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Abstract. In this article, we establish a coupled fixed point theorem within the framework of orthogonal S-metric

spaces. Our results extend and generalize several well-known findings that are already present in the literature.

Furthermore, we explore the practical applications of our primary results by examining their relevance to coupled

systems of nonlinear fractional Langevin equations.
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1. INTRODUCTION

A fixed point theorem(FPT) in the environment of metric spaces defines the circumstances

under which a self-mapping of a metric space has an invariant point. These theorems are founda-

tional in various branches of mathematics, including functional analysis, topology, and dynam-

ical systems theory. FPT’s are basic tools in mathematics, providing a theoretical foundation

for the existence & uniqueness for solutions to equations involving self-mappings on metric
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spaces. They have widespread applications across various fields and serve as the basis for many

fundamental results in mathematical analysis and beyond.

Coupled fixed point (CFP) theorems are basic conclusions in the theory of metric spaces that

specify the circumstances under which two or more self-mappings share a fixed point. This

concept finds applications in various areas of mathematics, particularly in the investigation of

differential equations, optimization problems & dynamic systems. CFP theorems provide pow-

erful tools for establishing the existence & uniqueness of solutions to coupled mapping prob-

lems in metric spaces, making them indispensable in both theoretical and applied mathematics.

In 2006, Bhaskar and Lakshmikanthan [1] established the idea of CFP of a mapping &

demonstrated certain CFP outcomes in partly ordered metric spaces. Lakshmikanthan et al. [2]

introduced a mixed g-monotone mapping and demonstrated linked coincidence and common

FPT’s with nonlinear contractive mappings in partly ordered complete metric spaces. Sabet-

ghadam et al. [3] proved multiple CFP theorems that satisfy distinct contractive criteria in cone

metric spaces. Chuanzhi et al. [4] proposed CFP theorems for mapping meeting various contrac-

tive requirements on a C ∗-algebra. Bulbul et al. [5] demonstrated the existence & uniqueness

of CFP theorems that meet novel rational contractive requirements for three mappings. In 2012,

Sedghi et al. [6] developed S-metric spaces. Sedghi and Shobe [7] established a generalized

FPT for S-metric spaces. Chouhan et al. [8] proposed a novel fixed point theory with expansive

mappings on S-metric space. Ajay et al. [9] introduced CFP theorem in S-metric spaces.

In 2017, Gordji et al. [10] introduced the orthogonality in complete metric spaces. In orthog-

onal metric spaces (OM S) the existence & uniqueness of the first order ordinary differential

equation solution was established by Gordji and Habibi [11]. Senapati et al. [12] established Ba-

nach’s FPT in OM S using ω-distance. Gordji et al. [13] established the existence & uniqueness

of fixed points for mappings of ε-connected OM S. Gungor et al. [14] established certain FPT’s

for OM S by adjusting distance functions. Yang et al. [15] presented an orthogonal (Q,ψ)-

contraction. Sawangsup et al. [16] established orthogonal Q-contraction mapping. Sawangsup

et al. [17] proposed the notion of orthogonal Z -contraction mappings. Gunaseelan et al. [18]

introduced an orthogonal Q-expanding type mappings. Arul Joseph et al. [19] proved FPT’s
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using orthogonal triangular µ-admissibility on OM S. Ismat et al. [20] generalized orthogo-

nal -Suzuki contraction mapping. Arul Joseph et al. [21] proposed the concept of orthogonally

triangular µ-admissible contraction. Gunaseelan et al. [22] proved CFP theorem in OM S.

Boyd-Wong and Matkowski type FPT’s in OM S was proved by Singh et al. [23]. In 2021,

FPT’s on orthogonal S-metric spaces is proved by Zeinab et al. [24] using Banach contraction.

In the past three decades, fractional calculus has become increasingly popular and important,

mainly due to its demonstrated applications in a variety of seemingly diverse & extensive fields.

Mainardi et al. [25] revisited Brownian motion through the lens of the fractional Langevin equa-

tion, which is revealed to be a specific instance of the generalized Langevin equation introduced

by Kubo [26]. A coupled system of Langevin equations that incorporates both Hadamard-

type & Riemann-Liouville fractional derivatives. We examine a coupled system of nonlinear

Langevin equations with fractional components, represented by the following form

Dµ1(φ1D
σ1 +λ1)℘1(π) = η1(π,℘1(π),℘2(π)),π ∈F = [1,A ],

Dµ2(φ2D
σ2 +λ2)℘2(π) = η2(π,℘1(π),℘2(π)),π ∈F = [1,A ],

℘1(1) = ξ1℘1(A ),℘1
1(1) = 0 =℘1

1(A ),ξ1 6= 1,

℘2(1) = ξ2℘2(A ),℘1
2(1) = 0 =℘1

2(A ),ξ2 6= 2,

(1)

where µ1,µ2 ∈ (0,1], σ1,σ2 ∈ (1,2], φ1,φ2 > 0, and Dϑ is the Caputo-Hadamard type fractional

derivative where ϑ ∈ {µ1,µ2,σ1,σ2}. It should be emphasized that the boundary conditions as-

sociated with these equations are of a non-periodic nature & the order of derivatives is specified

across distinct intervals. Kilbas et al. [27] established the existence & uniqueness of solutions

for Cauchy Type & Cauchy problems. They provided explicit solutions for linear differential

equations & their corresponding initial-value problems by reducing them to Volterra integral

equations and employing operational & compositional methods. Additionally, they applied

one- and multidimensional Fourier integral transforms, Mellin & Laplace to derive differen-

tial equations. Furthermore, they developed a theory concerning ”sequential linear fractional

differential equations”.
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Based on the generality of CFP theorem on S-metric space and orthogonality condition, we

are the first who establish CFP theorem on orthogonal S-metric space with supporting example.

Finally, an application is given to prove the existence & uniqueness of the coupled system of

nonlinear fractional Langevin equations.

2. PRELIMINARIES

Definition 2.1. [6] Let ∇ be a non-void set. An S-metric on ∇ is a mapping S : ∇3→ [0,∞)

that satisfies the following requirements, for each ϖ ,ξ ,ρ,c ∈ ∇,

(i) S(ϖ ,ξ ,ρ)≥ 0,

(ii) S(ϖ ,ξ ,ρ) = 0 i f f ϖ = ξ = ρ,

(iii) S(ϖ ,ξ ,ρ)≤ S(ϖ ,ϖ ,c)+S(ξ ,ξ ,c)+S(ρ,ρ,c).

Then the pair (∇,S) is called an S-metric space.

Definition 2.2. [1] Let (∇,≤) be a partially ordered set and Q : ∇×∇→∇ be a function. The

function Q is said to exhibit the mixed monotone property if Q(ϖ ,ξ ) is non-decreasing in ϖ

and non-increasing in ξ . (i.e), for any ϖ ,ξ ∈ ∇,

ϖ1 ≤ ϖ2⇒ Q(ϖ1,ξ )≤ Q(ϖ2,ξ ), f or ϖ1,ϖ2 ∈ ∇ and

ξ1 ≤ ξ2⇒ Q(ϖ ,ξ2)≤ Q(ϖ ,ξ1), f or ξ1,ξ2 ∈ ∇.

Definition 2.3. [1] An element (ϖ ,ξ )∈∇×∇ is said to be a CFP of the mapping Q : ∇×∇→

∇ if Q(ϖ ,ξ ) = ϖ and Q(ξ ,ϖ) = ξ .

Definition 2.4. [1] Let (∇,≤) be a partially ordered set with a metric S, making (∇,S) a

metric space. Additionally, define a partial ordering on the product space ∇×∇ as follows: for

(ϖ ,ξ ),(ω,ϑ) ∈ ∇×∇, define

(ω,ϑ)≤ (ϖ ,ξ )⇔ ϖ ≤ ω,ϑ ≤ ξ .

Definition 2.5. [10] Consider a binary relation ⊥ (br⊥) on a non-void set ∇. If br⊥ adheres

to the following condition:

∃ ϖ0 (∀ ξ ∈ ∇,ξ⊥ϖ0) or (∀ ξ ∈ ∇,ϖ0⊥ξ ),
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then pair, (∇,⊥) known as an orthogonal set(⊥− set) and element ϖ0 is referred as an orthog-

onal element (⊥− element).

Example 2.1. [10] Let ∇ = 2Z and define a br⊥ on 2Z such that κ⊥` if κ ·`= 0. Then (2Z,⊥)

forms a ⊥-set with 0 as a ⊥-element.

Definition 2.6. [10] Let (∇,⊥) be an⊥−set. A sequence {ϖ`}`∈N is referred as an orthogonal

sequence(⊥− sequence) if

(∀ ` ∈ N;ϖ`⊥ϖ`+1) or (∀ ` ∈ N;ϖ`+1⊥ϖ`).

Definition 2.7. [11] Consider a br⊥ on a non-void set ∇ equipped with a metric δ . Then the

triplet (∇,⊥,δ ) is termed as an orthogonal metric space. The set ∇ is labeled as an orthogonal

complete if every Cauchy ⊥-sequence converges within ∇.

Definition 2.8. [11] Let (∇,⊥,δ ) be an orthogonal metric space and χ be a self-map on ∇.

If whenever an orthogonal sequence {ϖ`}`∈N → ϖ implies χϖ` → χϖ as `→ ∞ , then χ is

termed as an orthogonal continuous (⊥− continuous) at ϖ .

Definition 2.9. [11] Consider a br⊥ on a non-void set ∇ and (∇,⊥) be an ⊥− set. A function

χ : ∇→∇ is termed as an orthogonal preserving (⊥− preserving) if χϖ⊥χρ whenever ϖ⊥ρ .

Definition 2.10. [27] Let r> 0 and h : [1,∞)→R. The rth-order Hadamard fractional integral

of h is defined as

I rh(π) =
1

Γ(r)

∫
π

1
(log

π

t
)q−1g(t)

t
dt, 1≤ π < ∞,

provided that the integral exists.

Definition 2.11. [27] Let r ≥ 0, ` = [r+ 1] and h : [1,∞)→ R. The rth-order Hadamard

fractional derivative of h is defined as

H D rh(π) =
1

Γ(`− r)
(π

d
dπ

)`
∫

π

1
(log

π

t
)`−r−1h(t)

t
dt,

provided that the integral exists.
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In this article, we establish a novel on CFP Theorem on orthogonal S-metric space. Finally,

application of determining CFP Theorem for banach contractions of the Fractional differential

equations from these results is provided.

3. MAIN RESULTS

Definition 3.1. Consider a br⊥ defined on a non-void set ∇. An S-metric on ∇ is a function

S : ∇3 → [0,∞) that satisfies the following requirements, for each ϖ ,ξ ,ρ,c ∈ ∇ with

ϖ⊥ξ⊥ρ⊥c,

(i) S(ϖ ,ξ ,ρ)≥ 0,

(ii) S(ϖ ,ξ ,ρ) = 0 i f f ϖ = ξ = ρ,

(iii) S(ϖ ,ξ ,ρ)≤ S(ϖ ,ϖ ,c)+S(ξ ,ξ ,c)+S(ρ,ρ,c).

Then the pair (∇,S,⊥) is referred as an orthogonal S-metric space.

Example 3.1. Consider a br⊥ defined on a non-void set ∇. Let ∇ = Rn and ‖.‖ is a norm on

∇, then

S(ϖ ,ξ ,ρ) = ‖ξ +ρ−2ϖ‖+‖ξ −ρ‖, ∀ϖ ,ξ ,ρ ∈ ∇ with ϖ⊥ξ⊥ρ

is an orthogonal S-metric space on ∇.

Definition 3.2. Let (∇,S,⊥) be an orthogonal S-metric space and {ϖ`}`≥0 be an ⊥-sequence

in ∇.

(i) An ⊥-sequence {ϖ`} is convergent to ϖ ∈ ∇ if, for each ε > 0, ∃J ∈ N s.t

S(ϖ`,ϖ`,ϖ)< ε , ∀ `≥J .

(ii) An⊥-sequence {ϖ`} in ∇ is said to be Cauchy⊥-sequence if, for each ε > 0, ∃J ∈N

s.t S(ϖ`,ϖ`,ϖφ )< ε , ∀ φ , `≥J .

(iii) An orthogonal S-metric space (∇,S,⊥) is said to be complete if every Cauchy ⊥-

sequence is convergent.

Definition 3.3. Let (∇,S,⊥) be an orthogonal S-metric space and a mapping χ : (∇,S,⊥)→

(∇,S,⊥), then

(i) χ is said to be ⊥-preserving if χϖ⊥χξ whenever ϖ⊥ξ .
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(ii) χ is said to be ⊥-continuous if ⊥-sequence {ϖ`} in ∇ such that ϖ`→ϖ ⇒ χϖ`→ χϖ

as `→ ∞.

Lemma 3.2. Let (∇,S,⊥) be an orthogonal S-metric space. If ∃ ⊥-sequences {ϖ`} and {ξ`}

s.t lim`→∞ ϖ` = ϖ and lim`→∞ ξ` = ξ , then

lim
`→∞

S(ϖ`,ϖ`,ξ`) = S(ϖ ,ϖ ,ξ ).

Definition 3.4. Consider an orthogonal S-metric space (∇,S,⊥). A mapping χ : (∇,S,⊥)→

(∇,S,⊥) is said to be ICS if χ is injective, (S,⊥)-continuous, surjective and has the property:

for every ⊥-sequence {ϖ`} in ∇, if {χϖ`} converges then {ϖ`} is also converges.

Let Θ be the set of all functions θ : [0,1)→ [0,1) such that

(i) θ is non-decreasing.

(ii) θ(π)< π for all π > 0.

(iii) lim℘→π+ θ(℘)< π for all π > 0.

Theorem 3.3. Let (∇,≤) be a partially ordered set and (∇,S,⊥) is an complete orthogonal

S-metric space. Suppose χ : ∇→ ∇ be ⊥-preserving, (S,⊥)-continuous, ICS mappings, and

Q : ∇×∇→ ∇ is s.t Q has the mixed monotone property. Assume that ∃ θ ∈Θ s.t

S(χQ(ϖ ,ξ ),χQ(ϖ ,ξ ),χQ(ω,ϑ))≤ θ(max{S(χϖ ,χϖ ,χω),S(χξ ,χξ ,χϑ)})(2)

for any ϖ ,ξ ,ω,ϑ ∈ ∇ with ϖ⊥ω and ξ⊥ϑ for which ϖ ≤ ω,ϑ ≤ ξ . Suppose either

(a) Q is continuous or

(b) ∇ has the following property:

(i) If non-decreasing sequence ϖ`→ ϖ , then ϖ` ≤ ϖ ∀`.

(ii) If non-decreasing sequence ξ`→ ξ , then ξ` ≥ ξ ∀`.

If ∃ ϖ0,ξ0 ∈ ∇ and ϖ0⊥ξ0 such that ϖ0 ≤ Q(ϖ0,ξ0), ξ0 ≥ Q(ξ0,ϖ0), then ∃ ϖ ,ξ ∈ ∇ and

ϖ⊥ξ such that Q(ϖ ,ξ ) = ϖ , Q(ξ ,ϖ) = ξ that is Q has a CFP.

Proof. The orthogonality of a non-void set implies that ∃ ϖ0 ∈ ∇, such that

(∀ ξ ∈ ∇,ϖ0⊥ξ ) or (∀ ξ ∈ ∇,ξ⊥ϖ0).
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Since χ is ⊥-preserving, ϖ0⊥χϖ0 or χϖ0⊥ϖ0.

Let ϖ0,ξ0 ∈ ∇ and ϖ0⊥ξ0 such that ϖ0 ≤ Q(ϖ0,ξ0), ξ0 ≥ Q(ξ0,ϖ0).

Define

ϖ1 = Q(ϖ0,ξ0), ξ1 = Q(ξ0,ϖ0).(3)

Consider the ⊥-sequences {ϖ`} and {ξ`} in ∇ such that

ϖ`+1 = Q(ϖ`,ξ`), ξ`+1 = Q(ξ`,ϖ`).(4)

Since Q has the mixed monotone property,

ϖ` ≤ ϖ`+1, ξ`+1 ≤ ξ` f or `= 0,1,2, ...

For some ` ∈N ,

ϖ` = ϖ`+1, or ξ` = ξ`+1

then from (4), Q has the coupled fixed point.

Suppose, for any ` ∈N ,

ϖ` 6= ϖ`+1, or ξ` 6= ξ`+1(5)

Since χ is injective, then for any ` ∈N , by (5)

0 < max{S(χϖ`,χϖ`,χϖ`+1),S(χξ`,χξ`,χξ`+1)}(6)

using (2) and (4), we get

S(χϖ`,χϖ`,χϖ`+1) = S(χQ(ϖ`−1,ξ`−1),χQ(ϖ`−1,ξ`−1),χQ(ϖ`,ξ`))

≤ θ(max{S(χϖ`−1,χϖ`−1,χϖ`),S(χξ`−1,χξ`−1,χξ`)})(7)

Also,

S(χξ`,χξ`,χξ`+1) = S(χξ`+1,χξ`+1,χξ`)

= S(χQ(ξ`,ϖ`),χQ(ξ`,ϖ`),χQ(ξ`−1,ϖ`−1))

≤ θ(max{S(χξ`,χξ`,χξ`−1),S(χϖ`,χϖ`,χϖ`−1)})(8)
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Since θ(π)< π , ∀ π > 0, so from (7) and (8), we get

0 < max{S(χϖ`,χϖ`,χϖ`+1),S(χξ`,χξ`,χξ`+1)}

≤ θ(max{S(χϖ`−1,χϖ`−1,χϖ`),S(χξ`−1,χξ`−1,χξ`)})

< max{S(χϖ`−1,χϖ`−1,χϖ`),S(χξ`−1,χξ`−1,χξ`)}(9)

max{S(χϖ`,χϖ`,χϖ`+1),S(χξ`,χξ`,χξ`+1)}< max{S(χϖ`−1,χϖ`−1,χϖ`),

S(χξ`−1,χξ`−1,χξ`)}

Thus max{S(χϖ`,χϖ`,χϖ`+1),S(χξ`,χξ`,χξ`+1)} is a positive non-increasing sequence,

so ∃℘≥ 0 s.t

lim
`→∞

max{S(χϖ`,χϖ`,χϖ`+1),S(χξ`,χξ`,χξ`+1)}=℘

Assume that ℘> 0. Letting `→ ∞ in (9), we get

0 <℘≤ lim
`→∞

θ(max{S(χϖ`−1,χϖ`−1,χϖ`),S(χξ`−1,χξ`−1,χξ`)})

≤ lim
π→℘+

θ(π)<℘(10)

which is a contradiction. so we get,

lim
`→∞

max{S(χϖ`,χϖ`,χϖ`+1),S(χξ`,χξ`,χξ`+1)}= 0(11)

Now, we prove that {χϖ`} and {χξ`} are cauchy ⊥-sequences.

Suppose, on the contrary, {χϖ`} or {χξ`} is not a cauchy ⊥-sequences,

lim
`,φ→∞

S(χϖφ ,χϖφ ,χϖ`) 6= 0 or lim
`,φ→∞

S(χξφ ,χξφ ,χξ`) 6= 0

then ∃ ε > 0, where we may obtain subsequences of integers (φκ) and (`κ) with

`κ > φκ > κ s.t

max{S(χϖφκ
,χϖφκ

,χϖ`κ
),S(χξφκ

,χξφκ
,χξ`κ

)} ≥ ε(12)

For `κ > φκ and satisfying (12). Then

max{S(χϖφκ
,χϖφκ

,χϖ`κ−1),S(χξφκ
,χξφκ

,χξ`κ−1)}< ε(13)
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By triangular inequality and (13), we get

S(χϖφκ
,χϖφκ

,χϖ`κ
)≤ S(χϖφκ

,χϖφκ
,χϖφκ−1)+S(χϖφκ

,χϖφκ
,χϖφκ−1)

+S(χϖ`κ
,χϖ`κ

,χϖφκ−1)

< 0+0+ ε

Also from (11), we get

lim
κ→∞

S(χϖφκ
,χϖφκ

,χϖ`κ
)≤ ε and lim

κ→∞
S(χξφκ

,χξφκ
,χξ`κ

)≤ ε(14)

Also,

S(χϖφκ−1,χϖφκ−1,χϖ`κ−1)≤{S(χϖφκ−1,χϖφκ−1,χϖφκ−2)

+S(χϖφκ−1,χϖφκ−1,χϖφκ−2)

+S(χϖ`κ−1,χϖ`κ−1,χϖφκ−2)}

≤2S(χϖφκ−1,χϖφκ−1,χϖφκ−2)+ ε

using (11), we get

lim
κ→∞

S(χϖφκ−1,χϖφκ−1,χϖ`κ−2)≤ ε and lim
κ→∞

S(χξφκ−1,χξφκ−1,χξφκ−2)≤ ε(15)

using (12), (14) and (15), we get

lim
`→∞

max{S(χϖφκ
,χϖφκ

,χϖ`κ
),S(χξφκ

,χξφκ
,χξ`κ

)}

= lim
`→∞

max{S(χϖφκ−1,χϖφκ−1,χϖ`κ−1),

S(χξφκ−1,χξφκ−1,χξ`κ−1)}

= ε(16)

Now, by equation (2), we get

S(χϖφκ
,χϖφκ

,χϖ`κ
) = S(χQ(ϖφκ−1,ξφκ−1),χQ(ϖφκ−1,ξφκ−1),χQ(ϖ`κ−1,ξ`κ−1))

≤ θ(max{S(χϖφκ−1,χϖφκ−1,χϖ`κ−1),S(χξφκ−1,χξφκ−1,χξ`κ−1)})(17)
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and

S(χξφκ
,χξφκ

,χξ`κ
) = S(χQ(ξφκ−1,ϖφκ−1),χQ(ξφκ−1,ϖφκ−1),χQ(ξ`κ−1,ϖ`κ−1))

≤ θ(max{S(χξφκ−1,χξφκ−1,χξ`κ−1),S(χϖφκ−1,χϖφκ−1,χϖ`κ−1)})(18)

Now, by (17) and (18), we obtain that

max{S(χϖφκ
,χϖφκ

,χϖ`κ
),S(χξφκ

,χξφκ
,χξ`κ

)} ≤ θ(max{S(χϖφκ−1,χϖφκ−1,χϖ`κ−1),

S(χξφκ−1,χξφκ−1,χξ`κ−1)})(19)

Assume κ → ∞, in (19) and using (16), we obtain

0 < ε ≤ lim
π→ε+

θ(π)< ε

which is a contradiction.

Hence {χϖ`} and {χξ`} are cauchy ⊥-sequences in (∇,S,⊥). Since ∇ is an complete orthog-

onal S-metric space, {χϖ`} and {χξ`} are convergent ⊥-sequences.

Since χ is an ICS mapping, ∃ ϖ ,ξ ∈ ∇ such that

lim
`→∞

ϖ` = ϖ and lim
`→∞

ξ` = ξ .(20)

Since χ is continuous, we get

lim
`→∞

χϖ` = χϖ and lim
`→∞

χξ` = χξ .(21)

Now, assume that the assumption (1) holds, (i.e) Q is continuous. By (4), (20) and (21) we have

ϖ = lim
`→∞

ϖ`+1 = lim
`→∞

Q(ϖ`,ξ`)

= Q[ lim
`→∞

ϖ`, lim
`→∞

ξ`]

= Q(ϖ ,ξ )

and

ξ = lim
`→∞

ξ`+1 = lim
`→∞

Q(ξ`,ϖ`)

= Q[ lim
`→∞

ξ`, lim
`→∞

ϖ`]

= Q(ξ ,ϖ).
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Thus we have show that Q has a CFP. Suppose, now the assumption (2) holds. Since {ϖ`} is

increasing with ϖ`→ ϖ and also {ξ`} is non increasing with ξ`→ ξ . Then by assumption (2),

we get ϖ` ≤ ϖ and ξ` ≥ ξ ∀`.

Now,

S(χϖ ,χϖ ,χQ(ϖ ,ξ ))≤ S(χϖ ,χϖ ,χϖ`+1)+S(χϖ ,χϖ ,χϖ`+1)

+S(χQ(ϖ ,ξ ),χQ(ϖ ,ξ ),χϖ`+1)

= 2S(χϖ ,χϖ ,χϖ`+1)+S(χQ(ϖ ,ξ ),χQ(ϖ ,ξ ),χQ(ϖ`,ξ`))

≤ 2S(χϖ ,χϖ ,χϖ`+1)+θ(max{S(χϖ ,χϖ ,χϖ`),S(χξ ,χξ ,χξ`)}).

Taking limit `→ ∞ and using (21),

Hence

S(χϖ ,χϖ ,χQ(ϖ ,ξ )) = 0.

So, χϖ = χQ(ϖ ,ξ ) and Since χ is injective so ϖ = Q(ϖ ,ξ ).

Similarly, we can show that ξ = Q(ξ ,ϖ).

Thus, we have shown Q has a CFP in ∇. �

Example 3.4. Consider a br⊥ on a non-void set ∇ and (∇,S,⊥) be an orthogonal S-metric

space. Let ∇ = {0,1,2,3, ...} and S : ∇×∇×∇→ R+ be defined as follows:

S(ϖ ,ξ ,ρ) =



ϖ +ξ +ρ, i f ϖ ,ξ ,ρ are all distinct and di f f erent f rom zero,

ϖ +ρ, i f ϖ = ξ 6= ρ and all are di f f erent f rom zero,

ξ +ρ +1, i f ϖ = 0,ξ 6= ρ and ξ ,ρ are di f f erent f rom zero,

ξ +2, i f ϖ = 0,ξ = ρ 6= 0,

ρ +1, i f ϖ = 0,ξ = 0,ρ 6= 0,

0, i f ϖ = ξ = ρ

then (∇,S,⊥) is an complete orthogonal S-metric space.

Let a partial order ′ ≤′ on ∇ be defined as follows: For ϖ ,ξ ∈ ∇, with ϖ⊥ξ , ϖ ≤ ξ holds if
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ϖ > ξ and 3 divides (ϖ −ξ ) and 3≤ 1 and 0≤ 1 hold.

Let Q : ∇×∇→ ∇ be defined as follows:

Q(ϖ ,ξ ) =


1, i f ϖ < ξ

0, i f otherwise.

Let w≤ u≤ ϖ < ξ ≤ v≤ ρ hold then equivalently, we have w≥ u≥ ϖ > ξ ≥ v≥ ρ .

Then

Q(ϖ ,ξ ) = Q(u,v) = Q(w,ρ) = 1.

Thus S(1,1,1) = 0 and Theorem (3.3) is satisfied. It may observed that the CFP is not unique.

Hence (0,0) and (1,0) are two CFP of Q.

Theorem 3.5. Let (∇,≤) be a partially ordered set and (∇,S,⊥) is an complete orthogonal

S-metric space. Suppose χ : ∇→ ∇ be ⊥-preserving, (S,⊥)-continuous, ICS mappings, and

Q : ∇×∇→ ∇ is s.t Q has the mixed monotone property. Assume that ∃ θ ∈ θ s.t

S(χQ(ϖ ,ξ ),χQ(ϖ ,ξ ),χQ(ω,ϑ))≤ θ(max{S(χϖ ,χϖ ,χω),S(χξ ,χξ ,χϑ)})(22)

for any ϖ ,ξ ,ω,ϑ ∈ ∇ with ϖ⊥ω and ξ⊥ϑ for which ϖ ≤ ω,ϑ ≤ ξ . Suppose that

∀ (ϖ ,ξ ),(ω,ϑ) ∈ ∇×∇, ∃ (c,d) ∈ ∇×∇ such that (Q(c,d),Q(d,c)) is comparable to

(Q(ϖ ,ξ ),Q(ξ ,ϖ)) and (Q(ω,ϑ),Q(ϑ ,ω)) then Q has a unique CFP (ϖ ,ξ ).

Proof. The orthogonality of a non-void set implies that ∃ ϖ0 ∈ ∇, such that

(∀ ξ ∈ ∇,ϖ0⊥ξ ) or (∀ ξ ∈ ∇,ξ⊥ϖ0).

Since χ is ⊥-preserving, ϖ0⊥χϖ0 or χϖ0⊥ϖ0.

From Theorem (3.3), we know that the set of CFP of Q is non-void.

Suppose, now (ϖ ,ξ ) and (ω,ϑ) are two CFP of Q,

Q(ϖ ,ξ ) = ϖ ,Q(ξ ,ϖ) = ξ and Q(ω,ϑ) = ω,Q(ϑ ,ω) = ϑ .

we shall prove that (ϖ ,ξ ) and (ω,ϑ) are equal.

Suppose that ∀ (ϖ ,ξ ),(ω,ϑ) ∈ ∇×∇, ∃ (c,d) ∈ ∇×∇ such that (Q(c,d),Q(d,c)) is
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comparable to (Q(ϖ ,ξ ),Q(ξ ,ϖ)) and (Q(ω,ϑ),Q(ϑ ,ω)).

Now construct ⊥-sequences {c`} and {d`} such that c0 = c, d0 = d and for any `≥ 1.

c` = Q(c`−1,d`−1), d` = Q(d`−1,c`−1) ∀`.(23)

Let ϖ0 = ϖ , ξ0 = ξ and ω0 = ω , ϑ0 = ϑ and construct ⊥-sequences {ϖ`}, {ξ`}, {ω`} and

{ϑ`}. Then

ϖ` = Q(ϖ ,ξ ), ξ` = Q(ξ ,ϖ), ω` = Q(ω,ϑ), ϑ` = Q(ϑ ,ω), ∀`≥ 1.(24)

Since (Q(ϖ ,ξ ),Q(ξ ,ϖ)) = (ϖ1,ξ1) = (ϖ ,ξ ) is comparable to (Q(c,d),Q(d,c)) = (c1,d1),

then

(ϖ ,ξ )≥ (c1,d1).

similarly,

(ϖ ,ξ )≥ (c`,d`) ∀`(25)

From equation (25) and (2), we get

S(χϖ ,χϖ ,χc`+1)≤ S(χQ(ϖ ,ξ ),χQ(ϖ ,ξ ),χQ(c`,d`))

≤ θ(max{S(χϖ ,χϖ ,χc`),S(χξ ,χξ ,χd`)})(26)

and

S(χξ ,χξ ,χd`+1) = S(χd`+1,χd`+1,χξ )

= S(χQ(d`,c`),χQ(d`,c`),χQ(ξ ,ϖ))

≤ θ(max{S(χd`,χd`,χξ ),S(χc`,χc`,χϖ)})(27)

From equation (26) and (27),

θ(max{S(χϖ ,χϖ ,χc`+1),S(χξ ,χξ ,χd`+1)})≤ θ(max{S(χϖ ,χϖ ,χc`),S(χξ ,χξ ,χd`)})

So, ∀ `≥ 1

max{S(χϖ ,χϖ ,χc`),S(χξ ,χξ ,χd`)} ≤ θ
`(max{S(χϖ ,χϖ ,χc0),S(χξ ,χξ ,χd0)}).(28)
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Since θ(π)< π and lim℘→π+ θ(℘)< π implies

lim
`→∞

θ
`(π) = 0 ∀ π > 0.

From equation (28), we get

lim
`→∞

max{S(χϖ ,χϖ ,χc`),S(χξ ,χξ ,χd`)}= 0

which implies

lim
`→∞
{S(χϖ ,χϖ ,χc`)}= 0 and lim

`→∞
{S(χξ ,χξ ,χd`)}= 0.(29)

Similarly

lim
`→∞
{S(χω,χω,χc`)}= 0 and lim

`→∞
{S(χϑ ,χϑ ,χd`)}= 0.(30)

From equation (29) and (30), we get

(χϖ ,χξ ) and (χω,χϑ) are equal.

Since χ is injective,

ϖ = ω and ξ = ϑ .

�

4. APPLICATION

We examine a coupled system of nonlinear Langevin equations with fractional components,

represented by the following form

Dµ1(φ1D
σ1 +λ1)℘1(π) = η1(π,℘1(π),℘2(π)),π ∈F = [1,A ],

Dµ2(φ2D
σ2 +λ2)℘2(π) = η2(π,℘1(π),℘2(π)),π ∈F = [1,A ],

℘1(1) = ξ1℘1(A ),℘1
1(1) = 0 =℘1

1(A ),ξ1 6= 1,

℘2(1) = ξ2℘2(A ),℘1
2(1) = 0 =℘1

2(A ),ξ2 6= 2,

(31)

where µ1,µ2 ∈ (0,1], σ1,σ2 ∈ (1,2], φ1,φ2 > 0, and Dϑ is the Caputo-Hadamard type fractional

derivative where ϑ ∈ {µ1,µ2,σ1,σ2}.
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Let ∇ = {℘∈ C
′
(F = [1,A ]) : ℘(π) > 1,π ∈F} be the banach space of functions whose

first derivatives are continuous on F . Suppose the mapping S : ∇×∇×∇→ R+ is defined by

S(℘1,℘2,℘3) = max
π∈F
|℘1(π)−℘3(π)|+max

π∈F
|℘2(π)−℘3(π)|

∀℘1,℘2,℘3 ∈ ∇ and π ∈F

Define the relation ⊥ in ∇: ℘1⊥℘2 if ℘1(π)℘2(π) ≥℘2(π), ∀π ∈ F , then (∇,S,⊥) is an

orthogonal complete S metric space. Let χ : ∇→∇ is an ICS mapping and Q : ∇×∇→∇×∇,

where (℘1,℘2),(ω1,ω2) ∈ ∇×∇, and Q1,Q2 ∈ Q is defined by

Q1(℘1,℘2)(π) =
1
φ1

I µ1+σ1η1(π,℘1(π),℘2(π))−
ξ1

φ1(ξ1−1)
I µ1+σ1η1(A ,℘1(A ),℘2(A ))

+
A logA

σ1φ1

(
ξ1

ξ1−1
−
(

logπ

logA

)σ1
)

I µ1+σ1−1
η1(A ,℘1(A ),℘2(A ))

+
λ1A logA

σ1φ1

((
logπ

logA

)σ1

− ξ1

ξ1−1

)
I σ1−1

℘1(A )+
λ1ξ1

φ1(ξ1−1)
I σ1℘1(A )

− λ1

φ1
I σ1℘1(π), π ∈F ,

Q2(℘1,℘2)(π) =
1
φ2

I µ2+σ2η2(π,℘1(π),℘2(π))−
ξ2

φ2(ξ2−1)
I µ2+σ2η2(A ,℘1(A ),℘2(A ))

+
A logA

σ2φ2

(
ξ2

ξ2−1
−
(

logπ

logA

)σ2
)

I µ2+σ2−1
η2(A ,℘1(A ),℘2(A ))

+
λ2A logA

σ2φ2

((
logπ

logA

)σ2

− ξ2

ξ2−1

)
I σ2−1

℘2(A )

+
λ2ξ2

φ2(ξ2−1)
I σ2℘2(A )− λ2

φ2
I σ2℘2(π), π ∈F .

Clearly, (℘1,℘2) is a fixed point of Q iff (℘1,℘2) is a solution of system (31)

Furthermore,

Q
′
1(℘1,℘2)(π) =

1
φ1

I µ1+σ1−1
η1(π,℘1(π),℘2(π))

− A

φ1π

(
logπ

logA

)σ1−1

I µ1+σ1−1
η1(A ,℘1(A ),℘2(A ))

+
λ1A

φ1π

(
logπ

logA

)σ1−1

I σ1−1
℘1(A )− λ1

φ1
I σ1−1

℘1(π), π ∈F ,
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Q
′
2(℘1,℘2)(π) =

1
φ2

I µ2+σ2−1
η2(π,℘1(π),℘2(π))

− A

φ2π

(
logπ

logA

)σ2−1

I µ2+σ2−1
η2(A ,℘1(A ),℘2(A ))

+
λ2A

φ2π

(
logπ

logA

)σ2−1

I σ2−1
℘2(A )− λ2

φ2
I σ2−1

℘2(π), π ∈F .

Notations and assumptions:

Λ11 =
(logA )µ1+σ1

φ1Γ(µ1 +σ1)

(
1

µ1 +σ1
+

A

σ1

)(∣∣∣∣ ξ1

ξ1−1

∣∣∣∣+1
)
,

Λ12 =
(A +1)|λ1|(logA )σ1

φ1Γ(σ1 +1)

(∣∣∣∣ ξ1

ξ1−1

∣∣∣∣+1
)
,

Λ21 =
(logA )µ2+σ2

φ2Γ(µ2 +σ2)

(
1

µ2 +σ2
+

A

σ2

)(∣∣∣∣ ξ2

ξ2−1

∣∣∣∣+1
)
,

Λ22 =
(A +1)|λ2|(logA )σ2

φ2Γ(σ2 +1)

(∣∣∣∣ ξ2

ξ2−1

∣∣∣∣+1
)
,

Ω11 =
(A +1)(logA )µ1+σ1−1

φ1Γ(µ1 +σ1)
,

Ω12 =
(A +1)|λ1|(logA )σ1−1

φ1Γ(σ1)
,

Ω21 =
(A +1)(logA )µ2+σ2−1

φ2Γ(µ2 +σ2)
,

Ω22 =
(A +1)|λ2|(logA )σ2−1

φ2Γ(σ2)
.

θ = (θ1 +θ2)(Λ11 +Ω11)+(θ3 +θ4)(Λ21 +Ω21)+(Λ12 +Ω12)+(Λ22 +Ω22)> 0,

where θ1,θ2,θ3,θ4 ∈ θ

We now illustrate the subsequent theorem to validate the existence and uniqueness of a solution

for the system (31).

Theorem 4.1. Assume that the following axioms hold:

(i) η1,η2 : [1,A ]×R×R→ R are continuous;

(ii) Let Θ be the set of all functions θ : [0,1)→ [0,1) ∃ θ1,θ2,θ3,θ4 ∈ θ such that

|η1(π,℘1,℘2)−η1(π,ω1,ω2)|≤ θ1|℘1−ω1|+θ2|℘2−ω2|,
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and

|η2(π,℘1,℘2)−η2(π,ω1,ω2)|≤ θ3|℘1−ω1|+θ4|℘2−ω2|,

∀(π,℘1,℘2),(π,ω1,ω2) ∈ [0,A ]×R×R.

(iii) maxπ∈[0,A ]η1(π,0,0) = M1, maxπ∈[0,A ]η2(π,0,0) = M2.

(iv) ∃ non-negative functions Ψ1,Ψ2 ∈ ∇ such that

|η1(π,℘1,℘2)|≤Ψ1(π), |η2(π,℘1,℘2)| ≤Ψ2(π)

∀ (π,℘1,℘2) ∈ [1,A ]×R×R

then (31) has a unique solution (℘1,℘2) ∈ ∇×∇.

Proof. Let Q : ∇×∇→ ∇×∇, (℘1,℘2),(ω1,ω2) ∈ ∇×∇, Q1,Q2,Q
′
1,Q

′
2 ∈ Q, π ∈F

and χ : ∇→ ∇ is an ICS mapping.

Now verify that the hypothesis in Theorem (3.3) is satisfied. to do this, we show that

(a) There exists ℘1 ∈ ∇ such that ℘1⊥χ℘2 ∀℘2 ∈ ∇.

(b) χ is ⊥-preserving.

(c) χ is (S,⊥)- contraction.

(d) χ is (S,⊥)-continuous.

Proof. (a) Put ℘0 = b(the constant function), we have b⊥χ℘∀℘∈ ∇.

(b) ∀℘1,℘2 ∈ ∇, ℘1⊥℘2, if ℘1(π)℘2(π)≥℘2(π) for every π ∈F .

Since χ : ∇→ ∇ is an ICS mapping, χ℘1(π)χ℘2(π)≥ χ℘2(π) ∀π ∈F . So χ℘1⊥χ℘2.

Hence χ is ⊥-preserving

(c) Let Q : ∇×∇→ ∇×∇, (℘1,℘2),(ω1,ω2) ∈ ∇×∇, Q1,Q2 ∈ Q, π ∈F ,

consider

|Q1(℘1,℘2)(π)−Q1(ω1,ω2)(π)|≤
1
φ1

I µ1+σ1 |η1(π,℘1(π),℘2(π))−η1(π,ω1(π),ω2(π))|

+
1
φ1

∣∣∣∣ ξ1

ξ1−1

∣∣∣∣I µ1+σ1

|η1(A ,℘1(A ),℘2(A ))−η1(A ,ω1(A ),ω2(A ))|
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+
A logA

σ1φ1

∣∣∣∣ ξ1

ξ1−1
−
(

logπ

logA

)σ1
∣∣∣∣I µ1+σ1−1

|η1(A ,℘1(A ),℘2(A ))−η1(A ,ω1(A ),ω2(A ))|

+
|λ1|A logA

σ1φ1

∣∣∣∣( logπ

logA

)σ1

− ξ1

ξ1−1

∣∣∣∣
I σ1−1|℘1(A )−ω1(A )|

+
|λ1|
φ1

∣∣∣∣ ξ1

ξ1−1

∣∣∣∣I σ1 |℘1(A )−ω1(A )|

+
|λ1|
φ1

I σ1 |℘1(π)−ω1(π)|

≤ 1
φ1

[
θ1I

µ1+σ1 |℘1(π)−ω1(π)+θ2I
µ1+σ1 |℘2(π)−ω2(π)

]
+

1
φ1

∣∣∣∣ ξ1

ξ1−1

∣∣∣∣[θ1I
µ1+σ1 |℘1(A )−ω1(A )|

+θ2I
µ1+σ1 |℘2(A )−ω2(A )|

]
+

A logA

σ1φ1

[∣∣∣∣ ξ1

ξ1−1

∣∣∣∣− ∣∣∣∣ logπ

logA

∣∣∣∣σ1
]

[θ1I
µ1+σ1−1|℘1(A )−ω1(A )|]

+θ2I
µ1+σ1−1|℘2(A )−ω2(A )|

+
|λ1|A logA

σ1φ1

[∣∣∣∣ ξ1

ξ1−1

∣∣∣∣− ∣∣∣∣ logπ

logA

∣∣∣∣σ1
]

‖℘1−ω1‖
Γ(σ1)

(logA )σ1−1

+
|λ1|
φ1

∣∣∣∣ ξ1

ξ1−1

∣∣∣∣‖℘1−ω1‖
Γ(σ1 +1)

(logA )σ1

+
|λ1|
φ1

‖℘1−ω1‖
Γ(σ1 +1)

(logπ)σ1 ,

|Q1(℘1,℘2)(π)−Q1(ω1,ω2)(π)| ≤
1
φ1

[
θ1‖℘1−ω1‖

Γ(µ1 +σ1 +1)
(logπ)µ1+σ1 +

θ2‖℘2−ω2‖
Γ(µ1 +σ1 +1)

(logπ)µ1+σ1

]
+

1
φ1

∣∣∣∣ ξ1

ξ1−1

∣∣∣∣[ θ1‖℘1−ω1‖
Γ(µ1 +σ1 +1)

(logA )µ1+σ1

+
θ2‖℘2−ω2‖

Γ(µ1 +σ1 +1)
(logA )µ1+σ1

]
+

A logA

σ1φ1

[∣∣∣∣ ξ1

ξ1−1

∣∣∣∣− ∣∣∣∣ logπ

logA

∣∣∣∣σ1
]
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θ1‖℘1−ω1‖
Γ(µ1 +σ1)

(logA )µ1+σ1−1 +
θ2‖℘2−ω2‖
Γ(µ1 +σ1)

(logA )µ1+σ1−1
]

+
|λ1|A logA

σ1φ1

[∣∣∣∣ ξ1

ξ1−1

∣∣∣∣− ∣∣∣∣ logπ

logA

∣∣∣∣σ1
]
‖℘1−ω1‖

Γ(σ1)
(logA )σ1−1

+
|λ1|
φ1

∣∣∣∣ ξ1

ξ1−1

∣∣∣∣‖℘1−ω1‖
Γ(σ1 +1)

(logA )σ1 +
|λ1|
φ1

‖℘1−ω1‖
Γ(σ1 +1)

(logπ)σ1

≤ 1
φ1

[
θ1‖℘1−ω1‖

Γ(µ1 +σ1 +1)
(logA )µ1+σ1 +

θ2‖℘2−ω2‖
Γ(µ1 +σ1 +1)

(logA )µ1+σ1

]
+

1
φ1

∣∣∣∣ ξ1

ξ1−1

∣∣∣∣[ θ1‖℘1−ω1‖
Γ(µ1 +σ1 +1)

(logA )µ1+σ1

+
θ2‖℘2−ω2‖

Γ(µ1 +σ1 +1)
(logA )µ1+σ1

]
+

A logA

σ1φ1

[∣∣∣∣ ξ1

ξ1−1

∣∣∣∣+1
]

[
θ1‖℘1−ω1‖
Γ(µ1 +σ1)

(logA )µ1+σ1−1 +
θ2‖℘2−ω2‖
Γ(µ1 +σ1)

(logA )µ1+σ1−1
]

+
|λ1|A

φ1

[∣∣∣∣ ξ1

ξ1−1

∣∣∣∣+1
]
‖℘1−ω1‖
Γ(σ1 +1)

(logA )σ1

+
|λ1|
φ1

∣∣∣∣ ξ1

ξ1−1

∣∣∣∣‖℘1−ω1‖
Γ(σ1 +1)

(logA )σ1 +
|λ1|
φ1

‖℘1−ω1‖
Γ(σ1 +1)

(logA )σ1

=
(θ1 +θ2)(logA )µ1+σ1

φ1Γ(µ1 +σ1 +1)

[∣∣∣∣ ξ1

ξ1−1

∣∣∣∣+1
]
[‖℘1−ω1‖+‖℘2−ω2‖]

+
A (θ1 +θ2)(logA )µ1+σ1

σ1φ1Γ(µ1 +σ1)

[∣∣∣∣ ξ1

ξ1−1

∣∣∣∣+1
]

[‖℘1−ω1‖+‖℘2−ω2‖]

+
(A +1)|λ1|(logA )σ1

φ1Γ(σ1 +1)

[∣∣∣∣ ξ1

ξ1−1

∣∣∣∣+1
]
‖℘1−ω1‖

=
[
(θ1 +θ2)Λ11 +Λ12

]
‖℘1−ω1‖+(θ1 +θ2)Λ11‖℘2−ω2‖,

‖Q1(℘1,℘2)(π)−Q1(ω1,ω2)(π)‖≤
[
(θ1 +θ2)Λ11 +Λ12

]
‖℘1−ω1‖+(θ1 +θ2)Λ11‖℘2−ω2‖.(32)

Now, consider

|Q
′
1(℘1,℘2)(π)−Q

′
1(ω1,ω2)(π)|≤

1
φ1

I µ1+σ1−1|η1(π,℘1(π),℘2(π))−η1(π,ω1(π),ω2(π))|

+
A

φ1π

(
logπ

logA

)σ1−1

I µ1+σ1−1

|η1(A ,℘1(A ),℘2(A ))−η1(A ,ω1(A ),ω2(A ))|

+
|λ1|A
φ1π

(
logπ

logA

)σ1−1

I σ1−1|℘1(A )−ω1(A )|
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+
|λ1|
φ1

I σ1−1|℘1(π)−ω1(π)|

≤ 1
φ1

[
θ1I

µ1+σ1−1|℘1(π)−ω1(π)

+θ2I
µ1+σ1−1|℘2(π)−ω2(π)

]
+

A

φ1π

(
logπ

logA

)σ1−1

[θ1I
µ1+σ1−1|℘1(A )−ω1(A )|]

+θ2I
µ1+σ1−1|℘2(A )−ω2(A )|+ |λ1|A

φ1π

(
logπ

logA

)σ1−1

‖℘1−ω1‖
Γ(σ1)

(logA )σ1−1 +
|λ1|
φ1

‖℘1−ω1‖
Γ(σ1)

(logA )σ1−1

≤ 1
φ1

[
θ1‖℘1−ω1‖
Γ(µ1 +σ1)

(logπ)µ1+σ1−1

+
θ2‖℘2−ω2‖
Γ(µ1 +σ1)

(logπ)µ1+σ1−1
]

+
A

φ1π

(
logπ

logA

)σ1−1[
θ1‖℘1−ω1‖
Γ(µ1 +σ1)

(logA )µ1+σ1−1

+
θ2‖℘2−ω2‖
Γ(µ1 +σ1)

(logA )µ1+σ1−1
]
+
|λ1|A
φ1π

(
logπ

logA

)σ1−1

‖℘1−ω1‖
Γ(σ1)

(logA )σ1−1 +
|λ1|
φ1

‖℘1−ω1‖
Γ(σ1)

(logA )σ1−1,

|Q
′
1(℘1,℘2)(π)−Q

′
1(ω1,ω2)(π)|≤

1
φ1

[
θ1‖℘1−ω1‖
Γ(µ1 +σ1)

(logA )µ1+σ1−1

+
θ2‖℘2−ω2‖
Γ(µ1 +σ1)

(logA )µ1+σ1−1
]

+
A

φ1

[
θ1‖℘1−ω1‖
Γ(µ1 +σ1)

(logA )µ1+σ1−1

+
θ2‖℘2−ω2‖
Γ(µ1 +σ1)

(logA )µ1+σ1−1
]

+
|λ1|A

φ1

‖℘1−ω1‖
Γ(σ1)

(logA )σ1−1

+
|λ1|
φ1

‖℘1−ω1‖
Γ(σ1)

(logA )σ1−1

=
(A +1)(θ1 +θ2)(logA )µ1+σ1−1

φ1Γ(µ1 +σ1)
[‖℘1−ω1‖+‖℘2−ω2‖]
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+
(A +1)|λ1|(logA )σ1−1

φ1Γ(σ1)
‖℘1−ω1‖

=
[
(θ1 +θ2)Ω11 +Ω12

]
‖℘1−ω1‖+(θ1 +θ2)Ω11‖℘2−ω2‖,

‖Q
′
1(℘1,℘2)−Q

′
1(ω1,ω2)‖≤

[
(θ1 +θ2)Ω11 +Ω12

]
‖℘1−ω1‖+(θ1 +θ2)Ω11‖℘2−ω2‖.

(33)

From equation (32) and (33)

‖Q1(℘1,℘2)−Q1(ω1,ω2)‖≤
[
(θ1 +θ2)(Λ11 +Ω11)+(Λ12 +Ω12)

]
‖℘1−ω1‖

+
[
(θ1 +θ2)(Λ11 +Ω11)

]
‖℘2−ω2‖.(34)

Similarly,

‖Q2(℘1,℘2)−Q2(ω1,ω2)‖≤
[
(θ3 +θ4)(Λ21 +Ω21)+(Λ22 +Ω22)

]
‖℘1−ω1‖

+
[
(θ3 +θ4)(Λ21 +Ω21)

]
‖℘2−ω2‖.(35)

From equation (34) and (35)

‖Q(℘1,℘2)−Q(ω1,ω2)‖≤ θ‖(℘1,℘2)− (ω1,ω2)‖, θ ∈ (0,1].

χ : ∇→ ∇ is an ICS mapping,

‖χQ(℘1,℘2)−χQ(ω1,ω2)‖≤ θ‖(χ℘1,χ℘2)− (χω1,χω2)‖

Now,

S(χQ(℘1,℘2),χQ(℘1,℘2),χQ(ω1,ω2)) = 2max
π∈F

∣∣χQ(℘1,℘2)(π)−χQ(ω1,ω2)(π)
∣∣

≤ 2max‖χQ(℘1,℘2)−χQ(ω1,ω2)‖

≤ 2θ max‖(χ℘1,χ℘2)− (χω1,χω2)‖

≤ θ(max{S(χ℘1,χ℘1,χω1),S(χ℘2,χ℘2,χω2)}).

Therefore, χ is (S,⊥)- contraction with θ ∈ (0,1].

(d) Let {℘̀ } be an (S,⊥)-sequence in ∇ such that {℘̀ } converges to some ℘∈ ∇. Since χ is
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⊥-preserving, {χ℘̀ } is an (S,⊥)-sequence.

For each ` ∈ N,

|χ℘̀ −χ℘|≤ θ |℘̀ −℘|, 0 < θ < 1.

As `→ ∞, χ is ⊥-continuous.

�

Hence, there exists a unique solution to coupled system of nonlinear fractional Langevin equa-

tions. �

5. CONCLUSIONS

In this manuscript, We introduced the CFP theorem for orthogonal S-metric space. Our

findings expand on and generalize previous research. Furthermore, we apply our main findings

to a coupled system of nonlinear fractional Langevin equations.
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[2] V. Lakshmikantham, L. Ćirić, Coupled fixed point theorems for nonlinear contractions in partially ordered

metric spaces, Nonlinear Anal.: Theory Meth. Appl. 70 (2009), 4341–4349. https://doi.org/10.1016/j.na.200

8.09.020.

[3] F. Sabetghadam, H.P. Masiha, A.H. Sanatpour, Some coupled fixed point theorems in cone metric spaces,

Fixed Point Theory Appl. 2009 (2009), 125426. https://doi.org/10.1155/2009/125426.

https://doi.org/10.1016/j.na.2005.10.017
https://doi.org/10.1016/j.na.2008.09.020
https://doi.org/10.1016/j.na.2008.09.020
https://doi.org/10.1155/2009/125426


24 BENITHA WISES SAMUEL, GUNASEELAN MANI

[4] C. Bai, Coupled fixed point theorems in C∗-algebra-valued b-metric spaces with application, Fixed Point

Theory Appl. 2016 (2016), 70. https://doi.org/10.1186/s13663-016-0560-1.

[5] B. Khomdram, Y. Rohen, T.C. Singh, Coupled fixed point theorems in Gb-metric space satisfying some

rational contractive conditions, SpringerPlus 5 (2016), 1261. https://doi.org/10.1186/s40064-016-2925-7.

[6] S. Sedghi, N. Shobe, A. Aliouche, A generalization of fixed point theorem in S-metric spaces, Mat. Vesnik,

64 (2012), 258–266.

[7] S. Sedghi, N. Shobe, A common unique random fixed point theorems in S-metric spaces, J. Prime Res. Math.

7 (2011), 25–34.

[8] P. Chouhan, N. Malviya, A common unique fixed point theorem for expansive type mappings in S-metric

spaces, Int. Math. Forum. 8 (2013), 1287–1293. https://doi.org/10.12988/imf.2013.35105.

[9] S. Ajay, H. Nawneet, Coupled fixed point theorems in S-metric spaces, Int. J. Math. Stat. Invent. 2 (2014),

33–39.

[10] M.E. Gordji, M. Rameani, M. de la Sen, et al. On orthogonal sets and Banach fixed point theorem, Fixed

Point Theory. 18 (2017), 569–578. https://doi.org/10.24193/fpt-ro.2017.2.45.

[11] M.E. Gordji, H. Habibi, Fixed point theory in generalized orthogonal metric space, J. Linear Topol. Algebra.

6 (2017), 251–260.

[12] T. Senapati, L.K. Dey, B.A. Damjanovic, New fixed results in orthogonal metric spaces with an application,

Kragujevac J. Math. 42 (2018), 505–516.

[13] M.E. Gordji, H. Habibi, Fixed point theory in ε-connected orthogonl metric space, Sahand Commun. Math.

Anal. 16 (2019), 35–46.

[14] N.B. Gungor, D. Turkoglu, Fixed point theorems on orthogonal metric spaces via altering distance functions,

AIP Conf. Proc. 2183 (2019), 040011. https://doi.org/10.1063/1.5136131.

[15] Q. Yang, C. Bai, Fixed point theorem for orthogonal contraction of Hardy-Rogers-type mapping on O-

complete metric spaces, AIMS Math. 5 (2020), 5734–5742. https://doi.org/10.3934/math.2020368.

[16] K. Sawangsup, W. Sintunavarat, Y.J. Cho, Fixed point theorems for orthogonal F-contraction mappings on

O-complete metric spaces, J. Fixed Point Theory Appl. 22 (2019), 10. https://doi.org/10.1007/s11784-019-0

737-4.

[17] K. Sawangsup, W. Sintunavarat, Fixed point results for orthogonal Z-contraction mappings in O-complete

metric space, Int. J. Appl. Phys. Math. 10 (2020), 33–40.

[18] G. Mani, A.J. Gnanaprakasam, C. Park, et al. Orthogonal F-contractions on O-complete b-metric space,

AIMS Math. 6 (2021), 8315–8330. https://doi.org/10.3934/math.2021481.

[19] A.J. Gnanaprakasam, G. Mani, V. Parvaneh, et al. Solving a nonlinear Fredholm integral equation via an

orthogonal metric, Adv. Math. Phys. 2021 (2021), 1202527. https://doi.org/10.1155/2021/1202527.

https://doi.org/10.1186/s13663-016-0560-1
https://doi.org/10.1186/s40064-016-2925-7
https://doi.org/10.12988/imf.2013.35105
https://doi.org/10.24193/fpt-ro.2017.2.45
https://doi.org/10.1063/1.5136131
https://doi.org/10.3934/math.2020368
https://doi.org/10.1007/s11784-019-0737-4
https://doi.org/10.1007/s11784-019-0737-4
https://doi.org/10.3934/math.2021481
https://doi.org/10.1155/2021/1202527


COUPLED FIXED POINT THEOREM ON ORTHOGONAL S-METRIC SPACES 25

[20] I. Beg, G. Mani, A.J. Gnanaprakasam, Fixed point of orthogonal F-Suzuki contraction mapping on O-

complete b-metric spaces with applications, J. Function Spaces 2021 (2021), 6692112. https://doi.org/10

.1155/2021/6692112.

[21] A.J. Gnanaprakasam, G. Mani, J.R. Lee, et al. Solving a nonlinear integral equation via orthogonal metric

space, AIMS Math. 7 (2021), 1198–1210. https://doi.org/10.3934/math.2022070.

[22] G. Mani, A.J. Gnanaprakasam, K. Javed, et al. On orthogonal coupled fixed point results with an application,

J. Function Spaces. 2022 (2022), 5044181. https://doi.org/10.1155/2022/5044181.

[23] B. Singh, V. Singh, I. Uddin, et al. Fixed point theorems on an orthogonal metric space using Matkowski type

contraction, Carpathian Math. Publ. 14 (2022), 127–134.

[24] Z.E.D.D. Olia, M. Eshaghi, D.E. Bagha, Banach fixed point theorem on incomplete orthogonal S-metric

spaces, Int. J. Nonlinear Anal. Appl. 14 (2023), 151–157. https://doi.org/10.22075/ijnaa.2021.22054.2322.

[25] F. Mainardi, P. Pironi, The fractional Langevin equation: Brownian motion revisited, Extracta Math. 10

(1996), 140–154.

[26] R. Kubo, The fluctuation-dissipation theorem, Rep. Prog. Phys. 29 (1966), 255–284. https://doi.org/10.1088/

0034-4885/29/1/306.

[27] A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and applications of fractional differential equations, North-

Holland Mathematics Studies, vol. 204, Elsevier, 2006.

https://doi.org/10.1155/2021/6692112
https://doi.org/10.1155/2021/6692112
https://doi.org/10.3934/math.2022070
https://doi.org/10.1155/2022/5044181
https://doi.org/10.22075/ijnaa.2021.22054.2322
https://doi.org/10.1088/0034-4885/29/1/306
https://doi.org/10.1088/0034-4885/29/1/306

	1. Introduction
	2. Preliminaries
	3. Main Results
	4. Application
	5. Conclusions
	Acknowledgements
	Authors contributions
	Conflict of Interests
	References

