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1. INTRODUCTION

The study of differential equations has received much attention over the last 30 years or so.
For papers studying such kind of problems (see [1, 2, 3, 4]) and the references therein.
It is known that the nonlinear initial value problems create an important branch of nonlinear

analysis and have numerous applications in describing of miscellaneous real world problems.
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Such kind of these equations have been considered in numerous papers see [5] and references
therein.

The technique associated with MNC in the Banach space BC(R.;) (of all bounded and con-
tinuous functions on R, ) have been successfully used by J. Banas (see see [5, 6, 7]) to prove
the existence of asymptotically stable solutions for some functional equation (see [8, 9]).

The authors in [10, 11] extensively investigated its solvability, asymptotic stability and de-
pendency of the solution on some parameters. They utilized the technique of MNC within the
space BC(R..).

M. Benchohra et al. [12, 13] were concerned with the existence of solutions to some problems
of differential equations on an unlimited field, where researchers relied on Schoder’s fixed point
Theorem [14] combined with the diagonalization process. Let us mention that this method was
widely used for differential equations; see for instance [15, 16].

Here we are concerning with the initial value problem of the differential equation,

dx

(1) Z:f(t’x(t)% [G(O,OO),

with the nonlocal integral condition

(2) x(7) +/Ofg(s7x(s))ds =xp, T>0.

Our aim here is to establish the solvability of the solution x € BC(R+) of the problem (1)-(2).
The main tools in our study is applying Darbo’s fixed point Theorem [17] and MNC technique
and using Schauder’s fixed point Theorem [18]. Furthermore, the asymptotic stability and de-
pendency of x € BC(R) on the initial data xo has been studied. The Hyers — Ulam stability of
the problem (1)-(2) will be studied. Finally, we give an examples illustrate our results.

The first main tool in our work are the measure of MNC and Darbo fixed point Theorem [17].
Let BC(R..) be the class of all bounded and continuous functions in R, with the standard norm
[Ix[l = sup |x(z)].
teR;

Now, let x € X C BC(R,) and € > 0 be given, denote by @’ (x,€), T > 0, the modulus of

continuity of the function x on the interval [0, T]

o7 (x,€) = sup [|x(t) —x(s)| : 1,5 € [0,T], |t — 5| < €]
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and
T _ T .
o' (X,e) =sup [0 (x,€):x € X].
Also
ol (X) = lim o’ (X, &), ap(X) = lim o (X)
0 e—0 €), @o T —oo 0 '
and

diam X (t) = sup {|x(t) = y(1)[,x,y € X}
The measure of MNC on BC(R;.) is given by
3) ux)= a)O(X)—i—tli_)m sup diamX (t).

Finally, we state the Darbo fixed point Theorem [17].

The following Theorem will be needed.

Theorem 1. Let Q be nonempty bounded closed convex subset of the space E and let F : Q — Q
be a continuous operator such that W(FX) < ku(X) for any nonempty subset X of Q, where

k €10,1) is a constant. Then F has a fixed point in the set Q.

The second tool in our work is an application of Schauder’s Theorem [18].

The following Lemma will be needed.

Lemma 1 (9). Let D € BC. Then D is relatively compact in BC if the following conditions hold:
(a) D is uniformly bounded in BC.
(b) The functions belonging to D are almost equicontinuous on R, i.e. equicontinuous on
every compact interval of R5..
(c) The functions from D are equiconvergent, that is, given € > 0, there corresponds T (g) >

0 such that |u(t) —u(+oo)| < &, foranyt > T(€) and u € D.

2. EXISTENCE OF SOLUTION

Consider now the initial value problem (1) and (2) under the following assumptions:

(i) f:Ry xR— Riscontinuousint € R, Vx € R and satisfies Lipschitz condition,
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(4) ‘f(tax)_f(t7y)‘sz(t)‘x_y|VtER+a xay€R7

where

t t T
fim / ba(s)|ds =0, sup [ |ba(s)|ds = b5 and / 1ba(s)|ds < bo.
0 0 0

[=ro0 tER,
(i) g:R4+ xR — Riscontinuous int € Ry, Vx € R and satisfies Lipschitz condition,

(5) g(r,x) —g(t,y)| < bi(t)lx—y| Vi ERy, x,y ER,
where
/()T\bl(s)]ds <by, T>0.
(iii) b1 +br+b; < 1.
From equation (11), we have
|f ()| = |f(£,0)] < |f(2,%) — f(2,0)] < ba(t) ],
[f(t.x)| < [f(2,0)]+ba(2)|x]
and
|f(t,x)| < [m(1)| + ba(1) |x],

where

m(6) = £(1.0)| € BC(R.) <o, fim [ m()ds =0,

t T
sup [ |m(s)|ds < m* and / im(s)|ds < m.
0

ter, JO
Also, from equation (5), we get
g(2,x)| < |v(2)[ + b1 (2)]x],
where

T
/ lv(s)|ds <v, T>0.
0

Now, we have the following lemma.
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Lemma 2. The problem (1) and (2) is equivalent to the functional integral equation
T T t
6) x(t)=x0 —/ g(s,x(s))ds —/ f(s,x(s))ds—l—/ f(s,x(s))ds, t >0, T>0.
0 0 0
Proof. Let x € BC(R) be a solution of the problem (1)-(2), then by integrating, we get
t
) x(0) = x(0)+ [ f(s.x(s))ds
fort = 1, we get
T
x(1) = 0)+ [ flsx(s))ds
T
X(0) = x(2)= [ fls.x(s))ds,
0
from (2), we have
T T
(8) x(0) = xo —/0 g(s,x(s))ds —/0 f(s,x(s))ds,

substituting by (8) in (7), we obtain (6).
Conversely, let x € BC(R..) be a solution of (6), then by differentiation, we obtain (1).
If r = 7, we obtain (2).

Now, we have the following existences theorem.

Theorem 2. Let the assumptions (i) — (iii) be satisfied, then the problem (1)-(2) has at least

one solution x € BC(R..).
Proof. Define the set
Qr ={x€BC(Ry) : [|lx]| < r}.
Consider the functional integral equation (6) and define the operator
T T t
Fa(t) =0~ [ glsx()ds— [ flsx(o)ds+ [ fls.2(9))ds:

0 0 0

Now, let x € O, then

[Fx(@)| =

vo— [ glso)ds— [ fs.x(o)ds+ [ fls,a())ds

< fuol+ [ (V6 +b s+ [ ()| + o) Ix(5) s
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+ /O’<‘m(s>|+|b2<S)Hx(s)|)ds

< |xo|+vH+rbi+m+rby+mt+rbs,

then

|xo| +v+m+ m*
Fx|| < |xo|+v+rbi+m+rby+m*+rby =r,r = .

Hence the operator F* maps the ball Q, into itself.

Now, let § > 0 be given take x1,x; € Q,, such that ||x; —x;|| < 8, then

[Fxa(t) = Fxi (1) =

X0 —/()Tg(s,xz(s))ds— /()Tf(s,xz(s))ds—l—/Otf(s,xz(s))ds

— xo+/()Tg(s,xl(s))ds+/Off(s,xl(s))ds—/Olf(s,xl(s))ds

T T
< [ lslxa() —gln(s)lds+ [ 1fsxa(s) = Fls(s)lds
t
[ )~ flsx(s)lds
T T
< [ b)) —a)ids+ [ b)) —xn (©)lds
t
£ [ o) lals) =i (9)lds
T T
< —all [ b+ o=l [ ba)lds
t
+ [ 1) llas) =i (9)lds
t
< 8bi+8b+ [ ba(9)lhale) —xi(s)lds
(i) Choose T > 0 such that 7 > T, then we have
|Fx, —Fxi|| < 0by + 6by + b5|lxo—xi
< b*Sby + Sby + b5 =¢.
(ii) Also, for T >0 and 7 € [0,T], then

||FxZ—F)C1H < O0by + 6by + b;HXQ—le

< b*Sby + Sby + b5 =¢.
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Hence the operator F is continuous.
Now, let T > 0 and 0 > 0 be given, choose a function x € X and 7 € [0,T] such that

th—t1|<d8,.1 <t

|Fx(t) —Fx(t))| =

xo—/or (s,x(s) a’s—/ f(s,x(s))ds+ f(s x(s))ds

- /0 g(s,x(s))ds + /0 Flsx(s)ds = | " ls.x(s)ds

IN

[ 1fs.x(0) s

Now, let 11,1, € [0,T],

ol (FX,e) < /tlt2|f(s,x(s))|ds<£

ol (FX) < 0
and as T — oo
&) wo(FX) =0.
Now, let X € Q, be nonempty, then for any x, y € X and T > 0 such thatt > T, then we get
F(t) = Fy(0)
T T t
< [ 1) lx(s) = y(s)lds+ / 2(5) x(5) = y()ds+ [ 1ba(6)] () =3(6)]ds

< [0l sup (s —yolds-+ [ Ihals)] sup Ja(s) —y(s)lds
x,yeX x,yeX

+ [1p205)] sup x(5)—y(s)lds

x,yeX

< [T tm Csup 0=y + e )as
_—

x,yeX )
+ 82) ds

b [bats) ( lim ( sup [x(s) — y(s)]) + €3>dS

S0 xyeX

4 Orlbz(s)|( lim ( sup |x(s)—

S xyeX

< lim (sup |x(t)—y(t)|—i—€1>. /0 by ()]s

x,yeX
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+ lim <sup |x(7) )|—|—82> / by (s)|ds
t—roo x,yeX

+ lim { sup |x(¢) ]+83>/|b2 )|ds
I=e \ xyeX
< (sup |x(2) t)|+81).b1+lim (sup |x(t)—y(t)|+82> by
x,yeX f—roo x,yeX
+ lim (sup x(t) —y(t +£3>.b*,
fim ((sup Iee) (o) ) 43
then
diam FX(t) < (bi+by+b3) tle diamX (t).
Hence
(10) llimsup diamFX(t) < (bi+by+b3) tlimsup diamX ().
—y00 —>

Now, from (9), (10) and the definition of u in (3), we get
WFX) < (bi+by+b;) pu(X).

Since (b + by +b3) < 1, F is a contraction regarding MNC (), which implies that x € Q,
is a solution of (6). Consequently there exists at least one solution x € BC(R.) of the problem
(D-2).

Now, we will show the existence of solution x € BC(R..) of the problem (1)-(2) by using

Schauder’s fixed point Theorem [18].

Theorem 3. Let the assumptions (i) — (iii) be satisfied, then the problem (1)-(2) has at least

one solution x € BC(R..).

Proof. Define B, by

\x0]+v+m+ m*

By ={x€BC(Ry): |lx| <p}, p= — (b1 +by+b3)
2

and the operator K by

Kx(t) = xg —/Ofg(s,x(s))ds— /Orf(s,x(s))ds%—/Otf(s,x(s))ds
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Now, let x € Bp, then

[Kx(r)] =

X0 — /Org(s,x(s))ds—/()Tf(s,x(s))ds—i-/O[f(s,x(s))ds

N

< |x0|+/()T(|V(S)|+|b1(S)||X(S)|)ds+/or(|m(s)|—|—|b2(s)||x(s)|)ds
+ /0(|m(S)]+\b2(s)Hx(s)|)ds

< |xo|+v+pbi+m+p by+m*+p b3,
then
IKx|| < |xo|+v+rbi+m+rby+m*+rb; = p.

This proves that K : By — By and the class of functions {Kx} is uniformly bounded.

Now, let § > 0 be given take x1,x € Bp, such that ||x, —x;|| < §, then
|[Fxa(t) = Fxa (1)]

X0 — /()Tg(s,xz(s))ds—/()Tf(s,xz(s))ds—f—/Otf(s,xQ(s))ds

- xo+/Org(s,xl(s))ds—i-/Orf(s,xl(s))ds—/O[f(s,xl(s))ds

< [len) —glnb)lds+ [ 1750 - S ()lds
[ 1flsals) ~ Flon (s)lds
< [ b)) —xs)lds+ [ 15205) )~ ()lds
+ [l —a)lds
< =l [ oalds+ =l [ a)lds+ [ 1)lbats) —x(s)lds
< Sbi+ 8h —I—/t|b2(s)]|x2(s)—xl(s)]ds
0
(i) Choose T > 0 such that 7 > T, then we have

||FxZ—F)C1H < O0by + 6by + b;HXQ—le

< b*Sby + 8by + b5 =¢.
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(if) Also, for T >0 and 7 € [0,T], then

|Fx, —Fxi|| < 0by + 6by + b5|lxa—xi

< b*6by + Oby + by6=c¢.

Hence the operator K is continuous.

Now, let x € Bp and t1,1> € I such thatt, >t and | t; — 1, |< 0, then we have

xo—/ g(s,x(s) ds—/fsx ds-l—/fsx
—xo—i—/ s,x(s a’s—l—/fsx ds—/fsx

< / [ (s,x(s))]ds.

|Kx(t2) —Kx(t1)] =

This means that the class of functions {Kx} is equicontinuous on every compact interval I of
R . Next, letz € Ry and x € B, then we have

Ve >0, 3T(g)such that t > T(€) implies

t e ! S
/|m(s)—0|ds<—and/ ba(s)—Olds < =,
0 2 0 2

then
t
|/f(s,x(s))ds—0\ < |/ Oa’s—f—r/bz —0ds|
0
< |/m Ods|+r|/b2 0|
JfLE
= 327278
then
t
/f(s,x(s))ds—)O
0
and
t t
o) =) = [ Im)lds+ ] | [ba(s)lds = 0.
Hence

|x() — x(4o0)| = 0, as t — H-oo.
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Then the class of functions {Kx} is equiconvergent.
Then from Lemma 1, we can conclude that K : By — B, is continuous and compact.
Now, by Schauder’s fixed point Theorem [18] there exists at least one fixed point x € By C
BC(R.) of the functional integral equation (6). Consequently there exists at least one solution

x € BC(R) of the problem (1)-(2).

Corollary 1. Let the assumptions of theorem 2 be satisfied, then the solution of the problem
(1)-(2) is unique.

Proof. Let x1,x, be two solutions of (6), then

(1) =21 (1) <

xo—/rg(s x2(s ))ds—/ f(s,x0(s a’s+/ f(s,x2(s)

— x0+/ (s,x1(s ds+/ (s,x1(s ds—/fsx1

< [letn) ~gxb)lds+ [ 17(s00) - flsn()lds

+ /\fsxz Fls,x1(5))|ds

VAN

[ i ®lbeats) —xa(s)ids+ [ b2(6)]beals) —xa(s) s
s [ a0l lnts) —xn()lds

2 =x1]l by + [l = x| ba+ [z —x1]] b3,

IN

then

2 —xil] < (bi+ ba+ by)|lxa —xi |-
Hence

o2 —xi[|(1=(b1+ b2+ 3)) < O,

then the problem (1)-(2) is unique.
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3. ASYMPTOTIC STABILITY

Theorem 4. The solution x € BC(R.) of (6) is asymptotically stable in the sense that for any € >
0, there exist T(€) > 0 and r > 0. Moreover, for x,X € Q, any two solutions, then |x(t) —x(t)| < &

fort >T(e).

Proof. Take x,% € Q, any two solutions of (6), then for every € > 0 there exist 7(€) > 0 such

that 7 > T'(€), then
Ix(r) —x(t)] = xo—/r (s,x(s) ds—/ fs,x(s ds+/fsx

— xo—I—/ s,%(s ds+/fsx ds—/fsx

< %;w@J@»—g@J@DW&+AIf@J@D—f@J@»MS

t
£ [ (s(s) = £(s,(5)lds
t t
< =g b1 + [lx—]| b2+ 2/0 \m(s)\ds+zr/o Iba(s)|ds
< lx—=X|| b1 + |[x—X| by +2&4+2 1 &5,
then

2&,+2ré&s

x—x| < —.
L S

That is

pe(r) =x(0)] < [lx—x]| < &

Consequently, x € BC(R+) is asymptotically stable of the problem (1)-(2).

4. DEPENDENCY

Consider the following assumption:

(i)* f:Ry xR — Riscontinuous in f € R4, Vx € R and satisfies,

(an F(60) = f (0| <bo(t) V1 €RL, x,y R,
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where

t
nm/ﬂm@wmzazza
0

t—voo

4.1. Dependency on the initial data x.

Theorem 5. Let the assumptions of Theorems 2 and (i)* be satisfies, then the solution of (6)
asymptotically dependency on the initial data xq if
Ve > 0,36(€)suchthat |xg—x5| <6 = |x—x*|| < €,t > T(g)

where x* is the solution of

< 04 | Ibi(s)llx(s) =2 (9)lds + | [ba(s)llx(s) — 7 (s)lds
+ | b2(s)lx(s) =¥ (s)lds.
(i) Choose ¢ € [0, T], then we get
lx=x*[ < 8 4billx— x| 4 balx — x| + b3 lx —x7.

Hence

5
— ¥ < =g
o=+l < 1— (b1 +by+b3)

(ii) Choose t > T(€) and T > 0, then we have

t
x=x" < S4by [lx—x[[+ b2 [x—x[[+ [lx— 7] /0 |b2(s)|ds

< S+by x—xt+ b e — x|+ [lx—x7| &
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< 84bi -2+ by 2] + &f.

Hence

.o ot
- 1—(b1+b2)

[l — x|
4.2. Dependency on the function g.

Theorem 6. Let the assumptions of Theorems 2 and (i)* be satisfies, then the solution of (6)
asymptotically dependency on the function g if
Ve>0,36(e) >0and T(g) > 0 such that

/ |g(s,x) —g"(s,x)|ds < &, then fort>T(g)=|x—x"|| <€,

where x* is the solution of

X" () =xp— /Org*(s,x*(s))ds—/()Tf(s,x*(s))ds+/Otf(s,x*(s))ds

vo— [ glsx(o)ds— [ fls.x(s)ds+ [ fls,x()d

— x0+/ (s,x* ds+/ fs,x* ds—/fsx

— g (s,x°(s))

IA

g(s x(s)) —g" (s,x(s ds

f(s,x(s)) — F(s,x(s)) — f(s,x"(s))|ds.

0

T
-
0

(i) Choose ¢ € [0, T, then we get

x=x*[[ < S 4billx = X7 + boflx — x| + baflx —x7].

Hence

< 0 =
1 — (b1 +by+b3)

(ii) Choose t > T(€) and T > 0, then we have

[l = x7]

t
x=x*[ < S+billx—x[[+b2 ||x—x*||+||x—x*||/0!bz(S)ldS

< S+bilx—x+ba = x|+ [lx—x7[ &
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< S4bille—x'|+ba [l x| + €f.

Hence

o+ g
x| £ ————==¢.
=l S =

4.3. Dependency on the function f.

Theorem 7. Let the assumptions of Theorems 2 and (i)* be satisfies, then the solution of (6)
asymptotically dependency on the function f if

Ve>0,306(e)>0and T(e) > 0such that
t
/ |f(s,x) — f*(s,x)|ds < O, then fort>T (€)= |x—x"| <e¢,
0

where x* is the solution of

x*(t) =x0— /Org(s,x*(s))ds—/()Tf*(s,x*(s))ds—i—/Otf*(s,x*(s))ds.

vo— [ gtosat)ds— [ flsat)ds+ [ plso)ds
— o+ [elsx s+ [ 6Das— [ (s)ds
I8 s+ 0
+ /(: ds
< bl [t - )

t t
+ / ds+/
0 0

(i) Choose ¢ € [0, T], then we get

IN

ds

8(s,x(s)) — g(s,x"(s))

f(s,x(s)) = f7(s,x"(s))

fs,x(s)) = f*(s,x°(5))

[ (5,x(s)) = f*(5,x7(s))

T
ds—l—/
0

[ (5,x(s)) = f*(5,x7(s))

ds.

f(s,x(s)) = " (s,x(s))

x—x*|| < billx—x"||+6+ba|lx —x||+ 0 + b5 |lx —xF.

Hence

26
|lx—x*|| < —~ =¢€.
1 — (b1 +by+b3)




16 EL-SAYED, BA-ALI, HAMDALLAH

(ii) Choose t > T'(€) and 7 > 0, then we have
le=xl < b=l 8 4 el [ lbaolds+ 8+ Jv—'l [ pa(slas
< byfr—x 48+ =] by + 8+ [x—x"| &
< bylx =X+ 8+ |x—x"|| by +8+ €.

Hence

< 26+ ¢
= 1—(b1+by)

[l — x|
5. HYERS - ULAM STABILITY

Definition 1. [11, 19, 20] The problem (1)-(2) is Hyers - Ulam stable if
Ve>0,36(e)>0and T(€) > 0 suchthat t > T(&) and for any 8 — approximate solution
Xy , satisfies,

t
(12) ‘ dxs — ft,x,(¢ ))‘ < 0 a(t) implies ||x — x;|| < €, where / a(s)ds < k,t> T(e).
0

Theorem 8. Let the assumptions of Theorem 2 and (i)* be satisfied, then the problem (1)-(2) is
Hyers - Ulam stable.

Proof. From (12), we have

Sl < 0 flen () < 8alr)
5 = —5/ (s)ds < xs(t) xs(O)—/Otf(sxs( ds<5/ s)ds = &
5 < -+ [ gD+ [ foaDds— [ fsatsds< &
Now,
) -5 = o= [ elsds— [ flsa6)ds+ [ fls.x(6))ds —x(0)
< xo—/gsx ))ds—/ F(s,x(s) ds+/fsx
_ x0+/ (5,%s(s ds+/fsxs ds—/fsxs
b0 =0+ [ glen s+ [ flsas)ds - /0 F(sx%,(s))ds
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T

< [ letxto) —slox@ldst [ 17(sx(6) ~ Flsx)lds

t

+ 0 |f(S,X(S))—f(S,xs(s))|ds—|—6*,
(i) Choose ¢ € [0, T], then we get

||x—xs|| < blHX_XSH —}—b2||x—xs|| +b§||x—xs|| + 8%

Hence

6*
— < =&
||x xs” = 1—(b1+b2+b§)

(ii) Choose t > T(€) and T > 0, then we have

t
[x—xsl| < by (e — x5l + ba [ — x|+ [lx — x| /0 |ba(s)|ds + 0"
< by ||lx—xs||+ b2 ||x — x| + [[x — x| €1+ 07

Hence

. 0"+ &
X—X < — =€
| I = 1 — (b1 +b2)

Example.

Taking into account the equation

dx te”  (te”'—e")|x(1)]

13 — = t € (0,00
(13) =3 T 2 1€ (0,00),
with the nonlocal integral condition
1 S
(14) x(l)~|—/ (e7/nls+D) —I—@)ds:xo
0

Set
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Putting

v=1In(2) =0.69314718, by = g =0.5436563657,

1 1
bézbzzg, m*zng.

we can find that

by +by+b5 = 0.7936563657 < 1.

then the problem (13)-(14) has at least one solution x € BC(R+.).

6. CONCLUSIONS

In this investigation, the asymptotic stability and dependency of the solutions for differential
equation have been established on R . Firstly, we discussed two cases for study investigated
the solvability of the problem (1)-(2): In the first case, we studied the existences of solutions
x € BC(R) of the problem (1)-(2), by applying the technique associated with the MNC in the
Banach space BC(R. ). In the second case, we used Schauder’s fixed point Theorem. Next, we
studied the asymptotic stability and dependency of the solution x € BC(R ) on the initial data
xo and on the functions f and g. Moreover, we studied the Hyers-Ulam stability. Finally, we

discussed the examples to illustrate our results.
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