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Abstract. In this paper, we present the notion of compatible maps, including type (A) and type (B) compatible
maps in generalized rectangular metric spaces which is an extension of the rectangular metric spaces. This article
includes illustrative examples from different contexts to further demonstrate our findings. Our results generalize
many known result in fixed point theory.
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1. INTRODUCTION

Fixed point theory, a prominant field in mathematics holds significant importance in the
realms of science and mathematics. It has emerged as a fundamental framework in mathe-
matical analysis, providing essential tools for solving a wide range of problems encountered in
various scientific and engineering disciplines. The field has witnessed rapid advancements in
the past twenty years, primarily driven by its extensive applications in diverse domains, includ-
ing non-linear analysis, topology and engineering. Consequently, it has garnered substantial

attention from researchers world wide. In many abstract metric spaces, the banach contraction
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principle is being thoroughly studied and refined, employing a variety of techniques, ever since
its inception. Numerous authors have extended, generalized and enhanced Banach’s fixed point
theorem in a variety of ways.

In 1976, the fixed point theorem was established by Jungck [1] for commuting maps. However
the results were contingent upon the continuity of one of the maps. In metric space, Sessa [2]
introduced a weaker version of commutativity for the pair of self maps.

Later, in 1986, Jungck [3] introduced a more generalized commuting mappings known as com-
patible mappings. He demonstrated that weakly commuting maps are compatible, although the
converse may not hold true. The concept of D-metric space was first introduced by Dhage [4] in
the year 1992. Dhage presented several results on fixed points for self maps that satisfy contarc-
tion conditions for complete bounded D-metric space. Geometrically, D-metric space D(x,y,z)
represent the perimeter of the triangle with vertices x, y, z € R?.

Subsequently, Mustafa and Sims [5] conducted a study demonstrating that majority of the re-
sults pertaining to Dhage’s D-metric spaces are invalid and they introduced an enhanced form
of the generalized metric space and called it as G-metric spaces.

In 2000, Branciari [6] introduced the concept of rectangular metric spaces, where a three term
expression takes the place of the triangle inequality in a metric space. Building upon Bran-
ciari’s work, Adewale, Olaleru, Olaoluwa and Akewe [7] extend the concept further in 2021
by presenting the idea of generalized rectangular metric spaces. This extension enriches the

understanding and application of rectangular metrics in a broader context.

2. PRELIMINARIES

In this section we provide preliminary information and definitions that are utilized throughout
this paper.

The concept of G-metric space is defined by Mustafa and Sims [5] as follows:

Definition 2.1. ([5]) Let X be a non-empty set and let G : X x X x X — R™ be a mapping that
satisfy the following conditions:

(Gl.) G(é,n,t)=0ifandonly if E =n =1, forall £, n, 1 € X.

(G2.) G(&,E,m) >0, forall &, € X with § # 1.
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(G3.) G(&,E,m) <G(E,n,7), forall E,n,7 € X with T # 7.

(G4) G(¢,n,7) =G(,7,n) =G(n,8,7) = ...

(G5.) G(&,n,7) <G(E,a,a)+G(a,n, 1), forall o, &, T €X.

Then the function G is referred to as G-metric, and the pair (X, G) is termed a G-metric space.
Branciari [6] introduced the rectangular metric space, which is defined as follows:

Definition 2.2. ([6]) Let X be a non-empty set and letd : X x X — R be a mapping that satisfy
the following conditions:

(1) d(&,m) =0ifand only if E = n, forall §,1 € X.

(2) d(&,n)=d(n,&), forall &, n € X.

(3.) d(&,n) <d(,a)+d(a,B)+d(B,n), forall £, € X and all distinct points &, € X —
{&:n}.
Then the function d is termed as rectangular metric, while the pair (X,d) is referred to as a

rectangular metric space.

In 2021, Adewale, Olaleru, Olaoluwa and Akewe [7] introduced the generalized rectangular

metric space, which is defined as follows:

Definition 2.3. ([7]) Let X be a non-empty set and let G : X x X x X — R be a mapping that
satisfy the following conditions:
(1) G(é,m,7)=0ifandonlyif E =n =, forall §,n,7 € X.
(2) G(&,&E,m) >0, forall &£, € X with § # 7.
3) G(&,n,7)=G(&,7,n)=G(n,&,7) = ...
4) G(&,n,7) <G(&,a,a)+G(a,B,B)+G(B,n,n)+G(n,n,7), for all £,m,7 € X and all
distinct points o, € X —{&,n, t}.
Then the function G is referred to as generalized rectangular metric, and the pair (X,G) is

termed a generalized rectangular metric space.

Definition 2.4. ([7]) Let X be a non-empty set and the pair (X, G) be a generalized rectangular

metric space. Then the sphere with center & € X and radius r > 0 is

Sg(&,r)={reX:G(&,1,7) <r}.
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Definition 2.5. ([7]) Let (X, G) be a generalized rectangular metric space. The sequence {&,} C

X is convergent to 7 if it converges to 7 in the generalized rectangular metric space.

Definition 2.6. ([7]) Let (X, G) be a generalized rectangular metric space. A sequence {&,} in

X is considered to converge to a point in X if there exists & € X such that lim, . G(&,,&,&) =0.

Definition 2.7. ([7]) Let (X, G) be a generalized rectangular metric space. A sequence {&,} is
said to be a cauchy sequence in X if, for each € > 0O there exist a positive integer N such that

G(&r, Em, &) < eforall nym,l >N e G(Ey,En, &) — 0as n,m, [ — oo,

Remark 2.8. ([7]) If n = 7 and we set G(&,1n,n) = d(§,n), definition 2.3 reduces to rectan-

gular metric space in [6].

Proposition 2.9. ([3]) Consider a metric space (X,d). Let f, g be two self-mappings on X that

are compatible:

(1) If f(t) = g(t), then fg(t) = gf ().
(2) Suppose that lim,,_,. f&, = lim, ... g&, =1t for somet € X.
(a) If f exhibit continuity at t, then lim,_,. g &, = f(2).
(b) If both f and g exhibit continuity at t , then f(t) = g(t) and fg(t) = gf(t).

3. MAIN RESULTS

There has been significant interest in investigating common fixed points for pairs(or families)
of mappings that satisfy the contractive conditions across different spaces. Numerous authors
have made significant contributions in this field, resulting in several interesting and elegant
results.

The introduction of commutativity by Jungck [1] was a significant break through in the field
of fixed point theory. In his notable work, Jungck [1] utilized commutativity to establish com-
mon fixed point theorem. Later on, Rani and Ankit [8] introduced commuting maps in general-
ized rectangular metric spaces.

Jungck [3] established the concept of compatible maps in metric spaces in 1986, stated as

follows:
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Definition 3.1. ([3]) Two self-mappings f, g on a metric space (X,d) are said to be compat-
ible if lim, o d(fg&n,gfE:) = 0, whenever {&,} is a sequence in X such that lim, . [, =

lim,, .. g&, =1t for some ¢ € X.

We are now going to present the notion of compatible maps in a generalized rectangular

metric space as follows:

Definition 3.2. A pair of self-mappings f, g on a generalized rectangular metric space (X, G) is

said to be compatible if lim,—cc G(fgEn,8fEn,8fEn) = 0 or limy e G(gfEn, f8En, f&En) = O,

whenever {&,} is a sequence in X such that lim,, e f&, = lim, . g&, = ¢ for some 7 € X.

Theorem 3.3. Let (X,G) be a complete generalized rectangular metric space . Suppose f and

g are self-mappings of X that satisfy the following conditions:

(3.3.1) f(X) € g(X),

(3.3.2) f or g is continuous,
(3.3.3) G(f&,fn,f1) < a G(g&,8M,87) for every §,n, 7€ X and 0 < o < 1.

If both f and g are compatible mappings in X, then under the given conditions, they possess a

unique common fixed point in X.

Proof. Let &y be an arbitrary point in X. We can choose a point &; € X from (3.3.1) such that
f&y = g&;. In general one can choose &, such that n, = f&, = g&,.1,n=0,1,2,... From
(3.3.3), we have

G<f§ﬂ7f§n+17f€n+l) < aG(fénflafgnafén)'

Continuing in the same way, we have

G(f&n, fEns1, [Ent1) < a"G(f&o, fE1, fE1).

and hence
3.1 G(Mn, M1, Mnt1) < &"G(Mo, N1, M1)-
Setting P, = G(nna Nn+1, r’n—i—l) we have

(3.2) P, <d"P.
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By repeated use of (3.2) in definition of generalized rectangular metric space and all distinct

points Ny41, Mn+2, ---, Mm—1 With m > n, we have the following for all odd m — n:

G(nn; N nm) < G(nna MNn+1, nn—H) + G(nn—i—l s Mn+2, nn+2) + G(nn+27 N, nm)v

<P, +P1+ G(nn+2, Nm, nm>7

n+3
< Z Pl + G(Tln+47 N rlm)>

=n

(3.3) <Y r<YP
i=n i=n

In a similarly manner, if m - n > 4 is even, we obtain

m—3

(3.4) G(Ms s M) <Y, P G (M2 s M) -

i=n

From (3.2) and (3.3), we have

G(My Mo M) < " Po+ " Py + o 2Py + ...+ o™ 2Py + o™ Ry,

<o"[l+oat+a’+ad+..+a" "R,

o’
(1-a)

(3.5) < Fo.

From (3.2) and (3.4), we have

G(Ms Mows M) < (1 — &) "' Py + G(Mon—2, Ty M) »

< an(l - a>71P0 + amizG(nO, N2, 772)
Taking the limit of G(1,, N, M) as n,m — oo, we have

(3.6) lim G(Ny, N, Mm) = 0.

i
Forn,m,l €e Nwithn>m > [,

(3.7)

G(Mns s M) < G(My M1, Mn—1) + G(M—15 Mn—25 Mn—2) + G(Mn—2, Mo, M) + G (Mo Mo M) -

Taking the limit of G(1,,, Ny, M;) as n,m,l — oo, we have

(3.8) lim G(N,, M, M) =0.

n,m,l—oo
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Hence {7, } is a G-cauchy sequence. By utilizing the completeness property of (X,G), it fol-

lows that there exist T € X such that

LT = ¥ and 00 Tn = 00,6 = 0 8501 =7

Given that either f or g is continuous, we can assume, without loss of generality, that g is

continuous.

(3.9) lim gf&, = gr.
n—soo

Furthermore, since f and g exhibit compatiblilty, therefore

lim G(gf&n, f8Gn, f85n) = 0.

— lim fg&, = gt.
n—oo

From (3.3.3), we have

(3.10) G(fgénafénafén) <a G(ggénaggmgén)'

Proceeding limit as n — oo, we have g7 = 7. Again from (3.3.3), we have

G(fE.fr, fr) < o G(g&,g7,87).

Taking limit as n — oo, we have fT = 7. Therefore, we have T = f7 = g7. Thus 7 is a common
fixed point of both f and g.
Uniqueness: Let us assume that 7;(3# 7) is another fixed point that is common to both the

functions f and g. Then G(7,7;,7;) > 0 and
G(vahfl) = G(fT,le,fT]) S OCG(gT,ng,gTI) = aG(TJTth) < G(T7rlafl)7
a contradiction, therefore T = 7. Hence uniqueness follows. OJ

Example 3.4. Let X = [—1, 1] with the generalized rectangular metric G(§,n,7) = | —n|+
In— 1|+ |t —&| forall £,n,7 € X. Define mappings f,g: X — X as follows:

§

£18) =2 and g(&) = ¢&.
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Then (X, G) is a generalized rectangular metric space and f(X) C g(X). Moreover,

[G(g&,em,g7)].

| =

1§ =nl+In—7[+|t—&]] <

FN.

G(f&, fn, fr)=

Consider the sequence {&,} = 1. Clearly,

lim G(f¢&,8/En,81En) = 0.
Also,
Jim o = fim 5, 0.
However, maps are compatible at & = 0 and the only common fixed point of f and g is 0. Thus

all the conditions of theorem 3.3 are satisfied.

Proposition 3.5. Let f and g be compatible mappings from a generalized rectangular metric

space (X, G) into itself. If ft = gt for some t € X, then fgt = fft = gft = ggt.

Proof. Let {&,} be a sequence in X defined by &, =t,n=1,2,3,... forsome r € X and fr = gt.

Then f&,,gE, — ft as n — 0. Since both f and g are compatible, we have

G(fet,8/1,8f1) = lim G(f8Gn,8/En,8fSn) = 0.

Hence we have fgr = gft. Therefore, since ft = gt, we have fgt = f ft = gft = ggt. 0

Proposition 3.6. Let (X,G) be a generalized rectangular metric space. Consider f and g,
which are compatible self-mappings on X. If lim, o, f&, = lim, ... g&, =t for some t € X.
Then

(1) If f exhibit continuity at t, then lim,_,.. gf&, = ft.
(2) If g exhibit continuity at t, then lim,,_,.. fg&, = gt.

(3) If f, g are continuous at t, then f(t) = g(t) and fg(t) = gf(¢).

Proof. (1) Suppose that f is continuous at . Since lim,_.. &, = lim,,_,.. g&, = t for some

t € X, we have lim,, .. fg&, — ft. Since f and g are compatible, we have

5im G(gf &, f1, /1) < 1im G(g fEu, f8En, F8E) + lim G(fgEn, £1En, f£En) + lim G(fF&s, f1. 1),

=0.
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Hence, as a result lim,,_,.. gf&, = ft. This concludes the proof.

(2) The proof of lim,_,. fg&, = gt follows by similar argument as in (1).

(3) Assume that both f and g are continuous at 7. Since g&, — t as n — oo, and f is continuos
at 7, by (1), we can conclude that gf&, — fr as n — oo. Furthermore, since g is also
continuous at ¢, gf&, — gt. Thus, we have fr = gt by the uniqueness of limits and so
by proposition 3.5 fgt = gft. This concludes the proof.

0J

3.1. Compatible mappings of type (A). In this section, motivated by the concept of compat-
ible mappings on metric spaces, we are introducing the notion of compatible mappings of type
(A) on generalized rectangular metric spaces. We demonstrate that compatible mappings and

type (A) compatible mappings are equivalent under certain conditions.

Definition 3.7. ([9]) A pair of self-mappings f, g on a metric space (X,d) is said to be compat-
ible maps of type (A) if

lim d(gfgnaffgn) = 0 and lim d(fgénvgggn) =0,
n—oo n—roo
whenever {&,} is a sequence in X such that lim, . f&, = lim,_,. g&, = for some ¢ € X.

Definition 3.8. A pair of self-mappings f, g on a generalized rectangular metric space (X, G) is

said to be compatible maps of type (A) if

Y}I_I&G(gfénaffénaffén) =0 and}}i_r)rgoG(fgén,ggén,ggén) =0,

whenever {&,} is a sequence in X such that lim, . f&, = lim,_,. g&, = for some ¢ € X.

Theorem 3.9. Let (X,G) be a complete generalized rectangular metric space . Suppose f and
g are self mappings of X that satisfy the following conditions:

(3.9.1) f(X) C g(X),

(3.9.2) f or g is continuous,

(3.9.3) G(fE,fn, fr) <aG(g&,gn,g7) foreveryEm, 1€ X and 0 < o < 1.

If f and g are compatible maps of type (A) in X, then under the given conditions, they possess

a unique common fixed point in X.
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Proof. We deduce that {n,} is a cauchy sequence in X from Theorem 3.3. Leveraging the

completeness property of (X, G), we can conclude that there exist T € X such that

Jm = and iy = fim 16, = i g1 = .

Given that either f or g is continuous, for definiteness, we can assume that g is continuous,
therefore lim,, o g f&, = lim, ... gg&, = gt. Further f as well as g are compatible maps of type

(A), therefore
1im G(gf &, ff&n, [ &) = 0.
- r}grolof f én =gT.

Further from (3.9.3), we have

(3.1D) G(ffémfénafén) <a G(gfgnaggnaggn)'

Proceeding limit as n — oo, we have g7 = 7. Again from (3.9.3), we have

G(fE.ft, f1) < o G(g&,g7,87).

Taking limit as n — oo, we have fT = 7. Therefore, we have T = f7 = g7. Thus 7 is a common
fixed point of f and g.
Uniqueness: Let us assume that 7;(# ) is another fixed point that is common to both the

functions f and g. Then G(7,7;,7;) > 0 and
G(t,11,11) = G(f7, fr1, f11) < aG(gt,871,8T1) = aG(7,71,71) < G(7, 71, T1),
a contradiction, therefore T = 7. Hence uniqueness follows. O

Example 3.10. Let X = [—1, 1] with the generalized rectangular metric G(§,n,7) =|§ —n|+
In—t|+|t—&| forall £,m,7 € X. Define mappings f,g: X — X as follows:

F(E) =5 .and 5(8)=5.

Then (X, G) is a generalized rectangular metric space and f(X) C g(X). Moreover,

G(F&,/.57) = g 1€~ ]+ I — 7l + |7~ &) < 5 [G(gE,g1.57)

oo | =—
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Consider the sequence {&,} = % for all n € N. Clearly,

lim G(fg&n, 88n,886n) = 0 and lim G(gf Sy, ffGn, ffEn) = 0-.
Also,
lim &, = lim ¢& = 0.

However, maps are compatible of type (A) at & = 0 and the only common fixed point of f and

g 1s 0. Thus, all the requirements specified in theorem 3.9 are satisfied.

Proposition 3.11. Let f and g be compatible mappings of type (A) from a generalized rectan-
gular metric space (X, G) into itself. If ft = gt for some t € X, then fgt = fft = gft = ggt.

Proof. Let {&,} be a sequence in X defined by &, =¢,n=1,2,3,... for some 7 € X and ft = gt.

Then we have f&,, g€, — ft as n — 0. Since f and g are compatible of type (A), we have

G(fet,g8t,g81) = lim G(fgGn,886n,886n) = 0.

Similarly, we have gft = f ft. Butft = gt implies ggt = gft. Therefore, fgt = f ft = gft = ggt.
This concludes the proof. 0J

Proposition 3.12. Let f and g be compatible mappings of type (A) from a generalized rectan-
gular metric space (X,G) into itself. If im0 f&, = lim, 0 g&y =1 for some t € X. Then

(1) If f exhibit continuity at t, then lim,,_,. gg&, = f1.

(2) If g exhibit continuity at t, then lim,_, f f&, = gt.

(3) If f, g are continuous at t, then f(t) = g(t) and fg(t) = gf(¢).

Proof. (1) Assume that f exhibits continuity at ¢. Since lim,_,. &, = lim,,_,..g&, =t for
some t € X, we have lim,, .. ff&,,lim, . fg&, — ft as n — o. Since f and g are

compatible of type (A), we have

G(f1,885n,885n) = lim G(f8Gs,886n,886n) = 0.

Hence, as a result lim,,_,.. gg&, = ft. This concludes the proof.

(2) The proof of lim,_,. f f&, = gt follows by similar argument as in (1).
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(3) Let us assume that f and g are both continuous at 7. Since g&, — r as n — oo, and f is
continuos at 7, by (1), we can conclude that gg&, — ft as n — . Moreover, since g is
also continuous at ¢, gg&, — gt. Thus, we have ft = gr by the uniqueness of limits and
so by proposition 3.11 fgt = gft. This concludes the proof.

0J

The subsequent propositions demonstrate that definition 3.2 and 3.8 are equivalent under

certain conditions.

Proposition 3.13. Let (X, G) be a generalized rectangular metric space and let f, g: (X,G) —

(X, G) be continuous mappings. If both f and g are compatible, then they are also compatible

mappings of type (A).

Proof. Suppose that f and g both are compatible mappings. Let {&,} denote a sequence in X

such that, for some ¢ € X, lim,, . f&, = lim,, o g€, = t. By (4) of definition 2.3,

G(gf&n, ff&n, [En) < G(8fEn, f86n, 8En) +G(f8En,886n,885n)
+G(888n, [ &, [ &) + G(ffEns [ 1Ens f1En),
< G(gfén, 1860, f85n) + G (f8En,888n,885n) +G(88En, [ fEn: f1En)

Given that f is continuous and f, g are compatible, we obtain

,}I_I&G(gfgn,ffgn,ffén) =0.

Similarly, assuming g is continuous, we obtain

lim G(fg&n,888n885n) = 0.
n—yoo
]
Proposition 3.14. Let (X, G) be a generalized rectangular metric space and let f, g: (X,G) —

(X, G) be continuous mappings. If both f and g are compatible mappings of type (A) then they

are compatible also.
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Proof. Suppose f and g both are compatible maps of type (A). Let {&,} denote a sequence in

X such that, for some ¢ € X, lim,, o /&, = lim,,_,. g&, = ¢. As g is continuous,
lim g £, = lim ggG, = gt.
By (4) of definition 2.3,

G(fg&n 8fEn 8f6n) < G(f8En,886n,8880) + G(888n, [ En, f1En)
+G(ff§n7gf§nygf§n) +G(gf5n7gf§nagf€n)'

Taking n — oo, given that g is continuous and f, g are compatible mappings of type (A), we

obtain

;}%G(fgénvgfémgfgn) - O

Similarly, assuming f is continuous, we obtain

r}EEoG(gfé'l?fggmfggn) =0.

Therefore f and g are compatible. 0
From proposition 3.13 and 3.14, we have:
Proposition 3.15. Let f and g be continuous mappings from a generalized rectangular met-

ric space (X,G) into itself. Then, [ and g are considered compatible if and only if they are

compatible of type(A).

Example 3.16. Let X = R, the set of all real numbers, with the metric G(§,1n,7) = | — |+
In—1|+|t—&| forall £,n,7 € X. Define f, g as follows:

1 . 1 .
=l BT el E@ T
0 if &=0, 0 if &E=0.

Thus, f and g fail to be continuous at = 0. Consider a sequence {&,} in X defined by &, = n?,

n=1,2,3,.... Then for n — oo, we have

fl&) = 5 =0, () = - =0
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and
lim G(fg&n,8f&n 8f&n) = lim G(n*,n*,n*) =0.
n—eo n—oo

However, the following limit do not exist
nlgloloG(fgén7gg€n7gg§n) - Y}EEOG(H4,n87n8) —= o<>7
hm G(gféfhffén?ffén) - llm G(n4,n27n2) — 0o,
n—roo n—yoo

Therefore, f and g are compatible, but they are not type (A) compatible.

Example 3.17. Let X = [0, 1], endowed with a generalized rectangular metric G(§,n,7) =
E—n|+|n—1|+]|t—&|forall §,n,7T € X. Define f, g:[0,1] — [0,1] by:

1 1
é if é 07_ ) 1_5 if 5 07_ )
=1 N2 e - roclh?
1 if 66[5,1], 1 if ée[z,l]

1
Thus, f and g fail to be continuous at t = 5 Although f and g are compatible mappings of
type (A), we assert that they are not compatible. To see this, suppose that {£,} C [0,1] and that

1 1
f (&), g(&,) — 1. By definition of f and g consider r = % Since f and g agree on [5, 1], our
1 1
analysis is limited to the case where t = —. So we can assume that {,} converges to 3 and
1 1
& < 3 for all values of n. Then g(§,) = 1 — &, converges to 3 from the right and f(&,) = &,

1 1
converges to 3 from the left. Thus, since 1 — &, > 2 for all n,

fe(Gn) =f(1=&)=1

1
and since &, < >

1

gf(&)=8(&)=1-8 — 5

Consequently,
lim G(fg&,.gfEn g fE) = lim G(1, 2, 2) =5 1
Further, we have

G(fg&n,886n,888:) = G(1,1,1) = 0.
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and

G(gf&n, ffén, f1En) =2|1 =28, — 0.

1
as &, — 5 Thus, both f and g are compatible mappings of type (A). It’s crucial to emphasize

that they are not compatible.

3.2. Compatible mappings of type (B). This section introduces the notion of compatible
mappings of type (B) and demonstrate how, under certain circumstances, these mappings are
equivalent to compatible mappings and compatible mappings of type (A) in generalized rectan-

gular metric space.

Definition 3.18. ([10]) A pair of self-mappings f, g on a metric space (X,d) is said to be com-
patible maps of type (B) if

1
lim d(fe&:,88&,) < 5 ( lim d(fg&u, f1) + lim d(f1,£E»))

1
. <Ly .
lim d(¢f&:, £1&) < 5 (Jim (/& 1) + lim d(gr, 8&1))
whenever {&,} is a sequence in X such that lim,_. /&, = lim,,_,. g&, = ¢ for some ¢ € X.

Definition 3.19. A pair of self-mappings f, g on a generalized rectangular metric space (X,G)

is said to be compatible maps of type (B) if

1
lim G(£8E, 888 888) < 5 (1im G(F8E, /1, f1)+ lim GUft, 10, f1E)

and

1
5im G(gf&n, £ £Es f1&:) < 5 (lim Glaf&r.1.81) + lim Glar, 888, 28n) )

whenever {&,} is a sequence in X such that lim,_,. f&, = lim, . g&, = ¢ for some 7 € X.

Theorem 3.20. Let (X, G) be a complete generalized rectangular metric space . Suppose f and
g are self-mappings of X that satisfy the following conditions:

(3.20.1) f(X) C g(X),

(3.20.2) f or g is continuous,

(3.20.3) G(fS,fn,f1) < aG(g&,gn,g7) forevery &, n, 7€ X and 0 < o0 < 1.
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If f and g are compatible maps of type (B) in X, then under the given conditions, they possess

a unique common fixed point in X.

Proof. From Theorem 3.3, we conclude that {n,} is a cauchy sequence in X. Since (X,G) is

complete generalized rectangular metric space, therefore there exist T € X such that

A0 T = and 10 T = 10 fon = Ji0 85ne1 =7

Given that either f or g is continuous, for definiteness, we can assume that g is continuous,
therefore lim,, o g /&, = lim,, 0 g¢&, = g7. Further f and g are compatible maps of type (B),

therefore

1
1im G(ef &, f£&s [1E:) < 5 (1im Glaf&ngt,80) + lim Gler, 888, 88E0) ) -

= lim ff&, = gr.
N—o0

Further from (3.20.3), we have

(3.12) G(ffémf&n,f‘in) <a G(gfgmgénaggn)'

Proceeding limit as n — oo, we have g7 = 7. Again from (2.20.3), we have

G(fgn,ff,ff) S 104 G(génngT?gT)'

Taking limit as n — oo, we have f7 = 7. Therefore, we have 7 = f7 = g7. Thus 7 is a common
fixed point of f and g.
Uniqueness: Let us assume that 7;(3 7) is another fixed point that is common to both the

functions f and g. Then G(7,71,7;) > 0 and
G(T7117T1) = G(foTlval) < OCG(gT,ng,gTI) = (XG(T, Tlaﬁ) < G(T7’rl7fl>7
a contradiction, therefore T = 7. Hence uniqueness follows. L]

Example 3.21. Let X = [—1, 1] with the generalized rectangular metric G(§,1,7) = | —n|+
In— 1|+ |t —&| forall £,n,7 € X. Define mappings f,g: X — X as follows:

£(&) =5 and 5(8)=E.
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Then f(X) C g(X). Moreover,

G(fS, /. f7) = lls —nl+n—7l+|t—-¢l] < 7[G(¢5,¢n,87)].-

ANl =
W =

Consider the sequence {&,} = % for all n € N. Clearly,
lim G(f2G,,8861,8861) =0,

2 [1im G(re&. £(0).£(0)) + lim G(1(0). 170, £1E1)] 0

and

lim G(gf S, [ En, f1En) =0,

1 lim G(g/fGs,2(0),2(0)) +,11§I§°G<g(0)agg§n,ggén)] N
Also,

S on = i gon =0
However, maps are compatible of type (B) at £ = 0 and the only common fixed point of f and

g 1s 0. Thus all the conditions of the theorem 3.20 are satisfied.

Proposition 3.22. Let f, g be compatible maps of type (B) from a generalized rectangular
metric space (X ,G) into itself. If ft = gt for some t € X, then fgt = fft = gft = ggt.

Proof. Let {&,} be a sequence in X defined by &, =7,n=1,2,3,... for some 7 € X and ft =

Then we have f&,,g&, — ft as n — . Since f and g are compatible of type (B), we have
G(fet,g8t,ggt) = lim G(fgSu, 885n: 885n);

< 5 (1im G(re&, 1, £1) + lim G(f1, /&, FFE0)).

=0.

Hence we have fgt = gft. Therefore, since ftr = gt, we have fgt = fft = gft = ggt. This

concludes the proof. 0

Proposition 3.23. Let f, g be compatible maps of type (B) from a generalized rectangular

metric space (X ,G) into itself. If lim,_,e f&, =1im, 0 g&, =t for some t € X. Then
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(1) If f exhibit continuity at t, then lim,,_,.. gg&, = f1.
(2) If g exhibit continuity at t, then lim,_,o f f&, = gt.

(3) If f, g are continuous at t , then f(t) = g(t) and fg(t) = gf(¢).

Proof. (1) Suppose that f exhibit continuity at 7. Since lim, o &, = lim, . g&, =1 for
some ¢t € X, we have lim, e ff&,,lim, e fg&, — ff as n — . Since f and g are

compatible of type (B), we have

G(ft,885n,8f6n) = lim G(f8Gn,886n,886n),

1
<5 |Jim G(fg&u f1, f1) + lim G(ft, £ 1. f1En) |

=0.

Hence, as a result lim,, .. gg&, = ft. This concludes the proof.

(2) The proof of lim,_,. f f&, = gt follows by similar argument as in (1).

(3) Assume that both f and g are continuous at 7. Since g&, — t as n — oo, and f is continuos
at 7, by (1), we can conclude that gg&, — ft as n — . Furthermore, since g is also
continuous at 7, gg&, — gt. Thus, we have ft = gt by the uniqueness of limits and so
by proposition 3.22 fgt = g ft. This concludes the proof.

O

Proposition 3.24. Every pair compatible mappings of type (A) is also compatible mappings of

type (B).
Proof. Suppose f and g are compatible mappings of type (A), then we have
0= lim G(f&888n 28%) < 5 (Jim G(7g&u. f1. 1)+ lim G(/1. /1. FFE)).
and
0= lim Ggf&, /& ££&0) < 5 (Jim Gl st.21) + im Glsr, 858n,8850))
as derived. U

The subsequent propositions demonstrate that definition 3.2 and 3.19 are equivalent under

certain conditions.
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Proposition 3.25. Let f and g be continuous mappings on a generalized rectangular metric

space (X, G) into itself. If f and g are compatible mappings of type (B) then they are compatible
of type(A).

Proof. Let {&,} be a sequence in X such that lim, . f&, = lim, . g&, =t for some ¢ € X.

Given the continuity of f and g, we have
lim f/&, = lim fg&, = fr,
and
lim gg&, = lim gf€, = gt.
n—yoo n—yoo
By definition, we have

1
1im G(f8&1,886n,88E) < 5 | (lim G(fe&n. f1,f1) + lim G(f1.f &, f1E0)] = 0.

and
. L, .. .
lim G(gf&n, ffSn [fSn) < 5 [( lim G(gf&,,8t,gt) + lim G(gt,ggén,ggén)] =0.
n—so0 2 [ 'h—e n—yoo0
Therefore, f and g are compatible mappings of type (A). 0

Proposition 3.26. Let f and g be continuous mappings on a generalized rectangular metric

space (X, G) into itself. If f and g are compatible mappings of type (B) then they are compatible.

Proof. Let {&,} be a sequence in X such that lim, . f&, = lim,_,. g&, =t for some ¢ € X.

Given the continuity of f and g, it follows that
lim ff&, = lim fg&, = ft,
n—yoo n—soo

and
lim gg&, = lim gf€, = gt.
n—»oo n—soo

By definition, we have

G(f8En 8fCn,8fEn) < G(f8&n, ff&n, &) +G(ffEn 8850 885n)
+G(886n,818n81En) +G(8fEn, 81 Cn,81En)-
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Letting n — o and taking into account f and g are compatible mappings of type (B), we have

1im G(fg8,8/ & 8/&n) < Jim G(f8&u, £, f£E) + lim G(f & 885 885n) + lim G(g8E.8/En-8/ ).
1
SE L}i_ng(fgﬁn,ft,ft) +,}1_I>I;G(ft>ff§n7ff§n)) +HILH;G<ff§nagg5nvgg§n) )

<0.
Therefore, f and g are compatible. This concludes the proof. U

Proposition 3.27. Let f and g be continuous mappings on a generalized rectangular metric

space (X, G) into itself. If f and g are compatible, then they are compatible of type (B).

Proof. Let {&,} be a sequence in X such that lim, . f&, = lim,_,. g&, =t for some ¢t € X.

Given the continuity of f and g, we have

,}l_rgoffgn :r}g{}ofggn = f1,
and

lim gg&, = lim gf€, = gt,

n—oo n—oo
SO

lim f£E, = lim fg&, = lim ggg, = lim gf&,.

Since f and g are compatible, we have

,}LIEOG(fgén,gfgn,gfﬁn) =0.

Now

1
1im G(fg&n 88n,2880) < 5 (1im G(fg&u, f1,f0) + lim G(ft, /fEn,fF&1)) =0,

and
. L/ .
1im G(g & fF&n, £180) < 5 (Jim Glef&ngt.81) + lim Ggr, 88, 8E) ) = 0.
which implies f and g are compatible maps of type (B). U

By unifying proposition 3.24 - 3.27, we have
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Proposition 3.28. Let f and g be continuous mappings on a generalized rectangular metric
space (X ,G) into itself. Then

(1) f, g are compatible if and only if they are compatible of type (B).
(2) f, g are compatible of type (A) if and only if they are compatible of type (B).

Proof. (1) One can easily prove it using proposition 3.26 and 3.27.
(2) One can easily prove it using proposition 3.24 and 3.25.
0

Example 3.29. Let X = R, the set of all real numbers, with the metric G(§,1,7) = | —n| +
In—7|+|t—&| forall §,n, 7 € X. Define f and g as follows:

=z if §#0, 25 if ¢ #0,
f(&) = 3 and g(&) = 3
if £€=0, 1 if E€=0.
Then f and g are not continuous at ¢ = 0. Consider a sequence {&,} in X defined by &, = n,

n=1,2,3,.... Then for n — o we have

Fl&) =5 0, g(&) = 5 0

and
lim G(fg&n,8f&n &f&n) = lim G(n®,n®,n®) =0.
h—poo n—oo
However, the following limit do not exist
lim G(fg&,88&n,88&n) = lim G(n®,n*,n*) = oo,
n—roo n—yoo
1 1
> [lim G(fg&,, ft, ft) + lim G(ft,ffén,ffén)} = [hm G(n®,1,1)+ lim G(1,n'%,n'0)| = oo.
e n—ree 2 n—sco

and
5im G(gf & [ 150, £160) = lim G(n®,n'®,n'%) = oo,

i . 1
5 r}grgoG(gfén,gt,gt)+,}glgoG(gt,gg€n,gg§n)] =3 [hm G(n*,1,1)+ lim G(1,n*,n*)| = co.

n—soo
Therefore f and g are compatible but they are neither compatible type (A) nor compatible type
(B).
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Example 3.30. Let X = [0,8], endowed with a generalized rectangular metric G(§,1,7) =
E—n|+n—71|+|t—§]|forall &,n, T € X. Define f, g:[0,8] — [0, 8] by:

£) = & if €€10,4), and g(E) = 8§—¢& if £ €[0,4),

8 if £c[4,8), 1 if & €[4, 8].

Then f and g are not continuous at t = 4. Now we assert that f and g are not compatible but
they are compatible of type (A) and hence compatible of type (B). To see this, suppose that
{&,} C [0, 8] and that f(&,), g(&,) — . By definition of f and g consider ¢ € [4,8]. Since f and
g agree on [4,8], our analysis is limited to the case where t = 4. So we can assume that {&,}
converges to 4 and &, < 4 for all values of n. Then g(&,) = 8 — &, converges to 4 from the right

and £(&,) = &, converges to 4 from the left. Thus, since 8 — &, > 4 for all n,
fe(&) = F(8—&,) =8,
and since &, < 4,
of (&) = g(&) =8—& — 4.
Consequently,
lim G(f8G, 8/ 5, 8/En) =2 lim [8 — (8 —&,)[ = 8.
Further, we have
lim G(fg&n, 85n,886n) = 2 lim | fg&, — gg&a)| — O,
2 [1im Gren, £4), £() + lim G(7(4), 780, 1750)].
> [2im 76— 82 1im |8 77| 4.
and
5 GGy, [ &0 /&) = 2 im [g /& — [fE| =208~ 26,] 0.
2 [1im Glern, £(4),5(4)) + lim Ge(4), g8 8880

L, .. :
3 [2lim o7& 8] +2 Jim [8 —ge&l| - 8.
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as &, — 4. Hence, both f and g are compatible mappings of type (A) and compatible mappings

of type (B). However, it is important to note that they are not compatible.

Example 3.31. Let X = [0,2], endowed with a generalized rectangular metric G(§,1,7) =
|E—=n|+n—1|+|t—&]|forall &, n, T € X. Define f, g: [0,2] — [0,2] by:

S HE it 66[;),%), S if 56[(1),%),
f&=42 we=l adg@=41 i e=l
i ée(%,z], 0 if ée(%,z].

1
Then f and g are not continuous at t = > Now we assert that f and g are compatible of type
(B) but they are neither compatible nor compatible of type (A). To see this, suppose that {&,} C

1 1
[0, 2] and that f(&,), g(&,) — 1= 5> By definition of f and gt € 5 So we can assume that

1 1 1
{&,} converges to 0. Then g(&,) = 37 &, converges to 3 from the left and f(&,) = 5T &n

1
converges to > from the right. Also,

F(En) = 15~ &) =1-&

and

8 (&) =83+ &) =0,

Consequently,
r}i_rgc}oG(fggnagfgnagfén) = Zgglgo](l - gn) —0[—2.

Further, we have

lim G(fg&n; ¢5n,886n) =2 lim [(1—&,) = &) = 2,

1 1 1 ) 1

! [355‘0 G(f8& £(5).F(G))+ lim G/ (3), £ G, £ |

% [2}}32\1%”1” 2.
and

1 Glgf &, &, £15) =2 lim [g/& — [1&] =20~ 1] =2,
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L lim GlefEng(2),8(2)) + lim Gle (L), g8 g88)
5 | jim, gfn,gi,gi + lim 8(5),886n,885n) | »
1. .
5[232130’0_”*2}5?0'1_&"']%2'

Hence, both f and g are compatible mappings of type (B) but they are neither compatible nor

compatible mappings of type (A).
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