 0" max{ d(an. &1).d(Bo.1).d (0. 10) (k0. v1) |
also

d (K Vpi1) < 0" max{ d(co,&1).d(Bo.m).d(10.20) d(0. 1) }
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On the other hand

d (aerl,Cp) =d (Q (a3p+17mp+138p+17‘45p+1) 7Q(I3pa0p75pamp))

< 6 max { d(TEBp-H ’ Txp)ad(f(ﬁp-ﬁ—l ’ TUP)7d(TBp+1 ’ Tﬁp>7d(T‘ZEP+1 ) Tmp) }
36 <omax{ d(oy. &y1)d(Bpmp1) A 2p1) (K V1) b

Similarly we can prove that

(3.7) d (ﬁp—O—l?np) < 6 max (d(ap7 Cp—l)vd(ﬁpv np—l)vd(’YWXP—l)?d(va vp—l))

and

(3.8)  d(Vps1.xp) < Omax (d(ap, §p—1),d(Bp. Mp-1):d(Yps Xp—1),d(Kp, Vp—1))

also

(3.9) d(Kp-i-lan) < 6 max (d(ap>Cp—l)ad<ﬁpanp—l)ad<'}’p7%p—l)vd(’<paVp—l)) :

From eqns (3.6)-(3.9), we conclude that

(OCPH’CP) d(ap, Cp-1),
(Bo+1:mp) 5 d(Bp,np-1),

< O max
(Yor1:%p) » d(Yp, Xp—1);
(

(4
d
max
d
d (Kpi1,Vp) ) d

< 62 max

< 6max
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Which implies that

d(0p+1,65) < 0" max { d(a, £o).d(Br,m0).d(n, 20).d (ki vo) |

and
d (Bys1.my) < 07 max { (o, ). d(Br,m0)-d (1, 20).d (1, v0) |
and
d (Vpi1:25) < 0" max { d(04,8).d(Br,0).d (1, 20) (i1, V0) }
also
d (1p11,vp) < 0”max{ d(ar, &).d(Br.m0)d (. 10).d(x1, Vo)
Moreover
d(ap,Cp) =d(Q(&p,p, By, £p) , Q(xp,9p:3p,10p))
S Gmax{ d<Tzep7Txp)ad<T(Ep;TUp)ad(TprTap)ad(T}EP7Tmp) }
(3.10) < Omax{ d(p-1,8p-1),d(Bp—1,Mp-1),d(Yp—1, Xp—1),d(Kp—1,Vp-1) }

Similarly we can prove that

(3.11)  d(Bp,mp) < Omax (d(aty-1,85-1),d(Bp-1,Mp-1),d(Vp—1, Xp—-1),d(Kp—1,Vp-1))
and

(3.12)  d(Yp, xp) < Omax (d(0ty—1,8p—1),d(Bp—1,Mp-1),d(Vp—1,Xp-1),d(Kp—1,Vp-1))
also

(3.13)  d(Kp,Vp) < Omax (d(0ty—1,8p—1),d(Bp—1,Mp-1),d(Vp—1, Xp—1),d(Kp—1,Vp—1)) -

From eqns (3.10)-(3.13), we conclude that

( 3 ( )

d<ap=Cp)a d(ap—lagp—l)a
d ) ) d -1 Hp—1)
max (Bp:mp) l < gmax (Bp-1,Mp-1)
d(Ypa%p)a d(’}/p—bXP—l)’
L d("}?a"ﬁ) ) L d(Kp—th—l) )
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( )
(ap—Za Cp—Z)a
< 6%max (Bp—2:mp-2). b
YP—27XP—2);

(
d(Kp—2,Vp—2)

Q. X

Vs

( )

d(a, &),
d(Bo;Mo),
d(1, X0);
d(xo,vo) |

< 6”max

Which implies that

d(ap, ) < Opmax{ d(a,%o),d(Bo,M0),d (Y, X0).d (Ko, Vo) }

and

d(Bp,Mp) < OPmaX{ d(0w, S0),d(Bo;M0).d (10, %0).d (Ko, Vo) }
and

d (Yp, 2p) < Gl’max{ d(00, S0),d(Bo;M0),d (10, %0).d (Ko, Vo) }
also

d (i, vp) < 0" max{_d(at, o).l (Bo, o). (0, 0) (Ko Vo) }
Using the property (By), we obtain
d(n, Gn) < d(0n, Gur1) +d Qi1 Guit) + oo +d (1, Gu1) +d(Qm—1,Gn)
d(BusMm) < d(Bs Mn+1) +d(Bus1, Mnr1) + oo +d(Bin—1, Mm—1) +d(Bn—1,Mm)
d(Ya, 2Xm) < d (Y Xn1) +d (Y1, X 1) + oo Fd (Y1, Xm—1) +d(Yin—1, Xom)
d(Kn, Vi) < d(Kny V1) +d(Kn1, Var1) + oo+ d(Kn—1, Vi—1) + d(Kn—1, Vin)

and

d(OCm, Cn) S d(am, Cmfl) +d(05m71, Cmfl) +.... +d(an+la Cn+1) +d(an+la Cn)
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d(ﬁmv nn) < d(ﬁma nmfl) +d(ﬁm717nm71) + .. +d(ﬁn+l7nn+l) +d(ﬁn+17nn)
d(}’m,%n) < d(mexmfl) +d(7mflaXm71) + ... +d(')/n+la%n+l) +d(')/n+la%n)

d(Km;Vn> < d(Kmyvm—l) +d(Km—l7Vm—l) + ----+d<Kn+17Vn+l) +d(Kn+17vn)

Now for each n,m € N with n < m.Then from we have

(d (0, En) +d(Bns M) +d (Vs Xm) + d (K, Vin))

< (d(0n; Cnr1) +d (B, Mar1) +d (Y Xnt1) +d (K, Var1))
(d(Qni15Cat1) +d (B, Mur1) +d (Yo 15 Xnt1) +d (K1, V1)) + oot
(d(@n—1,Cn-1) +d(Bn—1,Mm—1) +d(Yin—1, Xm—1) + d(Kn—-1,Vim—1)) +
(d(n—1,Cm) +d(Bn—1,Mm) +d(¥m— 1,%m)+d('<m 1,Vm))

d(a,C1),
d ) )
< (46" + 40" 4+ ..+ ™ Vymax (Bo-m) 40" 40" 4 4
d(YO?%l)?
L d(K‘o,Vl) J
( )
d(ao, ),
d ) )
46" max (Po. o)
(0, X0),
| d(x0, Vo)
( ) ( A
d(a,C1), d(a, o),
n d ) Y d ) )
§4£—9max (Fo.m) +49 +91 max (Po- o) — 0asn— oo.
d(Y, x1), d(Y, Xo),
d(xo,v1) | d(x0, Vo) )

Which means that

(d(01, &) +d( By M) +d (Yo, Xm) +d(Kny Vin)) — 0 as n,m — oo. Similarly we can prove that
(d(Qm, Gn) +d (B, M) +d (Y, Xn) +d(Kn, Vi) — 0 as n,m — oo.

This shows that (@, (), (By,Mp), (¥p, Xp), (Kp, V) are Cauchy bisequences in (2,B) Since
7(AUB) is complete subspace of (A,B,d), then the sequences {ct,},{Bp}. {1}, {Kp}
and {Cp} {np} { xp} {vp} C 7(2AAUB) are convergence in complete bipolar metric spaces
(t(A),7(B),d). Therefore, there exist v,,6,0 € T(A) and £, 2,&, u € T(2B) such that
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lima, =¢ limB,=p limyp=§ limx,=p

p—ree
(3.14) l}gl;logpzv I}grolonp:% l}gxgoxp:g l}gl}ovpzﬁ.

Since 7: AUDB — AUB and v, ,6,0 € T(A) and ¢, 2, &, 1 € T(*B), there exist 1,0, X, @ € A
and 0,0,p,p € Bsuchthat Tt = 0,70 =3, TX =¢, 7@ =V and 10 =(,T0 =@, tp =&, 10 =
1. Hence

l}grgoapzézrﬁ ;Lr)rgoﬁp:p:ﬂ} I}E}}oyp:é:w I}gr(}okp:u:r(p

(3.15) I}%Cp:v:rz I}grgonp:%:ra l}groloxp:g:rx I}grolovp:ﬁ:rw.

Now claim that
Q1,0,X,0) =£,Q(d,X,@,1) = 2,QX,0,1,0) =&,Q(@,1,d,X) =
Q(0,0,p,9) = v,Q(0,p,9,0) = »,Q(p,9,0,0) = 6,Q2(9,0,0,p) = 0.
Consider,
d(Q(1,d,X,m),/)
<d(Q1,0,%,0),8p11) +d (0p11,§pi1) +d (Xp41,0)
<d(Q(1,0,%,8),2(pps1,9p+1:7p11,8p11)) +d (Cpy1,8pr1)+,d (01, L)
< max{ (d(e1,pps1) d(70,Tqpi1),d (TN, Trp11),d (70, T5,01)) |
+d (@p+1,Gpi1) +d (011, 0)
<max{ (d(11,4,),d(10,m,).d(r%, 7,),d(z®,v,)) |
+d (pi1,8p11) +d (p11,0)

Taking the limit as p — oo in the above inequality, we obtain

d(Q(1,d, X,m),¢) =0 which implies Q(z,d, X, @) = /.

Similarly, we can prove that Q(d, X,®@,1) = 0, Q(X,@,1,0) = £,Q(®,1,0,X) =
and Q(0,0,p,9) =0,Q(0,p,0,0) = ,Q(p,,0,0) =¢,Q(¢,0,U0,p) = 0.

Therefore, it follows that
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Q1,0,X,0) =4 =10,Q(d, X, 0,1) = =10, Q(X,0,1,d) =& = 1p,
Q(@,1,d,X) =p =19 and Q(3,0,p,0) =v =11,Q(U,p,9,0) = =10,
Q(p,9,0,0) =¢ =X, Q(9,0,U0,p) =0 = 1t@. Since {Q, 1} is @w-compatible pair, we
have Q(4,0,& 1) = 0, Q(@,E,1,0) = 1&, Q(E, 1, L, ) = t&€ and Q(u, ¢, ,¢) = Tu. And
Q(v,,6,9) = v, Q(3,6,9,V) = T3, Q(g,¥,0,3) = 16, Q(V,0,,6) = 19. Now we
prove that o/ =/, to = 2, tE =&, Tu = and TV =V, T = 3, T¢ = G, T = V. we have
(316) d(TU7 Cp) = d(Q<U7%7 g? 19)7Q<pp7qp;rp7sp))

< emaXd(Tvapr),d(T%a TCIP)ad<Tg77rP)7d<Tﬁ7TSP)

< emaXd(71)7Cp—l)ud(T%v np—l)vd(TGJCp—l)?d(Tﬁ?vp—l)

as p — oo, d(1v,0) < Omax(d(tv,v),d(Tx,%),d(16,6),d(19,9))

similarly we get, d(T,c) < Omax(d(tv,v),d(T,x),d(76,6),d(10,9))

d(1g,¢) < Omax(d(tv,0),d(Ts, x),d(16,5),d(T0, V))

d(t9,9) < Omax(d(tv,v),d(Tx,),d(16,6),d(t9,))
Therefore,
max(d(tv,v),d(t,2),d(16,6),d(tD,9)) < Omax(d(tv,),d(15, ), d(75,6),d(18, D))
which holds only d(7v,v) =0, d(ts,%) =0, d(76,6) = 0 and d(79,¥) = 0 which im-
plies that Tv = v, Ts = 5, 76 = ¢ and ¥ = . Therefore, Q(v,,5,9) = TV = v,
Q(5,6,0,0) = 13r = 3, Q(6,0,0,%) =16 = ¢, Q(V,V,5,6) = 7% = V. Similarly, we
can prove Q((, 0,8, 1) =t =L, Q(p,&,u.l) =10 = @, QE,u,l,0) =15 =¢ and
Q(u, t, 0,8) =t = L.

Therefore,
QO,0,p,0)=11=0=170=Q(V,,6,%)Q(1,0,X,0) =10 =L=10=Q({,,&, 1)
Q(U,p,0,0) =10 =3 =13x=Q(5,6,9,0)Q(d,X,0,1) =10 = p=100=Q(p,&, 1)
Q(p,9,0,0) =R =¢=16=Q(6,9,0,)QX,@,1,d) =1p =& =18 = Q(E, 1, {, P)

Q(9,0,0,p) =10 =0 =19 = Q(3,0,5,6)Q(B,1,0,X) =tu = = Tt = Q(U,{, ©,8)
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Now we will prove that, v =/, = @,6 = £, = . Now consider
d(v,0) = d(Q(v,,6,8),Q((, 2,5, 1))
< 0(d(v,£),d(5,0),d(¢,5),d (D, 1))
Similarly we can prove that
d(, ) < 8(d(v,4),d(5, £),d(5,5),d (D, 1)),
d(g.£) < 0(d(v.0),d (>, £),d(5,),d(9, 1)),
d(V, 1) < 6(d(v,0),d(>,),d(5,§),d(D, 1))
From above we can write
max(d(v,0),d(,£),d(¢,E),d(8, 1)) < O(d(v,£),d(32,0),d(5.E).d(D,1)) which holds
v=1/{x=@,¢c=E& and © = u Therefore, (v,,¢,9) € G*NT* is a common quadruple
fixed point of Q and 7. In the following we will show the uniqueness. Assume that there is

another quadruple fixed point (v', >, ¢’,9") of Q, 7. Then
d(v,0") =d(Q(v,,6,9),Q(v,5,¢,0¥))

< Omax(d(tv,Tv’),d(T,75),d(76,7¢),d(t,T9))

< Omaxd(v,v"),d(,5),d(s,¢),d(®,).
Similarly we get d (5¢,5¢) < O max (d(v,v’),d(5,5'),d(g,¢'),d(¥,?")),
d(g,¢') < @max (d(v,v"),d(s,5'),d(¢,¢'),d(8,?')),
d(8,9") < max (d(v,v'),d(s,5),d(g,¢),d(V,")).
Ths, max(d(v, v'),d(2,),d(¢,¢'), d(B,9")) < (d(v,0),d(52,5),d(6,¢"),d(D, D)),
Hence, we get 0 = V', 5,5/, ¢ = ¢’ and ¥,9'. Therefore, (v,s,¢,?¥) is a unique common

quadruple fixed point of Q and 7.

Finally we will show 0 = »r =¢ = 0.
d(v,%) =d(Q(v,x,6,9),Q(5,6,9,0))
< 9(6[(71)7T%),d(f%,Tg),d(fg,fﬁ),d(fﬁ,fv))

< max(d(v,),d(x,¢),d(5,9),d(,0)).
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Similarly we get d (5¢,6) < O max (d(v,),d(s,¢),d(g,V),d(H,0)),
d (6, 9) < O max (d(v,5),d(,6),d(5, ),d(9,0)),
d (9,0) < Omax (d(v, 2),d(2,6),d(5, 9),d(9,)).
Thus, max (d(v, 32),d(5,6),d(g, 8),d(8,v)) < (d(v,5),d(>,6).d(g, D), d(D,V))
hence, we get U = s, = 6,6 = ¥ and ¥ = v. Therefore, (v,v,v,v) is a unique common

quadruple fixed point of 2 and 7.

Corollary 3.6. (A,B.,d) be a bipolar metric space and Q : (214,‘34) =
(A,B) be covariant mapping. Such  that d(Q(e,ce,B,E),Q(r,9,3,m0) <
emax{ d(z,r),d(ce,n),d(B,3),d(ZE,w) }for all =,ce,8,/8 € 2, 1,9,3,0 B, 6 (0,1)
and Then there is a unique quadruple fixed point of Q in 2AU*B.

Example 3.7. Let %,(R) and £,,(R) be the set of all m x m upper and lower triangular
matrices over R. And d : Uy(R) x £n(R) — [0,00) as d(% , V) = X."_y |wij—vijl- for all % =
(Ui )mxm € Un(R) and V' = (vij)mxm € Lm(R). Then (%u(R), Zn(R),d) is a bipolar metric
space. Now define Q as Q : (A*,B*) — (A,B) as Q(A,B,C,D) = (¥ + i+ + 4 1) mxm
where (A = (aij)mxm,B = (bij)mxm>C = (Cij)mxm:D = (di}))mxm € Un(R)*U.Zn(R)*, and
define T: (A,B) — (A,B) as ©(A) = (3a;j)mxm where A = (aij)mxm € Un(R) UL, (R). Now

consider,
(3.0 d(Q(A,B,C,D),Q(P,Q,R,S))
aij bij cij dij Pij . 4ij | Tij | Sij
— q(%u Cij jo 4y J
((15 15 15 ST 15 51 15)’”””’( 515 15" 15)””’")
=y Gy b Gy iy Py i T S
- ]ZI| 1515 1s) (515 T st i)
nooq; b~ cii i S;
S Z ‘ l] pl] l] ql]‘+| j ]| ‘ l] l]’
| 15
Lj=
mooq
< 245l3au 3pijl + |3bij — 3qij| +|3cij — 3rij| +3dij — 3sij]
i.j=1
1
< —max(d(tA,7P),d(tB,1Q),d(tC,TR),d(tD,1S))

45
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Then from Theorem 3.5 we can conclude that (Opxm, Omxms Omxm, Omxm) is unique common

quadruple fixed point of Q and T.
4. APPLICATION TO INTEGRAL EQUATIONS

As an application of Corollary (3.6), we investigate the existence of unique solution to IVP.
@.1) ¥'(1) =Q(t,x(t),9(),5(t), (1)) .+ € 1 =1[0,1],(x,9,3,)(0) = (x0, 90,30, 0)-

Where Q : I x (E{ UES) — R and 19,0, 30,00 € E1 UE,, where E1 UE; is a Lebesgue measur-

able set with m(Ej UE3) < oo with

( gﬂwﬁwxxaww»u@wa ‘
, FQ0(0).9(0).9(0).0(0)d,
JQE.K(0),0(0),5(0), w(0)de = max{ O,
0 FOUEH0).5(0).5(6).5(0)d,
T 10(0),v0(0), (0, vo(£))de
\ 0 y,

Then there exists a unique solution in C (I,L”(E) UL™(E)) .

Proof. The integral equation for IVP is
() =ro+4 | QLx(€),9(0),5(C),w(€))dL.

E|UE,

LetA=C(I,L”(E))), B =C(I,L”(Ez)) and d(g0,®) = ||go— @ || for all
2,0 € AUDB and 7(¢) = ¢, for all £ € [0,). Define R : A* UB* — AUDB by
R@B.7.8)1) = T+ [ ls0).9(0).5(0).w(0))d
E\UE,

Nowd(R(;,\),g,,m)(t),R(pp,G,g)(t)):]|R(;7U,3,m)(t)—R(p,p,c,g)(t)||
H%—’— f Q(&(F?Uﬁ?m)(@)dg_%_ f Q(&(P,PﬁaG)(@)dgH

EUE, E UE,
[ let) - p Il |
< L] 90RO |
13) — o (1),
| Io() — sl |

< bmax {d(x.p).d(9.p).d(3.0).d(w.))

< Omax{d(x,p),d(v,p),d(3,0),d(r0,5)}.
Since by Corollary we can say that R has a unique solution in 2l U‘B. UJ
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5. APPLICATION TO HOMOTOPY

In this section we examine a unique solution to Homotopy theory.

Theorem 5.1. Let (X,9)) and (X,2)) be an open and closed subset of (A, ) such that (%,%)) C
(X,2). Let (A,B,d) be the complete bipolar metric space. Assume that the operator $), :
(X4UDH) x [0,1] = AUB satisfies the following conditions:
(10) & # Hp(e,e,B,E,0), o« # Hp(e,B,E,0,2), B # H06E0,2,c), £ #
Hp(E,@,@,0,B), for each &,0¢,B,£ € dXUIY and @ € [0,1];
(71) d(p (00,00, 8, . @) 95 (1,0,5,10,8)) < Omax(d(,x),d(e,n),d(B,3),d(E,w)) for
all #,ce,B,E € X, 1,9,3m0cYand @ € [0,1],
(12) IL>0>d($p (ce, 02,8, E8,@),9 (r,9,3,10,0)) < LG — 0|
for every ®,0e,8,B € X, r,9,3,10 €Y and @, @ € [0, 1].

Then, $,(.,0) has quadruple fixed point <= $),(., 1) has quadruple fixed point.

Proof. Consider the sets

o< [0,1]: 9p(e,,B,E,0) =, H(ce,B,E 2 0)=c,
9, (B, B, =, 0e,®) = B,H,(E,z,ce,B,@) = &, for some (&,ce,B, £, @) c X*uP*

o —

o c0,1]:95(x,9,3,10,0) =1,95(v,3,0,,0) =1,
95(3,10,1,9,0) = 3,9(10,1,9,3,0) = 1, for some ,y,3,t € X*UYP*

P —

Let $,(.,0) has quadruple fixed point in X* U)*, then (0,0,0,0) € «7* N .%*. Consequently,
a/* N %* + ¢. Using the connectedness o7 = % = [0, 1], we now demonstrate that o7 N 4 is
both closed and open in [0, 1].

Let ({wp};’:l ,{Gp}:;l) C (o/,%) with (@,,0,) = (@,0) € [0,1] as p — co. We must
demonstrate that @ = o € &/ N A.

Since (@,,0,) € (&, %) for p =0,1,2,3,---, there exist bisequences (&,,rp),(®p,1p),
(Bps3p)s (Ep,wp) with &y = Hp(@p,00p,Bp, Ep, @p), €pr1 = Np(cep, By, Ep,p, @),
Bpr1 = 9By, Ep,@p,@p, @), Epr1 = Hp(Ep,@p,@p,B,,m,) and 1,01 =
6(Eps9ps3ps10p:Op)s  Vpr1 = Np(0p:3psWpEp,Gp)s 3pr1t = Nb(3p,W0p,Tp,0p, Op),

mp+1 - f)b(mp7pp7 Upaépu GP)'
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Consider
d(&p,xpr1) = d(p(@®p-1,08p-1,8p-1,8p-1,8p-1),9p(Ep,Dps3p>10p, 0p))
< Omax(d(@p-1,5p),d(®p-1,0p),d(Bp-1,3p),d(Ep-1,10))).
Similarly
d(ep,p+1) = d(Op(ep—1,8p—1,Ep-1,2p—1,0p-1),95(9p,3p,10p:Xp, Op))
< Omax(d(cep_1,9p),d(Bp—1,3p),d(Ep_1,10,),d(&p1,1p))

d(Bp75P+1) = d('ﬁb(ﬁpfl7}Ep*hzepflamp*17wp*ﬁaﬁb(ﬁlhmpvz:pa Yp, O-p))

emax(d<8p—175p)7d</Ep—l;mp)vd(zep—l7?p)ad(&p—l7t)p))

IN

and
d(AEp7mp+1) = d(ﬁb(lep*Iamp*hmp*hﬁpflawpfl)ag)b(mpﬁ:paolhapa Gp))

< 9max(d(ﬁp—l7mp)ad(&p—laxp%d(oep—l7Up)7d(Bp—laﬁp))'

From above we can write
( ) / \

d(a?’pux]H»l)? d(mpfh;p%
d(mp70p+1)7 d(mp*h‘)p%
max < Omax
d(Blhéerl)u d(Bpfluap)v
L d(}Ep,mpH) J L d(pr_l,mp> )

( \
d<&p*27xp*1)a
d(ep—2,9p-1),

< §”max (@p-2,9p-1)
d<8p7273p*1)7

L d(}Ep,z,mp,l) J

( 3
d(&07;1)7
d m ) 9
< 6max (0,91)
d<80731)7
| d(&op,101)
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So, we can write

d(&ptp+1) < Gl’max{ d(=0,11),d(c0,91),d(Bo,31),d(Ao,101) }7
d(ep,vps1) < 9pmax{ d(zo,x1),d(co,91),d(Bo,51),d(Ao, 1) }7

d(Bp,zp+1) < Gl’max{ d(®0,r1),d(0,91),d(Bo,31),d(Ao, 1) }v

and

(5.1 d(&Ep,wpr1) < epmax{ d(=0,x1),d(co,91),d(Bo,31),d(Ao,101) }
Now consider

d($p+17xp) = d(ﬁb<&pampaﬁp7}Eﬂv wp)aﬁb(;p*hnp*lajp*lampflvcpfl))

IN

O max(d(ep,xp-1),d(®p,0p-1),d(Bp,3p—1),d(Ep,10)-1)).
Similarly

d(cepi1,0p) = d($p(p, By, Bp,2p, Bp),Hp(0p—1,3p-1,0p-1,Ep-1,0p-1))

IN

9max(d(mpvUp—l):d(ﬁpyﬁp—l)ad([Ep:mp—l)ad(zem?p—l))

d(Berl;ﬁp) = d(f)b(ﬁpﬂﬁpu&pum[)u wp)yﬁb(zl)*l7mp*17;p7170p*17prl))

IN

emax(d(ﬁpajp*l%d(}Ep?mpfl)vd(&paz:pfl)ad(mpa Upfl))
and

d(AE]H-lamp) = d(ﬁb(A—F‘p7&P7(ﬁp7Bp; wp)wﬁb(mp—lvxp—lvUp—l73p—176p—l)>

< emax(d(}EI%mP—l)>d<€ep’xp—1)7d((ﬁp>0p—1)7d(BP’3P—1))'

From above we can write

( 3\ ( \

d(@pi1,8p), d(@p,¥p, ),

max d(@pi1,9p), < Omax d(®p,9p,), >
d(Bp11,3p), d(Bp,3p-1),

| d(Epy1,p) | d(&p,wy,)
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r \
d<€ep—173:p—2)7

d m — 1 - Y

< 62 max ( p=1:0p 2) >

d(Bp—l73p—2)a

L d(}Ep—bmp—Z)

/

( )

d(21,10),
d(ce1,90),
d(B1,30),
| d(&1,0) )

< O6”max

So, we can write

IN

d(w@pi1,t) < 0"max{ dler.zo).d(er.0).d(Br.30).d(Er1op) -

IN

d((EP+17UP) epmaX{ d(‘(‘El?;O)?d(mlu00)5d<81750)7d(£17m0) }7

d(BPJFl’jP) < Gpmax{ d(&b;O)ad(mlvUO)7d<Bla30)7d(}El;m0) }’

and

(52) d(IZEIH'l’mp) S Gpmax{ d(eel7;0)7d(m17UO)?d(BhaO)?d(‘ZElumO) }

Now again consider

d(®p,rp) = dOp(®p—1,2p—1,8p—1,Bp—1,0p—1),9p(&p—1,9p—1,3p—1,0p—1,0p—1))
< Omax(d(@p-—1,1p-1),d(®p—1,9p-1),d(Bp-1,3p-1),d(Ep-_1,10,-1)).
Similarly
d(mpﬂ)p) = d(ﬁb<mp*17ﬁp*1712Ep*1733p717wpfl)aﬁb(np*hap*hmp*hxp*lvprl))

IN

O max(d(cep-1,9p-1),dBp-1,3p-1),d(EBp-1,10,-1),d(®p-1,8p-1))

d(Bpaﬁp) = d(ﬁb(ﬁpvﬁp—b&p—lamp—lawp—l);ﬁb(ﬁp—lamp—h;p—l?‘jp—laGp—l))

< Omax(d(Bp—1,3p—1),d(Ep_1,00p-1),d(@p—1,5p—1),d(®p—1,0p-1))
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and
d(lepa m]’) = d<ﬁb(‘ZEP—1 s &p—1,8p—1,Bp1, (Dp)wﬁb(mp—l ' Ep—1,9p—1,3p—1,0p—1 )
< Omax(d(Ep-1,10p-1),d(@p-1,8p—1),d(®p—1,9p—1),d(Bp—1,3p—1))-

From above we can write

( A ( )

d(&pvz:p)7 d(aapfh?Pl%
d(ce ) ) d(cep— ) ;
max (p,9p) \ < Hmax (p—1,9p,)
d(prZﬁp)» d(Bpflaapfl)a

| d(&Ep,10p) | | d(Ep-1,10p,) |

! 3\

d(£p—27xp—2)7

d(ce, »YUp—2)5

< 62 max ( p=2:0p 2)

d(Bp—Zvép—Z);

. d(}Ep—vap—2)

/

d(=0,x0),
d(eeo, o),
d(Bo,30),

| d(&o,wp) |

< 6max

So we can write

d(@p,rp) < Gpmax{ d(20,%0),d(0e0,90),d(Bo, 30),d (Ao, o) }v
d(ep,np) < Gpmax{ d(20,%0),d(0e0,90),d(Bo, 30),d (Ao, o) }»
d(Bp,3p) < Gpmax{ d(&o,x0),d(ce0,n0),d(Bo,30),d(£o, o) }7
and
(5.3) d(&Ep,wp) < 9pmax{ d(=0,¥0),d(0e0,90),d(Bo, 30),d (Ao, o) }

For each n,m € N with n < m. Using (B4), equations (5.1), (5.2) and (5.3) we have
S (d(a?naanrl) "‘d(mnvnnJrl) +d(Bn73n+1) +d(IZEn7mn+l))
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+ (d(aen+17§n+l) +d(cen+170n+l) +d(Bn+175n+1) +d(IZEn+17mn+l>)

+ (d(mmflyxmfl) +d(mmflat)m71) +d(Bm7175m71> "‘d(lZEmflammfl))
+ (d(aem—hZ:m) "‘d(mm—hnm) +d(8m—173m) +d(}Em—17mm))
r 3\

d(&()axl),
d 0,01 ),
< 40P max ( ) +L|®yr1 — @pir]| o+
d(60,51>7
\ d(/Eo,t’m) )
y 3\
d(&o,;o),
d(ceo, o),
|@—1 — On—1] +46P max (0,90) —0asn,m— oo,
d(B();ﬁO)a
\ d(}Eo,t‘Uo) )

It means that 1imy, ;—sed (@5, ) +d(®p, 0m) +d (B, 3m) + d(ZEn, 10,,) = 0.
Similarly we can prove that

1imy, y—sod (@, tn) + d (@, Y1) +d By 30) +d (B, 0,) = 0. Which implies that
(@p,1p),(®p,10p),(Bp,3p), (Ep,w),) are Cauchy bisequences in (X,2)).

By the completeness property there exists, A,i,v,& and p,v,p,¢ in X and 9), respectively,

with
[}g{}o&}[):pa plgr:omp:vv [}E}:}oﬁp:pv I}EQOAE]JZG
(5.4) lime, =2, limg,=p, lms=v, limw,=¢.

Now consider

(5.5) d(95(A,u,v.8,@)),p)
< d(Dp(A, 1, V.8, 0),xp+1) +d(@pi1,8ps1) +d(@pr1,P)
< d(Hp(A, 1, v,8,0),95(Eps9p:3p:10p,0p)) +d(@ps1,8p1) +d(®pt1,P)
< Omax(d(zy,rp),d(®p,9,),d(Bp,3p),d(Ep, 1))+ L|@p — Op| +d(@pt1,p)-

which is — 0 as p — oo.

That is d((f)b<2‘7uvv7évw))7p) =0= d((ﬁb(l,u,v,é,w)) =p.
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Similarly d((H5(1,v,&,4,®)) = v,d((Hp(V,§,4,1,0)) = p,d((Hp(§, 4,1, v,®)) = ¢ and
d((9p(p,0,p,6,0)) =A,d((H5(v,p,6,p,0)) = 1, d((Hs(p,¢,p,v,0)) =V,
d((9Hp(g,p,v,p,0)) = &. On the other hand from eqn (5.4),

d(A,p)= d(;g;p,gg&p) = l}iigod(&p,;p) = 0 that implies A = p

Therefore 4 = v,v =p and & = ¢.And hence @ = 6. Thus @ = 0 € &/ NA. Clearly &/ N %
closed in [0,1].

Let (@y,0p) € o/ N A,then there exists bisequences (&¢,0), (€0, 0), (Bo,30), (£o, ) with
&0 = $p(&0, €0, B0, Lo, D), €0 = Np(ce0, Bo, Lo, &0, D), Bo = 5 (Bo, Lo, &0, €0, D), Ao =
95 (Zo, %0, 000,80, @) and 1o = $5(r0,90,30,10,00),90 = $s(0,30,10,%0,00),30 =
$5(30, 100,090, 00),

1o = (100, 0,905 30, 00)-

Since <7 U 2 is open, then there exists @ > 0 such that B, (&, ®) C &/ U %,

By(®p,w) C o/ URB,By(By,w) C o/ URB,By(Ep,®) C o/ UR

and By;(ro,®) C o/ URB,By(vo,0) C o/ URB,By(30,0) C o/ URB,By(1og,w) C o URB.
Choose @ € (0) — €,00 +€),0 € (@ — €, M + €) such that |@ — 6p| < 2 < &,

|6 —@| < &= < § and |@) — 6| < 2 < 5.

Then for each ¢ € Boyuz(20,®) = {110 € Y/d(20,r) < @ +d(0,10)},

D € Byuz(eo, ®) = {n,90 € Y/d(ceo,) < @+d(ceo,10)},

3 € Byuz(Bo, ®) = {3,530 €D /d(Bo,3) < @+d(Bo,30)}

1 € B.yuz(&o, 0) = {1,wo €Y /d(&o,w) < &+ d(£o, o)},

® € Byuz(0,10) = {&, 20 € X/d(2,10) < @+d(=0,10)},

@ € Byuz(0,90) = {ce, 00 € X/d(ce,n9) < @+d(ceo,n0)},

B € Byuz(0,50) = {B,B0 € X/d(B,30) < ®+d(Bo,30)}

and B € Byuz(0,w¢) = {E, By € X/d(E, ) < 0+ d(Ey,t0)}.

Also d(9p (e, 0e,B,E,0),r0) = d(Hp(, 0,8, E,®),95(x0,90,30,10),00)

< d(Hp(e, e, B, E,0),95(x,1,3,1,00)) + d(Hp (@0, 020, Bo, Lo, @), Hp(x,9,3,10,00)) +

d($p (20, 0,80, &0, D), s (x0, 90, 30, W0, 00

2
S Lp—]

d(9Hp(e,0e,B,E,0),r0) < Omax(d(zp,r),d(®o,9),d(Bo,3),d(XEo,10)).

)
+ 6 max(d(zo,r),d(co,9),d(Bo,3),d(&o,w)) as p — o we have
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Similarly we have d(9(ce,B, £, &, ®),H9) < O max(d(ceo,n),d(Bo,3),d(&Eo,w),d(2o,r))
d($p(B, &, z,c,0),50) < 0 max(d(Bo,3),d (Ao, w),d(20,r),d(c0,1))
d($p (A, =, @,B,0),wo) < 6 max(d(&o,w),d(2o,x),d(e®0,9),d(Bo,3))-
d(9p(e,0e,B,E,0),10), ] ( d(=o,1), \
Yo), d(eo,),

< O max
750)7 d(8073)7

d(fjb IZE,ZB,(E,B,Q ,1‘00) J d(fE(),I‘O)

max

d(z0,1), |
d(ceo,n),
d(Bo,3),

d(&o,w) |

< max

d(0,¥0) + O,
d(ce,90) + 0,
d(Bo,30) + @,
d(&y, o)+

(5.6) max

IN

which gives

d($Hp(e,e,B,E,0),10) < d(&g,x0) + 0,d(Hy(ce,B, B, &, @),n9) < d(ey,90) + @,
d($9,(B,E,2,,),30) < d(Bo,30) + 0,d($Hp(E,&,ce,B,0),100) < d(Eoy,p)+ o. Similarly
we can write

) < d(&,x0) < d(0,10) + O,

) < d(ee,no) < d(ceo,0) + @,

) <d(B,30) < d(Bo,30) + @,

) < d(&,rq) < d(Ep,10)+ 0.

(£

d(20,%5(x,,3,10,0
d(ceo, 5(v, 3, 10,1,

d(Bo, 95 (3,10,1,1,0)

d(&o,Hp(10,1,9,3,0
Now d (&9, x0) = d(d

)
o)

b(&0, €0, Bo, Ao, To), 95 (X0, 90, 30,0, 00)) < L|@y — 09

< L# < L% — 0as p — o= d(2g,10) = 0= &9 = ro. Similarly we get

o = 10,80 = 30,0 =to. Hence ® = o.

Thus for each fixed @ € (@y— €,y +€), Hp(.,B) : Boyuz(@y, ®) — Byuz(xe, ®), Hp(.,0):

Buz(eo, @) = Boyug(®o, 0), $Hp(., @) : Byus(Bo,®) — Byuz(Bo,®) and (., 0) :
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B.yus (&, ®) — Bz (&g, ®). Hence from the main theorem is satisfied in all respects. As
a result, we draw the conclusion that £, (., @) has a quadruple fixed point in X ﬂ@. However,
this has to be in X NYQ). Because condition (7)) is true. Therefore, for @ € (@) — €, @y + €),
@ € o/ NP and hence, (B) — €,y + €) C o/ NA. Then it is evident that [0,1] is open for
I NA .

We can employ the same procedure to demonstrate the opposite. 0

6. CONCLUSION

We presence the uniqueness of a common quadruple fixed point for two mappings in the class
of bipolar metric spaces, with an example,also applications to integral eqution and Homotopy

theory.
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