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Abstract. This work introduce a new concept of a C*-algebra-valued generalized metric spaces and extend some
fixed-point theorems for Kannan-type mappings in this space. The C*-algebra-valued generalized metric spaces
recover various topological spaces, including standard generalized metric spaces and C*-algebra-valued metric
spaces, as well as C*-algebra-valued b-metric spaces. Our results improve and extend a multiple recent works
in the literature. We also give illustrative examples to exhibit the utility of our results. In the end, we give an
application in operators equation.
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1. INTRODUCTION

The Banach contraction principle plays a fundamental role in the theory of fixed points. It
is used in many areas of mathematics, including the solution of nonlinear differential equations
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and integral equations, such as Volterra and Fredholm integral equations [8]. The practical
significance of this principle has prompted various mathematicians to study many interesting
extensions and generalizations of this principal.

Among these extensions is the work of Kannan [16], which states that in a complete metric
space (X,d), if T : X — X is a mapping such that d(Tx,Ty) < k(d(Tx,x) +d(y,Ty)) for all x,y
in X, where k is a constant in [0, %) then 7 has a unique fixed point x* in X.

In recent years, several generalisations of standard metric spaces have been studied. In [12]
Hitzlar and Sessa introduced the concept of dislocated spaces. The removal of the symmetry of
the metric function was another way of extending this concept to quasi-metric spaces by Wilson
[24]. The modification of the triangular inequality led to the creation of various types of metric
spaces, such as the b-metric spaces of Czerwik and Bakhtin [1, 6, 7], the extended b-metric
spaces of Kamran et al [18], the rectangular spaces of Branciari [6] and the modular metric
spaces of Nakano [7]. Recently, Samet and Jleli introduced the notion of generalized metric
spaces [5, 14, 15].

In 2007, Huang and Zhang [13] introduced the innovative concept of cone metric space, which
represents an extension of metric spaces where the underlying space of the metric is replaced
by a Banach space.

In 2013, Liu and Xu [19] developed the notion of cone metric space over Banach algebras,
hence substituting the Banach space with a Banach algebra as the underlying structure. They
obtained several fixed-point theorems for generalized Lipschitzian mappings using the concept
of spectral radius while imposing natural and weaker constraints.

Continuing the changes of previous work, Zhenhua Ma et al. [20, 21] replaced Banach algebra
in C*-algebra and using the elements introduced the concept of C*-algebra-valued metric space
in 2014. This introduction yielded various fixed-point theorems within this framework.
Inspired by the concepts mentioned above, we introduce in this work the class of C*-algebra-
valued generalized metric space. This class allows us to generalize some spaces mentioned
earlier. In this framework, we establish several fixed point theorems for a Kannan-type mapping
and illustrate our contributions with many examples. Also, we have also applied our result to

establish a solution of an operator equation in this new framework.
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2. PRELIMINARIES

Now, let’s recall some useful results on C*-algebra that will be needed. Let A be a unitary
Banach algebra of zero 0, and unit 1, with a continuous antilinear involution denoted * (called

adjoint) such that for all u, v in A,
(wv)* =v*u" and (u*)* = u.

If the additional condition on the norm ||uu*|| = ||u||* for all u of A is satisfied, then A is called
a C*-algebra.

Let Ay, be the set of all elements u of A satisfying u* = u. An element u is said to be positive
if u € Ay and o(u) C R, where o(u) is the spectrum of u and we denote 04 < u. Using the

positive elements, we define a partial order on Ay, as follows
u=v ifand only if 0y Xv—u.
Finally, we denote by Ay = {u € A : 04 < u} the set of all positive elements of A.
Remark 2.1. [22] Let A be a unitary C*-algebra with a unit 1. For any u € A, we have
u= 1y = fluf <1.

Lemma 2.2. [9, 22] Let A be a unitary C*-algebra with a unit 1.

(i) For eachu € Ay with ||u|| < 3, the element 1, —u is invertible and ||(15 —u) ~'u|| < L.
(ii) If u,v € A such that Oy < u < v, then ||ul| < ||v]|.
(iii) Suppose that u,v € A with 05 = u,v and uv = vu, then 0y < uv.
(iv) If u € A" and v,w € A where 0y <w=<vandly—uéc A; is invertible operator, then

(1p —u)"'w < (14 —u)~'v, where
A;:{MEA+:VV6A, uv =vu}.

Lemma 2.3. [20] Let A be a unitary C*-algebra with unit 1. For all u,v € A, and w € A;L =

ATN A/, we have u =< v implies that wu < wv.

Theorem 2.4. [9] Let A be a C*-algebra. We have u*u € A, for any u in A.
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3. MAIN RESULTS

In this section, we introduce the notion of a generalized metric space in the setting of C*-

algebra as follows.

Definition 3.1. Let X be a nonempty set, A be a C*-algebra and ¥ : X x X — A be a given

mapping. Let x € X and (x,),en be sequence in X. We say that (x,),cn is Z-convergent to x

with respect to A and we write li_r}n |2 (xn,x)|| = 0, if for given € > 0, there exists a positive
n—oo

integer N such that || Z(x,,x)|| < € forall n > N.

For every x € X, let us define the set
C(2,X,x) = {(xn)nEN cX: nErJrrlooH_@(xn,x)H = O}.

Definition 3.2. Let X be a nonempty set. Suppose that the mapping & : X x X — A is defined

and satisfies the following properties.

(D1) 04 < Z(x,y) forall x and y in X;

(D2) D(x,y) =04 = x=y;

(D3) Z(x,y) = D(y,x) for all xand y in X;

(Dy4) there exists ¢ € A} with ¢ # 04 such that if (x,y) € X X X, (x;)nen € €(Z,X,x) and

limsup || Z(xn,y)]|| < e, then
n—yoo

Z(x,y) = (limsup || 2 (xn,y)]]) .c.

n—+oo

In this case, Z is said to be a C*-algebra-valued generalized metric on X and (X,A,2) is

said to be a C*-algebra-valued generalized metric space.

Remark 3.3. If the set €(2,X,x) is empty for all x € X, then we consider by convention
that (X,A, ) is a C*-algebra-valued generalized metric space if and only if the three axioms
(D1),(D2) and (D3) are verified.

Proposition 3.4. Let (X, A, ) be a C*-algebra-valued generalized metric space and (x,)neN
be a sequence of X. If (xp)nen is P-convergent to an x with respect to A, then this limit is

unique.
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Proof. Suppose that sequence (x,),cn Z-converges to two elements x and y of X with respect

to A. By using the property (Dy4), we have

D(x,y) =< (limsup ||.@(xn,y)|]).c =04,
n— oo
that is, Z(x,y) =04 and x = y.
O

Example 3.5. Let L=(Q) be the set of bounded measurable functions, Q is an open nonempty
set of R™, m € N\ {0} and X = {f € L=(Q) : fis positive on Q}. Let H = L?>(Q) be the
Hilbert space of functions with integrable square. By L(H) we denote the set of continuous
linear operators on H. Clearly L(H) is a C*-algebra with the usual operator norm. We define

2 :X xX — L(H) by

I(figrly) iff=0o0rg=0
2(f,8) =

275 g otherwise,

where 7, : H — H is the multiplication operator with / € X,
T (9)(x) = (h.9)(x) = h(x)$(x) for all ¢ € H and x € Q,

and 1x : x — 1 the constant function on X.
Then, Z is a C*-algebra-valued generalized metric on X. Indeed, Z satisfies the axioms (D),
(D) and (D3). To prove that Z satisfies the axiom (Dy); let take f € X and we distinguish two

cases.

e Case 1: f # 0. In this case ¢ (Z,X, f) is a nonempty set and there exists a sequence
(fu)nen of elements of X such that ngTw W2 (fn, f)|| =0.
If the sequence admits an infinite of zero, there exists a subsequence ( f¢(n))n20 of
(fn)n=>0 such that f,,) = 0 foralln € N, so Z(fy(n), f) = %”(fﬂx) for all n € N, which
justifies that nlgl; |2 (fn), f)|l # O, which is absurd. Thus, there exists N € N such that
fn # 0 for every integer n > N.
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Let g € X \ {0}, we have

2(f,8) 2 N2(f:)- 1y =207 |- 1oy = 21f — 8lleo- 11
22([[f = falleo + ([ fn = 8lloo) 1)

= (12 D+ 12 (fa: 1) 1) for any integer n > N.

Thus,

2(f,8) =2 (thUPH-@(fn, )H)-IL(H)

n——+oo

e Case 2: f=0. Let (hy)nen € €(2,X, f) and consider P={n e N: h, #0} and Q =
{n € N: h, =0}. We can identify three cases.

— If Pis finite, then 2(0,g) = % || Tg1 |- 1; () and from a certain rank,

2(0,8) = 2 (hn, )| 111 = limsup | Z (hn, &) |- 111

n—r+oo

— If Q is finite, then from a certain rank we have,

1
2(0.6) = (120811 + 1170, ) 1210
Thus,

1
9(0,g) < limsup | Z(hn.)]l (— L >)

n——+oo

— If P and Q are infinite, then there exist two increasing functions Y, o : N — N such
that for all n € N, we have &y, # 0, hg(,y = 0 and {hy : n € N} = {hy,) :n €
N} U {hg(n) : n € N}. We obtain

2(0,g) = max{limsup Hg(hw(n),g)Halirgiup 12 (ho(ny, &)} 1o

n—r—+oo

=< (limsup|Z(hn, &)1) 1)

n—4-o0
This inequality is also true for g = 0.

Finally, for all g € X, there is ¢ € L(H)™ (simply take ¢ = 1;z) such that

2(£,8) % (limsup |2 (i, g)l])-c.
where (fy)nen is an element of €' (2,X, f).

Therefore, (X,L(H), 2) is a C*-algebra-valued generalized metric space.
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Remark 3.6. Any C*-algebra-valued b-metric space is C*-algebra-valued generalized metric

space.

Indeed, let (X, A,d)) be a C*-algebra-valued b-metric space with b = 1,.
Then d,, satisfies the axioms (Dy), (D;) and (D3). For the axiom (Dy), let (x,y) € X x X and
(Xn)nen € € (dp, X ,x). We have for all n € N,

Iy (o, )1 < 151 ([l (o, ) |+ 1 (e 911,

So,
limsup |dp, (x4, )| < ||| (ligiup(\!(db(xn,X)H +[ldp(x,9)1))

n——+oo
= [ldb (2, )| < ee.

We also have
db(xay) = b(db(x7xn) +db(xn7y))

=161 (lldp (x,30) + dip (V) |[) 1
So,

Iy (e )1 < 1111 (lld (x,x0) | + 1y (5, V)T

which implies that

I (e )| < (16| (limsup([}(dp (xn, x) || +Timsup [|dp (x, y))[))-

Hence,
dp(x,y) = [|dp(x,y) |- 14 = (limiupHdb(xn,y)H)-(lle-IA)~
n—s oo
Therefore,

dy(x,) < (imsup [ld, (xu,)|]) ., where ¢ = [[b][. 1.

n— oo
Definition 3.7. Let (X, A, Z) be a C*-algebra-valued generalized metric space.

(i) A sequence (x,),ecn in X is said to be a Z-Cauchy sequence with respect to A if for
given € > 0, there exists a positive integer N such that || Z(x,,x,)|| < € for all n,m > N.
(ii) We say that (X, A, 2) is a Z-complete C*-algebra-valued generalized metric space if

every Z-Cauchy sequence is Z-convergent with respect to A in X.



8 CHAIRA, DAHMAN, KABIL, KAMOUSS

Definition 3.8. Let (X,A, Z) be a C*-algebra-valued generalized metric space. A mapping
T : X — X is called a Kannan mapping if there exists u € A with ||u|| < % such that for all

(x,y) € X2,
(1) 9(TxT) Zu(D(Tx2)+ Z(0,Ty) )
The element u is called the constant of T'.

In this section, we establish some fixed point theorems for Kannan-type mapping in the con-
text of C*-algebra-valued generalized metric space. In the following, (X,A, 2) denotes C*-

algebra-valued generalized metric space.

Theorem 3.9. Let (X,A, ) be a P-complete C*-algebra-valued generalized metric space
of constant ¢ and T : X — X be a Kannan mapping with constant u € A; such that |jul| <
min{%, ﬁ} Then T has a unique fixed point x* € X and for any xy € X the sequence of iterates

(T"x0)nen Z-converges to x* with respect to A.

Proof. Choose xp € X an arbitrary element and construct the sequence (x,),cn defined by the
following scheme x,, 11 = T'x, foralln € N.

From (1), we have

-@(anrl 7xn) = @(Txna Txnfl)
2UD(Txp,Xn) +uD (xXp—1,Txp—1)

= u-@(xn—H axn) + u-@<xnaxn—l)7
which implies that
(1A - u)g(xn+1 ,Xn) = M@(xn;xn—l)-
As |lu| < 3, then 14 — u s invertible and more (14 —u) ' = )" u". Therefore (1, —u)~' € A

n=0
and by using the Lemma 2.2, we get

D(Xns1,%0) = (1 — 1) " uD (X0, %0 1).

So,

@(anrl:xn) < V@(xmxnfl)a
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where v = (1, —u)~'u and ||v|| < 1. By using the Reasoning by recurrence, we obtain
() D (Xnt1,%n) IV'D(x1,x0).
Let n,m € N such that n > m > 1, we have
D(xXny%m) = D(Txp—1,Txpm—1)
= uD(Txp—1,%n—1) +uD (xp—1,TXn—1)
=uD(xn,xn—1) +u? (Xm, Xm—1)-
Hence, we get from (2)

D (xp, Xm) 2" 1D (x1,x0) +w™ 1 D(x1,x0).

So,
D (Xp,Xm) = w" 1D (x1,x0) + ™1 D (x1,x0)

=< (||uv”_1_@(x1,xo)—|—uvm_1_@(x1,xo)||).lA

< (" 2 (1, x0) || + [~ D (x1,30) ) -1

=12 G xo)lul (vl + [Iv]™ 1) 1
Thus,

D (xny25m) = 8|al| ("~ + [[vl™=") 1,

where & = ||Z(x1,x0)||.  Since &lul[([lv]|"~" + [|[v]|™"").1a — 04 as n,m — oo, then

lim || Z(xn,xm)|| = 0, which shows that (x,),cn is a Z-Cauchy sequence with respect to A in
n,m—»o0

X. As (X,A,2) is Y-complete with respect to A, the sequence (x,),en Z-converges to some
x* in X with respect to A.

By the property (Dy),

P(Tx*,x") < (limsupH.@(Tx*,Txn—l)H> €

n—oo

< <limsup |u(2(Tx",x*) + D (Xn-1,TXn_1)) H) €

n—o0

= <liijPHuH (2(Tx",x") | + H9(xn—1,xn)\|)) .c

= |ull (limsupH@(Tx*7x*)|’ +linfup\]@(xn,xn1)]\) .C
n—>oo

n—oo
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= ||ull (limsup||@(Tx*,x*)H +1imsup||v"1_@(x1,xo)||> .c
n—roco

n—oo

n—oo n—oo

= [u] (limsup”@(Tx*,x*)H —|—51imsupHvH"1) .C

= [lul[|2(Tx",x7)]|.c.
Hence,

2(Tx",x") 3 (|[ull [ 2(Tx", x")]]).c.
Using the norm of A and the Lemma 2.2, we have
12(Tx* )| < || (lll|2(Tx*,2)) e[ < el [lell|2(Tx",27)].
Then,
(1= llell«l [ 2(Tx",x")]| < 0.

Since ||ul|||c]| < 1, then || Z(Tx*,x*)|| = 0, which implies that Z(Tx*,x*) = 0. It follows that
Tx* = x*. Therefore x* is a fixed point of T'.
Now, let us show the uniqueness of the fixed point of 7. Suppose that x*, y* are two fixed points

of T in X. Since T is a Kannan mapping, we have
PD(x*,x*) = D(Tx", Tx") 2u(D(Tx",x*) + D(x*,Tx")),

which gives Z(x*,x*) < 2uZ(x*,x*) and consequently, (1 —2|Ju|)||Z(x*,x*)|| < 0. Since
(I —2ju||) > 0, then ||D(x*,x*)|| = 04, it follows that Z(x*,x*) = 04. Similarly, we have
@(y*,y*) = OA.

On the other hand, we have
P("y) = D(Tx", Ty")
<u(2(Tx" . x")+ D(y*, Ty"))
=u(Z2(x"x" )+ 2(y",y")) = Oa.

Hence 2(x*,y*) = 04. Which implies that x* = y*. O

Example 3.10. Let X =R, and A = .#,(RR) the set of square matrices of order 2 with ||M||, =
1

4 2
(Z |al~|2) , Where a; are the coefficients of the matrix M € A. Then A is a C*-algebra. We
i=1
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recall that

MeA; & ('"M=Mand c(M) C R, where 6(M) is the spectrum of M ).

Consider the mapping & defined by

;

X+ 0
Y ifx—=0ory=0
0 x+y
P(x,y) =
24 ’% 0
otherwise.
0 24 ’?

We verify the axioms of the C*-algebra-valued generalized metric space.

e It’s obvious that the mapping Z verifies the axioms (Dy), (D) and (D3).

e Let us show the axiom (D4). Let x € X. We distinguish two cases:

Case 1: x # 0, then the set ¢ (Z,X,x) is empty, because otherwise there exists a sequence

Case 2:

(xn)n>0 of elements of X such that 1i_r>n | 2 (xn,x)|| = 0.

e If the sequence admits an infinite of zero, there exists a subsequence (x;(,))n>0 of

x 0
(Xn)n>0 such that x4(,) = 0 for all n € N, 50 P (x4 (), X) = foralln € N. Asa
0 x

result, lim || 2(xg(n),%)|l2 = V/2x = 0, which is absurd since x # 0.
n—y+-oo
e If the sequence (x,),>0 does not admit an infinity of zero, then there exists ngp € N

2+x”+x 0

such that x,, # O for any integer n > ng. We have Z(x,,x) = 5 Xyt X

0 2
* 5

for any integer n > ny.

Asaresult, lim || 2(x,,x)[2 = lim v2(2+ T +x) = 0, which is absurd since
V2(2+ XHTH) > @ for any integer n > ng and x # 0.

x = 0. In this case € (Z,X,x) # 0. Let (up)n>0 € €(2,X,0).
o If the sequence (u,),>o admits an infinity of zero, there exists a subsequence
(”W(n))@o of (un)n>0 such that Uy(n) =0foralln € N. Lety € X,

10

m |2 (y(n),¥)ll2 = V2y < limsup | 2 (un,y)|2 and P (x,y) = y.
n=—eo n—oo 0 1
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It remains to be verified that limsup | 2 (up,y)|| < oe.

n—soo
uy + 0 0
X Dy = [ , then Z(un,y) = P(un,0)+ [ °
0 up+y 0 vy
So,
limsup || 2 (up,y)|| < limsup||Z(u,,0)|| + limsup || 2(0,y)]|.
n—oo n—oo n—oo
Therefore limsup || 2 (uy,y)|| < V2y < oo,
n—oo
gy Y 0
-1t D(un,y) = 5 u,+y |+ then P(uny) = 52(uy,0) +
0 2+
5
2+ 0
0 2+%

In the same way limsup || 2 (u,,y)| < V2(2+ )5;) < oo,
n—soo
So, in both cases, we have limsup || Z (up,y)|| < ce.
n—soo

o If the sequence (u,),>0 does not admit an infinity of zero, then there exists ngp € N

such that u, # 0 for any integer n > ngy. Let y € X \ {0}. We have

- 2+””5+y 0 ! o) 2+§ 0
-@ Un,y) = — _-@ MI’HO + )
0 o4y s 0 242
5 5
for any integer n > ng. As a result,
. y 0
lim || 2(un,y)|2 = V2(2+ ) and D(x,y) =
n— o0 5 y
Fory=0, lim [|Z(u,,y)|»=0and Z(x,y) =0.
n—y+oo
5v2
Hence, for all y € X, there are c € A (simply take ¢ = 2 s ) such that
0o 2
2

y 0 .
P(xy) = < (limsup | 2(x,.3)]) .
O y n—roo

Therefore, (X, A, ) is be a C*-algebra-valued generalized metric space.
Now, let show the (X,A, Z7) is Z-complete. Let (u,),cn be a Z-Cauchy sequence of X with

respect to A.
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As for all integer n,m € N,

241 JSF el 0
0 2+un+um 22.12.
5
So from certain rang of n and m,
U, +u 0
D (un, um) = e
0 Uy, + Uy,

Let € > 0. Since (up),cn is Z-Cauchy sequence of X, there exists Ny € N such that

Up+u 0
n,m =Ny = || 2 (un,um)|| = e = V2(up+ up) < €
0 U, + upy,
Then,
£
<n,m>N0 — Ogungun+um<ﬁ).

u, 0 )
Thus, for any n > Ny we have || Z(u,,0)|| = < g, which shows that the sequence

0 wu,

() nen is Z-converges to 0 in X with respect to A, that is, (X, A, D) is Z-complete with respect
to A.

.

0 ifxel0,21]

Consider the mapping T defined on X by T'(x) =

2 ifx e (21,400).

\

.For each x,y € (21,4), we have 2(Tx,Ty) = | ° u P2(x,Tx) =
0 35
12+ 12+
T VPRI
an (vay)_
0 124 0o lzb

5 5

Then, % <125+x+@> >4> % and so,

2(T(x),T(y)) =2 %(@(%T(x)) +72(0T()))-
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2 0
. For each x € [0,21] and y € (21,+00), we have Z(Tx,Ty) = , D(x,Tx) =

0 2
x 0 124y
and 2(y,Ty)= | ° . Then, 4 (x+ 122 > 2 and so,
12+ 3 >
0 x 0 Ty

P(T(x),T(y) 25 (ZxTx)+2(.T())).

W[ —

. We also have the result for x,y € [0,21].

So, for all x,y € X, Z(T (x),T(y)) 2 u(2(x,T(x))+ Z(y,T(y))), where u = 1.1, with [lu| =

V2
oo
Thus, all the conditions of Theorem 3.9 are satisfied. Then 7" has a unique fixed point which is

0.

Corollary 3.11. Let (X,A, ) be a P-complete C*-algebra-valued generalized metric space
and T : X — X is a mapping such that for some positive integer N > 2, TV is a mapping such
that there exists u € A/Jr with ||u| < min{3, L”} satisfying for all x,y € X,

lle

2(TVx, TNy) 2u(2(TNx,x) + 2(y, TVy)).
Then, T has a unique fixed point.
Proof. Since TV is a Kannan mapping, then according to Theorem 3.9, the mapping T has
a unique fixed point x* in X. That is TV (x*) = x*, then TN*!(x*) = Tx*. This implies that

TN(Tx*) = Tx* i.e. Tx* is a fixed point of TV. And according to the uniqueness of fixed point

of TV, we have Tx* = x*. O

Theorem 3.12. Let (X, A, 9) be a C*-algebra-valued generalized metric space, N > 2 a posi-
/ 1
tive integer and u € A with ||ul| < X Let T : X — X be a mapping such that for all x,y € X,

we have
(3) 2(T"x,TVy) 2u(2(Tx,x) + 2y, Ty)).
If there is an x* € X such that TN (x*) = x*, then x* is a fixed point of T.

Proof. Let x* € X and TV (x*) = x*. Then, from relation (3), we have
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D (x*, Tx*) = D(TVx*, TV x*) 2u(2(Tx*,x*) + D(Tx*, Tx¥)).
So,
(14 —u) D (x*, Tx*) < uP(Tx*, Tx").
Using the Lemma 2.2, we obtain
D(x*, Tx*) < (1a —u) " 'u2(Tx*, T?x").
Also
D(Tx*, T*x*) = (TN T x* TN 2x%) < u(@(sz*,Tx*) + @(sz*,T3x*)).
So,
D(Tx*\ T*x*) < (1a —u) 'u2(T%x*, T3x%).
We have also,
.@(TNﬁlx*,TNx*) _ @(TN+(N71)X*,TN+NX*)
< u(2(T"x", TN + 2(TNx*, TNHx*)).
We obtain
(TN TV < (14 — ) u2(TVx*, TN ).
Then we deduce that,
(", Tx") 2 ((1a — u)*lu)N@(TNx*,TNHx*).
Hence 2(x*,Tx*) < VW2(x*,Tx*), where v = (15 —u)~'u. Using the norm of A and the
( ’ - ) ’ A g

Lemma 2.2, we get

120, T < Y26 T < vV |2, T
Thus,

(1= MIM) 2, 72| < 0.

As ||v]| < 1, then | Z(x*, Tx")|| = 0, this implies that Z(x*,Tx*) = 04. Therefore Tx* =x*. O

In the follows, it is therefore useful to study the situation where 7 : X — X is not necessarily
a Kannan mapping, but 7V is a Kannan mapping for some N > 2. We give bellow an example

of a mapping where 7 is not a Kannan mapping, but 72 is a Kannan mapping.
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Example 3.13. Let X = {z € C : |z] < 1} be a compact Hausdorff space and A = .#3(C)
3
equipped with the norm ||.||« defined by [|A]|. = 1r£1a<x3(z |a; j|) for all A = [a; j]1<ij<3 € A
SIS j=1
with A* = [a}]1<; j<3. Define 7 : X x X — A as
alz—7/| 0 0
2(z,7) = 0 blz—7| 0 , where a,b,c > 0and z,7 € X.

0 0 clz—7|

Then (X, A, Z) is a C*-algebra-valued generalized metric space since a C*-algebra-valued met-

ric space. Consider the mapping T : X — X defined by

— if |zl <1
Tz=
- if Jz]=1
We have
1 1 1
.@(TO,TE) = (2(10,0) + @(E,TE)).

We deduce that 7 is not a Kannan mapping. In the other side, we can see that the mapping 7

is defined by
- if |7 <1
T?; =
— if |zl =1.
For any 2,z €C,
~If |zl <1land || <1,
ai-5 0 0
AT T) =] 0  bli-% 0
0 0 ci-g
ad+5h o 0
<[ o wpE+EH 0
Izl | <]
0 0 c(F+5)
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1 A1 0 o 1 a0 o
1 32 1 32
<31 0 p3 o [+35] 0 L o0
0o o 4 o o %
I
=3(2(T2,9)+ 2(,T7)).

—-If|zl<land || =1,

dicl o o
P11 = 0 sl 0
o0 di-d
3alz| 7
(0o It g 0
— 3ble| Z b
<zl 0 oo [+z]0 2 o
3clz] 7
0 o & 0 0 I
1
=2 (2(T5,9)+ 9(<,T%))
1
~If|z| = || =1, 2(T%:,T%7) = 04 < g(Q(Tzz,z) +9(z',T22’)).
1
Lo
Hence, for all 2,2’ € X, 9(T%2,T%¢) 2u(2(T%2,2) + 2(<, T°)), whereu= [ 0 1 0
00 3

Therefore, T2 is a Kannan mapping.

Note that the condition u € A; and ||u|| < min{3, ﬁ} is necessary in Theorem 3.9. The

following example is giving to illustrate this fact.

Example 3.14. Let X = R and A = B(H) the space of all bounded linear operators on Hilbert
space H. We have A is a C*-algebra. Let’s define the mapping
2:XxX — Aby

04p if x=y
1o if x#y.

D(x,y) =
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Then (X, A, 2) is a Z-Complete C*-algebra-valued generalized metric space with ¢ = 1. Let

T : X — X be a mapping such that Tx = x> 4 3. Then we have for all x,y € X,

P(Tx,Ty) = IEA (2(Tx,x)+ 2(y,Ty)).

Clearly, the mapping 7' does not admit a fixed point.

In the following, we will be interested in Kannan-type mappings with constant u# such that
u € A and ||u|]| < 1 and not necessarily u € A/Jr and ||u|| < % To ensure that this mapping has
a fixed point, we need to extend the definition of F.E Browder’s [4] concept of asymptotically

regular mapping and J.Gornitchi’s [11] concept of the approximate fixed point sequence.

Definition 3.15. Let (X, A, Z) be a C*-algebra-valued generalized metric space and T : X — X
a mapping. We say that T is Z-asymptotically regular with respect to A, if we have
lim ||2(T"'x,T"x)|| = 0 for all x € X.

n—r—4-o0

Definition 3.16. Let C be a nonempty subset of C*-algebra-valued generalized metric space
(X,A,Z)and T : C — C a mapping.Then a sequence (x,),cn is said to be an Z-approximating

fixed point sequence of 7 with respect to A if lirJrrl |2 (T xp,xn)|| = O.
n—s—+oo

Example 3.17. Let X = {z € C: |z] < 1} be a compact Hausdorff space and Z(X) be the set of

all bounded Borel functions on X, equipped with the norm || f|| = sup|f(z)| with f*(z) = f(z)
zeX

for all f € #(X) and z € X. Define the mapping Z : X x X — %(X) by

/
M.f*f ifz=00r7 =0
PD(z,7) =
/
(’ZH;J S otherwise,

where f € Z(X) with f # 04(x) fixed.
It’s obvious that the mapping Z verifies the axioms (Dy), (D7) and (D3). Let us show the axiom

(D4). Let z € X. We distinguish two cases

Case 1: z # 0, then the set 4 (Z,X,z) is empty, because otherwise there exists a sequence
(zn)n>0 of elements of X such that li_r>n |2 (zn,2)|| = 0.
Nn—yoo

e If the sequence admits an infinite of zero, there exists a subsequence (zy(n))n>0 Of
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Zn)n>0 such that z =0foralln e N, so Y(z Zﬁf*fforallneN As a
2 o (n) ¢(n)><

result hm ||9(Z¢ ,2)|| = l ||f||2 which is absurd since z # 0 and f # 04x)
o If the sequence (z)n>0 does not admit an infinity of zero, then there exists ny € N
|z + 12|

3 f*f for any inte-

such that z, # 0 for any integer n > ng. We have 2(z,,z) =

ger n > ng. As aresult,

. T |Zn| + |Z| 2 __
Jim 19691 = im FLEEL =0

which is absurd since |Z"|;_ i NN > %Hf“2 for any integer n > ng and z # 0, f #
Ogg(x)
z=0. In this case ¢(Z,X,z) # 0. Let (zy)n>0 € €(Z2,X,0).

o If the sequence (z,),>0 admits an infinity of zero, there exists a subsequence

(2Zy(n))n=0 Of (zn)n>0 such that zy,,) =0 foralln € N. Lety € X,

Jim 2y = 2 1P < timsup | 2(a.0) | and 2(e.3) = B,

It remains to be verified that limsup || Z(z,,)|| < ee.

n—oo

18 9(y) = (P o hen 9(2,) = 9(20,0) + 2L s0

limsup |2 (z, y)|| < limsup||Z(z,, 0 )||+1imsupll-@(0,y)||-

n—yoo n—soo

Therefore limsup || 2 (un,y)|| < MHsz <

n—soo

|zn| + 1] 2 |y| )

In the same way limsup || Z(z,,y)|| < |}3}—|Hf||2 <
n—soo

- If@(Znay):( )f*f’ then @(umy):

So, in both cases, we have limsup || Z(z,,y)|| < o

n—soo
o If the sequence (z,), does not admit an infinity of zero, then there exists ny € N such
that z, # 0 for any integer n > ng. Let y € X \ {0}. We have Z(z,,,y) = 2! + b1 S f=

%.@(Zn,()) + §|y\.f*f for any integer n > ng. As a result,

tim [2(e)] = 217 and 223 = B

Fory=0, lim |2 (zn,y)|| = 0 and Z(z,y) = 0.

Hence, for all y € X, there are ¢ € Z(X)" (simply take ¢ = 6.1 %(X)) such that
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2 =2 pr < CLIAIR) L) < (timsup |2z )

n—soo

Therefore, (X, #(X),Z) is a C*-algebra-valued generalized metric space.
Consider the mapping 7 : X — X defined by Tz = z>. The sequence (z,),>1 defined by z, = fl

for all n € N\ {0} with i = —1, is an Z-approximate sequence of fixed points of T with respect

to #(X), because

1,1 1
12(Tzmzn)ll = 3(5+ )l fI* = 0asn — e,

Example 3.18. Under the assumptions of Example 3.13. Consider the mapping 7 defined by

if x=0

Tx =

if 0<x<1.

We have, for all x € X, hIE |2(T" %, T"x)|| = 0. Therefore, T is Z-asymptotically regular
n—s—oo

with respect to A.

Theorem 3.19. Let (X,A,9) be a P-complete C*-algebra-valued generalized metric space
and T : X — X be a Y-asymptotically regular mapping with respect to A such that for all

x,yeX,
P(Tx,Ty) 2u(D(Tx,x) + Z(y,Ty)),
where u € A with |ju|| < min{1, HlTH}

Then, T has a fixed point x* € X. Moreover, if ||u|| < %, then T has a unique fixed point.

Proof. e Let xo € X and construct the sequence defined by x,,,| = Tx, forall n € N.

Let n,m € N such that n > m > 1, we have
9(xnaxm) = 9(TxnflaTxmfl)
— D(T"x0, T"x0)
2uP(T"xy, Tnile) + u.@(Tmile, T"xo)

= [ull (12(T"x0, 7" x0) |+ [| (T x0, T"x0) 1) .14
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Since T is Z-asymptotically regular with respect to A, then
lal| (112 (T"x0, " x0) || + | 2T x0, T"x0) ) — 0

as n,m — oo, which gives lim+ |2 (xn,%m)|| = 0. Then (x,),en is a Z-Cauchy sequence
n,m—»~oo

with respect to A in X. Since (X,A,2) is Z-complete with respect to A, so the sequence

(xn)nen is Z-converge to some x* in X with respect to A.

On the other hand, since l1m | 2 (xn,x*)|| = 0, we have

n—oo

limsup || 2(Tx"* xn)H)

n—soo

n—sco

D(Tx",x* (
(1msup||@ (Tx*, Tx,— 1)||>
(hmsupHu (Tx*,x") +@(xn17Txnl))||> €

= (limsup lu(2(Tx*,x*) + 2(T" 'x0, T"x0)) ||) €

n—oo

= ||ull (limsupH@(Tx*,x*)H +limsupH@(T”_Ixo,T”xo)H) .c
n—oo n—oo

= ull|2(Tx", x| .c.

So,

D(Tx*,x*) < ||ull||2(Tx",x")]|.c.
Using the norm of A and the Lemma 2.2, we get

12(Tx*,x)|| < [Julllle| 2(Tx",x7)|.

So,

(1= lullllcl) |2(Tx*,x%)|| < O.
As ||ul|l[c]] < 1, then || 2(Tx*,x*)|| = 0, which implies that Z(Tx*,x*) = 0,, therefore Tx* =

x*.

. . ) 1
e To prove the uniqueness of the fixed point of 7 in the case ||u|| < 5> weuse the same procedure

as in the Theorem 3.9. 0

1
Remark 3.20. 7o show that there is no uniqueness in the case where |lu|| € [E, 1), we can take

the following example.
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Example 3.21. Under the assumptions of Example 3.17, consider the mapping
T : X — X defined by

zif 0<l|g <1
Tz=
0 if |z=1.
. Forall z,7 € Csuch that 0 < |z| < 1 and 0 < |/| < 1, we have
K Tz,2) = §|z|. FLL T = %m. Fofand (T2, T7) = %(|z| L ZDFS. So.
D(Tz,T7) = %(@(Tz,z) +9(Z,T7))
. Forallz=0and 0 < |z| < I, we have
2(T0,0)=0, P(z,Tz) = §|z\.f*f and 2(T0,Tz) = %|Z|.f*f. So,
P9(T0,Tz) = %(@(T0,0) +9(z,Tz)).
. Forall0 < |z] < 1and |Z/| = 1, we have
D(Tz,z) = §|Z\.f*f , 927, T7) = %]z’|.f*f and 2(Tz,T7) = %|z!.f*f. So,
D(Tz,T7) = %(@(Tz,z) +9(7,T7)).
. Forall z=0and |z| = 1, we have
DT0,0)=0, D(z,Tz) = %|z|. F*f and 2(T0,T2) = 0. So,
2(T0,Tz) =< Z(.@(Tz,z) +9(2,T7)).
. Forall |z] =|Z| =1,

1 i i 1
D(Tz,z) = §|z|.f*f, D(z,Tz) = §|z’|.f*f and 9(Tz,T7) = 0. So,

P2(Tz,TZ) 2> (2(Tz,2)+ 2(Z,T7)).

Sl w

. In particular, for z = 0, we have 2(T0,70) <

+
3
1 (2(10,0)+ 2(0,T0)).

Finally, for all z,7/ € X, we have 2(Tz,T7') < %(@(TZ,Z) +9(Z,T7)).

The mapping T is Z-asymptotically regular with respect to Z(X). But T admits an infinite

. . . 1
number of fixed points. In other words, it does not have uniqueness when 5 <lu|| < 1.

Definition 3.22. Let (X,A, %) be a C*-algebra-valued generalized metric space. A subset C
of X is said to be Z7-Compact with respect to A if any sequence (x,),en of C has a (X4 (y))nen

Z-convergent subsequence with respect to A in C.
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Theorem 3.23. Let (X,A, D) be a C*-algebra-valued generalized metric space and C is a 9-
compact subset of X with respect to A. Let T : C — C be a map such that there exists u € A with

||lu|| < min{1, ﬁ} satisfying for all x,y € X,
2(Tx,Ty) = u(@(Tx,X) + 20y, Ty))'

If there is an Z-approximate sequence of fixed points of T with respect to A, then it has a fixed

point. Moreover, if ||u|| < %, then T has a unique fixed point.

Proof. e Let (x,),en C C be an Z-approximating fixed point sequence of T with respect to A.
Since (Tx,)nen in C and C is a Z-compact of X with respect to A, then there exists an extracted
subsequence (Txy(n))neN OF (TXn)nen such that (Txg(n) )nen is Z-converges to x* in C with
respect to A.
As nlglgo |Z2(Tx4(n),x")|| = 0 and using property (D4) of C*-algebra-valued generalized metric
space, we obtain

P(Tx*,x") = (limsup || Z(Tx", Txy(y)l|) .c.

n—oo

So,

n—soo

D(Tx*,x*) = (limsupH@(Tx*,Txmn))H) .C

= (ﬁmsupHu (2(Tx*,x%) +.@(x¢(n),Tx¢(n))) H) .

n—soo

n—oo

< (limsupHuH ([12(Tx",x")|| + H@(xq)(n)»TX(p(n))H)) €

<l (12T )+ timsup |2 g Txo)) <
n—oo
= [l 2(Tx" )] c.
Using the norm of A and the Lemma 2.2, we get

12T, )| < Mlulllle| 2(Tx", x7)]

So,

(1= [lul[{le) [[2(Tx", x")[| < 0.
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Since ||u|||c|] < 1, then ||2(Tx*,x*)|| = 0. Which implies that Z(Tx*,x*) = 0, then Tx* = x*.
1

e To prove the uniqueness of the fixed point of T in the case ||u|| < 52 weuse the same procedure

as in the Theorem 3.9 ]

1
Remark 3.24. In the case where 5 <||u|| < 1, the mapping T of Theorem 3.23 does not have

the uniqueness of the fixed point, to illustrate this point, let’s take an example as follows.

Example 3.25. Let X = [0, 1] and A = .#>(R) with the usual norm ||.||,. Consider the mapping
2 defined by

( —
=yl
2 x=0o0ry=0
o Pl
2
@()@y) -
xX— 0
=l otherwise.
\ 0 |x—yl
20
Then, (X,A, 2) is a C*-algebra-valued generalized metric space with ¢ = 2 sl Con-
0 5
sider the mapping 7 : C — C where C = [0, 1] defined by
0 if xe[0,1)
Tx =
1 if x=1.
1o
We check that 2(Tx, Ty) < u(2(Tx,x) + 2(y,Ty)) for all x,y € [0,1], where u = | * 1
o L
2

and [Julls = %2 € [1,1).
C is Z-compact with respect to A. Indeed, if (x,),cn is a sequence of [0,1] and since [0, 1]
is a compact of R provided with the absolute value, there exists a subsequence (xo(n))neN of

(xn)nen converging to an element x of [0, 1].

Let € > 0. There exists p € N such that for any integer n,
nzp = |xgu—2xl < V2e.

We obtain

V2

12 (x5 (n), %) || = 7|Xc(n) —x| <e.
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Moreover, we can find a sequence (x,),cny Z-approximate sequence of fixed points of 7 with
respect to A (for example (x,),>2 C [0,1] such that x,, = 1 for all enter n > 2).

Then all the conditions of the previous Theorem 3.23 are satisfied but 7" has two fixed points 0

and 1.

4. APPLICATIONS

The fixed point theorems have a number of applications in differential equations and espe-

cially in operator equations. Consider the following operator equation:

@) X =3 U f(X)Un
n=1
where Uy,U,,Us, ...... ,U, € L(H) with L(H) represents be the set of continuous linear operators

> 1

on a Hilbert space H and satisfy ¥ ||U,|]*> < 3 and f : L(H) — L(H) a function such that
n=1

1A < [1X]| for all X € L(H).

Then, the operator equation (4) has a unique solution in L(H).

Proof. Let A = Y ||Uy||*. Clear that if A = 0, then the U, = 0 for all n € N* and the equation
n=1

(4) has a unique solution in L(H).

Now, if A > 0, we define the mapping & : L(H) x L(H) — L(H) by

2(X,Y) =max {||X|],||Y||}.A*A, where A € L(H).
Then, (L(H),L(H),2) is a Z-complete C*-algebra-valued generalized metric space. Consider
the map T : L(H) — L(H) defined by T(X) = ¥. U*f(X)Uy. Then,
n=1
(10, 7(1)) = max{ TGO IT ()] pa"a
=TI AA+[T(Y)]].AA

=Y Un fX)UnllA"A+ | Y Uy f(Y)Unl|.AA

<i|lU F(X)U, H) *A—i—(ZHUf UH)-A*A
(.

MLARHES ) M+<2uwuf )
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= (X[ +[r]).A"A

.(@(T(X),X)+.@(Y,T(Y))

| A PN
N Wi~ W|—

1
(g(r(x),x) a1y, T(Y)))  where Z = 2151
Hence, all the conditions of Theorem 3.9 hold and hence the operator equation (4) has a unique

solution X € L(H). O

5. CONCLUSION

This word introduces a new C*-algebra-valued generalized metric spaces covering many dif-
ferent topological spaces and establishes a various extensions of Kannan-type fixed point the-
orems in a general context. Our findings provide a generalization of Kannan contraction, an
improvement of various previous results from the literature, especially those of J. Gornicki.
Finally, these results was used to solve operator equations by applying Kannan’s contraction

within the framework of C*-algebra.
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