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1. INTRODUCTION

Examining the presence and uniqueness of fixed points of certain mappings in the setting of
metric spaces is one of the topics of interest in nonlinear functional analysis. The Banach con-
traction principle is the main achievement in this direction.Fixed point theory has applications
in various fields such as approximation theory, homotopy theory, integral, integro-differential
and impulsive differential equations. And several metric spaces have been studied in this regard.
The idea of S-metric space, generalization of G-metric space and D-metric space, was presented
by Sedghi et al.[1] in 2012 . A few fixed point theorems for a self-map on an S-metric space

*Corresponding author
E-mail address: rajivan07 @ gmail.com

Received June 10, 2024



2 V. RAJITHA, G. UPENDER REDDY

were demonstrated by them. They also demonstrated the S-metric space’s properties. A gener-
alization of the results was later established by Sedghi et al. (See.[2],[10],[11],[12],[13],[14])
in the case of generalized fixed point theorems in S-metric spaces.

Suzuki recently established extended versions of the basic results of Edelstein and Banach,
which sparked a lot of work in this field (See. [15],[16],[17],[18],[19]).

In the context of partially ordered metric spaces, Berinde and Borcut extended the concept of
a coupled fixed point to a tripled fixed point in 2011(See [3],[4]). Aydi et al., Borcut Karapnar
et al., Radenovi, and others provided some circular theorems pertaining to tripled fixed point
theorems under this space (See. [5],[6],[7],[81,[9]).

The purpose of this work is to show that given Two mappings that satisfy generalized con-
tractive conditions in S-metric space, there exists a unique common tripled fixed point, and
that these mappings need modification of the distance function. Additionally, applications to

integral equations is provided.

2. PRELIMINARIES

Definition 2.1. ([1])Let 2 be a non-empty set, and S : 2 X 2 x 2 — [0,00) be a function
satisfiying these conditions.
($1) S(p,v,0) =0
(S2) S(p,v,0)=0ifandonlyifp=v =0
(S3) S(p,v,0) < S(p,p,5)+S(v,v,5)+S(0,0,6) for all p,v,0,6 € 2 (rectangle in-
equality)

then S is metric on 2 and pair (2,S) is known as S-metric space.

Definition 2.2. ([1]) A S- metric space on (2,S) is said to be symmetric if
S(p,p,v)=S(v,v,p) forallp,ve 2.

Definition 2.3. ([1]) Let (2,5) is a S-metric space and a sequence {p,} in 2 is called:

(i) A sequence {v,} is said to be S-Cauchy sequence if for every € > O, there exists an
integer ng € 7" such that S (vi, Vi, vk) < g foralli,j k> ny.
(ii) A sequence {v,} is said to be S-convergent to a point v € 2 if for each € > 0, there is

an integer ny € Z* such that S (v,~, Vi, v) < §, foralli,j> ny.
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(iii) If every S-Cauchy sequence in 2 is S-convergent in 2 then S-complete.

Definition 2.4. ([3]) Let 2 be a nonempty set and let T : 23 — 2 be a mapping. An element
(p,V,0) is tripled fixed point of U if for p,v,c € 2

I'(p,v,0) p
['(v,o,p) |=1| Vv
F(G,p,V) o

Definition 2.5. ([3]) LetT': 23 — 2 and A : 2 — 2 be two mappings. An element (p,V,0)

is said to be a tripled coincident point of I" and A if

I'(p,v,0) Ap
['(v,o,p) | = | Av
I'(o,p,v) Ao

Definition 2.6. ([3]) LetT': 23 — 2 and A : 2 — 2 be two mappings. An element (p,V, o)

is said to be a tripled common point of I' and A if

I'(p,v,0) Ap p
[(vio,p) |[=]| AV | =] vV
I'(o,p,v) Ao c

Definition 2.7. ([3]) Let (2,S5) be a S metric space. A pair (I',A) is called weakly compatible
if A(T'(p,p,0)) =T(Ap,Av,Ac) whenever for all p,v,c € 2 such that

I'(p,v,0) Ap
['(v,o,p) | = | Av
I'(o,p,v) Ao

Theorem 2.8. ([19]) Let (2;d) be a complete metric space, let A : 2 — 2 be a mapping and

define a nonincreasing function
@:[0;1)—>(%;1] by ®O(r)=<¢ (1—r)r? V5ol oo L

If that there exists r € [0; 1) such that

O(r)d(p,Ap) <d(p;Vv) implies d(Ap;Av) < d(p;V)
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forall p,v € 2. Then there exists a unique fixed point a of A. Moreover, lim A"p = a for all
n—soo

p <2

3. MAIN RESULTS

Theorem 3.1. Let (2,S) be a S-metric space. Suppose thatI': 2 x 2 x 2 — 2 and A: 2 —
2 be two mappings.

S(AE, AL, Asx),S (AL, AL Ag),
O(r)S(AE,AL,T(E,{,®)) < max S(A®,AB,AD) S (AE,AE,T(E,L,@)), implies
S(ALACT(E,@,8)).S(AD, Aw, I'(®,¢,0))

S(AE, A, Ax),S(AL, AL Ag),
S(A®,A®,AD) ,S(AE,AE.T(E, L, @),
S(ALALT(L,@,8)) .S (AD, Aw,T(®,E,C))
S(Ase,Ase,T(5,6,9),5(Ag,Ag,T (¢, D, ),
S(AD,AS,T(8,5,6),)S (Asx, A, T(E,C,®)),
S(Ag,Ag.T(0,@,8)).S(AY,AY,I(®@,5,0))

S(F(év va)ar(gv C7W),F(%,g,19)) < rmax

3.1

forall &8, @, 5,6, € 2, where r € [0,1) and ® : [0,1) — (%,1] defined as O(r) = 2+rr is

strictly decreasing function
a) T(23) C A(2) and A(2) is complete,
D) pair (T',A) is @-compatible.

Then T and A has unique common tripled fixed point in 2.

Proof. Let &,0,@ € 2 be an arbitrary, and from (a), we can construct the sequences
{8} G} {@n} in 2 as T(&n, G, @) = Abui1, T'(Gns B, &n) = Al
I'(®,,&,8)=A®,1, wheren=0,1,2,3,...

case(i) A, # A&, 1 or AL, # ALy 1 or AW, # AW, 1n

O(r)S (Ao, Ao, T'(&o, S0, @0)) = O(r)S (Ao, Ao, A&))

< S (A&, A&y, AE)
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S (Ao, Ao, A1), S (Ao, ALy, ALy),
< max S (A@y, Awy, A1) ,S (Ao, Ao, T'(Eo, o, Do) ,

S (Ao, Ao, T'(&o, @0, o)) S (AW, AW, (@0, S, &o))

Then from eqn 3.1 we get

S(T'(&o, G0, @0),T' (o, Co, @), T'(E1, 81, @1))

( )

S(ASo, Ao, AL1),S (AL, Alo, Al1),
S (A@y, Awy, Ay ) ,S (Ao, A&o,T'(&o, &, D)),
S (Ao, Ao, T'(Co, Do, Eo)) .S (Ao, Ao, I'(@o, So. Co)) -
S(A&, AL, T(S1, C1, ®1),S (AL, ALLT (G, @1,6),
S(A@, A®,, T (@1,81,81) .S (AS1, A&, T (8o, Lo, @)
[ S(AL1,ALLT(Go, Do, S0)) .S (ADy, Awy, (@, &, Co))

"

< rmax

S (AEy, A&y, AEL) S (Ao, Ao, ALL), )
S (A®y, ADy, A®, ) ,S (A&y, Ay, AE)),
S (Ao, ALy, ALY) S (ADY, ATy, ADY) ,
S(A&1, A8, ALy) S (AL, AL AL),
S(AD, AD,AD,) ,S (A&, AE,AEY),
S(AC1, AL, AL) S (AD, AD, ADY)

< rmax

\

S (Ao, Ao, AL1),S(ALo, ALy, ALy),
S(A&1, AL, AE) < rmax (S (ADy, AWy, ATy ) S (AE1,AEAE),
S(AC] ,AC],A§2) S (A('D'l ,Awl,/\(ﬁz)

(3.2)

similarly we can write

S (Ao, Ao, AE1),S (Ao, Alo, ALY),
S(AL,ACLAL) < rmaxq S(A®y, ADy, Ay ,S (A&, AELAE),
S(AL,ALLAL) S (AD, AD, AD,)
(3.3)
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and

S(A&y, A&y, A&1) .S (AL, ALy, ALy),
B4 S(ADLADLAD) < rmax{ S(A@y, ABo, AD)),S (AE1,AELAL),
S<AC17AC17AC2) 7S (AWI,ACUhAwQ)

Then from eqn (3.2) to (3.4) we can write

S((AS1,A81,AL)), S(A&o, Ao, A&1) .S (Ao, Ao, AL1),
max S((AC],AC],ACg)), < rmax S(ACU(),AGT(),A(D]),S(Agl,/\fl,/\éz),
S((Awl,Aan ,Aﬁz)) S (AC] ,AC] ,ACz) S (AGT] , A ,sz)
3.5
S (Ao, Ao, AS1), S(A&1,AS1,AL,),

if max S (AC()?ACO?ACI) ) S max S(AglaAClvAC2) ’
S(AG)'(),A(D'(),Awl) S(AG)],AG)],A@Q)

Then from Eqn (3.5), we have
S(AS1,A81,AG), S(AS1,A81,AG),
max - S(AL,AG,AL), ¢ =rmaxq S(ALLALLAL),
S(AD,,AD,,AD>) S(AD,A®,,AD>)

Which is contradictionto 1 < r
S(A&1,AE1,AL), S (Ao, Abo,A&1),
and hence max §  §(Ag1,AL,AL), ¢ <rmaxg S(Af,Al,A),

S(AD,,A®,,AD>)
In general we can write

S (Aﬁfo,/\(ﬁo,/\(ﬂl)

S<A§H7A€H7A§n+1) ) N (Agn—laAén—l 7A§n) >
max S(ACI’HACI’HACH—H) ) S rmax S(Acﬂ—lﬂACn—lvACn) )
S(AD, AD,, AG,+1) | S(A®,—1,A®,—,AD,)

S(A&u—2,AEn2,AE 1),
2
< r“max S(Acn_z,ACn—szCn—l)a
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S (Aén—?ﬁ Agn—37A€I’l—2) )

< r’max S(Acn_3,ACn—37ACI’l—2)7

S (Awn—3;Awn—3>Awn—2)

S(A€H7A§H7A§n+l) ) S(Aé()»AéOaAél) )
max S(AgnaACnaACn+l) ) S rn max S(AC()?ACOaACI) 9
S(AD,A®,,AD, ) S (A@y, A@y, A@) )

(3.6)

S(Aé()?AéOaAgl)v
from eqn 3.6, S (A&, AGn, A1) < F"max < S(Agy, AL, AL),
S(Aﬁo,/\(ﬂo,/\@l)
S(Aé()aAgOr/\é]);
S(AC”HACI’!?ACIH-]) < r"max S(AC(),AC(),AC]),
S(AGF(),ACU(),AGT])
S (Ao, Ao, A&),
S(Amn7Awn7Awn+l) S r”max S(AC()?ACO?ACI) 9

S (A@y, A@y, AD) )
for m > n and by rectangle inequality

S(N&, A&, Non) < S(A&n, A, A1) +S (A&, A, A1) + S (A, A&y, A1)

< 28 (A&, Ay, Abut1) + S (Aus1, Ali1, A)

< 28 (A&, AGn, Abut1) + S (A&us1, MGt AGyi2) + 8 (MG, Aui 1, AGi2) + S (A&, Al Ay i2)
<28 (A&, A&y, ALyi1) +28 (Aui1, A4 1,AGn12) + S (Aui2, Ayi2, ASp)

< 2(S (AénvAénvAngl) +S(A§n+la/\§n+l aAénJrZ) +S (A§n+27A§n+27A§n+3)
S (Ao, Ao, A1),
+o S (A1, A1, AG)) <207+ 2 ) max § S (AL, Al AL,

S(A@Q,Awo,l\a)'l)
S(Ag())AgO,Aél)a
<271 4r4r+...... + """y max S (AL, ALy, AL1),

S(/\@Q,A(D‘O,AG)'])
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S(Aéo,[\goﬂ\gl)a
<2 (14 r4r2 . ymax q  S(A&,AL,AL),

S(Awo,/\wo,/\aﬁ)
S (Ao, A&, AS1),
<A§H7A§n7A§m> S %max S(AcovAC07AC1)7 —0asn— oo,

S (/\('D'()7 A@y, Awl)
Hence {A&,} is a Cauchy sequence in A(2). Similarly we can prove that {A{,} and {A®@,}

are Cauchy sequences in A(2). Since A(2) is complete, there exists 7,, kK in £ and «, 3,7 in
A(2) such that

IimAE, =a=At limAf, =B =Az limA®,=7y=AxK
n—soo n—soo

n—yoo

since A, > AL, — B AW, —7y asn— oo
we may assume that for infinitely many n A&, # a, AL, # B, A®, £ ¥ .

Now we claim that

S(AL,ALT (E,8, D)), S (A1, A1, AE) S (A=, Ae,AL),
max§ S(Az,Az,T({,&,@)), < rmax S(Ax,Ax,AD),S(AE,AE T (E,L,m)),
S(Ax,Ax,T(@,8,0)) S(AL,AE,T(8,¢,m)),S(AD, A0, T (0,£,8))

VE Lo € 2 with At # AE Aze # AL Ak # AG. Let £,0,0 € 2 with
At # AE Az # AL Ak # AD. Then there exists a possitive integer ny € N such that
S(AL, Az, AE,) < 1S(ALALAE),S(Ae,Aw,AL,) < 1S(Ae,Az,AL),S (AKk,AK,A®,) <
18 (Ak, Ak, AD)
O(r)S (A&n, A&, T'(&n, Cns @) = O(r)S (A, A&y, ASy1)
< S (A& Al AG 1)
< S(A&n, AGy, At) + S (A&, ALy, At) + S (MG 1, MG 41, A1)
< 25 (A&, Ay, AD) + S (At ALAE, 1)
<28(AE,, A, Ar) + S (A, A, A1)
< 3S(AE, AL A1) + 1S (AL, AL AE)
< S(AE, AL, A1) — S (AL, AL, AEy)
< S(AE,AE,AL))
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S(AE, AL, AG) S(AL, AL AL,
< max S(AD,AB, AD,) S (A&, A&y, T (En, Cn, Bn))
S<ACH7ACH7F(Cm Wy, én)) ) (Awn;Awn7r(wn; él’h Cn))

Then

ST (S, Cny @), T(s Gns @), T'(E, 8, )

( )

S (A&, A&, AS) S (MG, Al AD),

S (A®, A, AD) S (MG, MG, T' (5, 8, D)),
S(AG, AT (E,@,6)),S (AD,, Aon,T'(@,5,8)),
S(AS,AE,T(E,6,@)),S(AL,ALT(C,@,8)),
S(AD,AD,T(®,6,8))S (A, AG, T (Gn, §n, @) ,

( S(AG, AL T (G, @i, 6n)) .S (AD, AD, T (@, G, Cn))

< rmax

as n — oo we have
S(ALALAE) .S (A, Az, AL),
S(A1,ALT(E,8,@)) < rmax S(Ak,AKk,A®),S(AE,AE.T(E,L,B)),
S(AL,ALT(C,®,8)).S(Am,AB.I"(@,8,{))

Similarly we can prove that

S (AL, ALAE) S (Az, Az, AL),
S(Az, Az, I'({,@,5)) < rmax S(Ak,Ax,AD) ,S(AE,AET(E,C,m)),
| S(ACALT(C,@,6)) .S (A0, AB,T (®,8,0)) |
and
S (AL, ALAE) S (A, Az, AL),
S(Ak,Ax,T'(@,E,{)) < rmax S(Ax,Ax,AD),S(AE,AET(E, ¢, m)),

| S(ALALT(C,@,8)) .S (AD, AD, T (@,8,0))
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From above we conclude that

S(A,ALT(E,8,m)), S (A, A1, AE) S (Ae, Az, AL),
maxq S(Ae,A=z,I'({,E,@)), < rmax S(Ax,AK,AD),S(AE,AE.T(E,0,m)),
S(AKk,Ak,I(@,8,0)) S(AL,ACT(C,¢,m)).S(AD,AB.I'(®,8,0))

Hence the claim. Now consider,

S(AS,ASI(E, 8, ) <S(AS,AG, A1) +S(AG, AL, A) + S (IS, 6, 0),T(S, §, @), A1)
S (AL ALAE),
S(Az,Az,Af),
S(AK,Ax,AD),
S(AG,AS.T(S, ¢, @),
S(ALACT(C.¢,m)),
S(Aw,AD,T (©.5,0))

<28 (AE,AE AL+ S (AL, ALT(E,L,@)) <28 (AE,AE, A1) 4 rmax

S (A, AL, AE), S (A1, AL, AE),
S(Az,Az,AQ), S(Aze,Az,Af),
S(AK, Ak, AD), S(AK,Ax,AD),
< 2max + rmax
S(AE,AS.T(S,C,m)), S(AE,AS,T(S,C,m)),
S(AL,ALT (L8, m)), S(ACL,ALT(E,8,m)),
S(AD, A0, T (@,&,0)) S(AD, A0, T (@,&,0)) )
S(A, A, AE),
S(Ae,Az,Af),
S(AK,Ax,AD),
= (24 r)max
S(AS,AE.T(E,C,m)),
S(AL,ALT(L,8,m)),
S(AD, A0, T (@,&,0))
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Thus,

1

Z—HS(AQAQ

— O(r)S(AE, AL,

Then from eqn 3.1

S(T(,e, k), T2 x),[(E (o

S(T(,2,x),[(1,2,x),

Now

S (AL, ALT (1, 2,K))

['&,{,@)) <max

&, ,@)) < max

S(At,A1,AE) S
S(AK,AK,AD) S (AE,AE,T

(A, Az, Al),

(§,6,@)),

| S(AGALT(E,8,m)).S(Aw,A®.T(3,8,0)) |
( S (A, ALAE) S (Aze, Az, AL)
S(AK, Ak, AD),S(AE,AET(E, 8, @),
S(AL,ALT(C,8, ) S(AD,A0.T (@,5,)) |
S(ALALAE) S (Az, Az, AL),
S (Ak,Ax,A®),S (A, T (€,¢,@)),
- S(Az,Ae, T (C,0,8)),S(Ax,Ax, T (@,&,0)),
- S(AS,AE. (8,8, m)).S(AL,ALT(E,@.8)),
S(A®,A®.T(0,8.0)) .S(AE,AS.T (1,2, K)),
S(AL, AL T (2,K,1)),S (AD,AD,T (k,1,))
S (A1, A, AE),
S (A=, Az,Af),
S(Ax,Ax,AD),
S(AALI (8,6, @),
S(Ae, Az, T (§,0,8)),
FECm) < rmax S(Ax, Ak, T (@,E,8)),
S(AE,AE.T'(E,8,m)),
S(AL,ALT(,@,8)),
S(Ao, A0, T (0,&,0)),
S(AS,AE. T (1,2,K)),
S(ALALT (&, k,1)),
S(AD,AD,T (Kk,1,%)) )
limnHwS(A§n+1aA§n+laF(17$> K))
limy oS (T (&y §py @) , T (6, Gn, @) , T (1,22, %))
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S (A&, NG, A1),
S(AGy, Ay, A)
S(A®,, A®,,AK),

S(A&, AL, T (1,2, %))
S(AGy, AL, T (=, K,1))
S(A®D,, AD,, T (k,1,2)),

)
Y

= lim,_ermax
S (AL, ALT (1,2, K)

),
)
S(ALALT (8, G, @),
S(Az, A=, (§,@,,E,))
S (AK,AK T (@, 60, 80)

)
S (A, Az, T (2, K,1)
S(Ak, Ak, T (x,1,2)

S (Al,Al,r(lv &, K)) ’
< rmax{ S(Az, Az, T (=,K,1)),

S(AK, Ak, T (x,1,2))

Similarly we can prove that

S (A=, A=,T (1,2,K)),
S(Az,Az, (@, x,1)) < rmax{ S(Az,Az,['(=,k,1)),
S(Ak,Ax, T (x,1,2))

and
S(Az,A=,T"(1,2,K)),
S(Ak, Ak, T(k,,2)) < rmaxq S(Az,A=z,T (2 K,1)),
S(Ak, Ak, T (x,1,2))

Thus,

S (AL, ALT (1,2, K)), S (A, ALT (1,2, K)),
max ¢ S (Az,Az,I(z,,1)), < rmax S(Az,Az,[(=,k,1)),
S(Ak, Ak, T (K,1,2)) S (A, Ak, T (K,1,2))
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Which holds when I'(z,,x) = A1,I' (&, x,1) = Az and I'(k,1,&) = Ak therefore (1,2, k)

tripled coincidence point of I" and A. Since the pair (I', A) is weakly compatible.
Ao =A% = A(T(1,z,x)) = (A, Az,Ax) =T(a, B,7)
AB = A2 =A([(e, k,1)) = (A=, Ak, A1) =T(B,7,a)

Ay =A%’k = A(T(x,1,2)) = T(AKk,A1,Az) =T (y, o, B)
now

O(r)S(Aa,Ac, T (a,B,7)) < S(Aa,Aa,T'(a,B,7))

S (A, A1, Aar),

S (Aw,Aw, AB),

S(AK,Ax,AY),
S(Aa,Aat,T (01, B,7)).
S(AB.AB.T(B.7.0)),
[ S(A%AYT(r.a,B))

=0 < max

Then from eqn 3.1,

ST (e, B,7),T (e, B,7),T(1,2,x)) = S(Aa,Aa,A)

([ S(Aa, A A,
S(AB,AB, A=),
S(AY, Ay, AK),

S(Ao,Aa,T (e, B,7)),
S(AB,AB,L'(B,y,2)),
S(AYAYT(1,0,B))
S(AnALT (1,2, k),
S (A=, A=, (2,K,1)),
S(AK, Ak, T (K,1,2))
S(A, AT (@, B,7)),

S(Az,Az,T'(B,7,a)),

| S(Ax,AK (7, a,B))

< rmax
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S(Ao,Aa,Al),
S(Aa,Aa,Ar) < rmaxq S(AB,AB,A=),
S(Ay,Ay,Ak)
Similarly we can prove that
S(Aa, Ao, Ar),
S(AB,AB, A=) < rmax{ S(AB,AB,A=),
S(Ay, Ay, Ax)
and
S(Ao, Ao, Ar),
S(AY,Ay,Ax) < rmax S(AB,AB, A=),
S(Ay,Ay,Ak)
From above we conclude that
S(Ao, Ao, Ar), S(Aa,Ao,Ar),
S (Ay, Ay, Ak) S(Ay,Ay,Ax)

Which holds when A1 = Ao, A& = AP, Ax = Ay Then from above, we will write

a=Aa=T(a,B,7),B=AB=T(B,y,a),y=Ay=T(y,a,B)

. (o, B,y) is a tripled fixed point of I" and A. Now we will uniqueness of tripled fixed point. If
possible (o', B,v') is another tripled fixed point of I and A. Then

O(r)S(Aa, A, T (a,B,7)) < S(Aa,Aa,T(a,B,7))
S(Aa,Ai,Ad'),
S(AB,AB,AB'),
S(AY,Ay,AY),

S(Ao,Aa,T (e, B,7)),

S(AB,AB.T(B,y,a)),

| SA%AYL(r,0.B))

=0 <max
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Then from eqn 3.1
ST (@B, 7). T (e, B.7) T(a,B"Y))=S(a,a, )
S(Aa, Ao, Ad) S (AB,AB,AB’),S(Ay,Ay,AY),
< max S(Aa, Ao, T (e, B,7)) .S (AB,AB,T(B,7,)) S (Ay,Ay,I'(v, @, B))
S(Aa', Ao, T (i, B,7)),S(AB',AB",T'(B, 7, )) ,S(AY, AY,T (v, 2, B))

| S(Ad, AT (e, 8,7)) S(AB",AB",T(B',Y, &) S (AY, AY,L (Y., ) ]

S(a,a,a’),
S(o,o,0) <rmaxq S(B,B,B),
S(r.1.Y)
Similarly we can write,
S(e,0,0),
S(B.B,B) < rmaxq S(B,B,B),
S(7.Y)
and
S(e,0,0),
S(v.v.Y) < rmaxq S(B,B.5),
S(7.Y)
From above equations we can write
S(e, o), S(a,o,0),
S(B,B.B"), ¢ = rmaxq S(B,B.B'),
S(7.Y) S(vv.Y)

which holds fora =o', =",y=7

.. (a,B,7y) is unique common tripled fixed point of I" and A.

case(ii): If A&, = A&, 1,AL, = AL, 1, AD, = AD, | for some n then

A&y =T (&0, G B2), Ay = TGy By &), AB, = T (@, &, 8o 50 that (&, &, @) s a tripled
coincidence point of I" and A . Now proceeding as in case (i) with AE, = a, A, = B, A®, =y

we can show that (¢, 3,7) is the unique common tripled fixed point of I" and A. O

Example 3.2. Let 2 = [0,0) and A(§,8, @) = |+ @ —2&E|+ | — @] on (2,5) is a complete

S-metric spaces. LetT: 2° — 2 and A : 2 — 2 be defined by T (€,{,®) = sin(§+1€6+w) and
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A(E) = 10E.Then obviously, T(23) C A(2) and the pair(T',A) is ®-compatible.
Andfor &, @ e 2

S (A1, A1,AE),
S(Az,Az,Af),
2 S (AK,AK,A®D),
—S(A, A2, T (1,2,x)) < S(A,Az,I'(1,2,k)) < max
3 S (A1, ALT (1,2, ),

S(Ae, A&, T (2,K,1)),

S(Ax,Ax, T (K,1,2)) |

\

Now,

ST (1,e,x),I'(1,2,x),['(§,§,@))

< ‘F(l,&,K)—F(&,C,@)’
. 1te+x,. . E+(+O
< |Sln(1—6)—sm(T)|
i+e+x+é+0+m, . ite+k—-E-C-0@
< 4|cos( T ) sin( T )|
< htetc-t-¢-o
< 1gl0g —sin L))
< T S(AEAET (e, K)
( S (A, AL, AE) S (Ae,Ae,Al), )
S(AK,Ax,AD) ,S (A1, A, T (1,2, K)),
- L S (A=, A=, (2,K,1)),S (AK, Ak, T (x,1,2))
~ 16 S(AE,AE.T (1,2,K)),S(AL, AL T (=, K,1)),
S(AD,AD,T (k,1,2))S (AE,AE,T(E, ¢, @),
[ S(AL,ALT(C,@,6)).S(AD, A0.T(@,5,0))

Hence from main result (0,0,0) is the tripled fixed point of I" and A.
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Corollary 3.3. Let (2,S5) be a complete S-metric space. Suppose that
I': 23 - 2 be a mapping satisfying:

5(8,6,0).5(¢.8,p),
®(r)S(£,6,I'(¢,{,®)) < max S(@,@,p),S(E,ET(E,¢,®@)), implies

§(6,6.1(8,@,6))S(@,0,1(@,§,¢))

§(8.8,0).5(¢.¢.p),
S(@,@,p),S(8,8.T(8.¢,@)),
S(¢.¢.I(¢,w.8)).s(@.0,I@8,0)),
§(o,0,I(0,p,p)).S(p,p,T(p,p,0)),
S(p.p,T(p,0,p)).S(0,0,I(§, ¢, @),
[ S(p.p.T(¢,@,8)).S(p,p. T (®@,5,0))

S(F<§7C7w)7r(§’C’w)7r(67p’p)>Srmax )
)

forall§,,@,0,p,p € 2, wherer €[0,1) and ©® : [0,1) — [%, 1) defined as
O(r) = 2## is a strictly decreasing function. Then there is a unique tripled fixed point of I in
2.

4. INTEGRAL EQUATIONS: APPLICATON

Here we will discuss, as an application to Corollary 3.3, existence of an unique solution to an

initial value problem.

Theorem 4.1. Consider the initial value problem
él(t) = F(la (évcvw)(ﬂ)v rel= [07 1]7 (@Ca@)(o) = (507 COaw9)t_'(4-])
JT(s,8(s))ds,

(s, 8 (s))ds,

['(s,®(s))ds

\

t
where T : I Xx R xR — R with [T(s,&(s),{(s),@(s))ds = max
0

o L O— O

Vs

and &y, §o, @ € R.

Then there exists unique solution in C (I,R) for the initial value problem (4.1).
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Proof. The integral equation corresponding to initial value problem (2?) is £(¢) = &y +

2£F(s,(§,c,w)(s))ds. Let 2=C(,R)and S({,{,@0)=|E —@|+ | — @], forall £, {,@ €

~

Zanddefine : 2x Z2x2— 2by d(E,§,0)(t) = %+ff‘(s,(§,§,w)(s))ds. Clearly for

0
all &, {,@ € 2, we have

gs@,zg (£.¢.@)) < max

{ (6.6.9).5(0..8) S(@.0.7 }
[(E.0.@)).5(0.LT(E.0.8).5(@.0.0@.5.0)
4

Now, (@ (£,£,8) (1), (€.£,0) (1), (@, B,7) (1))=2/(& (&, ,8) (1) — © (. B,7) (1))

=205 + [T (8. L@)(9) = % = [T (5. (@810

—E() —a)] = 1S (E.6,a)

' S(E,6,).5(5,8.8).S(@.@.7) ‘
S(E,ET(EC,E) ST B,E) S(@,6,1(@,E,0),
S(o e T(E,§,@)) S (B.B.T(C.5,8) S(r7.T(@,E,0)),

@)

)
S(a,a,l(a, B,7)),S(B,B, (B, v,a)),S(v, v, I (1, e, B)) ]

IN
=
3
)
>

Then from Corollary we can conclude that & has unique fixed point in 2.

5. APPLICATION TO HOMOTOPY

Now we discuss the existence of unique solution to homotopy theory.

Theorem 5.1. Assume that (2,S) be a complete S-metric space, 3 and S be an open and closed

subset of 2 such that 3 C 3. Suppose H §3 x [0,1] = 2 be an operator satisfies.

W) & # Hy (8.0,8,6), § # Hy (§,0,8,6),8 £ Hy (@,€,5,%) for each &,{,@ € 93 and

K € [0, 1] (Here 933 is boundary of 3 in 2);

) forall £, @,0,p,p €3 and x € [0,1] such that

S(£.6.6).5(6.6,p).S(3.3.p) |
§(¢,6,Hr (&,6,,x)),

®(r)S(€7§aHF(§7 Cv o, K)) < max implies
S(CaCJHF(vaaéaK))a

S(@,@,H; (0,,C,k))

/
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(5(£.£,0),5(0,2.p).5(@,@.p)
S(8,8,H(8,8,@,x)),
S(¢.¢,Hr(8,0,&,x)),
S(@,0,H (®,8,8,K)),

S( ) (E.C.0.K) Hy (L) Hy (0.popor) ) Srmax] 0T Pp)),

P, Hr (p,p,0,k)),

P Hr (p,0,p,%)),

c,0,H; (§,0,@,x)),

p.p.H (§,@0.,5,x)),

S(p,p,Hy (B,8,8,K))

where r € [0,1) and © : [0,1) — [5,1) defined as ©(r) = %Jrr is a strictly decreasing function.

Tz) HMZOBS(HF(é’aCawa K)aHF(é,CaaLK),HF(€7C>('U?V) §M|K—V|

p
P

(
S(
S(
S(
S(

forevery £, ¢, @ €S and x,v € [0,1].

Then Hy (.,0) has a tripled fixed point <= Hy (., 1) has a tripled fixed point.
Proof. Let the set

o ={ ke [0,1): Hy (£,6.0,x) = & Hy (£.0,€,K) = L Hy (@,E,¢,k) for some &,{,@ €S |-

Let Hy(.,0) has a tripled fixed point in 33 then we have (0,0,0) € 273, So that &7 is non-empty
set. Now we can show that <7 is both closed and open in [0, 1] and hence by the connectedness
o/ = [0,1]. As aresult, H(.,1) has a tripled fixed point in 33. First we show that .7 closed
in [0,1]. To see this, Let {x;}, ; C </ with kK, — k € [0,1] as s — co. We must show that
K € <. Since k; € o/ fors =0,1,2,3,---, there exists sequences {&},{}, {@;} with &1 =

HF(ésa CS)wSa Ks), €s+1 :HF(Cvanga Ks)yws+1 :HF(whéS?CSa Ks)'

Consider

S(8s,8s: 8s1) = S (Hy (Ss, & @y, Ky), Hy (&5, G5y B, K5) s Hr (Est15 Gyt 1, Bt 1, K1)
< S(Hp (&, s, @y, Ks), Hy (S5, &, By, Ks) H (Es41, G1, D1, K5)) +

S (Hr (& Cs, @, Ks), Hr (&5, G By, K5) s Hp (Ss1, Gt By 1, K)) +

S(HF (&1, Gs 15 B 15 K1)y H (Es 15 G 1, @1, Ko 1) Hr (81, Gs1, Bis1, Ks))

S 28 (HF(§S7 CS? wS7 Ks)aHF(éb CS7 w57 KS)yHF(éH»lu Cs+1»ws+l7 KS)) +M|Ks+1 - KS'
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}L)n(}os(é& 657 §S+1> <28 (HF(éw CSa s, K)aHF(éh CS? s, K)uHF (5S+17CS+17m—S+17 K))

since

S (&ssEss 1) s
S (&> Ess 1) s
S (&5 Ess 1) s
S(&s: s, Hr (&5, G5, @, X))
S(&s: G, Hr (&5, 05,65, K))
| S(@, @5, Hp (@5, 55, 65, %))

O(r)S (&, &, Hy (&, &5, @, k) < max

Then from 7))
YILII(}OS@S?&&&HI) < }LHOIOS(HF@M waw KS)yHF(ém Cﬁwm KS)aHF(éerla Cs+lya’s+17 KS))

S (8s: G, 85+1)
§(Css G5 Gs1),
S (@s, @5, W41),
S(&s: s, H (G5, G, By, Ky))
S(Css G5, Hr (G, 05,85, K5))
RN B N WIAC RNE
e S(Ss+15 Gst 1. HE (Gst 15 Got 1, Wiy 1, Ks))
S (Cst15 Cor 1 Hp (Got 1, By 1, 8541, K5))
S (@41, @1, Hy (@511, 8541, Gov 15 K5))
S (Es1, 851, Hr (&5, G, Bs, K5))
S (Cot15 Cor1 Hp (G5, @5, &5, K5 )

S(st-f—luws-i-laHf (wS7 éﬁ? CS7 KY))

S(§S7§57§S+1)7

< lim rmax S(CﬁCS:CSJrl)’

§—ro0

)

S(“s» wSa werl) )
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S(és;éwés—i—l)a S(éwés;és—i—l)a
climmaxd §(8, 6 G), ¢ < limrmaxd S (6,8, o),
S(“mwsaws—i-l) S(ws;aiwws—b—l)

It follows that limg_,e S (&, &, Egi1) = 0, limg00 S (&, &5, Csi1) = 0, limy_00 S (@, B, By 1) =
0 Now we will show that {&},{{},{@,} are Cauchy sequences in (2,S). Assume that
if possible {&},{{;},{@;} are not Cauchy sequences in (2,5). Then there exists € > 0
and monotone increasing sequences of natural numbers {p;} and {g;} such that p; > g,
S (EpirSpirar) = €8 (Gpis Gpir Cai) = € S (B, 0, Bg,) > €
and S (&p, Eper Ear 1) <& S (8o Cper G y) < €0 S (D, By, B, ) < €.
By using the rectagular inequality
€ <S8 8ar &) <28 (8- Ear i) +S (Epi Epir S
as k — oo, € <limy e S (&g, y €t Epi)
< limy e S (HF(§Qk+1’CQk+1’w‘Ik+1’ qu+l)’HF(§Qk+l’qu+1’054k+1’KQichl)’HF(éPk? Coer By Kp,))
S (g San Epe) »
S (Sarer> Sarrnr Se)
S (g1 By 1> Bp,) »
S (Earrrr Eaer Hr Caprs S By Kqiy))
S (Carrs S Hr ot By Eapr Kair))
S (gt B He (B, 15 Egr Caenn Karr))
S (Epir Epir Hr (Spes Cpis Bpys Kpy)) 5
S (8ois Coes Hr (Cps Bpy> pis Ky )
S(@pgs By, Hr (B, Epy, i Kpy))
(5ka §Pk7HF(€C1k+1 ) qum s Ogy 15 Ky ))
(Cpkv Cpk7HF(CCIk+1 ) wfikH’équ ) qu+1)) ’

S
S
S(@py, By Hr (D15 i1 S Kagir))
(
(

< limy_o, ¥max

Gk+1 €Qk+1 ’ gpk)

Gk+1 Cf]k+1 ’ Cpk)

S
<limy_,,rmax{ §
S

(@1 O, D)
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as above we can conclude that

limy 00 (€Qk+l7§Qk+l’§Pk) =0,§ (C4k+l7CQk+l’CPk) =0,§ (CUQk+l’w‘1k+l7ka) =0 .. ¢

which is a contradiction

IN
o

o A&}, {&}, {@s} are Cauchy sequences in (2, S). and by completeness of (2, ) there exists

0,p,p € 2 with limg_,e &1 = 0,limg_ye0 {511 = P, limg_0o @ | = P since

S(0,0,&),

S(p.p: &)

S(p,p,m;),
S(c,0,Hy (0,p,p,K)),
S(p,p,Hr (p,p,0,K)),
[ S(p.p.Hy(p,0,p,K))

®(F)S(67P7P7HF(va7p7K)) < max

Then limy—e S (H (&s, &, @5, k), H (&, &5, By, K), Hr (0,p, P, K))
S(&s. s, 0),
S(8s: G5, P),
S(@, @5, p),

S(o,0,Hy (0,p,p,K)),

(
S(p,p,HF(p;p767 K))7
S(c,0,Hy (0,p,p,K)),
S(p,p,H,r(p,G,P, K))’

< limy_se0 r max S o Hr o B 1), < rmax i(([;:[;:f{/;((l;:lz;;:’:{)))):

S(&s, &, Hy (&, &, @, ),

S(@y, @, Hr (&, &5, @5, K)),
S(&s, 8. Hy (0,p,p,K)),
S(&s &5, Hr (p,p,0,K)),
(

S wha).SvHF(va)p,K))

\ Vs

5(0767HF(G>P7P7K))7 S(G7G>HF(G;P7P7K>)>
.. max S(P7P7HF(P7P>67K)>7 < rmax S(P7P>HF(P>paG>K))>
S(p7paHF(pa67p7K)) S(p;paHF(p767p7K))

It follows HF(67P7P7K) = GuHF(p7p767K> = puHF(p767p7K) =p.
. K € o, hence o is closed in [0,1]. Let ky € 7 then there exists &y, §y, @y € I with
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o = Hy (o, Co, Mo, ko), So = Hy (o, @o, S0, Ko), Wo = Hy (@0, o, Go, ko). Since I is open then
there exist » > 0 such that
Bs(&,r) C 3. Choose k € (ko — €, Ko+ €) such that |k — kp| < 35 < &.

£ € Bs(&,r) = {& € o /S(E,E, &) < r+5(E0, E0,E0)}. Also
’ S(E,&,&),

S(C? Ca CO);
S(o,o,0)),
S(&,&,Hy (&o, Co, @o, k),
S(&, ¢, Hy (&, @o, 60, K)),

L S(w,w,HF(wO,é(),C(),K’)) J
NOWS(HF<5aC7(D.> K)aHF(€7C7m7K)7§0) :S(Hf(gaCJD.a K)aHF(€>C7(D7K)7HF<§07C();G707 KO))

<S(H; (§,0,@,x),Hy (§,8,®,x),H (5,8,0,k))+S(Hy (§,8,@,x),H (5,8,0,k),H (§,8,0,%)) +
S(H (8o, S0, Bo. ko), Hr (o, S0, @o, ko), Hr (£, 8, B, ko))

< 2M|x — Kko| +S(H (8,8, 0,%0),H (8,8, @, ko), Hr (S0, o, o, ko))

< s +S(Hp (6,8,@,%0),Hr (§,8,0, %), Hr (&, S0, B0, ko))

asn € oo, we get

O(r)S(&,&,Hy (&, Co, Wp, k)) < max

S(Hf (§7C7m—7 K)va (§7C767K)750) :S(H:L (évC?wJ{)?HF (§7C7wv K)JHf (§07C07w07 KO))

(8,80,

S(¢, ¢, ),
S(o,0,m)),
S(8,8.Hr (o, &0, @, k),
S(¢, & Hr (Go, @0, o, k),
S(@,@,Hy (0,80, S0, k),
S(8o, o, Hy (80, S0, @o, k),
S(Zo, S0, Hy (o, @o, &0, ),
S(@o, Do, Hy (@0, 8o, &0, %)),
(80,80, Hy (8,8, @, x)),
5%, %, Hr (8, 0,8, K)),

| S(@o, B0, Hy (8,8, 8, K))

< rmax

Vs
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S(évgag())a

< rmax S(CvCaCO);
S(o,o,m))

So,

S(éaéaéO)a S(é?éuéO)a
max S(CaCaCO)a < rmax S(C?CuCO)u
S(o,o,m)) S(o,o,m))

r—|—S(§Oa 507 €0>7
<maxq r+5S(8,%,%),
r+ S(@y, @y, Do)

As aresult, for each fixed k € (kp — €,kp + €), Hr (., k) : Bs(&o,r) — Bs(&o, ),

Hy (.,x) : Bs(&o,r) — Bs(&o,7), Hr (., x) : Bs(@y,r) — Bs(@p,r). Then all conditions of The-
orem 5.1 are satisfied. Thus we conclude that H(.,x) has a tripled fixed point in §3. But
this must be in 33. Since (1) holds. Thus, k € & for any k € (ky — €, ko + €). Hence
(ko — €,kp+€) C «7. Clearly </ is open in [0, 1]. For the reverse implication, we use the

same strategy. UJ

6. CoNcCLUSION

For two mappings, we made sure a common tripled fixed point existed and was unique via
generalized contractive condition in S-metric space. And applications have been provided.
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