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Abstract. In this article, we establish a coupled fixed point theorem within the framework of orthogonal S-metric
spaces. Our results extend and generalize several well-known findings that are already present in the literature.
Furthermore, we explore the practical applications of our primary results by examining their relevance to coupled
systems of nonlinear fractional Langevin equations.
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1. INTRODUCTION

A fixed point theorem(FPT) in the environment of metric spaces defines the circumstances
under which a self-mapping of a metric space has an invariant point. These theorems are founda-
tional in various branches of mathematics, including functional analysis, topology, and dynam-
ical systems theory. FPT’s are basic tools in mathematics, providing a theoretical foundation
for the existence & uniqueness for solutions to equations involving self-mappings on metric
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spaces. They have widespread applications across various fields and serve as the basis for many

fundamental results in mathematical analysis and beyond.

Coupled fixed point (CFP) theorems are basic conclusions in the theory of metric spaces that
specify the circumstances under which two or more self-mappings share a fixed point. This
concept finds applications in various areas of mathematics, particularly in the investigation of
differential equations, optimization problems & dynamic systems. CFP theorems provide pow-
erful tools for establishing the existence & uniqueness of solutions to coupled mapping prob-

lems in metric spaces, making them indispensable in both theoretical and applied mathematics.

In 2006, Bhaskar and Lakshmikanthan [1] established the idea of CFP of a mapping &
demonstrated certain CFP outcomes in partly ordered metric spaces. Lakshmikanthan et al. [2]
introduced a mixed g-monotone mapping and demonstrated linked coincidence and common
FPT’s with nonlinear contractive mappings in partly ordered complete metric spaces. Sabet-
ghadam et al. [3] proved multiple CFP theorems that satisfy distinct contractive criteria in cone
metric spaces. Chuanzhi et al. [4] proposed CFP theorems for mapping meeting various contrac-
tive requirements on a % *-algebra. Bulbul et al. [5] demonstrated the existence & uniqueness
of CFP theorems that meet novel rational contractive requirements for three mappings. In 2012,
Sedghi et al. [6] developed S-metric spaces. Sedghi and Shobe [7] established a generalized
FPT for S-metric spaces. Chouhan et al. [8] proposed a novel fixed point theory with expansive

mappings on S-metric space. Ajay et al. [9] introduced CFP theorem in S-metric spaces.

In 2017, Gordji et al. [10] introduced the orthogonality in complete metric spaces. In orthog-
onal metric spaces (0.ZS) the existence & uniqueness of the first order ordinary differential
equation solution was established by Gordji and Habibi [11]. Senapati et al. [12] established Ba-
nach’s FPT in &.7 S using w-distance. Gordji et al. [13] established the existence & uniqueness
of fixed points for mappings of €-connected &.# S. Gungor et al. [14] established certain FPT’s
for .S by adjusting distance functions. Yang et al. [15] presented an orthogonal (Q, y)-
contraction. Sawangsup et al. [16] established orthogonal Q-contraction mapping. Sawangsup
et al. [17] proposed the notion of orthogonal Z'-contraction mappings. Gunaseelan et al. [18]

introduced an orthogonal Q-expanding type mappings. Arul Joseph et al. [19] proved FPT’s
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using orthogonal triangular p-admissibility on &.ZS. Ismat et al. [20] generalized orthogo-
nal -Suzuki contraction mapping. Arul Joseph et al. [21] proposed the concept of orthogonally
triangular p-admissible contraction. Gunaseelan et al. [22] proved CFP theorem in &.ZS.
Boyd-Wong and Matkowski type FPT’s in &.# S was proved by Singh et al. [23]. In 2021,

FPT’s on orthogonal S-metric spaces is proved by Zeinab et al. [24] using Banach contraction.

In the past three decades, fractional calculus has become increasingly popular and important,
mainly due to its demonstrated applications in a variety of seemingly diverse & extensive fields.
Mainardi et al. [25] revisited Brownian motion through the lens of the fractional Langevin equa-
tion, which is revealed to be a specific instance of the generalized Langevin equation introduced
by Kubo [26]. A coupled system of Langevin equations that incorporates both Hadamard-
type & Riemann-Liouville fractional derivatives. We examine a coupled system of nonlinear

Langevin equations with fractional components, represented by the following form

¢

M (017 + M) () = m (7, 1 (7)), (7)), € F = [1, ],
D (9% + ko) () = mao(, g1 (7), (W), 0 € F = [1, ],
o1(1) =& (), p{(1) =0=p|(),& # 1,
|22(1) = &o2(), 23 (1) = 0= (), 52 #2,

o))

where 1, up € (0,1], 61,02 € (1,2], ¢1, 92 >0, and 27 is the Caputo-Hadamard type fractional
derivative where ¥ € {1, llp, 01,02 }. It should be emphasized that the boundary conditions as-
sociated with these equations are of a non-periodic nature & the order of derivatives is specified
across distinct intervals. Kilbas et al. [27] established the existence & uniqueness of solutions
for Cauchy Type & Cauchy problems. They provided explicit solutions for linear differential
equations & their corresponding initial-value problems by reducing them to Volterra integral
equations and employing operational & compositional methods. Additionally, they applied
one- and multidimensional Fourier integral transforms, Mellin & Laplace to derive differen-
tial equations. Furthermore, they developed a theory concerning “sequential linear fractional

differential equations”.
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Based on the generality of CFP theorem on S-metric space and orthogonality condition, we
are the first who establish CFP theorem on orthogonal S-metric space with supporting example.
Finally, an application is given to prove the existence & uniqueness of the coupled system of

nonlinear fractional Langevin equations.

2. PRELIMINARIES

Definition 2.1. [6] Let V be a non-void set. An S-metric on V is a mapping S : V> — [0, )

that satisfies the following requirements, for each @,E,p,c €V,

(i) S(@,&,p) >0,
(ii) S(@,8,p)=0 iff @=&=p,
(iii) S(@,&,p) < S(@,m,¢)+S(E,&,¢)+S(p,p,c).

Then the pair (V,S) is called an S-metric space.

Definition 2.2. [1] Let (V,<) be a partially ordered set and Q : V x V — V be a function. The
function Q is said to exhibit the mixed monotone property if Q(@,&) is non-decreasing in ©

and non-increasing in §. (i.e), for any @,& €'V,
01 <@ = 0(®1,8) < Q(32,8), for @,0,€V and
§1<8=0(0,8)<0(@.81), for &,H€V.

Definition 2.3. [1] An element (©,5) € V x V is said to be a CFP of the mapping Q : V xV —
VifQ(@,8) =o and Q(S,@) = &.

Definition 2.4. [1] Let (V,<) be a partially ordered set with a metric S, making (V,S) a
metric space. Additionally, define a partial ordering on the product space V X'V as follows: for

(@,§),(w,9) € VXV, define
(0,9)<(@,8) <03 <E.

Definition 2.5. [10] Consider a binary relation 1 (br, ) on a non-void set V. If br, adheres

to the following condition:

3 @ (Vv &eVélmy) or (V EeV,mLll),
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then pair, (V, L) known as an orthogonal set(_L — set) and element @y is referred as an orthog-

onal element (L — element).

Example 2.1. [10] Let V = 27 and define a br, on 27 such that k L if k-¢ = 0. Then (27, 1)

forms a 1 -set with 0 as a 1 -element.

Definition 2.6. [10] Let (V, L) be an | — set. A sequence {@y} e is referred as an orthogonal

sequence(L — sequence) if
Vv teNoyloy,,) or (V LeN;opLoy).

Definition 2.7. [11] Consider a br| on a non-void set V equipped with a metric 8. Then the
triplet (V, L, ) is termed as an orthogonal metric space. The set V is labeled as an orthogonal

complete if every Cauchy 1 -sequence converges within V.

Definition 2.8. [11] Let (V,L1,8) be an orthogonal metric space and ) be a self-map on V.
If whenever an orthogonal sequence {®;}jcn — @ implies x@Wy — X® as { — oo, then X is

termed as an orthogonal continuous (L — continuous) at @.

Definition 2.9. [11] Consider a br, on a non-void set V and (V, L) be an L — set. A function

x : V — Vistermed as an orthogonal preserving (1 — preserving) if x@_Lxp whenever @_Lp.

Definition 2.10. [27] Letv > 0and b : [1,00) — R. The tth-order Hadamard fractional integral
of b is defined as

i) = A [T (10eFya-180) o
fh(ﬂ)—r(t)/l(logt)q St 1<m<o

provided that the integral exists.

Definition 2.11. [27] Let t > 0, { = [t+ 1] and b : [1,00) — R. The tth-order Hadamard

fractional derivative of b is defined as

TN = g ) [ o) N

provided that the integral exists.
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In this article, we establish a novel on CFP Theorem on orthogonal S-metric space. Finally,
application of determining CFP Theorem for banach contractions of the Fractional differential

equations from these results is provided.

3. MAIN RESULTS

Definition 3.1. Consider a br | defined on a non-void set V. An S-metric on V is a function
SV [0,00) that satisfies the following requirements, for each ®,&,p,c € V with
olélple,
(i) $(@,5,p) =0,
(ii) S(@,8,p) =0 iff @=E&=p,
(iii) $(@,6,p) <S(@,®,¢) +5(5,5,¢)+S(p,p,c).

Then the pair (V,S, L) is referred as an orthogonal S-metric space.

Example 3.1. Consider a br, defined on a non-void set V. Let V =R" and ||.|| is a norm on

V, then
S(af,é,p):||§‘+p—207||+\|§—p||, V@,é,pEV with wj—éJ—p

is an orthogonal S-metric space on V.

Definition 3.2. Let (V,S, L) be an orthogonal S-metric space and {@y} ;> be an L-sequence
inV.
(i) An L-sequence {®;} is convergent to @ € V if, for each € > 0,3 ¢ € Ns.t
S(@y,0p,0) <eVL> 7.
(ii) An L-sequence {@,} in 'V is said to be Cauchy 1 -sequence if, for each € >0,3 ¢ €N
5.t S(@p, @y, ) <&V P, 0> 7.
(iii) An orthogonal S-metric space (V,S, 1) is said to be complete if every Cauchy |-

sequence is convergent.

Definition 3.3. Let (V,S, 1) be an orthogonal S-metric space and a mapping x : (V,S, 1) —
(V,S, L), then

(i) x is said to be | -preserving if Y@ 1 x& whenever @ L E.
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(ii) x is said to be | -continuous if | -sequence {®@y} in V such that @y — ® = x O — YO

as f — oo,

Lemma 3.2. Ler (V,S, L) be an orthogonal S-metric space. If 3 | -sequences {@y} and {&;}

s.tlimy_yeo @y = @ and limy_,o, §y = &, then
Ehm S(wfawfvéf) :S(w’wvé)
—>00

Definition 3.4. Consider an orthogonal S-metric space (V,S, ). A mapping x : (V,S, 1) —
(V,S, 1) is said to be ICS if x is injective, (S, L)-continuous, surjective and has the property:

for every 1 -sequence {@;} in 'V, if {x@;} converges then {@,} is also converges.

Let © be the set of all functions 6 : [0,1) — [0, 1) such that
(1) 6 is non-decreasing.
(ii) 6(m) < m for all & > 0.

(i) lim, 5+ 8(g2) < 7 for all & > 0.

Theorem 3.3. Let (V,<) be a partially ordered set and (V,S, 1) is an complete orthogonal
S-metric space. Suppose x :V — V be | -preserving, (S, L)-continuous, ICS mappings, and

Q:V xV — Viss.t Q has the mixed monotone property. Assume that 30 € © s.t

2) SxQ@,5),x0(@,&),x0(w,¥)) < O(max{S(x®@, x®, x®),S(x&,x, x0)})

forany @,&, 0,8 € V with@ L and & 1L for which @ < @, < &. Suppose either
(a) Q is continuous or
(b) V has the following property:
(i) If non-decreasing sequence @y — @, then @y < @ V.
(ii) If non-decreasing sequence & — &, then &y > & VL.

If 3 @y, & € V and @y L&y such thar @y < Q(Gfo,éo), &y > Q(éo,(ﬁo), then 3 @, & € V and
@ L& such that Q(@,§) =@, Q(§,®) = & that is Q has a CFP,

Proof. The orthogonality of a non-void set implies that 3 @y € V, such that

(V (;:EV,CU()J_(:) or (V &EV,é_L(D'Q).
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Since Y is L-preserving, 0oLy Oy or x Oy L Dy.
Let @y, & € V and @y_L& such that @y < Q(@o, o), Eo > O(&o, Mp).

Define
) @ = Q(@, ), &1 = Q(Eo, o).
Consider the | -sequences {@;} and {&,} in V such that
) D1 = (@4, 80), St = QS By).
Since Q has the mixed monotone property,

Oy <Oy, E1<& for £=0,12,..
For some ¢ € A4/,

O =01, or & =8

then from (4), Q has the coupled fixed point.
Suppose, for any £ € A,

) @ # Bp1, or & # Erp
Since J is injective, then for any ¢ € 4", by (5)
(6) 0 < max{S(x @, X B¢, XDp-+1),S(XEe: xEe: X Ge1) }
using (2) and (4), we get

S(X @0 X0, X Bp+1) = S(XO(Be—1,80-1), X (@1, 80-1), X (@1, &)
(7 < O(max{S(XDr—1, XB¢—1, XB¢), S(XE—1, X851, 250)})
Also,

S(xSe: 280 x8e1) = S(AEev1, 28041, X50)

=S(x (&, @;), x O (&0, @y), x O(Er—1,@—1))

(®) < O(max{S(x &, xEe, xE—1),S(X By, x Oy, xBy—1)})
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Since 6(7) <,V 7 > 0, so from (7) and (8), we get

0 < max{S(x@¢, xO¢, x®r+1),S (X &, xEe, xEes1)}
< O(max{S(x@y_1, XOr—1,x®D¢),S(XEe—1,x80-1,%xE0) })

(9) < maX{S(?Cwé—lalwf—lJC(W):S(X@—Ia%@—lvl@)}

maX{S(la’bX@bX@éH)aS(X@a%éé»%@ﬂ)} < maX{S(%wffl;xwfflawa%

S(x&e—1,x80-1,x80)}

Thus max{S(x @, x@O¢, xO¢+1),S(xEe, xEr, xEr1)} is a positive non-increasing sequence,
sod @ >0s.t

lim max{S(x@¢, x O, xBe+1), S(X &, xS0, X Se1)} = #
Assume that & > 0. Letting £ — oo in (9), we get
0 < @< lim O(max{S(x @1, X D1, X0), S(XEe—1,XEe-1,X50)})
(10) < lim 6(n) < @

Tt

which is a contradiction. so we get,

(11) }LHgomaX{S(%weyxwz,X@H%S(X@,XC‘@,%@H)} =0

Now, we prove that { @y} and {y &} are cauchy L -sequences.

Suppose, on the contrary, { y@,} or {x&,} is not a cauchy _L-sequences,

&L}Ews(%%,%%,)c@) #0 or &ggj(%%,x&p,x@) #0

then 3 € > 0, where we may obtain subsequences of integers (@) and (¢,) with

£K>¢K>K8.t

(12) max{S(Y @, X Do, XD, ), S(XEpr X o> X0 )} > €

For /i > ¢\ and satisfying (12). Then

(13) max{S(X @y, X Dy, XDt,—1),S(XEp» X Eors XSt—1)} < €
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By triangular inequality and (13), we get
S(XBpr X B XBt,e) < S(XDyes X B X Dye—1) + S(X By X By X Bp—1)
+ S(wa;(axmékaxw(f)x—l)

<0+0+¢
Also from (11), we get
(14) lim S(x @y, x @y, xWr,) <€ and  lim S(xSo., XSoe, XEe) < €
Also,
S(ABp—15 X D1, XDt —1) <AS(A D1, X Dpye—1, X Bp—2)
+S(XBp—1, X D1, X By,—2)
+S(X 1, XD —1, X Dy —2) }
L2S(XWp—1, X Dp—1, XDy —2) + €
using (11), we get
(15)  lim S(x@¢—1, XBg—1,XBr,—2) <€ and  1im S(So—1, X801, X5p—2) < €
using (12), (14) and (15), we get
Jim max{S(x @y, x By, X Bt )S(XSow X 8o XS0)}
= lim max{S(Y g1, X Bp—1, X Di—1),
S(XSpe—1, 2801, XE0,—1)}
(16) =€
Now, by equation (2), we get
S(XBpyes X By, XO1,) = S(XO(Dp—1,E0—1), X (@B —1,Ep—1); X (@1, S0, 1))

(17) S e(maX{S(Xwﬁbel7%w¢xfl7xwfk—l)7S(X§¢K*17X§¢K*17%5[;«-1)})
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and

S(X 8o X > xEe) = S(XO(Epe—1,Dp—1) XO(Ep—1,Bp—1), X OQ(Ep—1, D —1))
(18) < O(max{S(XEp—1,XE0—1,X80—1): S(XDp—1, X Bp—1, X DBp—1)})

Now, by (17) and (18), we obtain that
max{S(X By, X Bp,e; XD, ) s S(X S X Erc: XS )} < O(max{S(Y By, —1, X Dg—1, X B,—1),
(19) S(X o1, XSp—1,XE0—1)})
Assume K — oo, in (19) and using (16), we obtain
0<e< lim 6(m) <e

T—eT
which is a contradiction.
Hence {x@,} and {x&,} are cauchy | -sequences in (V,S, L). Since V is an complete orthog-

onal S-metric space, {x®;} and {&,} are convergent | -sequences.

Since y is an ICS mapping, 3 @, & € V such that
(20) limo,=®@ and lim& =E&.
Z-)‘X’ Z—)oo

Since Y is continuous, we get
(21 lim y@; = x® and lim x& = x&.
€—>°° Z—)oo
Now, assume that the assumption (1) holds, (i.e) Q is continuous. By (4), (20) and (21) we have
@ = lim @y = lim Q(@y, &)
f—so0 {—o0
= QO[lim @y, lim &/
{—so0 {—o0
=Q(@,8)
and
§=1lim &y = lim Q(&, @)
{—o0 {—o0
= QO[lim &, lim @]
{—o0 {—o0
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Thus we have show that Q has a CFP. Suppose, now the assumption (2) holds. Since {@y} is
increasing with @; — @ and also {&,} is non increasing with & — &. Then by assumption (2),
we get @y < @ and &y > £ VL.

Now,

Sx@, x@, x0(@,8)) < S(XB, X, xBy11) +S(X @, x @, x Dy 11)
+S<XQ<(D',é),%Q(@',é),X@'ngl)
= 2S(Xwalw7%w£+1) +S(%Q(a).a 5)7%Q(w7€)>XQ<wf7€K>)

<2S(x@, x @, x By 1) + O (max{S(x @, x@, x@¢),S(x S, xE, xE0)})-

Taking limit £ — o and using (21),

Hence
S(xo,x@, xQ(m,£)) = 0.

So, x®@ = xQ(®@,&) and Since ¥ is injective so @ = Q(®@,&).
Similarly, we can show that § = Q(&, @).

Thus, we have shown Q has a CFP in V. O

Example 3.4. Consider a br| on a non-void set V and (V,S, 1) be an orthogonal S-metric

space. Let V.={0,1,2,3,...} and S : V x V x V — R be defined as follows:

(

O+E+p, if @,&,p are all distinct and dif ferent from zero,
O+p, if ®=E& +#pandall are dif ferent from zero,
E+p+1,if@m=0,&#pand &, p aredifferent from zero,
S((D',é,p) =
§+2,if@=0,§ =p #0,
PH1,if @=0,E=0,p £0,

0, ifo=EE=p

then (V,S, 1) is an complete orthogonal S-metric space.

Let a partial order’ <" on V be defined as follows: For ®,& € V, with @ L.E, @ < & holds if
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@ > & and 3 divides (@ — &) and 3 <1 and 0 < 1 hold.
Let Q : VXV — V be defined as follows:

1, if w<§&
Q(m,8) =
0, if otherwise.
Letw <u <@ < & < v < p hold then equivalently, we have w > u> @ > & > v > p.
Then
0(@,5) = Q(u,0) = O(w,p) = L.
Thus S(1,1,1) = 0 and Theorem (3.3) is satisfied. It may observed that the CFP is not unique.

Hence (0,0) and (1,0) are two CFP of Q.

Theorem 3.5. Let (V,<) be a partially ordered set and (V,S, L) is an complete orthogonal
S-metric space. Suppose x :V — V be |-preserving, (S, L)-continuous, ICS mappings, and

Q:V xV = Viss.t Q has the mixed monotone property. Assume that 3 0 € 0 s.t

(22)  S(xQ(®@,8),x0(®@,8), x0(w,0)) < O(max{S(x@, x@,x®),S(xE, x&,x)})

forany @,&, 0,9 € V with@ Lo and & 1Y for which @ < 0,0 < &. Suppose that
V(0,&),(w,9) € VXV, 3 (c,0) € VXV such that (Q(c,0),0(0,c¢)) is comparable to
(0(8.£),0(&.)) and (Q(0.9), O(5. ) then Q has a unique CFP (@.£).

Proof. The orthogonality of a non-void set implies that 3 @, € V, such that
(V é S V,GT()J_é) or (V 5 S V,g_]_a)'()).

Since ¥ is L-preserving, @yl y @y or x Oy L Oy.
From Theorem (3.3), we know that the set of CFP of Q is non-void.

Suppose, now (@,&) and (@, ¥) are two CFP of Q,
0(@,5)=0,0(8,0)=¢ and Q(w,¥)=0,0(%,0)=7.

we shall prove that (@, &) and (®, ¥) are equal.
Suppose that V (@,&), (@0,9%) € VXV, 3 (¢,0) € V x V such that (Q(¢,0),0(0,¢)) is
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comparable to (Q(®,&),0(&,®)) and (Q(w, ), 0(, )).

Now construct L-sequences {c,} and {9} such that ¢) = ¢, 99 = 0 and for any £ > 1.

(23) ¢ =0(cr—1,00-1), 0 =000_1,¢1-1) VL

Let @y = @, & = & and wy = , ¥y = ¥ and construct | -sequences {@;}, {&}, {@y} and
{%}. Then

(24) ZUZ:Q<G).7€)7 gsz(€7w>7 wf:Q(waﬁ)v ﬁg:Q(ﬁ,(D), VfZ 1.

Since (Q(®,&),0(&,@)) = (@1,&) = (@,&) is comparable to (Q(c,2),0(0,¢)) = (¢1,01),
then

(@,8) = (c1,01).
similarly,
(25) (@,6) = (c0,00) VL
From equation (25) and (2), we get

S(X('D,%wa%ceﬂ) < S()(Q((U,é),%Q((U,5),){Q(Cg,0g))

(26) < O(max{S(x®@,x®, xcr),S(x&. x&, x00)})

and

S(X€>Xé>laé+1) = S(%°£+1>X°é+bx'§)
=5S(x00¢,¢0), x00¢,¢0), x0(&, @))
(27) < O(max{S(x0¢, X0, x&).S(xce, xc0, XD)})
From equation (26) and (27),
O (max{S(x @, x®, xco+1),S(XE, 28 20011)}) < O(max{S(x@, x@, xc(),S(x &, x&,x00)})

So,V¥i>1

(28) max{S(x®@,x®,xc;),S(xE. x&,200)} < 0" (max{S(x @, x@, x<0),S(XE, 2E, X00)})-
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Since 8(7) < 7 and limg,_,z+ 8(#£) < 7 implies
lim 0‘(1) =0 V m>0.

{—o0

From equation (28), we get

}L%maX{S(XW,xw,XCZ)ys(Xé;X&;XW)} =0

which implies

(29) Lm {S(x@, 2@, xc)} =0 and  lim{S(xS,xG,200)} =0.

Similarly

(30) Im{S(xo,xw,xe)} =0 and  lim{S(x9, 2%, xd)} =0.
—yoo —oo

From equation (29) and (30), we get
(x@,x&) and (y o, x ) are equal.

Since Y is injective,

=0 and &=71.

4. APPLICATION

15

We examine a coupled system of nonlinear Langevin equations with fractional components,

represented by the following form

(

I
—
—
]

P (012 + l) g () = M (7T, 1 (%), g2 (W), @ € F
D297 + ko) 2 (7) = Mo, g1 (7), (W), 0 € F = [1, ],
o1(1) =& 01(), 0 (1) = 0= pi (), & # 1,
|22(1) = oor(), 23(1) = 0= (), 52 #2,

(3D

where uy, s € (0,1], 61,05 € (1,2], ¢1,¢> >0, and 27 is the Caputo-Hadamard type fractional

derivative where ¥ € {y, llp, 01,02 }.
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Let V={pe¥ (F=[1,4]): p(n)>1,mc.F} be the banach space of functions whose

first derivatives are continuous on .%. Suppose the mapping S: V x V x V — R™ is defined by

S(1, 22, 23) = ggw(ﬂ) - JOs(ﬂ)Hglea};lm(ﬂ) — 3(m)|

Vo 0,63€V and mweF

Define the relation L in V: @ L if @1(7w)n(n) > ¢n (), Vo € F, then (V,S,1) is an
orthogonal complete S metric space. Let ¥ : V — Visan ICS mappingand Q: VXV — V xV,
where (@1, ), (01,a,) € VXV, and Q1,0; € Q is defined by

Q1(@1,2)(m) ziﬂ“*"lnl(n,m(n),m(n)) = L_f”ﬁ"‘nl(%,xm(%)?md))
1 ¢1(&1—1)

A logad looT o1 o
+ Gloi;l (61611 - (ZOOg:gJZf) )eﬂ'uhL ! 1771(«27”@1(42/)7(@2(,@7))
Méi

ll,fzflog,ng (( logm > &
o101 loge/ ) & —1 $1(S1—1)

)f“l L () + 9 (o7

A

q) — 5% (n), meZF,

&

(éz_l)ﬂ”ﬁ‘%(% (), ()

L pwrorn, (1, o1 (n), (7)) —

Ox(1, 62)(m) =5
2

o logaf i
" ozoéi (éfil‘(zfggQ >f””"“nz<ﬂf,mw>,m<m>
Mo/loge/ ((logn \* & -1
N 0202 ((logﬂ) _52_1>f $2(A)
)bzg2 oy 12 o
+¢2(§2_1)j () — 9 —I%0(n), meF.

Clearly, (g1, ) is a fixed point of Q iff (g, ) is a solution of system (31)

Furthermore,

0\ (21,2)(T) =My (o1 (), g2 ()

¢
o looT o1—1 -

‘ﬁ(z:if) SOy (of 1 (), 2 )
—Ald logm o or—1 A o1—1 T
o7 (log%> TN i)~ ¢f o (m), meF,
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0 (21, 02)(W) = 742 (o1 (), ga()

¢
o looTt or—1 -

_(152_7:(100:%) SO o () gor()
—)LZJZ{ logm > oy—1 A o1 T
(%3 (IOg%> IR () - ¢2f @(n), meZ.

Notations and assumptions:

Ap = (loget )M t01 ( %) (
¢ I (11 +01) \ 1 + o1
(o +1)|A1|(log? )™
¢iI'(o1 +1) (

Ap =

—1
_ (logat )2t o
(U +0)) (H2+0'2 )
(o +1)|Aa| (log?) 62(
»(or+1)

(o +1)(loge )11
01 L1 +o1)
(o +1)|M|(loge ) !

¢1I(o1) ’
(o +1)(loged )F2 021
$I'(12 + 02)
(o +1)|A2|(loge )
$.I'(02) '

Ay =

Qi =

Qi =

Qr =

Q=

0 =(01+62)(A11+Q11)+ (034 64)(A21 +Q01) + (A2 +Q12) + (A2p + Q22) > 0,

where 0,,0,,05,04,€ 0

We now illustrate the subsequent theorem to validate the existence and uniqueness of a solution

for the system (31).

Theorem 4.1. Assume that the following axioms hold:

(i) ni,M2: [1,7] x R xR — R are continuous;
(ii) Let ® be the set of all functions 6 : [0,1) — [0,1) 3 61,6,, 03,604 € 6 such that

M (7, o1, 622) — M (7, 01, @) |< 01| @1 — 01| +62| 22 — @,
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and

|n2(7ra<(917@> _n2<n7 wlva)l)’§ 93’(@1 - 0)1""94’(@2—@’,

v(ﬂaplapl)a(ﬂawlaah) S [O,«Q{] X R x R.

(iii) maXze(0,q) Uit (TL', 0, 0) = M, maXze(0,q) 772(757 0, O) = M.

(iv) 3 non-negative functions ¥1,%¥, € V such that

(N1 (7, 1, 22)|< Wi (7),  [ma(7, 01, 22)| < Wa(m)
v (ﬁ,ﬁl,@)E[l,%]XRXR

then (31) has a unique solution (1, 4) € V X V.

Proof. Let Q: VXV = VXV, (@1,),(0,m) €VxV,01,0,,0,0,€0,t€.F
and ¥ : V — Vis an ICS mapping.

Now verify that the hypothesis in Theorem (3.3) is satisfied. to do this, we show that

(a) There exists g € V such that gy Ly g» Vg»r € V.
(b) x is L-preserving.
(c) x is (S,L)- contraction.

(d) x is (S, L)-continuous.

Proof. (a) Put g = b(the constant function), we have b Ly o V@ € V.
b)Y @1, €V, o L, if @1 () g () > g (m) for every € F.
Since x : V — V is an ICS mapping, x 1 (7)) x»(w) > x6n(n) Vo € F. So x 1 Lxsn.
Hence x is L-preserving
©)LetQ: VXV VXV, (@1,),(0,0:) eVXV, 0,00, TEF,

consider

101 (1, 2)(7) —Ql(wl,@)(ﬂ)léq:]f”‘m\m(ﬂn@l(ﬂ),@(ﬂ)) — (7, o1(7), 0 ()]

L1
(o)

él ‘jﬂﬂ‘cl

-1
m(,1(A), 22()) = (A, @1 (), ()]
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A logsd

&1 logm \ *!
o1g1 |E—1 <108~‘27)
im (e, 1(A), () =i (A, 0 (), ()|

Mﬂ%logd (logﬂ:)m & ‘

o1 loga/ & —1
79 () — an ()|
Ml o]
BB o - o)
gl’f"wm ) an(m)

< [el SR o () — () + 027 HH0 0 () — aa ()

1

& ‘ [Glfuﬁmpl(;zi)—wl(ﬂf)‘

¢1 &1 —
0,5 (el — n(a) |

Jz{logng[ & ‘_ lognm Gl]

o191 [|&i—1| |log/

(6,710 o () — 0y ()]

+ 0,717 o (o ) — ()|

7Ll|£flog%[ £ ‘_ logn "1]

o101 E—1] |loget
Hmr(m)]H( L

+1M&%1ngﬂm%%w
f;| qf;l +(D11)H (logm)",

B 01l — | wto , Bl — o o
01(01.02)(m) - Qu(an. @) < o | U= (rogmyn o N2 g

1 & [Glllm—le
_ log.c/ 17101
01 51—1' F(.U1+61+1)(0g )

6|2 — ||
C(u+0o1+1)

eszf'log.sz%{ & ’_

_|_

(log.at )M +<’1]

logm
loget

o1 [|&i—1

]
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01|21 — o || 1, Bl - _
N T (lpeoZ 1101 1_‘_7 log.cf W10l 1
[r(u1+cn) (tog<7) L(u +o1) (fog)

+

|7Ll|»‘2710g£7[ &1 logn Gl} |1 — || o1—1

+ - log<)°!

o101 & —1 log.a/ [(o1) (log)
|7Ll| &1 HJOl—le(log%) M [l — o]

+— (logm)®!

&i—1|T(o1+1) ¢ T(o1+1)

91”501 ol 6122 — an| ]
< s of YH1to1 4+ == =0 (loood H1+01
¢1[ (.Ul-i—Gl-i—l)(Og ) (u1+61+1)(0g )

il [ el oser e
F(Zl’f: ;aﬂ)(logﬂf )“'*c’]] d;?;f{ [ &éi 1 ‘ + 1]
|:911|(|£1_::;:1)H(10gd),u1+611+ 922;122;((:1’2)||(logﬂ)m+o]1]
B | o
+@ éléil Hf?;l—fll)ll (log)° +|i;:||¥?;] +6011)H (log/)®
:(eipTFe(it)l(fif{lull;cl [ glgi 1 ' T 1} (|1 — 1]+ @2 — o]

M@+%w%¢ww[
o1 I'( +o0o1)

51§l1‘+1]

[EXm.

[l — @1 ||+ 22 — @n]|]

(o +1)|Ai|(loge? )™
¢ (o1 +1)

=[(61 + 62)A11 + Ar2] |21 — @1]|+(61 + 6:2) Ay || 22 — |

(32) 1101(21,2)(m) — Q1 (01, @) () [|< [(61 + 62)Ar1 + Ava] || 21 — @1 [|[+(61 + 62) A ]| 22 — 2.
Now, consider

IQll(mu@z)(ﬂ)—Qll(wl,wz)(ﬂ)lﬁéf“l“"_lIm(ﬂ»m(ﬂ)u@z(ﬂ))—m(ﬂ,wl(ﬂ)ywz(ﬂ)ﬂ

-1
+£ logm > ghitor—1
o\ logst

M(, 1( ), 22 )) =i (A, 01 (), 02 (7 ) )|

Ml (1 o1-1
i (g”) 591 () — oy ()]

o \logel
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|/11|
<P

S(pi {Glf“ﬁcl_luol(n) —w(7)
1

C2 g0 oy () — oy ()|

4 6,71+ o () —(02(71')}

21

*qﬁﬁn(sz;)m“’lf “r (o) — ()]
+92f“1+61—11@(d)—@(g{)\+%(%)G‘_]
W“"g P, |x| ||xor{(;lrx)>l|| g
-1
(;ir (lloogg;> h [%(logﬂ)uwml
+%(mg%)“‘+"l“} + "};l’f (lloogg;)cl_l
H@(GSIH oger )91+ |gi| Hmr(;la)n\l loger o1
0i(1.2)(m) - Gy (n@n)(m|< | TN gy vor
&l — an|

log.of “H'Gl_l}
F(.Ul-l-Gl)( §7)

Blps - ol
(w1 +0o1)
(M| || o1 — o |
01 I'(o1)
Ml [l — o]
o1 I'(oy)
(o +1)(0; + 6)(loge? )W+0o1~1

(log,fzf)“lﬂ’l_l}

+

(log<? ) -1

+

(loger )~ !

- [l — o1 ]|+ 422 — @2 ][]

0 I(uy +o1)
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(o +1)|M|(loge? ) !
¢ (o1)

=[(61+ 6,)Q11 + Q2] || 21 — @01 || +(61 + 6:2) Q11 ]| 22 — 2],

21 — o

(33)
101 (21, ) — Oy (@1,0)||< [(61 + 62)Q11 + Q1] |21 — @1]|+(61 + 6:) Q1 || 22 — .

From equation (32) and (33)
101(21,2) — Q1 (@1, 02) [ <[(61 + 62) (A11 + Q1) + (A2 +Q12)] || 21 — o1

(34) + [(61 4 62) (A1 +Q11)] || 22 — @2

Similarly,

102(21,622) — Qa2(@1,@) ]| <[(03 4 64) (A21 + Q1) + (A2 + Q22) | | 21 — @1 |

(35) + [(65 4 64) (A2 + Q21)] || 22 — @]

From equation (34) and (35)

10(21,22) — Q(@1, ) [|< 6| (21, 422) — (01, )|, 6 < (0,1].

X :V — Vis an ICS mapping,

X021, 622) — xQ(@1,)||< 8| (X1, X 622) — (X @01, x) |

Now,

S(xQ(1,62),x0(1, ), xQ(01,a%)) = 2max xQ(p1, ) () — x0(01, ) (7)]
< 2max||xQ(1, ) — xO(@1, )|
<20 max||(x @1, x622) — (X O1, X @)

< O(max{S(x g1, X621, X01),S(X 22, X6, X D) }).

Therefore, ¥ is (S, L)- contraction with 6 € (0, 1].

(d) Let {4} be an (S, L )-sequence in V such that {4} converges to some & € V. Since y is
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1 -preserving, { x4} is an (S, L)-sequence.
Foreach / € N,

\xg0—x @< 0| — |, 0<6<1.

As { — oo, ¥ is | -continuous.

0
Hence, there exists a unique solution to coupled system of nonlinear fractional Langevin equa-
tions. 0
5. CONCLUSIONS

In this manuscript, We introduced the CFP theorem for orthogonal S-metric space. Our
findings expand on and generalize previous research. Furthermore, we apply our main findings

to a coupled system of nonlinear fractional Langevin equations.
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