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1. INTRODUCTION

Examining the presence and uniqueness of fixed points of certain mappings in the setting of

metric spaces is one of the topics of interest in nonlinear functional analysis. The Banach con-

traction principle is the main achievement in this direction.Fixed point theory has applications

in various fields such as approximation theory, homotopy theory, integral, integro-differential

and impulsive differential equations. And several metric spaces have been studied in this regard.

The idea of S-metric space, generalization of G-metric space and D-metric space, was presented

by Sedghi et al.[1] in 2012 . A few fixed point theorems for a self-map on an S-metric space
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were demonstrated by them. They also demonstrated the S-metric space’s properties. A gener-

alization of the results was later established by Sedghi et al. (See.[2],[10],[11],[12],[13],[14])

in the case of generalized fixed point theorems in S-metric spaces.

Suzuki recently established extended versions of the basic results of Edelstein and Banach,

which sparked a lot of work in this field (See. [15],[16],[17],[18],[19]).

In the context of partially ordered metric spaces, Berinde and Borcut extended the concept of

a coupled fixed point to a tripled fixed point in 2011(See [3],[4]). Aydi et al., Borcut Karapnar

et al., Radenovi, and others provided some circular theorems pertaining to tripled fixed point

theorems under this space (See. [5],[6],[7],[8],[9]).

The purpose of this work is to show that given Two mappings that satisfy generalized con-

tractive conditions in S-metric space, there exists a unique common tripled fixed point, and

that these mappings need modification of the distance function. Additionally, applications to

integral equations is provided.

2. PRELIMINARIES

Definition 2.1. ([1])Let Q be a non-empty set, and S : Q×Q×Q → [0,∞) be a function

satisfiying these conditions.

(S1) S(ρ,ν ,σ)≥ 0 ;

(S2) S(ρ,ν ,σ) = 0 if and only if ρ = ν = σ ;

(S3) S(ρ,ν ,σ) ≤ S(ρ,ρ,ς) + S(ν ,ν ,ς) + S(σ ,σ ,ς) for all ρ,ν ,σ ,ς ∈ Q (rectangle in-

equality)

then S is metric on Q and pair (Q,S) is known as S-metric space.

Definition 2.2. ([1]) A S- metric space on (Q,S) is said to be symmetric if

S (ρ,ρ,ν) = S (ν ,ν ,ρ) for all ρ,ν ∈Q.

Definition 2.3. ([1]) Let (Q,S) is a S-metric space and a sequence {ρn} in Q is called:

(i) A sequence {νn} is said to be S-Cauchy sequence if for every ε > 0, there exists an

integer n0 ∈ Z+ such that S
(
νi,ν j,νk

)
< ε , for all i, j,k ≥ n0.

(ii) A sequence {νn} is said to be S-convergent to a point ν ∈Q if for each ε > 0, there is

an integer n0 ∈ Z+ such that S
(
νi,ν j,ν

)
< ε , for all i, j ≥ n0.
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(iii) If every S-Cauchy sequence in Q is S-convergent in Q then S-complete.

Definition 2.4. ([3]) Let Q be a nonempty set and let Γ : Q3→Q be a mapping. An element

(ρ,ν ,σ) is tripled fixed point of Γ if for ρ,ν ,σ ∈Q
Γ(ρ,ν ,σ)

Γ(ν ,σ ,ρ)

Γ(σ ,ρ,ν)

=


ρ

ν

σ


Definition 2.5. ([3]) Let Γ : Q3→Q and Λ : Q→Q be two mappings. An element (ρ,ν ,σ)

is said to be a tripled coincident point of Γ and Λ if
Γ(ρ,ν ,σ)

Γ(ν ,σ ,ρ)

Γ(σ ,ρ,ν)

=


Λρ

Λν

Λσ


Definition 2.6. ([3]) Let Γ : Q3→Q and Λ : Q→Q be two mappings. An element (ρ,ν ,σ)

is said to be a tripled common point of Γ and Λ if
Γ(ρ,ν ,σ)

Γ(ν ,σ ,ρ)

Γ(σ ,ρ,ν)

=


Λρ

Λν

Λσ

=


ρ

ν

σ


Definition 2.7. ([3]) Let (Q,S) be a S metric space. A pair (Γ,Λ) is called weakly compatible

if Λ(Γ(ρ,ρ,σ)) = Γ(Λρ,Λν ,Λσ) whenever for all ρ,ν ,σ ∈Q such that
Γ(ρ,ν ,σ)

Γ(ν ,σ ,ρ)

Γ(σ ,ρ,ν)

=


Λρ

Λν

Λσ


Theorem 2.8. ([19]) Let (Q;d) be a complete metric space, let Λ : Q→Q be a mapping and

define a nonincreasing function

Θ : [0;1)→ (1
2 ;1] by Θ(r) =


1, 0≤ r ≤

√
5−1
2

(1− r)r−2,
√

5−1
2 ≤ r ≤ 1√

2

(1+ r)−1, 1√
2
≤ r ≤ 1

If that there exists r ∈ [0;1) such that

Θ(r)d(ρ,Λρ)≤ d(ρ;ν) implies d(Λρ;Λν)≤ d(ρ;ν)
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for all ρ,ν ∈Q. Then there exists a unique fixed point a of Λ. Moreover, lim
n→∞

Λnρ = a for all

ρ ∈Q.

3. MAIN RESULTS

Theorem 3.1. Let (Q,S) be a S-metric space. Suppose that Γ : Q×Q×Q→Q and Λ : Q→

Q be two mappings.

Θ(r)S (Λξ ,Λζ ,Γ(ξ ,ζ ,ϖ))≤max


S (Λξ ,Λξ ,Λκ),S (Λζ ,Λζ ,Λς) ,

S (Λϖ ,Λϖ ,Λϑ) ,S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ)) ,

S (Λζ ,Λζ ,Γ(ζ ,ϖ ,ξ )) ,S (Λϖ ,Λϖ ,Γ(ϖ ,ξ ,ζ ))

 implies

S (Γ(ξ ,ζ ,ϖ),Γ(ξ ,ζ ,ϖ),Γ(κ,ς ,ϑ))≤ r max



S (Λξ ,Λξ ,Λκ),S (Λζ ,Λζ ,Λς) ,

S (Λϖ ,Λϖ ,Λϑ) ,S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ)) ,

S (Λζ ,Λζ ,Γ(ζ ,ϖ ,ξ )) ,S (Λϖ ,Λϖ ,Γ(ϖ ,ξ ,ζ ))

S (Λκ,Λκ,Γ(κ,ς ,ϑ),S (Λς ,Λς ,Γ(ς ,ϑ ,κ) ,

S (Λϑ ,Λϑ ,Γ(ϑ ,κ,ς) ,)S (Λκ,Λκ,Γ(ξ ,ζ ,ϖ)) ,

S (Λς ,Λς ,Γ(ζ ,ϖ ,ξ )) ,S (Λϑ ,Λϑ ,Γ(ϖ ,ξ ,ζ ))


.

(3.1)

for all ξ ,ζ ,ϖ ,κ,ς ,ϑ ∈Q, where r ∈ [0,1) and Θ : [0,1)→ (1
2 ,1] defined as Θ(r) = 1

2+r is

strictly decreasing function

a) Γ(Q3)⊆ Λ(Q) and Λ(Q) is complete,

b) pair (Γ,Λ) is ω-compatible.

Then Γ and Λ has unique common tripled fixed point in Q.

Proof. Let ξ ,ζ ,ϖ ∈ Q be an arbitrary, and from (a), we can construct the sequences

{ξn} ,{ζn}, {ϖn} in Q as Γ(ξn,ζn,ϖn) = Λξn+1, Γ(ζn,ϖn,ξn) = Λζn+1,

Γ(ϖn,ξn,ζn) = Λϖn+1, where n = 0,1,2,3, ...

case(i) Λξn 6= Λξn+1 or Λζn 6= Λζn+1 or Λϖn 6= Λϖn+1∀n

Θ(r)S (Λξ0,Λξ0,Γ(ξ0,ζ0,ϖ0)) = Θ(r)S (Λξ0,Λξ0,Λξ1)

≤ S (Λξ0,Λξ0,Λξ1)
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≤max


S (Λξ0,Λξ0,Λξ1),S (Λζ0,Λζ0,Λζ1) ,

S (Λϖ0,Λϖ0,Λϖ1) ,S (Λξ0,Λξ0,Γ(ξ0,ζ0,ϖ0)) ,

S (Λζ0,Λζ0,Γ(ζ0,ϖ0,ξ0)) ,S (Λϖ0,Λϖ0,Γ(ϖ0,ξ0,ζ0))

 .

Then from eqn 3.1 we get

S(Γ(ξ0,ζ0,ϖ0),Γ(ξ0,ζ0,ϖ0),Γ(ξ1,ζ1,ϖ1))

≤ r max



S (Λξ0,Λξ0,Λξ1),S (Λζ0,Λζ0,Λζ1) ,

S (Λϖ0,Λϖ0,Λϖ1) ,S (Λξ0,Λξ0,Γ(ξ0,ζ0,ϖ0)) ,

S (Λζ0,Λζ0,Γ(ζ0,ϖ0,ξ0)) ,S (Λϖ0,Λϖ0,Γ(ϖ0,ξ0,ζ0)) ,

S (Λξ1,Λξ1,Γ(ξ1,ζ1,ϖ1),S (Λζ1,Λζ1,Γ(ζ1,ϖ1,ξ1) ,

S (Λϖ1,Λϖ1,Γ(ϖ1,ξ1,ζ1) ,S (Λξ1,Λξ1,Γ(ξ0,ζ0,ϖ0)) ,

S (Λζ1,Λζ1,Γ(ζ0,ϖ0,ξ0)) ,S (Λϖ1,Λϖ1,Γ(ϖ0,ξ0,ζ0))



≤ r max



S (Λξ0,Λξ0,Λξ1) ,S (Λζ0,Λζ0,Λζ1) ,

S (Λϖ0,Λϖ0,Λϖ1) ,S (Λξ0,Λξ0,Λξ1) ,

S (Λζ0,Λζ0,Λζ1) ,S (Λϖ0,Λϖ0,Λϖ1) ,

S (Λξ1,Λξ1,Λξ2) ,S (Λζ1,Λζ1,Λζ2) ,

S (Λϖ1,Λϖ1,Λϖ2) ,S (Λξ1,Λξ1,Λξ1) ,

S (Λζ1,Λζ1,Λζ1) ,S (Λϖ1,Λϖ1,Λϖ1)



S (Λξ1,Λξ1,Λξ2)≤ r max


S (Λξ0,Λξ0,Λξ1) ,S (Λζ0,Λζ0,Λζ1) ,

S (Λϖ0,Λϖ0,Λϖ1) ,S (Λξ1,Λξ1,Λξ2) ,

S (Λζ1,Λζ1,Λζ2) ,S (Λϖ1,Λϖ1,Λϖ2)


(3.2)

similarly we can write

S (Λζ1,Λζ1,Λζ2) ≤ r max


S (Λξ0,Λξ0,Λξ1) ,S (Λζ0,Λζ0,Λζ1) ,

S (Λϖ0,Λϖ0,Λϖ1) ,S (Λξ1,Λξ1,Λξ2) ,

S (Λζ1,Λζ1,Λζ2) ,S (Λϖ1,Λϖ1,Λϖ2)


(3.3)
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and

S (Λϖ1,Λϖ1,Λϖ2) ≤ r max


S (Λξ0,Λξ0,Λξ1) ,S (Λζ0,Λζ0,Λζ1) ,

S (Λϖ0,Λϖ0,Λϖ1) ,S (Λξ1,Λξ1,Λξ2) ,

S (Λζ1,Λζ1,Λζ2) ,S (Λϖ1,Λϖ1,Λϖ2)

(3.4)

Then from eqn (3.2) to (3.4) we can write

max


S((Λξ1,Λξ1,Λξ2)),

S((Λζ1,Λζ1,Λζ2)),

S((Λϖ1,Λϖ1,Λϖ2))

 ≤ r max


S (Λξ0,Λξ0,Λξ1) ,S (Λζ0,Λζ0,Λζ1) ,

S (Λϖ0,Λϖ0,Λϖ1) ,S (Λξ1,Λξ1,Λξ2) ,

S (Λζ1,Λζ1,Λζ2) ,S (Λϖ1,Λϖ1,Λϖ2)


(3.5)

if max


S (Λξ0,Λξ0,Λξ1) ,

S (Λζ0,Λζ0,Λζ1) ,

S (Λϖ0,Λϖ0,Λϖ1)

≤max


S (Λξ1,Λξ1,Λξ2) ,

S (Λζ1,Λζ1,Λζ2) ,

S (Λϖ1,Λϖ1,Λϖ2)

 .

Then from Eqn (3.5), we have

max


S (Λξ1,Λξ1,Λξ2) ,

S (Λζ1,Λζ1,Λζ2) ,

S (Λϖ1,Λϖ1,Λϖ2)

≤ r max


S (Λξ1,Λξ1,Λξ2) ,

S (Λζ1,Λζ1,Λζ2) ,

S (Λϖ1,Λϖ1,Λϖ2)

 .

Which is contradiction to 1≤ r

and hence max


S (Λξ1,Λξ1,Λξ2) ,

S (Λζ1,Λζ1,Λζ2) ,

S (Λϖ1,Λϖ1,Λϖ2)

≤ r max


S (Λξ0,Λξ0,Λξ1) ,

S (Λζ0,Λζ0,Λζ1) ,

S (Λϖ0,Λϖ0,Λϖ1)

 .

In general we can write

max


S (Λξn,Λξn,Λξn+1) ,

S (Λζn,Λζn,Λζn+1) ,

S (Λϖ1,Λϖn,Λϖn+1)

 ≤ r max


S (Λξn−1,Λξn−1,Λξn) ,

S (Λζn−1,Λζn−1,Λζn) ,

S (Λϖn−1,Λϖn−1,Λϖn)


≤ r2 max


S (Λξn−2,Λξn−2,Λξn−1) ,

S (Λζn−2,Λζn−2,Λζn−1) ,

S (Λϖn−2,Λϖn−2,Λϖn−1)


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≤ r3 max


S (Λξn−3,Λξn−3,Λξn−2) ,

S (Λζn−3,Λζn−3,Λζn−2) ,

S (Λϖn−3,Λϖn−3,Λϖn−2)


...

max


S (Λξn,Λξn,Λξn+1) ,

S (Λζn,Λζn,Λζn+1) ,

S (Λϖ1,Λϖn,Λϖn+1)

 ≤ rn max


S (Λξ0,Λξ0,Λξ1) ,

S (Λζ0,Λζ0,Λζ1) ,

S (Λϖ0,Λϖ0,Λϖ1)


(3.6)

from eqn 3.6, S (Λξn,Λξn,Λξn+1)≤ rn max


S (Λξ0,Λξ0,Λξ1) ,

S (Λζ0,Λζ0,Λζ1) ,

S (Λϖ0,Λϖ0,Λϖ1)


S (Λζn,Λζn,Λζn+1)≤ rn max


S (Λξ0,Λξ0,Λξ1) ,

S (Λζ0,Λζ0,Λζ1) ,

S (Λϖ0,Λϖ0,Λϖ1)


S (Λϖn,Λϖn,Λϖn+1)≤ rn max


S (Λξ0,Λξ0,Λξ1) ,

S (Λζ0,Λζ0,Λζ1) ,

S (Λϖ0,Λϖ0,Λϖ1)


for m > n and by rectangle inequality

S (Λξn,Λξn,Λξm)≤ S (Λξn,Λξn,Λξn+1)+S (Λξn,Λξn,Λξn+1)+S (Λξm,Λξm,Λξn+1)

≤ 2S (Λξn,Λξn,Λξn+1)+S (Λξn+1,Λξn+1,Λξm)

≤ 2S (Λξn,Λξn,Λξn+1)+S (Λξn+1,Λξn+1,Λξn+2)+S (Λξn+1,Λξn+1,Λξn+2)+S (Λξm,Λξm,Λξn+2)

≤ 2S (Λξn,Λξn,Λξn+1)+2S (Λξn+1,Λξn+1,Λξn+2)+S (Λξn+2,Λξn+2,Λξm)

≤ 2(S (Λξn,Λξn,Λξn+1)+S (Λξn+1,Λξn+1,Λξn+2)+S (Λξn+2,Λξn+2,Λξn+3)

+ . . .+S (Λξm−1,Λξm−1,Λξm))≤ 2(rn + rn+1 + rn+2 + ........+ rm−1)max


S (Λξ0,Λξ0,Λξ1) ,

S (Λζ0,Λζ0,Λζ1) ,

S (Λϖ0,Λϖ0,Λϖ1)


≤ 2rn(1+ r+ r2 + ........+ rm−n−1)max


S (Λξ0,Λξ0,Λξ1) ,

S (Λζ0,Λζ0,Λζ1) ,

S (Λϖ0,Λϖ0,Λϖ1)


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≤ 2rn(1+ r+ r2 + ...........)max


S (Λξ0,Λξ0,Λξ1) ,

S (Λζ0,Λζ0,Λζ1) ,

S (Λϖ0,Λϖ0,Λϖ1)


S (Λξn,Λξn,Λξm)≤ 2 rn

1−r max


S (Λξ0,Λξ0,Λξ1) ,

S (Λζ0,Λζ0,Λζ1) ,

S (Λϖ0,Λϖ0,Λϖ1)

→ 0 as n→ ∞.

Hence {Λξn} is a Cauchy sequence in Λ(Q). Similarly we can prove that {Λζn} and {Λϖn}

are Cauchy sequences in Λ(Q). Since Λ(Q) is complete, there exists ı,æ,κ in Q and α,β ,γ in

Λ(Q) such that

lim
n→∞

Λξn = α = Λı lim
n→∞

Λζn = β = Λæ lim
n→∞

Λϖn = γ = Λκ

since Λξn→ α Λζn→ β Λϖn→ γ as n→ ∞

we may assume that for infinitely many n Λξn 6= α, Λζn 6= β , Λϖn 6= γ .

Now we claim that

max


S (Λı,Λı,Γ(ξ ,ζ ,ϖ)) ,

S (Λæ,Λæ,Γ(ζ ,ξ ,ϖ)) ,

S (Λκ,Λκ,Γ(ϖ ,ξ ,ζ ))

 ≤ r max


S (Λı,Λı,Λξ ) ,S (Λæ,Λæ,Λζ ) ,

S (Λκ,Λκ,Λϖ) ,S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ)) ,

S (Λζ ,Λζ ,Γ(ζ ,ξ ,ϖ)) ,S (Λϖ ,Λϖ ,Γ(ϖ ,ξ ,ζ ))


∀ξ ,ζ ,ϖ ∈ Q with Λı 6= Λξ ,Λæ 6= Λζ ,Λκ 6= Λϖ . Let ξ ,ζ ,ϖ ∈ Q with

Λı 6= Λξ ,Λæ 6= Λζ ,Λκ 6= Λϖ . Then there exists a possitive integer n0 ∈ N such that

S (Λı,Λæ,Λξn) ≤ 1
3S (Λı,Λı,Λξ ) ,S (Λæ,Λæ,Λζn) ≤ 1

3S (Λæ,Λæ,Λζ ) ,S (Λκ,Λκ,Λϖn) ≤
1
3S (Λκ,Λκ,Λϖ)

Θ(r)S (Λξn,Λξn,Γ(ξn,ζn,ϖn)) = Θ(r)S (Λξn,Λξn,Λξn+1)

≤ S (Λξn,Λξn,Λξn+1)

≤ S (Λξn,Λξn,Λı)+S (Λξn,Λξn,Λı)+S (Λξn+1,Λξn+1,Λı)

≤ 2S (Λξn,Λξn,Λı)+S (Λı,Λı,Λξn+1)

≤ 2S (Λξn,Λı,Λı)+S (Λı,Λı,Λξn+1)

≤ 2
3S (Λξ ,Λı,Λı)+ 1

3S (Λı,Λı,Λξ )

≤ S (Λξ ,Λı,Λı)−S (Λı,Λı,Λξn)

≤ S (Λξ ,Λξ ,Λξn)
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≤max


S (Λξ ,Λξ ,Λξn) ,S (Λζ ,Λζ ,Λζn) ,

S (Λϖ ,Λϖ ,Λϖn) ,S (Λξn,Λξn,Γ(ξn,ζn,ϖn)) ,

S (Λζn,Λζn,Γ(ζn,ϖn,ξn)) ,S (Λϖn,Λϖn,Γ(ϖn,ξn,ζn))

 .

Then

S(Γ(ξn,ζn,ϖn),Γ(ξn,ζn,ϖn),Γ(ξ ,ζ ,ϖ))

≤ r max



S (Λξn,Λξn,Λξ ) ,S (Λζn,Λζn,Λζ ) ,

S (Λϖn,Λϖn,Λϖ) ,S (Λξn,Λξn,Γ(ξ ,ζ ,ϖ)) ,

S (Λζn,Λζn,Γ(ζ ,ϖ ,ξ )) ,S (Λϖn,Λϖn,Γ(ϖ ,ξ ,ζ )) ,

S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ)) ,S (Λζ ,Λζ ,Γ(ζ ,ϖ ,ξ )) ,

S (Λϖ ,Λϖ ,Γ(ϖ ,ξ ,ζ ))S (Λξ ,Λξ ,Γ(ξn,ζn,ϖn)) ,

S (Λζ ,Λζ ,Γ(ζn,ϖn,ξn)) ,S (Λϖ ,Λϖ ,Γ(ϖn,ξn,ζn))


as n→ ∞ we have

S(Λı,Λı,Γ(ξ ,ζ ,ϖ)) ≤ r max


S (Λı,Λı,Λξ ) ,S (Λæ,Λæ,Λζ ) ,

S (Λκ,Λκ,Λϖ) ,S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ)) ,

S (Λζ ,Λζ ,Γ(ζ ,ϖ ,ξ )) ,S (Λϖ ,Λϖ ,Γ(ϖ ,ξ ,ζ ))

 .

Similarly we can prove that

S(Λæ,Λæ,Γ(ζ ,ϖ ,ξ )) ≤ r max


S (Λı,Λı,Λξ ) ,S (Λæ,Λæ,Λζ ) ,

S (Λκ,Λκ,Λϖ) ,S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ)) ,

S (Λζ ,Λζ ,Γ(ζ ,ϖ ,ξ )) ,S (Λϖ ,Λϖ ,Γ(ϖ ,ξ ,ζ ))

 .

and

S(Λκ,Λκ,Γ(ϖ ,ξ ,ζ )) ≤ r max


S (Λı,Λı,Λξ ) ,S (Λæ,Λæ,Λζ ) ,

S (Λκ,Λκ,Λϖ) ,S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ)) ,

S (Λζ ,Λζ ,Γ(ζ ,ϖ ,ξ )) ,S (Λϖ ,Λϖ ,Γ(ϖ ,ξ ,ζ ))

 .
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From above we conclude that

max


S (Λı,Λı,Γ(ξ ,ζ ,ϖ)) ,

S (Λæ,Λæ,Γ(ζ ,ξ ,ϖ)) ,

S (Λκ,Λκ,Γ(ϖ ,ξ ,ζ ))

 ≤ r max


S (Λı,Λı,Λξ ) ,S (Λæ,Λæ,Λζ ) ,

S (Λκ,Λκ,Λϖ) ,S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ)) ,

S (Λζ ,Λζ ,Γ(ζ ,ξ ,ϖ)) ,S (Λϖ ,Λϖ ,Γ(ϖ ,ξ ,ζ ))

 .

Hence the claim. Now consider,

S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ))≤ S (Λξ ,Λξ ,Λı)+S (Λξ ,Λξ ,Λı)+S (Γ(ξ ,ζ ,ϖ),Γ(ξ ,ζ ,ϖ),Λı)

≤ 2S (Λξ ,Λξ ,Λı)+S (Λı,Λı,Γ(ξ ,ζ ,ϖ))≤ 2S (Λξ ,Λξ ,Λı)+ r max



S (Λı,Λı,Λξ ) ,

S (Λæ,Λæ,Λζ ) ,

S (Λκ,Λκ,Λϖ) ,

S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ)) ,

S (Λζ ,Λζ ,Γ(ζ ,ξ ,ϖ)) ,

S (Λϖ ,Λϖ ,Γ(ϖ ,ξ ,ζ ))



≤ 2max



S (Λı,Λı,Λξ ) ,

S (Λæ,Λæ,Λζ ) ,

S (Λκ,Λκ,Λϖ) ,

S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ)) ,

S (Λζ ,Λζ ,Γ(ζ ,ξ ,ϖ)) ,

S (Λϖ ,Λϖ ,Γ(ϖ ,ξ ,ζ ))


+ r max



S (Λı,Λı,Λξ ) ,

S (Λæ,Λæ,Λζ ) ,

S (Λκ,Λκ,Λϖ) ,

S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ)) ,

S (Λζ ,Λζ ,Γ(ζ ,ξ ,ϖ)) ,

S (Λϖ ,Λϖ ,Γ(ϖ ,ξ ,ζ ))


.

= (2+ r)max



S (Λı,Λı,Λξ ) ,

S (Λæ,Λæ,Λζ ) ,

S (Λκ,Λκ,Λϖ) ,

S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ)) ,

S (Λζ ,Λζ ,Γ(ζ ,ξ ,ϖ)) ,

S (Λϖ ,Λϖ ,Γ(ϖ ,ξ ,ζ ))


.
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Thus,

1
2+ r

S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ))≤max


S (Λı,Λı,Λξ ) ,S (Λæ,Λæ,Λζ ) ,

S (Λκ,Λκ,Λϖ) ,S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ)) ,

S (Λζ ,Λζ ,Γ(ζ ,ξ ,ϖ)) ,S (Λϖ ,Λϖ ,Γ(ϖ ,ξ ,ζ ))

 .

=⇒ Θ(r)S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ))≤max


S (Λı,Λı,Λξ ) ,S (Λæ,Λæ,Λζ ) ,

S (Λκ,Λκ,Λϖ) ,S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ)) ,

S (Λζ ,Λζ ,Γ(ζ ,ξ ,ϖ)) ,S (Λϖ ,Λϖ ,Γ(ϖ ,ξ ,ζ ))

 .

Then from eqn 3.1

S (Γ(ı,æ,κ),Γ(ı,æ,κ),Γ(ξ ,ζ ,ϖ)) ≤ r max



S (Λı,Λı,Λξ ) ,S (Λæ,Λæ,Λζ ) ,

S (Λκ,Λκ,Λϖ) ,S (ΛıΛı,Γ(ξ ,ζ ,ϖ)) ,

S (Λæ,Λæ,Γ(ζ ,ϖ ,ξ )) ,S (Λκ,Λκ,Γ(ϖ ,ξ ,ζ )) ,

S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ)) ,S (Λζ ,Λζ ,Γ(ζ ,ϖ ,ξ )) ,

S (Λϖ ,Λϖ ,Γ(ϖ ,ξ ,ζ )) ,S (Λξ ,Λξ ,Γ(ı,æ,κ)) ,

S (Λζ ,Λζ ,Γ(æ,κ, ı)) ,S (Λϖ ,Λϖ ,Γ(κ, ı,æ))


.

S (Γ(ı,æ,κ),Γ(ı,æ,κ),Γ(ξ ,ζ ,ϖ)) ≤ r max



S (Λı,Λı,Λξ ) ,

S (Λæ,Λæ,Λζ ) ,

S (Λκ,Λκ,Λϖ) ,

S (ΛıΛı,Γ(ξ ,ζ ,ϖ)) ,

S (Λæ,Λæ,Γ(ζ ,ϖ ,ξ )) ,

S (Λκ,Λκ,Γ(ϖ ,ξ ,ζ )) ,

S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ)) ,

S (Λζ ,Λζ ,Γ(ζ ,ϖ ,ξ )) ,

S (Λϖ ,Λϖ ,Γ(ϖ ,ξ ,ζ )) ,

S (Λξ ,Λξ ,Γ(ı,æ,κ)) ,

S (Λζ ,Λζ ,Γ(æ,κ, ı)) ,

S (Λϖ ,Λϖ ,Γ(κ, ı,æ))



.

Now

S (Λı,Λı,Γ(ı,æ,κ)) = limn→∞S (Λξn+1,Λξn+1,Γ(ı,æ,κ))

= limn→∞S (Γ(ξn,ζn,ϖn) ,Γ(ξn,ζn,ϖn) ,Γ(ı,æ,κ))
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= limn→∞r max



S (Λξn,Λξn,Λı) ,

S (Λζn,Λζn,Λæ) ,

S (Λϖn,Λϖn,Λκ) ,

S (Λξn,Λξn,Γ(ı,æ,κ)) ,

S (Λζn,Λζn,Γ(æ,κ, ı)) ,

S (Λϖn,Λϖn,Γ(κ, ı,æ)) ,

S (Λı,Λı,Γ(ı,æ,κ)) ,

S (Λæ,Λæ,Γ(æ,κ, ı)) ,

S (Λκ,Λκ,Γ(κ, ı,æ)) ,

S (Λı,Λı,Γ(ξn,ζn,ϖn)) ,

S (Λæ,Λæ,Γ(ζn,ϖn,ξn)) ,

S (Λκ,Λκ,Γ(ϖn,ξn,ζn))



.

≤ r max


S (Λı,Λı,Γ(ı,æ,κ)) ,

S (Λæ,Λæ,Γ(æ,κ, ı)) ,

S (Λκ,Λκ,Γ(κ, ı,æ))

 .

Similarly we can prove that

S (Λæ,Λæ,Γ(æ,κ, ı)) ≤ r max


S (Λæ,Λæ,Γ(ı,æ,κ)) ,

S (Λæ,Λæ,Γ(æ,κ, ı)) ,

S (Λκ,Λκ,Γ(κ, ı,æ))

 .

and

S (Λκ,Λκ,Γ(κ, ı,æ)) ≤ r max


S (Λæ,Λæ,Γ(ı,æ,κ)) ,

S (Λæ,Λæ,Γ(æ,κ, ı)) ,

S (Λκ,Λκ,Γ(κ, ı,æ))

 .

Thus,

max


S (Λı,Λı,Γ(ı,æ,κ)) ,

S (Λæ,Λæ,Γ(æ,κ, ı)) ,

S (Λκ,Λκ,Γ(κ, ı,æ))

 ≤ r max


S (Λı,Λı,Γ(ı,æ,κ)) ,

S (Λæ,Λæ,Γ(æ,κ, ı)) ,

S (Λκ,Λκ,Γ(κ, ı,æ))

 .
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Which holds when Γ(ı,æ,κ) = Λı,Γ(æ,κ, ı) = Λæ and Γ(κ, ı,æ) = Λκ therefore (ı,æ,κ)

tripled coincidence point of Γ and Λ. Since the pair (Γ,Λ) is weakly compatible.

Λα = Λ
2ı = Λ(Γ(ı,æ,κ)) = Γ(Λı,Λæ,Λκ) = Γ(α,β ,γ)

Λβ = Λ
2æ = Λ(Γ(æ,κ, ı)) = Γ(Λæ,Λκ,Λı) = Γ(β ,γ,α)

Λγ = Λ
2
κ = Λ(Γ(κ, ı,æ)) = Γ(Λκ,Λı,Λæ) = Γ(γ,α,β )

now

Θ(r)S (Λα,Λα,Γ(α,β ,γ)) ≤ S (Λα,Λα,Γ(α,β ,γ))

= 0 ≤ max



S (Λı,Λı,Λα) ,

S (Λæ,Λæ,Λβ ) ,

S (Λκ,Λκ,Λγ) ,

S (Λα,Λα,Γ(α,β ,γ)) ,

S (Λβ ,Λβ ,Γ(β ,γ,α)) ,

S (Λγ,Λγ,Γ(γ,α,β ))


.

Then from eqn 3.1,

S (Γ(α,β ,γ) ,Γ(α,β ,γ) ,Γ(ı,æ,κ)) = S (Λα,Λα,Λı)

≤ r max



S (Λα,Λα,Λı) ,

S (Λβ ,Λβ ,Λæ) ,

S (Λγ,Λγ,Λκ) ,

S (Λα,Λα,Γ(α,β ,γ)) ,

S (Λβ ,Λβ ,Γ(β ,γ,α)) ,

S (Λγ,Λγ,Γ(γ,α,β ))

S (Λı,Λı,Γ(ı,æ,κ)) ,

S (Λæ,Λæ,Γ(æ,κ, ı)) ,

S (Λκ,Λκ,Γ(κ, ı,æ))

S (Λı,Λı,Γ(α,β ,γ)) ,

S (Λæ,Λæ,Γ(β ,γ,α)) ,

S (Λκ,Λκ,Γ(γ,α,β ))



.
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S (Λα,Λα,Λı) ≤ r max


S (Λα,Λα,Λı) ,

S (Λβ ,Λβ ,Λæ) ,

S (Λγ,Λγ,Λκ)

 .

Similarly we can prove that

S (Λβ ,Λβ ,Λæ) ≤ r max


S (Λα,Λα,Λı) ,

S (Λβ ,Λβ ,Λæ) ,

S (Λγ,Λγ,Λκ)


and

S (Λγ,Λγ,Λκ) ≤ r max


S (Λα,Λα,Λı) ,

S (Λβ ,Λβ ,Λæ) ,

S (Λγ,Λγ,Λκ)

 .

From above we conclude that
S (Λα,Λα,Λı) ,

S (Λβ ,Λβ ,Λæ) ,

S (Λγ,Λγ,Λκ)

 ≤ r max


S (Λα,Λα,Λı) ,

S (Λβ ,Λβ ,Λæ) ,

S (Λγ,Λγ,Λκ)

 .

Which holds when Λı = Λα,Λæ = Λβ ,Λκ = Λγ Then from above, we will write

α = Λα = Γ(α,β ,γ),β = Λβ = Γ(β ,γ,α),γ = Λγ = Γ(γ,α,β )

∴ (α,β ,γ) is a tripled fixed point of Γ and Λ. Now we will uniqueness of tripled fixed point. If

possible (α ′,β ′,γ ′) is another tripled fixed point of Γ and Λ. Then

Θ(r)S (Λα,Λα,Γ(α,β ,γ)) ≤ S (Λα,Λα,Γ(α,β ,γ))

= 0 ≤max



S (Λα,Λı,Λα ′) ,

S (Λβ ,Λβ ,Λβ ′) ,

S (Λγ,Λγ,Λγ ′) ,

S (Λα,Λα,Γ(α,β ,γ)) ,

S (Λβ ,Λβ ,Γ(β ,γ,α)) ,

S (Λγ,Λγ,Γ(γ,α,β ))


.
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Then from eqn 3.1

S(Γ(α,β ,γ) ,Γ(α,β ,γ) ,Γ(α ′,β ′,γ ′)) = S (α,α,α ′)

≤ r max



S (Λα,Λα,Λα ′) ,S (Λβ ,Λβ ,Λβ ′) ,S (Λγ,Λγ,Λγ ′) ,

S (Λα,Λα,Γ(α,β ,γ)) ,S (Λβ ,Λβ ,Γ(β ,γ,α)) ,S (Λγ,Λγ,Γ(γ,α,β ))

S (Λα ′,Λα ′,Γ(α,β ,γ)) ,S (Λβ ′,Λβ ′,Γ(β ,γ,α)) ,S (Λγ ′,Λγ ′,Γ(γ,α,β ))

S (Λα ′,Λα ′,Γ(α ′,β ′,γ ′)) ,S (Λβ ′,Λβ ′,Γ(β ′,γ ′,α ′)) ,S (Λγ ′,Λγ ′,Γ(γ ′,α ′,β ′))


S (α,α,α ′)≤ r max


S (α,α,α ′) ,

S (β ,β ,β ′) ,

S (γ,γ,γ ′)


Similarly we can write,

S
(
β ,β ,β ′

)
≤ r max


S (α,α,α ′) ,

S (β ,β ,β ′) ,

S (γ,γ,γ ′)


and

S
(
γ,γ,γ ′

)
≤ r max


S (α,α,α ′) ,

S (β ,β ,β ′) ,

S (γ,γ,γ ′)

 .

From above equations we can write
S (α,α,α ′) ,

S (β ,β ,β ′) ,

S (γ,γ,γ ′)

 ≤ r max


S (α,α,α ′) ,

S (β ,β ,β ′) ,

S (γ,γ,γ ′)


which holds for α = α ′,β = β ′,γ = γ ′

∴ (α,β ,γ) is unique common tripled fixed point of Γ and Λ.

case(ii): If Λξn = Λξn+1,Λζn = Λζn+1,Λϖn = Λϖn+1 for some n then

Λξn = Γ(ξn,ζn,ϖn), Λζn = Γ(ζn,ϖn,ξn) , Λϖn = Γ(ϖn,ξn,ζn) so that (ξn,ζn,ϖn) is a tripled

coincidence point of Γ and Λ . Now proceeding as in case (i) with Λξn = α , Λζn = β , Λϖn = γ

we can show that (α,β ,γ) is the unique common tripled fixed point of Γ and Λ. �

Example 3.2. Let Q = [0,∞) and Λ(ξ ,ζ ,ϖ) = |ζ +ϖ −2ξ |+ |ζ −ϖ | on (Q,S) is a complete

S-metric spaces. Let Γ : Q3→Q and Λ : Q→Q be defined by Γ(ξ ,ζ ,ϖ) = sin(ξ+ζ+ϖ

16 ) and
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Λ(ξ ) = 10ξ .Then obviously, Γ(Q3)⊆ Λ(Q) and the pair(Γ,Λ) is ω-compatible.

And for ξ ,ζ ,ϖ ∈Q

2
3

S (Λı,Λæ,Γ(ı,æ,κ))≤ S (Λı,Λæ,Γ(ı,æ,κ)) ≤ max



S (Λı,Λı,Λξ ) ,

S (Λæ,Λæ,Λζ ) ,

S (Λκ,Λκ,Λϖ) ,

S (Λı,Λı,Γ(ı,æ,κ)) ,

S (Λæ,Λæ,Γ(æ,κ, ı)) ,

S (Λκ,Λκ,Γ(κ, ı,æ))


.

Now,

S (Γ(ı,æ,κ) ,Γ(ı,æ,κ) ,Γ(ξ ,ζ ,ϖ))

≤ |Γ(ı,æ,κ)−Γ(ξ ,ζ ,ϖ) |

≤ |sin(
ı+æ+κ

16
)− sin(

ξ +ζ +ϖ

16
)|

≤ 4|cos(
ı+æ+κ +ξ +ζ +ϖ

16
)sin(

ı+æ+κ−ξ −ζ −ϖ

16
)|

≤ 1
8
|ı+æ+κ−ξ −ζ −ϖ |

≤ 1
16
|10ξ − sin(

ı+æ+κ

16
)|

≤ 1
16

S (Λξ ,Λξ ,Γ(ı,æ,κ))

≤ 1
16

max



S (Λı,Λı,Λξ ) ,S (Λæ,Λæ,Λζ ) ,

S (Λκ,Λκ,Λϖ) ,S (Λı,Λı,Γ(ı,æ,κ)) ,

S (Λæ,Λæ,Γ(æ,κ, ı)) ,S (Λκ,Λκ,Γ(κ, ı,æ))

S (Λξ ,Λξ ,Γ(ı,æ,κ)) ,S (Λζ ,Λζ ,Γ(æ,κ, ı)) ,

S (Λϖ ,Λϖ ,Γ(κ, ı,æ))S (Λξ ,Λξ ,Γ(ξ ,ζ ,ϖ)) ,

S (Λζ ,Λζ ,Γ(ζ ,ϖ ,ξ )) ,S (Λϖ ,Λϖ ,Γ(ϖ ,ξ ,ζ ))


.

Hence from main result (0,0,0) is the tripled fixed point of Γ and Λ.
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Corollary 3.3. Let (Q,S) be a complete S-metric space. Suppose that

Γ : Q3→Q be a mapping satisfying:

Θ(r)S (ξ ,ξ ,Γ(ξ ,ζ ,ϖ))≤max


S (ξ ,ξ ,σ) ,S (ζ ,ζ ,ρ) ,

S (ϖ ,ϖ ,ρ) ,S (ξ ,ξ ,Γ(ξ ,ζ ,ϖ)) ,

S (ζ ,ζ ,Γ(ζ ,ϖ ,ξ ))S (ϖ ,ϖ ,Γ(ϖ ,ξ ,ζ ))

 implies

S (Γ(ξ ,ζ ,ϖ),Γ(ξ ,ζ ,ϖ),Γ(σ ,ρ,ρ))≤ r max



S (ξ ,ξ ,σ) ,S (ζ ,ζ ,ρ) ,

S (ϖ ,ϖ ,ρ) ,S (ξ ,ξ ,Γ(ξ ,ζ ,ϖ)) ,

S (ζ ,ζ ,Γ(ζ ,ϖ ,ξ )) ,S (ϖ ,ϖ ,Γ(ϖ ,ξ ,ζ )) ,

S (σ ,σ ,Γ(σ ,ρ,ρ)) ,S (ρ,ρ,Γ(ρ,ρ,σ)) ,

S (ρ,ρ,Γ(ρ,σ ,ρ)) ,S (σ ,σ ,Γ(ξ ,ζ ,ϖ)) ,

S (ρ,ρ,Γ(ζ ,ϖ ,ξ )) ,S (ρ,ρ,Γ(ϖ ,ξ ,ζ ))


.

for all ξ ,ζ ,ϖ ,σ ,ρ,ρ ∈Q, where r ∈ [0,1) and Θ : [0,1)→ [1
2 ,1) defined as

Θ(r) = 1
2+r is a strictly decreasing function. Then there is a unique tripled fixed point of Γ in

Q.

4. INTEGRAL EQUATIONS: APPLICATON

Here we will discuss, as an application to Corollary 3.3, existence of an unique solution to an

initial value problem.

Theorem 4.1. Consider the initial value problem

ξ ′(t) = Γ(t,(ξ ,ζ ,ϖ)(t)), t ∈ I = [0,1], (ξ ,ζ ,ϖ)(0) = (ξ0,ζ0,ϖ0)—-(4.1)

where Γ : I×R×R→ R with
t∫

0
Γ(s,ξ (s),ζ (s),ϖ(s))ds = max



t∫
0

Γ(s,ξ (s))ds,

t∫
0

Γ(s,ζ (s))ds,

t∫
0

Γ(s,ϖ(s))ds


and ξ0,ζ0,ϖ0 ∈ R.

Then there exists unique solution in C (I,R) for the initial value problem (4.1).
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Proof. The integral equation corresponding to initial value problem (??) is ξ (t) = ξ0 +

2
t∫

0
Γ(s,(ξ ,ζ ,ϖ)(s))ds. Let Q =C (I,R) and S (ξ ,ζ ,ϖ) = |ξ −ϖ |+ |ζ −ϖ |, for all ξ ,ζ ,ϖ ∈

Q and define⊕ : Q×Q×Q→Q by⊕(ξ ,ζ ,ϖ)(t) = ξ0
2 +

t∫
0

Γ(s,(ξ ,ζ ,ϖ)(s))ds. Clearly for

all ξ ,ζ ,ϖ ∈Q, we have

2
3

S (ξ ,ξ ,Γ(ξ ,ζ ,ϖ))≤max

 (ξ ,ξ ,α) ,S (ζ ,ζ ,β ) ,S (ϖ ,ϖ ,γ)

S (ξ ,ξ ,Γ(ξ ,ζ ,ϖ)) ,S (ζ ,ζ ,Γ(ζ ,ϖ ,ξ )) ,S (ϖ ,ϖ ,Γ(ϖ ,ξ ,ζ ))

 .

Now, S (⊕(ξ ,ζ ,ϖ)(t),⊕(ξ ,ζ ,ϖ)(t),⊕(α,β ,γ)(t))= 2|(⊕(ξ ,ζ ,ϖ)(t)−⊕(α,β ,γ)(t))|

= 2|ξ0
2 +

t∫
0

Γ(s,(ξ ,ζ ,ϖ)(s))− α0
2 −

t∫
0

Γ(s,(α,β ,γ)(s))|

= |ξ (t)−α(t)|= 1
2S (ξ ,ξ ,α)

≤ 1
2 max



S (ξ ,ξ ,α) ,S (ζ ,ζ ,β ) ,S (ϖ ,ϖ ,γ)

S (ξ ,ξ ,Γ(ξ ,ζ ,ϖ)) ,S (ζ ,ζ ,Γ(ζ ,ϖ ,ξ )) ,S (ϖ ,ϖ ,Γ(ϖ ,ξ ,ζ )) ,

S (α,α,Γ(ξ ,ζ ,ϖ)) ,S (β ,β ,Γ(ζ ,ϖ ,ξ )) ,S (γ,γ,Γ(ϖ ,ξ ,ζ )) ,

S (α,α,Γ(α,β ,γ)) ,S (β ,β ,Γ(β ,γ,α)) ,S (γ,γ,Γ(γ,α,β ))


.

Then from Corollary we can conclude that ⊕ has unique fixed point in Q.

�

5. APPLICATION TO HOMOTOPY

Now we discuss the existence of unique solution to homotopy theory.

Theorem 5.1. Assume that (Q,S) be a complete S-metric space, ℑ and ℑ be an open and closed

subset of Q such that ℑ⊆ ℑ. Suppose Hz : ℑ
3× [0,1]→Q be an operator satisfies.

τ0) ξ 6= Hz(ξ ,ζ ,ϖ ,κ), ζ 6= Hz(ζ ,ϖ ,ξ ,κ),ϖ 6= Hz(ϖ ,ξ ,ζ ,κ) for each ξ ,ζ ,ϖ ∈ ∂ℑ and

κ ∈ [0,1] (Here ∂ℑ is boundary of ℑ in Q);

τ1) for all ξ ,ζ ,ϖ ,σ ,ρ,ρ ∈ ℑ and κ ∈ [0,1] such that

Θ(r)S (ξ ,ξ ,Hz(ξ ,ζ ,ϖ ,κ))≤max



S (ξ ,ξ ,σ) ,S (ζ ,ζ ,ρ) ,S (ϖ ,ϖ ,ρ)

S (ξ ,ξ ,Hz(ξ ,ζ ,ϖ ,κ)) ,

S (ζ ,ζ ,Hz(ζ ,ϖ ,ξ ,κ)) ,

S (ϖ ,ϖ ,Hz(ϖ ,ξ ,ζ ,κ))


implies
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S
(

Hz(ξ ,ζ ,ϖ ,κ),Hz(λ ,ζ ,κ),Hz(σ ,ρ,ρ,κ)
)
≤ r max



S (ξ ,ξ ,σ) ,S (ζ ,ζ ,ρ) ,S (ϖ ,ϖ ,ρ)

S (ξ ,ξ ,Hz(ξ ,ζ ,ϖ ,κ)) ,

S (ζ ,ζ ,Hz(ζ ,ϖ ,ξ ,κ)) ,

S (ϖ ,ϖ ,Hz(ϖ ,ξ ,ζ ,κ)) ,

S (σ ,σ ,Hz(σ ,ρ,ρ,κ)) ,

S (ρ,ρ,Hz(ρ,ρ,σ ,κ)) ,

S (ρ,ρ,Hz(ρ,σ ,ρ,κ)) ,

S (σ ,σ ,Hz(ξ ,ζ ,ϖ ,κ)) ,

S (ρ,ρ,Hz(ζ ,ϖ ,ξ ,κ)) ,

S (ρ,ρ,Hz(ϖ ,ξ ,ζ ,κ))


where r ∈ [0,1) and Θ : [0,1)→ [1

2 ,1) defined as Θ(r) = 1
2+r is a strictly decreasing function.

τ2) ∃M ≥ 0 3 S(Hz(ξ ,ζ ,ϖ ,κ),Hz(ξ ,ζ ,ϖ ,κ),Hz(ξ ,ζ ,ϖ ,ν)≤M|κ−ν |

for every ξ ,ζ ,ϖ ∈ ℑ and κ,ν ∈ [0,1].

Then Hz(.,0) has a tripled fixed point ⇐⇒ Hz(.,1) has a tripled fixed point.

Proof. Let the set

A =
{

κ ∈ [0,1] : Hz(ξ ,ζ ,ϖ ,κ) = ξ ,Hz(ζ ,ϖ ,ξ ,κ) = ζ ,Hz(ϖ ,ξ ,ζ ,κ) for some ξ ,ζ ,ϖ ∈ ℑ

}
.

Let Hz(.,0) has a tripled fixed point in ℑ3 then we have (0,0,0)∈A 3. So that A is non-empty

set. Now we can show that A is both closed and open in [0,1] and hence by the connectedness

A = [0,1]. As a result, Hz(.,1) has a tripled fixed point in ℑ3. First we show that A closed

in [0,1]. To see this, Let {κs}∞

s=1 ⊆ A with κs → κ ∈ [0,1] as s→ ∞. We must show that

κ ∈A . Since κs ∈A for s = 0,1,2,3, · · · , there exists sequences {ξs} ,{ζs} ,{ϖs} with ξs+1 =

Hz(ξs,ζs,ϖs,κs), ζs+1 = Hz(ζs,ϖs,ξs,κs),ϖs+1 = Hz(ϖs,ξs,ζs,κs).

Consider

S(ξs,ξs,ξs+1) = S (Hz(ξs,ζs,ϖs,κs),Hz(ξs,ζs,ϖs,κs),Hz(ξs+1,ζs+1,ϖs+1,κs+1))

≤ S (Hz(ξs,ζs,ϖs,κs),Hz(ξs,ζs,ϖs,κs),Hz(ξs+1,ζs+1,ϖs+1,κs))+

S (Hz(ξs,ζs,ϖs,κs),Hz(ξs,ζs,ϖs,κs),Hz(ξs+1,ζs+1,ϖs+1,κs))+

S (Hz(ξs+1,ζs+1,ϖs+1,κs+1),Hz(ξs+1,ζs+1,ϖs+1,κs+1),Hz(ξs+1,ζs+1,ϖs+1,κs))

≤ 2S (Hz(ξs,ζs,ϖs,κs),Hz(ξs,ζs,ϖs,κs),Hz(ξs+1,ζs+1,ϖs+1,κs))+M|κs+1−κs|
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lim
s→∞

S (ξs,ξs,ξs+1)≤ 2S (Hz(ξs,ζs,ϖs,κ),Hz(ξs,ζs,ϖs,κ),Hz(ξs+1,ζs+1,ϖs+1,κ))

since

Θ(r)S (ξs,ξs,Hz(ξs,ζs,ϖs,κ))≤max



S (ξs,ξs,ξs+1) ,

S (ξs,ξs,ξs+1) ,

S (ξs,ξs,ξs+1) ,

S (ξs,ξs,Hz(ξs,ζs,ϖs,κ)) ,

S (ζs,ζs,Hz(ζs,ϖs,ξs,κ)) ,

S (ϖs,ϖs,Hz(ϖs,ξs,ζs,κ))


.

Then from τ1)

lim
s→∞

S (ξs,ξs,ξs+1)≤ lim
s→∞

S (Hz(ξs,ζs,ϖs,κs),Hz(ξs,ζs,ϖs,κs),Hz(ξs+1,ζs+1,ϖs+1,κs))

≤ lim
s→∞

r max



S (ξs,ξs,ξs+1) ,

S (ζs,ζs,ζs+1) ,

S (ϖs,ϖs,ϖs+1) ,

S (ξs,ξs,Hz(ξs,ζs,ϖs,κs)) ,

S (ζs,ζs,Hz(ζs,ϖs,ξs,κs)) ,

S (ϖs,ϖs,Hz(ϖs,ξs,ζs,κs)) ,

S (ξs+1,ξs+1,Hz(ξs+1,ζs+1,ϖs+1,κs)) ,

S (ζs+1,ζs+1,Hz(ζs+1,ϖs+1,ξs+1,κs)) ,

S (ϖs+1,ϖs+1,Hz(ϖs+1,ξs+1,ζs+1,κs)) ,

S (ξs+1,ξs+1,Hz(ξs,ζs,ϖs,κs)) ,

S (ζs+1,ζs+1,Hz(ζs,ϖs,ξs,κs)) ,

S (ϖs+1,ϖs+1,Hz(ϖs,ξs,ζs,κs))


≤ lim

s→∞
r max


S (ξs,ξs,ξs+1) ,

S (ζs,ζs,ζs+1) ,

S (ϖs,ϖs,ϖs+1)


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∴ lim
s→∞

max


S (ξs,ξs,ξs+1) ,

S (ζs,ζs,ζs+1) ,

S (ϖs,ϖs,ϖs+1)

≤ lim
s→∞

r max


S (ξs,ξs,ξs+1) ,

S (ζs,ζs,ζs+1) ,

S (ϖs,ϖs,ϖs+1)

 .

It follows that lims→∞ S (ξs,ξs,ξs+1) = 0, lims→∞ S (ζs,ζs,ζs+1) = 0, lims→∞ S (ϖs,ϖs,ϖs+1) =

0 Now we will show that {ξs} ,{ζs} ,{ϖs} are Cauchy sequences in (Q,S). Assume that

if possible {ξs} ,{ζs} ,{ϖs} are not Cauchy sequences in (Q,S). Then there exists ε > 0

and monotone increasing sequences of natural numbers {pk} and {qk} such that pk > qk,

S
(
ξpk ,ξpk ,ξqk

)
≥ ε , S

(
ζpk ,ζpk ,ζqk

)
≥ ε ,, S

(
ϖpk ,ϖpk ,ϖqk

)
≥ ε

and S
(
ξpk ,ξpk ,ξqk−1

)
< ε , S

(
ζpk ,ζpk ,ζqk−1

)
< ε ,, S

(
ϖpk ,ϖpk ,ϖqk−1

)
< ε .

By using the rectagular inequality

ε ≤ S
(
ξqk ,ξqk ,ξpk

)
≤ 2S

(
ξqk ,ξqk ,ξqk+1

)
+S
(
ξpk ,ξpk ,ξqk+1

)
as k→ ∞, ε ≤ limk→∞ S

(
ξqk+1 ,ξqk+1,ξpk

)
≤ limk→∞ S

(
Hz(ξqk+1,ζqk+1 ,ϖqk+1,κqk+1),Hz(ξqk+1,ζqk+1,ϖqk+1,κqk+1),Hz(ξpk ,ζpk ,ϖpk ,κpk)

)

≤ limk→∞ r max



S
(
ξqk+1,ξqk+1,ξpk

)
,

S
(
ζqk+1,ζqk+1,ζpk

)
,

S
(
ϖqk+1,ϖqk+1,ϖpk

)
,

S
(
ξqk+1,ξqk+1 ,Hz(ξqk+1,ζqk+1 ,ϖqk+1,κqk+1)

)
,

S
(
ζqk+1,ζqk+1 ,Hz(ζqk+1,ϖqk+1 ,ξqk+1,κqk+1)

)
,

S
(
ϖqk+1,ϖqk+1 ,Hz(ϖqk+1,ξqk+1 ,ζqk+1,κqk+1)

)
,

S (ξpk ,ξpk ,Hz(ξpk ,ζpk ,ϖpk ,κpk)) ,

S (ζpk ,ζpk ,Hz(ζpk ,ϖpk ,ξpk ,κpk)) ,

S (ϖpk ,ϖpk ,Hz(ϖpk ,ξpk ,ζpk ,κpk)) ,

S
(
ξpk ,ξpk ,Hz(ξqk+1,ζqk+1,ϖqk+1,κqk+1)

)
,

S
(
ζpk ,ζpk ,Hz(ζqk+1,ϖqk+1,ξqk+1,κqk+1)

)
,

S
(
ϖpk ,ϖpk ,Hz(ϖqk+1,ξqk+1,ζqk+1,κqk+1)

)


≤ limk→∞ r max


S
(
ξqk+1,ξqk+1,ξpk

)
,

S
(
ζqk+1,ζqk+1,ζpk

)
,

S
(
ϖqk+1,ϖqk+1,ϖpk

)

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as above we can conclude that

limk→∞ S
(
ξqk+1 ,ξqk+1,ξpk

)
= 0,S

(
ζqk+1,ζqk+1,ζpk

)
= 0,S

(
ϖqk+1,ϖqk+1,ϖpk

)
= 0 ∴ ε ≤ 0

which is a contradiction

∴ {ξs} ,{ζs} ,{ϖs} are Cauchy sequences in (Q,S). and by completeness of (Q,S) there exists

σ ,ρ,ρ ∈Q with lims→∞ ξs+1 = σ , lims→∞ ζs+1 = ρ, lims→∞ ϖs+1 = ρ since

Θ(r)S (σ ,ρ,ρ,Hz(σ ,ρ,ρ,κ))≤max



S(σ ,σ ,ξs),

S(ρ,ρ,ζs),

S(ρ,ρ,ϖs),

S(σ ,σ ,Hz(σ ,ρ,ρ,κ)),

S(ρ,ρ,Hz(ρ,ρ,σ ,κ)),

S(ρ,ρ,Hz(ρ,σ ,ρ,κ))


.

Then lims→∞ S (Hz(ξs,ζs,ϖs,κ),Hz(ξs,ζs,ϖs,κ),Hz(σ ,ρ,ρ,κ))

≤ lims→∞ r max



S(ξs,ξs,σ),

S(ζs,ζs,ρ),

S(ϖs,ϖs,ρ),

S(σ ,σ ,Hz(σ ,ρ,ρ,κ)),

S(ρ,ρ,Hz(ρ,ρ,σ ,κ)),

S(ρ,ρ,Hz(ρ,σ ,ρ,κ)),

S(ξs,ξs,Hz(ξs,ζs,ϖs,κ)),

S(ζs,ζs,Hz(ξs,ζs,ϖs,κ)),

S(ϖs,ϖs,Hz(ξs,ζs,ϖs,κ)),

S(ξs,ξs,Hz(σ ,ρ,ρ,κ)),

S(ζs,ζs,Hz(ρ,ρ,σ ,κ)),

S(ϖs,ϖs,Hz(ρ,σ ,ρ,κ))



≤ r max


S(σ ,σ ,Hz(σ ,ρ,ρ,κ)),

S(ρ,ρ,Hz(ρ,ρ,σ ,κ)),

S(ρ,ρ,Hz(ρ,σ ,ρ,κ))



∴max


S(σ ,σ ,Hz(σ ,ρ,ρ,κ)),

S(ρ,ρ,Hz(ρ,ρ,σ ,κ)),

S(ρ,ρ,Hz(ρ,σ ,ρ,κ))

≤ r max


S(σ ,σ ,Hz(σ ,ρ,ρ,κ)),

S(ρ,ρ,Hz(ρ,ρ,σ ,κ)),

S(ρ,ρ,Hz(ρ,σ ,ρ,κ))


It follows Hz(σ ,ρ,ρ,κ) = σ ,Hz(ρ,ρ,σ ,κ) = ρ,Hz(ρ,σ ,ρ,κ) = ρ .

∴ κ ∈ A , hence A is closed in [0,1]. Let κ0 ∈ A then there exists ξ0,ζ0,ϖ0 ∈ ℑ with
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ξ0 = Hz(ξ0,ζ0,ϖ0,κ0),ζ0 = Hz(ζ0,ϖ0,ξ0,κ0),ϖ0 = Hz(ϖ0,ξ0,ζ0,κ0). Since ℑ is open then

there exist r > 0 such that

BS(ξ0,r)⊆ ℑ. Choose κ ∈ (κ0− ε,κ0 + ε) such that |κ−κ0| ≤ 1
Mn <

ε

2 .

ξ ∈ BS(ξ0,r) = {ξ ∈A /S(ξ ,ξ ,ξ0)≤ r+S(ξ0,ξ0,ξ0)}. Also

Θ(r)S (ξ ,ξ ,Hz(ξ0,ζ0,ϖ0,κ))≤max



S(ξ ,ξ ,ξ0),

S(ζ ,ζ ,ζ0),

S(ϖ ,ϖ ,ϖ0),

S(ξ ,ξ ,Hz(ξ0,ζ0,ϖ0,κ)),

S(ζ ,ζ ,Hz(ζ0,ϖ0,ξ0,κ)),

S(ϖ ,ϖ ,Hz(ϖ0,ξ0,ζ0,κ))


Now S (Hz(ξ ,ζ ,ϖ ,κ),Hz(ξ ,ζ ,ϖ ,κ),ξ0)= S (Hz(ξ ,ζ ,ϖ ,κ),Hz(ξ ,ζ ,ϖ ,κ),Hz(ξ0,ζ0,ϖ0,κ0))

≤ S(Hz(ξ ,ζ ,ϖ ,κ),Hz(ξ ,ζ ,ϖ ,κ),Hz(ξ ,ζ ,ϖ ,κ0))+S(Hz(ξ ,ζ ,ϖ ,κ),Hz(ξ ,ζ ,ϖ ,κ),Hz(ξ ,ζ ,ϖ ,κ0))+

S(Hz(ξ0,ζ0,ϖ0,κ0),Hz(ξ0,ζ0,ϖ0,κ0),Hz(ξ ,ζ ,ϖ ,κ0))

≤ 2M|κ−κ0|+S(Hz(ξ ,ζ ,ϖ ,κ0),Hz(ξ ,ζ ,ϖ ,κ0),Hz(ξ0,ζ0,ϖ0,κ0))

≤ 2
Mn−1 +S(Hz(ξ ,ζ ,ϖ ,κ0),Hz(ξ ,ζ ,ϖ ,κ0),Hz(ξ0,ζ0,ϖ0,κ0))

as n ∈ ∞, we get

S (Hz(ξ ,ζ ,ϖ ,κ),Hz(ξ ,ζ ,ϖ ,κ),ξ0) = S (Hz(ξ ,ζ ,ϖ ,κ),Hz(ξ ,ζ ,ϖ ,κ),Hz(ξ0,ζ0,ϖ0,κ0))

≤ r max



S(ξ ,ξ ,ξ0),

S(ζ ,ζ ,ζ0),

S(ϖ ,ϖ ,ϖ0),

S(ξ ,ξ ,Hz(ξ0,ζ0,ϖ0,κ)),

S(ζ ,ζ ,Hz(ζ0,ϖ0,ξ0,κ)),

S(ϖ ,ϖ ,Hz(ϖ0,ξ0,ζ0,κ)),

S(ξ0,ξ0,Hz(ξ0,ζ0,ϖ0,κ)),

S(ζ0,ζ0,Hz(ζ0,ϖ0,ξ0,κ)),

S(ϖ0,ϖ0,Hz(ϖ0,ξ0,ζ0,κ)),

S(ξ0,ξ0,Hz(ξ ,ζ ,ϖ ,κ)),

S(ζ0,ζ0,Hz(ζ ,ϖ ,ξ ,κ)),

S(ϖ0,ϖ0,Hz(ϖ ,ξ ,ζ ,κ))


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≤ r max


S(ξ ,ξ ,ξ0),

S(ζ ,ζ ,ζ0),

S(ϖ ,ϖ ,ϖ0)


So,

max


S(ξ ,ξ ,ξ0),

S(ζ ,ζ ,ζ0),

S(ϖ ,ϖ ,ϖ0)

≤ r max


S(ξ ,ξ ,ξ0),

S(ζ ,ζ ,ζ0),

S(ϖ ,ϖ ,ϖ0)


≤max


r+S(ξ0,ξ0,ξ0),

r+S(ζ0,ζ0,ζ0),

r+S(ϖ0,ϖ0,ϖ0)

 .

As a result, for each fixed κ ∈ (κ0− ε,κ0 + ε), Hz(.,κ) : BS(ξ0,r)→ BS(ξ0,r),

Hz(.,κ) : BS(ζ0,r)→ BS(ζ0,r), Hz(.,κ) : BS(ϖ0,r)→ BS(ϖ0,r). Then all conditions of The-

orem 5.1 are satisfied. Thus we conclude that H(.,κ) has a tripled fixed point in ℑ
3
. But

this must be in ℑ3. Since (τ0) holds. Thus, κ ∈ A for any κ ∈ (κ0 − ε,κ0 + ε). Hence

(κ0− ε,κ0 + ε) ⊆ A . Clearly A is open in [0, 1]. For the reverse implication, we use the

same strategy. �

6. CONCLUSION

For two mappings, we made sure a common tripled fixed point existed and was unique via

generalized contractive condition in S-metric space. And applications have been provided.
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