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Abstract. The aim of this paper is to prove common fixed point theorem for quadruple mappings in cone b-metric
spaces. Our result extends and improves some fixed point results in cone b-metric spaces. We illustrate our main
result by an example.
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1. INTRODUCTION

The concept of b-metric space was introducd by Bakhtin [2]. He proved the principal of
contraction mapping in b- metric spaces. Huang and Zhang [6] introduced the concept of cone
metric space as a generalisation of metric space. In addition, certain fixed point theorems have
been demonstrated for contractive mapping which extended the results of fixed point in metric
spaces. Hussain and Shah [7] introduced the cone b-metric spaces as a generalization of b-

metric spaces for KKM mappings. Sharma [9] used rational expression to prove fixed point
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theorem for contractive mapping without the assumption of normality in cone b-metric spaces.

Similar work has been done in [1,3,4,5].

2. PRELIMINARIES

We use the following definitions for our main result:
Let E be a real Banach space and P be a subset of E. We denote the zero element of E by 0 and
the interior of P by intP. The subset P is called a cone iff :
(1) P is closed, nonempty, and P # 0
2) a,beR, a, b>0, x, ye€ Pimplies ax+ by € P
(3) PN(—P)=6.

Definition 2.1. [9] Let X be a nonempty set. Suppose that the mapping d : X x X — E satisfies:
(1) 0 <d(x,y) forall x,y € X withx #yand d(x,y) =0 iff x=Yy;
(2) d(x,y) =d(y,x) forall x,y € X;
(3) d(x,y) <d(x,z)+d(z,y) forall x,y,z € X.

Then d is called a cone metric on X and (X ,d) is called a cone metric space.

Definition 2.2. [9] Let X be a nonempty set and s >1 be a given real number. A mapping
d: X x X — E is said to be cone b-metric iff, for all x,y,z € X, the following conditions are
satisfied:

(1) 0 <d(x,y) withx#yand d(x,y) =0 iffx=y;

(2) d(x,y) = d(y,x) ;

(3) d(x,y) <sld(x,z) +d(z,y)].

Then pair (X,d) is called a cone b-metric spaces.

Definition 2.3. [9] Ler (X,d) be a cone b-metric space, x € X and x,, be a sequence in X. Then

(1) x, converges to x whenever, for every ¢ € E with 0 < c, there is a natural number N
such that d(x,,x) < c for all n > N. We denote this by x,, — x as (n — oo).

(2) {xn} is a Cauchy sequence whenever, for every ¢ € E with 0 < ¢, there is a natural
number N such that d(x,,x,) <c for all n, m > N.

(3) (X,d) is a complete cone b-metric space if every Cauchy sequence in X is convergent.
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Definition 2.4. [8] Let X be a nonempty set and k > 1 a given real number. A function d :

X x X — R" is a b-metric iff for each x,y,z € X, following conditions are satisfied:

(1) d(x,y) =0iffx=y,
(2) d(x,y) = d(yx),
(3) d(x,z) < k[d(x,y) +d(y,2)]-
Then the pair (X,d) is called a b-metric space. It should be noted that the class of b-metric

spaces is effectively larger than that of metric spaces. Indeed, a b-metric is a metric iff k = 1.

Definition 2.5. [8] Let (X,d) be a b-metric space. Then a sequence {x,} in X is called:
(a) convergent if and only if there exists x € X such that d(x,,x) — 0, as n — oo. In this case,
we write lim;, .o X;; = X.

(b) Cauchy iff d(xp,xm) — 0, as n,m — o, where n,m > N € N.

Lemma 2.1. [8] Let (X, d) be a b-metric space with k > 1. Suppose that x, and y,
are b-convergent to x and y, respectively. Then, we have k—lzd (x,y) < lim,einfd(x,,y,) <
lim,, e supd(x,,y,) < k2d(x,y).

In particular, if x =y, then we have lim,_,d(x,,y,) = 0. Moreover for each z € X we have

2d(x,2) < limy e infd(x,,z) < limyesupd (xn,2) < kd(x,2).

Lemma 2.2. [8] Let (X, d) be a b-metric space. If there exist two sequences {x,} and {y, } such
that limy, e d(X,,yn) = 0, whenever {x,} is a sequence in X such that lim,_,.x, =t for some
t € X then lim, oy, =t.

In this section, we present common fixed point theorem for contractive mapping in the setting

of cone b-metric spaces:

3. MAIN RESULTS

Theorem 3.1. Let (X,d) be a complete cone b-metric space with the coefficient k > 1. Suppose
the mappings A,B,S,T : X — X satisfy the following conditions:

(1) AX CTX, BX C SX;

(2) The pair (A,T) and (B,S) are compatible;

(3) Sand T are continuous; for all x,y € X, k >1.
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(4) d(Ax,By) < k%max{d(Sx, Ty), d(Ax,Sx)—Oz—d(By,Ty) : d(Sx,By)—bz—d(Ax,Ty) }

Then S,T,A and B have a unique common fixed point in X.

Proof. Since (X,d) is a complete cone b-metric space with the coefficient k >1,

Suppose mapping A, B, S, T : X — X satisfy all above four conditions.

d(Ax,Sx)+d(By,Ty)

d(Ax,By) < imax{d(Sx, Ty), > ,

k4

d(Sx,By) +d(Ax,Ty)
2 g

Since AX C TX implies Axyg = Tx; = y1 (say), BX C SX implies Bx; = Sxp =y, (say)

3.D

szn = T.XZ,H_] = Yon+1 and BX2,H_1 = SXQ,H_z = Yon+2 forn = 0,1,2,....
putting x = x2,, y = yau+1 and let ;5 = B (say)

d(Axy, Sx24) +d(Bxops1, TX2p41)
2 )

d(Axop, Bxaui1) < B max{d(Sxon, Tx211),

d(Sx2p, Bxont1) +d(Axzy, Tx2p41)

5 }

d(y2n+17y2n) +d(y2n+27y2n+l)
2 )

d(yant1,Y2n+2) < B max{d(y2n,y2n+1),

d(y2nay2n+2) + d(y2n+1 =y2n+1) }
2

d(Y2n,Y2n+1) +d(Y2ns1,Y2042)
2 )

= B max{d(yan,y2n+1),

d(y2n7y2n+2) +O}
2

d(y2n,Y2n+1) +d(Yont1,Y2n+2)

= B max{d(yan,y2n+1):

2 )
d(Yon,Y2n+2) }
—  k
Case 1: If max{d(yon, y2ns1), d(yzmyznﬂ)+§1(y2n+17y2n+2) : d(y2m%’2n+2)} = d(yap, Yons1)s
then
(32) d(y2n+17y2n+2) S ﬁd(y2n7y2n+1)'
Case 2: If max{d(y2n, y2ns1), d(Y2n7yzn+1)+§(Y2n+17y2n+2) : d(angzn+2)} _ d(y2n7y2n+1)+§(nn+17y2n+2) ’
then

(vansYant1) +d(Yont1,Y2042) )

d
d(y2n+17y2n+2) < ﬁ{ 2
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or d(Yant1,Y2n+2) [1 — E] < Ed(yZn;yZn—H)

2 2
B
or d(Yant1,Ym+2) < 1 2 ﬁ]d(yZnaYZn-H)
)
B
(3.3) < k{d(y2n7y2n+1)}7 where k = 1 2 B-
)
d 1. n d n 9, n d 1. n d 1. n
Case 3: If max{d(y2n, y2n+1), (Y2n.y2 +1)+2 (Yont1.2 +2)7 (2 2Yz +2)} _ 4 ;2 12)
then
d(Yant1,Y2m42) < gd (y2nsYan+2)
< g{d(yZn:yZn-H) +d(yant1,Y2n+2) }
B B
or d(yant1,Y2n42) |1 — 5 < Ed(yZn;yZn—H)
B
or d(Yant1,Y2m+2) < 0 2 B]d(Yva)’Zn—l-l)
)
B
(34) < k{d(y2n7y2n+1)}, where k = 1 2 B-
2

Using equation (3.2), (3.3) and (3.4), we get d(yon+1,Yan+2) < kd(Yan,Y2n+1)
Since AX C TX implies that Axg = Tx; = y; (say) BX C SX implies that Bx; = Sx, = y; (say).

Axzp = TXx2pg1 = Yon+1 BXon1 = SX2p42 = You42 PUtting x = x2,42,y = X2441

d(Axon12,Bxan+1) < B max{d(Sxan+2, Tx2n+1),
d(Ax2n+27 Sx2n+2) + d(Bx2n+l ; Tx2n+1)
2

d(Sx2n12,Bxp11) +d(Axoni2, TX2n11) )
2

b

or d(yant3,Y2n+2) < B max{d(yani2,Y2n+1),
d(yan+3,Y2m+2) +d(Yant2,Y2041)
2

d ()’2n+2,Y2n+2) +d (y2n+37y2n+1) }
2

Y

< B max{d(yan+2,Y2n+1),
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d(Y2n43,Y2042) +d (Y2012, Y20 41)

2 b
d(Yant3,Y2n41)
2 }
Casel: If max{d(yos2,yon 1), {222 2d0omr i) d0onstyonss)} = (v, 1, y2041)s
then
(3.5) d(yant2,y2n+3) < B{d(y2n+1,Y2n+2) }-
Case2: If max{d(yn, yons1), d(Y2n7y2n+1)+2d(y2n+17y2n+2) : d(yzn-gzwz)} _ d(y2my2n+1)+2d(Y2n+17y2n+2)’
then
d(Yon+3,Y2n+2) +d (Y2042, Y2041
d(yant2,y2n+3) < B{ O2n 3, Y2n2) > Oan2, Yons )}
B B
or d(yant2,Y2n43) |1 — 5 < Ed()’anJan)
B
or d(y2n+27y2n+3) < [1 2 B]d(yZFH-]ayZYH-Z)
2
B
(3.6) <k{d(yon+1,Y2n42)}, where k = . 2 5
2

) d(y2n+3:Y2n12)+d (V2n42:Y2n+1) d(y2n+17y2n+3)} =d(
’ 2 ) 2 -

Case3: If max{d(yn+2,Y2n+1 Yon+1,Y2n+3)s

then
d(Yont2,y2m43) < g [d(y2ns1,Y2n42) +d(V2nt2,Y2043)]
B] _B
or d(yant2,ym+43) |1 — 5= Ed(y2n+1ay2n+2)
B
or d(Yan42,y2n43) < [1 2 ﬁ] d(Y2n+1,Y2n+42)
-
B
(3.7) < k{d(yans1,y2m12) }, where k= —2.
-5

Using equation (3.5), (3.6) and (3.7), we get

d(yan+2,Y2n+3) < kd(y2n+1,y2n+2). Hence {y,} is Cauchy sequence.

Since X is complete cone b-metric space, so there exists some y in X, such that,

(3.8) lim Axp, = lim Txp,11 = lim Bxp,1 = lim Sxp,42 =y (say).
n—oo n—oo n—oo n—oo



A NEW FIXED POINT THEOREM IN CONE B-METRIC SPACES 7

We will show that y is a common fixed point in A, T, B and S.

Since S is continuous. Therefore
(3.9) limp—so0S*X2p12 = Sy and lim SAxz, = Sy.
n—oo

Since pair (A, S) is compatible. Therefore lim,, o d(ASx2,,SAx2,) = 0. So,
lim,, 0o ASX2, = limy, 00 SAXp, and lim,,_c ASx2, = Sy.
Now, put Sx», = x and x>,4+1 =y in the inequality (3.1), we have
d(ASxzn, Bxoni1) < B{max{d(S*x2n, Tx2u 1),
d(ASXZm S2X2n) + d(BXZn-‘r 1, Tx2n+1 )
2 )
[d(SQXZn , Bxon+1 ) +d (ASXZna Txon+1 )]

5 }

(3.10)

Taking upper limit lim,,_,.., by Lemma 2.6

d(Sy,y)
k2

< k% {max lim sup{d (S*x2n, Tx2041),
limy,seo SUPd (ASX2y,8%X2,) 4 1itty, oo SUPd (BX2p 11, TX2p 1 1)
2 )
limy—seoSUpd (ASx2y,8%X2,,) 4 lity, oo SUpd (Bx2p 11, TX2p 1 1)
2

3.11)

k2
{max{k*d(Sy,y),0, S [d(Sy,y) +d(Sy, )}, which implies

)

<

PN

d(Sy,y) < £{d(Sy,y)} < d(sy,y), a contradiction. Therefore Sy = y, because 0 < ¢ < .
Similarly, Ay =y and finally Sy =7y = Ay = By =y. So, A, B, S and T have common fixed
point.

Uniqueness of fixed point:
Let A, B, S and T have another fixed point x(say). So,
d(x,y) = d(Ax, By)
d(Ax,Sx)+d(By,Ty)

< k%max{d(Sx, Ty),

2 Y
d(Sx, By) +d(Ax, Ty)
> }
max{d(x,y), d(X,X) ;_d(y’y) , d(x’y) —;d(xvy)}

4
k4
4

<
< gmax{d(x,y)}

=~
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x =y because 0 < g < 1. Fixed point is unique. This completes the proof.

We illustrate our theorem by the following example. U

Example: Let E =R?, p={(x,y) €E: (x,y) >0} CE. X=[0,1]andd : X x X — E,
such that d(x,y) = (a|x —y|?,|x —y|?), where & > 0 Then (X,d) is a cone b-metric space.
Now define A, B, S, T: X xX — Y such that, A(x) = ()'2, B(x) = (3)8, S(x) = (2)8, T(x) =
(3)°
here (i) AX C TX, BX C §X;

(ii) The pair (A,T) and (B, S) are compatible;

(iii) S and T are continuous;

(iv)d(Ax,By) = (ct|Ax — By|?,|Ax — By|)

= (0‘|(1)12 - (Z)8|27 |<4—1)12 - (Z)8|2)
= (G - IRIGHG - NP

X X X X

= (Yl = PIG =GP
= |(3)*d(sx.Ty)

< (rd(sxTy)

d(Ax,Sx)+d(By,Ty)
2 )

< () Pmax{d(55.1y)

d(Sx,By)+d(Ax,Ty)
2

}

d(Ax,Sx)+d(By,Ty)
2 Y

e
< 4—4max{d(Sx, Ty),

d(Sx,By)+d(Ax,Ty)
5 }
d(Ax,Sx)+d(By,Ty)
2 )

< (k%)max{d(Sx, Ty),

d(Sx,By) +d(Ax,Ty) )
2 )

where (%)4 < g < 1 for k = 4. We obseerve that x = 0 is the unique common fixed point of A,

B, S, T. This validates Theorem 3.1.
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