Available online at http://scik.org
Adv. Fixed Point Theory, 2025, 15:15
https://doi.org/10.28919/afpt/8826
ISSN: 1927-6303

CONVERGENCE STUDY OF COMMON FIXED POINTS FOR PAIR OF
MAPPINGS IN PARTTIALLY ORDERED BANACH SPACES

SUNIL BENIWAL!, NAVEEN MANI', RAHUL SHUKLA?*

'Department of Mathematics, Chandigarh University, Mohali 140313, India
?Department of Mathematical Sciences and Computing, Walter Sisulu University, Mthatha 5117, South Africa
Copyright © 2025 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. This paper aims to delve into the weak and strong convergence theorems concerning a pair of monotone
mappings that meet condition (E) and converge to a common fixed point. This investigation is conducted within
the context of uniformly convex ordered Banach spaces, employing the Ishikawa iteration technique. Furthermore,
an illustrative example is presented to demonstrate the implications of the theoretical results we have derived.
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1. INTRODUCTION

Consider a real Banach space (X, || - ||), where € is a nonempty subset of X. We designate
a mapping ® : ¥ — ¢ defined within a subset of the Banach space X as a contraction map if

there exists a real constant 0 < r < 1 satisfying the following condition:
(1.1) |D(E) —P()|| <r||§—v|| forall&,veX.

An element p € X is termed as a fixed point of @ if p = ®(p). We denote by F(®) the set of all
fixed points of ®. The Banach-Caccioppoli fixed point theorem, established in references such

*Corresponding author
E-mail addresses: rshukla@wsu.ac.za, rshukla.vnit@gmail.com

Received August 09, 2024



2 SUNIL BENIWAL, NAVEEN MANI, RAHUL SHUKLA

as [5] and [2], asserts that any contraction mapping in the context of complete metric spaces
possesses a unique fixed point p. This p is, indeed, the limit of all sequences {&, } derived from
the Picard iterates &, 1 = P(&), see [14].

Notably, the class of nonexpansive mappings is significant within the realm of fixed point
theory. Specifically, ® is categorized as a nonexpansive mapping when (1.1) holds with r =
1. The exploration of fixed point existence for nonexpansive mappings originated in 1965,
initiated independently by Browder [4], Gohde [9], and Kirk [11]. Browder [4] and Go6hde
[9] established an existence theorem for nonexpansive mappings in uniformly convex Banach
spaces, while Kirk [11] attained a similar result in reflexive Banach spaces using the normal
structure property.

While the Picard iteration has proven effective in approximating fixed points of contraction
mappings and their variations, its success has not extended to nonexpansive mappings like @,
even when the existence of a fixed point of ® is known. For instance, consider the scenario
where ¢ = [0,1] and ®(&) = 1 — &; here, ® is a self-nonexpansive mapping on ¢ with a
unique fixed point at 1/2. However, when starting with & = & # 1/2, the sequence of Picard
iterates alternates between & and 1 — &, resulting in oscillation.

To enhance convergence speed and overcome such challenges, various iterative methods have
been proposed by different researchers. Notably, some prominent iterative processes are out-

lined below, with the Mann iteration process [12] being one such example:

€%
(1.2)

Cnp1 = (1 —an)& + 0, @(En)in €N,

where a, is a sequence in [0, 1].

In 1974, Ishikawa [10] generalized Mann iteration process from one step to two step as

follows:
(61 €¥
(1.3) Vo = (1= Bn)&n+ Bu®(En)
\§n+1 =(1—0p)&+ 0o, ®(vy);n €N,

where @, and f3, are sequence in [0, 1].
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In the usual scenario, the nonexpansive conditions are typically expected to be met for all
points within the mappings domain. Naturally, there is an inclination to explore cases where
this requirement can be considerably relaxed without compromising the theorem’s outcome. In
order to address this problem, Suzuki [20] defined a class of mappings called Suzuki generalized
nonexpansive mappings. These mappings satisfy the condition (C), which states that if the
distance between a point & and its image ®(&) is less than half the distance between & and
another point v, then the distance between ®(&) and ®(v) is less than or equal to the distance

between & and v. Following definition is due to Suzuki [20].

Definition 1.1. [20]. Let @ : ¥ — % be a mapping on a subset % of a Banach space X. Then

®d is said to satisfy condition (C), if for all &,v € €
1 . .
(1.4) S1E =@ (E)ll < [I& — vl implies [|(5) —(v)]| < [|S —l].

The condition (C) is weaker than nonexpansiveness, there are mappings that satisfy condition
(C) but are not nonexpansive.

In 2011, Garcia-Falset et al. [7] introduced a generalization of condition (C) called condition
(Ep). This condition states that there exists a constant (& > 1 such that the distance between
®(&) and D(v) is less than or equal to u times the distance between & and ®(§) plus the

distance between & and v. Garcia-Falset et al. [7] defined the condition (E,) as follows:

Definition 1.2. [7]. Let @ : ¥ — % be a mapping on a subset ¢ of a Banach space X. Then ®

is said to satisfy condition (E,;) on % if there exists u > 1 such that for all §,v € 7,
(1.5) 16 =) < ull =)+ 15—l

We say that a mapping satisfies condition (E) if it satisfies condition (E,) for some u > 1.
Interestingly, any mapping satisfying condition (C) also satisfies condition (E), but the converse
is not necessarily true.

Currently, it is noteworthy that the realm of fixed point theory for monotone nonexpansive
mappings is undergoing a significant surge in interest and expansion amongst researchers, as
evidenced by references [16, 17, 18, 19]. This expansion, however, extends beyond traditional

boundaries. An intriguing augmentation of the Banach contraction principle applies to metric
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spaces endowed with partial orders, as demonstrated by Ran and Reurings [15]. This expansion
continued to unfold, encompassing not only nonexpansive mappings but also their generaliza-
tions.

Very recently, Chen et al. [6] discussed weak and strong convergence theorems concerning
fixed points of monotone generalized o-nonexpansive mappings within a uniformly convex Ba-
nach space (U.C.B.S.) endowed with a partial order. They achieved this through the utilization
of an iteration method introduced in their paper.

In a similar vein, Muangchoo-in et al. [13] and Buthinah et al. [3] established weak
and strong convergence results for pairs of a-nonexpansive mappings sharing common fixed
point(s) in the setting of a uniformly convex ordered Banach space (U.C.O.B.S.). Their ap-

proach incorporated the following Ishikawa iteration:

(

SRS
(1.6) Vp = (1 —Bn)én "’ﬁnq)(gn)

\§n+1 =(1—-a)é+a,¥P(vy); neN.

Motivated by the work of Garcia-Falset et al. [7], as well as the contributions by Muangchoo-
in et al. [13] and Buthinah et al. [3], our objective is to extend weak and strong convergence

theorems to encompass common fixed points of two monotone mappings satisfying condition

(E).

2. PRELIMINARIES

Definition 2.1. [23] Let € be a nonempty subset of a normed space X. A mapping ®: % — € is
said to satisfy Condition (7) if there exists a nondecreasing function g : [0,00) — [0, o) satisfying

2(0)=0and g(r) > 0 for all » € (0,0) such that || —P(&E)|| > g( inf [[E—v|) forall§ € 7.
)

VEF (P

Definition 2.2. [1] A Banach space X is said to have the monotone weak-Opial property, if for

every monotone weakly convergent sequence {&,} in X with weak limit &,
liminf 1§, — &)]] < liminf|&, —v]

forallve X withv# & and &, <vforalln € N.
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Remark 2.3. All Hilbert spaces, finite dimensional Banach spaces and I7(1 < p < ) have the

Opial property. On the other hand L,[0,27] (p # 2) do not satisfy the Opial property [8].

Definition 2.4. Let (X, ||.||, <) be an ordered Banach space and ¢ be a nonempty subset of X.

A mapping ® : € — ¥ is said to be monotone if
& <v implies ®(&) X P(v),
where £, v € €.

Definition 2.5. Let (X, ||.||, <) be an ordered Banach space and € be a nonempty subset of X. A
mapping @ : ¥ — € is said to be monotone mapping satisfying condition (E) if ® is monotone

and there exists tt > 1 such that

16 =Wl < ul[§ = B(S)II+1[& =Vl

for all £,v € ¢ with £ and v are comparable.

Proposition 2.6. [7] Let @ : € — X be a mapping which satisfies the condition (E) on € with

some fixed point, then ® is quassinonexpansive.

Lemma 2.7. [22] Suppose X is uniformly convex Banach space. Suppose 0 < a < b < 1, and
{0, } is a sequence in [a,b]. Suppose {wy}, {pn} are sequences in X such that |w,|| < 1, ||pnl| =
1 forall n. Define {z,} in X by {z,} = (1 — 04wy + 0ty pn. Ifnlgn |lzn|l = 1, then r}l_{n lwn— pull =
0.

3. MAIN RESULTS

In this section, we will begin by establishing the crucial lemmas that underpin our main out-
comes. Subsequently, we delve into an exploration of weak and strong convergence theorems

pertaining to a common fixed point of two monotone mappings that adhere to condition (E).

Lemma 3.1. Let € be a convex closed subset of U.C.O.B.S. (X,=). Let ®,¥ : € — € be
two monotone mappings satisfying the condition (E). Let { € Fix(®) N Fix(¥). Let {&,} be a
sequence defined by Ishikawa iteration (1.6) with o, B € [a,b] C [0, 1]. Suppose & < P(&)) and
&1 2 W(&)) and & with & are comparable. Then following holds:
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(i) limy e || &, — & || exists.
(ii) If & with § are comparable for all { € Fix(®) N Fix(V), then lim,_d(&,, Fix(®) N
Fix(\V)) exists.

Proof. First we want to show that

(3.1 Sn 2 P(Gn), Vi = 1.

Given the hypothesis & < ®(&;), we can confirm that inequality (3.1) is satisfied for n = 1.
Now, leveraging the convexity of order intervals and the monotonicity property of the mapping

o>

Y

(3.2) En 2 (1 =Bn)&n +Bu®(&n) = v 2 (1= Ba)P(En) + BuP(En)
= qD(én)
Thus,

Since &, < ®(v,) V n > 1 and by convexity of order intervals, we have &, < &,.1Vn > 1 and
the sequence {&,} is monotone.

Let { € Fix(®) N Fix(¥). Since & =< {, then by monotonicity of @, we have

(1) 2 P(8) =¢.

Thus from (3.3)

v 29(&) X ¢.

In view of mathematical induction, one can easily show that

(3.4) En 2V 2 @(&,) = €.

From conditions on mapping ® and using Eq. (3.4), we have

1P(&n) = Cll < 116 = ElI-
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Further,

1Enr1 = Cll = [|(1 = 0w)&n+ 0¥ (va) = L]
< (= 0w)[[&n = Cll + onl[¥(va) = €]
< (T= o)) = Cll + 06 (1 = Bu)l[En — Cll + 0uPBul[P(Sn) —
< (L= 00)[[&n = Cll + (1 = Bu) 1Gn — Cll + 0t Bul| G — €
= & -2l
Thus [|€,1 — || is nonincreasing, bounded, and lim ||&, — ¢ || exists. Hence lim d (&, Fix(®)N

Fix(W)) exists.

Lemma 3.2. Let ¢, X, ®, ¥ be same as in Lemma 3.1. Let § € Fix(®) NFix(V). Assume that
A& €€ st & S P(E)), & V(&) and & and § are comparable. Let {&,} be a sequence
same as in Lemma 3.1. Then 1lim,,_,o || P (&) — &x|| = 0 and lim, o0 || ¥ (&) — En|| = 0.

Proof. Let {£,} be same defined same as in By Lemma 3.1, and let § € Fix(®) N Fix(\P).

Then by using Lemma 3.1, we have
r}glgo |En — || exists.
1.e. we can find a real number r > 0 such that

(3.5) lim 1€, ¢ = r

On using the condition of the mapping ®, we have

[P(&n) =N < 18— Cll, VneN.

Then
limsup [|@(&,) — | <.

n—soo

Moreover;

e =Gl = 1(1=Bu)Gn + Ba®(&n) —
(1= Ba) (& = Sl + 11Ba(P(Sn) = S
< (1= Bu)llgn = Ell+ Ball&n — €l

IN
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= [|&— ¢l
Hence, we get
(3.6) limsup ||v, — &|| <~
n—soo

By Property of ¥ and by Proposition (2.6), we deduce
limsup [|[¥(v,) = &|| <r

n—oo

From Eq. (3.5), we have

Tim [|(1—05:) (& = &) + (W (va) = )| =1
Hence by Lemma 2.7,
(3.7) Jim [ () = Gul| = 0.

By the condition on mapping ¥

I6n=Cll < [1Gn =¥ (V) [+ [[¥(va) = €l

< 16 =)+ llva —CII-
Thus
3.8) r <liminf||v, — {]||.
n—oo
By Eq. (3.6) and Eq. (3.8), we have
3.9 r}l_t)t;”\/,,—(,’” =r.

This means
Tim [[(1—=Ba)(Sn = S| 4 [[Ba(P(Sn) = Ell = 7,

and by Lemma 2.7,

(3.10) lim [[®(E,) — &l =0.
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In view of Eq. (1.6)

||CI>(§,,) _VnH = Hq)(én) - (1 - Bn)én _BnCD(én)H
= (1 _ﬁn)Hq)(gn) - gnH

On taking limit n — oo, we have

G.11) Tim [[©(&,) — va| =0
Let us suppose that
W(E) - o) —¢
n d }’l
Pr= e, =g MM T e =

Thus, ||ps|| < 1 and ||w,|| <1 for all n € N. Therefore, sequences {p,} and {w,} contained in
a unit ball of X. Therefore,

[(1 = 06) (¥ (Gn) = &) + 0 (P (va) = )

lim ||(1 — @) pn + 0wy || = hm

= & 2]
() ()~ Cl e e ()~ |
<, &2
(=) [& =l + aullvn—C]
<, B
S| [ R
<, & =2
& —gll
S sk

In view of Lemma 2.7, we have lim,,_« || p, — wy|| = 0. However,

o ) -]
Ipn =l ==

Thus,
(3.12) 1im ([ (v,) =W (&) ]| = lim [[pa | lim [|& ¢ = 0.
By the triangle inequality, and using that & satisfies condition (E)

160 =Gl < 116 —Pn)ll + [[P(va) — (&)l

= 118 = vall + 1llGn = D)+ [ (va) = F(En)
= 16 = PG|+ 1P(Sn) = vall + 1[G — P(Ea) | + [P (va) — W (Gh)
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= (1+w)][8n = PEa) I+ 1D(Gn) = vall + [|P(v) = (&)l

From Eq. (3.10), Eq. (3.11) and Eq. (3.12),

lim 1§, —®(&)]| = 0.

O

Theorem 3.3. (Weak Convergent theorem) Let €, X, ®, ¥ be same as in Lemma 3.1. Let
X satisfies the monotone weak-Opial property and § € Fix(®) N Fix(V). Assume there exists
&1 €€ suchthat & < P(&1), & XW(&)) and & and § are comparable. Let {&E,} be a sequence

same as in Lemma 3.1. Then {&,} weak converges to a point in Fix(®) N Fix(\P).

Proof. In view of Lemma 3.1 and Lemma 3.2, we have li_r)n |En — || exists for any & € Fix(®)N
n—roo

Fix(W) and
(313 lim [0(&,) — & = 0= lim [[¥(&) ~ &.

By the boundedness of {&,} in U.C.0.B.S., {&,} has a weak subsequential limit. In order to
prove that {&,} has a unique weak subsequential limit in Fix(®) N Fix(¥). Suppose {; and
&> are two weak limits of the subsequential {&,,} and {&,,} of {,}, respectively and {; # &>
from (3.13), demiclosedness of ® at zero and &, — {; as n; — oo it follows that ®(&;) = ;.
Similarly W({;) = ;. Again it can easily prove that ®({;) = , and W(&,) = &,. Thus §;, 8, €
Fix(®) N Fix(¥). By the standard application of the monotone weak-Opial’s property and on

simplifying the expression,
lim (|G, — il = lim [|G,, — & | < lim (|G, — G|
n—oo —oo —oo
= lim [[&, =& = lim [|G,; — &
n—oo ]
< im {6y = Gl = lim [[&, — i,
J—roo n—o0
we arrive at a contradiction. Therefore {; = §; and {&,,} converges weakly to a point in Fix(®)N

Fix(W¥).

Theorem 3.4. (Strong Convergent theorem). Let €, X, ®, ¥ be same as in Lemma 3.1. Assume

E €€ st & P&, & V(&) and & < € for all § € Fix(®) NFix(¥). Let {&,} be a
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sequence same as in Lemma 3.1. Then {&,} converges strongly to a point in Fix(®) N Fix(V)
if and only if lim,_e d(&,, Fix(®) N Fix(¥)) = 0. where d(&,, Fix(®) N Fix(¥)) is the distance
from & to Fix(®) N Fix(¥).

Proof. Suppose {&,} converges strongly to a point in Fix(®) N Fix(P). Hence it is clear that
im0 d(&,, Fix(®) N Fix(¥)) = 0. Conversely, let lim,, . d(&,, Fix(®) N Fix(¥)) = 0.

Since by Lemma 3.1 lim,, . d(&,, Fix(®) N Fix(W)) exists. Therefore, by the standard argu-
ment it can be prove that the sequence {&,} is Cauchy. Since % is a closed subset of X, then we

can find a z € € such that &, — z, and
&, X zforalln e N.
On using the definition of mapping ¥, we have

lz=¥@)I < llz=Gll+ 5% =¥l
< lz—=Gall + 118w — 2l + llGn — P (Ga)
= 2[[& —2ll +ullGn —¥(&)[ = 0.
As n — oo. Thus ¥(z) = z.
Similarly, since P satisfies condition (E), then
= @@l < 2= &ll+ & - 2]
< lle=Ell+ 18 —2ll + &~ B(E)]

= 2[1& —zf +ul|& —F (&)l

on taking limit n — e and using the fact that ¥(z) = z, we set ||z— ¢ (z)|| — O given that ¢ (z) = z.

Then we conclude that the sequence {&,} converges strongly to a point in Fix(®) N Fix(¥). O

In conclusion, we hereby present a strong convergence theorem applicable to mappings that

fulfill both condition (E) and condition ().

Theorem 3.5. Let €, X, ®, ¥ be same as in Lemma 3.1. Let ®, ¥ are two mapping defined
on X satisfying the condition (I) with Fix(®) N Fix(¥) # 0. Let {&,} be a sequence same as in

Lemma 3.1. Then {&,} converges strongly to a fixed point of ® and V.
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Proof. From Lemma 3.1 and Lemma 3.2, it follows that
(3.14) lim [|P(&,) — &l =0and lim [¥(&,) — & = 0.
n—roo n—oo

Since, ® and W satisfy condition (), we have
(3.15)
10— B(E)]| > g(d(En, Fix(®) N Fix(¥)) and [[&, —W(E,) | > g(d(&, Fix(®) N Fix(¥)).

From Eq. (3.14), we get
lirginfg(d((én,Fix(CI)) NFix(¥)) =0.
n—oo

Since g : [0,00) — [0,0) is a non decreasing function with g(0) = 0 and g(r) > 0 for all r €
(0,00), we have

liminf(d((&,, Fix(®) N Fix(¥)) = 0.

n—yoo

Therefore all the assumptions of Theorem 3.5 are satisfied and hence {&,} converges strongly

to a point in Fix(®) N Fix(¥). O

Theorem 3.6. Let ¢, X, @, be same as in Lemma 3.1. Suppose that € is compact subset
of X. Assume there exists & € € such that & <X ®(&1), & S W(&) and & =<z for all 7 €
Fix(®)NFix(P). Let {&,} be a sequence same as in Lemma 3.1. Then {&,} converges strongly
to a point in Fix(®) N Fix(\¥).

Proof. Since ¢ is compact set, there exists a subsequence {&,, } of {&,} that strongly converges

to p’ € J# . By the triangle inequality and condition on mapping ®, we get

1&n, = PPN < pllEn; = P(En )l + 16, — Pl

Taking j — oo, implies
limsup||&,;, — @(p")|| < p lim [|&,; — D(Ey,)|| + limsup||&,, — p'll,
and, from Lemma 3.2, we have ®(p') = p'. Lemma 3.1 ensures that lim ||§, — p'|| exists.
n—oo
Therefore, p' is a strong limit of the sequence {&,}. Similarly W(p) = p' and this completes

the proof.
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4. EXAMPLE

Let X =R and ¢ = [—1, 1] with the usual norm ||.||.
Let ®,¥ : % — € be defined as

5, ifEe[-1,0) el ifeel-1,1)

(&) = P(E) =
=&, if€€[0,1] = ifé=1

Now we show that ® satisfy the condition (E). We consider different cases as follows;

(1) Let &,v € [—1,0),we have
& —@)l < &~ (E)] +]B(E) - ()]
< g-@)]+5lv &l
< g~ (&) +E .
(2) Let&,v €0,1],
&~ < &~ (E)] +]B(E) - ()]
1§~ (&) +11€ .

(3) Let& € [—1,0) and v € [0, 1],

s =M = [§+v[ <[+l

3
< §]§\+]§—v\ as (§ <0andv>0)

= E=@(E)lI+]& -]
(4) Let€ €[0,1] and v € [-1,0],
le-@ml = 15+
< %\élﬂ%—%
< J2€+ 1€ vl
= €=l +]& -]

Now we show that W satisfy the condition (E).

13
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(1) if Let & € [-1,0),v € [-1,1].Then |§ —¥(§)| = 3¢

-0 < IEl+5h
4 1
< Tl sle—

< [E-Y()I+Ie—v].

(2) if Let £ €[0,1),v € [~1,1).Then [ —P(&)| = 3[&|

E-wO) < JEl+5h
< Slel+5lE—
< 28 —¥(E)|+IE .

(3) if Let & = 1,v € [~1,1].Then |€ —¥(&)| = 2

1w < 1L
B 2+1—M
3 3
1 1
< —|1=-Y¥(1 11—
< Sl +301-v
< 1)+ 1.

Therefore, ®, W satisfies the condition (E) with ¢ > 2 and both have common fixed point that
is 0.

CONFLICT OF INTERESTS

The authors declare that there is no conflict of interests.

REFERENCES

[1] M.R. Alfuraidan, M.A. Khamsi, A Fixed Point Theorem for Monotone Asymptotically Nonexpansive Map-
pings, Proc. Amer. Math. Soc. 146 (2018), 2451-2456. https://doi.org/10.1090/proc/13385.
[2] S. Banach, Sur Les Opérations Dans Les Ensembles Abstraits et Leur Application Aux Equations Intégrales,

Fund. Math. 3 (1922), 133-181. https://doi.org/10.4064/fm-3-1-133-18]1.


https://doi.org/10.1090/proc/13385
https://doi.org/10.4064/fm-3-1-133-181

CONVERGENCE STUDY OF COMMON FIXED POINTS FOR PAIR OF MAPPINGS 15

[3] B.A. Bin Dehaish, R.K. Alharbi, Common Fixed Points Approximation of Two Generalized Alpha Nonex-
pansive Mappings in Partially Ordered Uniformly Convex Banach Space, Math. Sci. 17 (2023), 379-385.
https://doi.org/10.1007/s40096-022-00457-1.

[4] EE. Browder, Nonexpansive Nonlinear Operators in a Banach Space, Proc. Nat. Acad. Sci. 54 (1965),
1041-1044. https://doi.org/10.1073/pnas.54.4.1041.

[5] R. Caccioppoli, Un Teorema Generale Sull’Esistenza di Elementi Uniti in una Trasformazione Funzionale,
Rend. Accad. Naz. Lincei. 11 (1930), 794-799.

[6] Y.A. Chen, D.J. Wen, Convergence Analysis of an Accelerated Iteration for Monotone Generalized o-
Nonexpansive Mappings with a Partial Order, J. Funct. Spaces 2019 (2019), 2789819. https://doi.org/10
.1155/2019/2789819.

[7] J. Garcia-Falset, E. Llorens-Fuster, T. Suzuki, Fixed Point Theory for a Class of Generalized Nonexpansive
Mappings, J. Math. Anal. Appl. 375 (2011), 185-195. https://doi.org/10.1016/j.jmaa.2010.08.069.

[8] K. Goebel, W.A. Kirk, Topics in Metric Fixed Point Theory, Cambridge University Press, 1990. https://doi.
org/10.1017/CB0O9780511526152.

[9] D. Gohde, Zum Prinzip der Kontraktiven Abbildung, Math. Nachr. 30 (1965), 251-258. https://doi.org/10.1
002/mana.19650300312.

[10] S. Ishikawa, Fixed Points and Iteration of a Nonexpansive Mapping in a Banach Space, Proc. Amer. Math.
Soc. 59 (1976), 65-71. https://doi.org/10.1090/S0002-9939-1976-0412909-X.

[11] W.A. Kirk, A Fixed Point Theorem for Mappings Which Do Not Increase Distances, Amer. Math. Mon. 72
(1965), 1004-1006. https://doi.org/10.2307/2313345.

[12] W.R. Mann, Mean Value Methods in Iteration, Proc. Amer. Math. Soc. 4 (1953), 506-510. https://doi.org/10
.1090/S0002-9939-1953-0054846-3.

[13] Y. Song, K. Muangchoo-in, P. Kumam, Y.J. Cho, Successive Approximations for Common Fixed Points of a
Family of ot-Nonexpansive Mappings, J. Fixed Point Theory Appl. 20 (2018), 10. https://doi.org/10.1007/s1
1784-018-0483-z.

[14] E. Picard, Mémoire sur la Théorie des Equations aux Dérivées Partielles et la Méthode des Approximations
Successives, J. Math. Pures Appl. 6 (1890), 145-210.

[15] A.C.M. Ran, M.C.B. Reurings, A Fixed Point Theorem in Partially Ordered Sets and Some Applications to
Matrix Equations, Proc. Amer. Math. Soc. 132 (2003), 1435-1443. https://doi.org/10.1090/S0002-9939-03-
07220-4.

[16] R. Shukla, Some Fixed-Point Theorems of Convex Orbital (¢, 3)-Contraction Mappings in Geodesic Spaces,
Fixed Point Theory Algorithms Sci. Eng. 2023 (2023), 12. https://doi.org/10.1186/s13663-023-00749-8.

[17] R. Shukla, W. Sinkala, Convex (¢, 3)-Generalized Contraction and Its Applications in Matrix Equations,
Axioms 12 (2023), 859. https://doi.org/10.3390/axioms12090859.


https://doi.org/10.1007/s40096-022-00457-1
https://doi.org/10.1073/pnas.54.4.1041
https://doi.org/10.1155/2019/2789819
https://doi.org/10.1155/2019/2789819
https://doi.org/10.1016/j.jmaa.2010.08.069
https://doi.org/10.1017/CBO9780511526152
https://doi.org/10.1017/CBO9780511526152
https://doi.org/10.1002/mana.19650300312
https://doi.org/10.1002/mana.19650300312
https://doi.org/10.1090/S0002-9939-1976-0412909-X
https://doi.org/10.2307/2313345
https://doi.org/10.1090/S0002-9939-1953-0054846-3
https://doi.org/10.1090/S0002-9939-1953-0054846-3
https://doi.org/10.1007/s11784-018-0483-z
https://doi.org/10.1007/s11784-018-0483-z
https://doi.org/10.1090/S0002-9939-03-07220-4
https://doi.org/10.1090/S0002-9939-03-07220-4
https://doi.org/10.1186/s13663-023-00749-8
https://doi.org/10.3390/axioms12090859

16 SUNIL BENIWAL, NAVEEN MANI, RAHUL SHUKLA

[18] R. Shukla, R. Panicker, Approximating Fixed Points of Nonexpansive Type Mappings via General Picard-
Mann Algorithm, Computation 10 (2022), 151. https://doi.org/10.3390/computation10090151.

[19] R. Pant, R. Shukla, Fixed Point Theorems for Monotone Orbitally Nonexpansive Type Mappings in Partially
Ordered Hyperbolic Metric Spaces, Boll. Unione Mat. Ital. 15 (2022), 401-411. https://doi.org/10.1007/s4
0574-021-00310-8.

[20] T. Suzuki, Fixed Point Theorems and Convergence Theorems for Some Generalized Nonexpansive Mappings,
J. Math. Anal. Appl. 340 (2008), 1088—1095. https://doi.org/10.1016/j.jmaa.2007.09.023.

[21] T. Butsan, S. Dhompongsa, W. Takahashi, A Fixed Point Theorem for Pointwise Eventually Nonexpansive
Mappings in Nearly Uniformly Convex Banach Spaces, Nonlinear Anal.: Theory Methods Appl. 74 (2011),
1694-1701. https://doi.org/10.1016/j.na.2010.10.041.

[22] J. Schu, Weak and Strong Convergence to Fixed Points of Asymptotically Nonexpansive Mappings, Bull.
Aust. Math. Soc. 43 (1991), 153-159. https://doi.org/10.1017/S0004972700028884.

[23] H.E. Senter, W.G. Dotson, Approximating Fixed Points of Nonexpansive Mappings, Proc. Amer. Math. Soc.
44 (1974), 375-380. https://doi.org/10.1090/S0002-9939-1974-0346608-8.

[24] Z. Opial, Weak Convergence of the Sequence of Successive Approximations for Nonexpansive Mappings,

Bull. Amer. Math. Soc. 73 (1967), 591-597. https://doi.org/10.1090/S0002-9904-1967-11761-0.


https://doi.org/10.3390/computation10090151
https://doi.org/10.1007/s40574-021-00310-8
https://doi.org/10.1007/s40574-021-00310-8
https://doi.org/10.1016/j.jmaa.2007.09.023
https://doi.org/10.1016/j.na.2010.10.041
https://doi.org/10.1017/S0004972700028884
https://doi.org/10.1090/S0002-9939-1974-0346608-8
https://doi.org/10.1090/S0002-9904-1967-11761-0

	1. Introduction
	2. Preliminaries
	3. Main Results
	4. Example
	Conflict of Interests
	References

