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Abstract. The aim of this contribution is to prove two unique common fixed point theorems for two pairs of
occasionally weakly biased mappings of type (A) on complete metric domains. These theorems improve some
results on metric, partial metric and metric domains. Also, two suitable examples are given in order to support our
results. Again, an application is furnished in order to convince the reader about our useful results.
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1. INTRODUCTION AND NEEDED DEFINITIONS

Fixed point theory is a very important axis in mathematics which has a huge number of
applications in different subjects [1, 2, 3, 4, 5]. It presents prominent tools for solving many
issues. The strong starting of fixed point theory was in 1922 with Stefan Banach, who gave
the contractive mapping theorem which considered as an important tool in the theory of metric
spaces, and can be understood as an abstract formulation of Emile Picard’s method of successive
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approximations. Several mathematicians made a lot of generalizations of the notion of metric
space by weakening the defining axioms for the notion of metric. For instance, in 1985, in
his thesis [6], Stephen G. Matthews suggested the class of metric domains. According to him,
these domains allow a natural distinction to be made between “complete” and “partial” (non
complete) objects. Always according to Matthews, metric domain has been introduced in order
to promote the notion of completeness in domain theory and, he pointed out that there is a one to
one correspondence between the class of metric domains and the class of metric spaces. In 1992,
in his paper [7], the same author provided another generalisation of metric spaces under the
name of partial metric spaces in which he keeps the symmetry axiom. In 2001, in his dissertation
[8], Pascal Hitzler used metric domains under the name of dislocated metrics and he investigated
the topological structure underlying the notion of dislocated metric, which leads to a proof of the
Matthews theorem which is in the spirit of the proof of Banach contraction mapping theorem.
In 2012, in his paper [9], Alireza Amini-Harandi introduced a new generalization of a partial
metric space which is called a metric-like space. Then, he gave some fixed point theorems in
such spaces which generalize and improve some well-known results in both metric-like and
partial metric spaces. However, to get a more description about these topics, the reader my refer

to the references [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20].

Remark 1. The notions of metric domains, metric-like spaces and dislocated metric spaces are

exactly the same, and they also named d-metric spaces.

On the other hand, in 2022, we put in a new concept called occasionally weakly biased
mappings of type (A) and we asserted that our notion has an edge over weak and occasionally
weak compatibility; that is, weakly compatible and occasionally weakly compatible mappings

are subclasses of occasionally weakly biased mappings of type (A).

Definition 1. ([6]) A metric domain is a pair < .# ,m > where .# is a non-empty set, and m is

a function from M X M to R, such that
() Ve, e M mG,e)=0=¢=¢c
(2) V6, @ €M, m(c,6)=m(s,6)
(3) Va1, ¢ g€, m(G,q) <m(s,c)+m(s, ).
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Definition 2. ([7]) A partial metric is a function p : & x & — R, such that

(1)Ve, € 6=6<p66)=r(s)=r(ce)
(2) Ve, @€, pl6,61) < pla, %)

(3) Ve, @€ p6,%)=p(a,)

(4) Ve & i€ P, p(61,63) < p(61,0) +p(%2,6) — p(%2, ).

Definition 3. ([9]) A mapping | : £ x £ — R, where £ is a nonempty set, is said to be

metric-like on L if for any G|, &, 63 € £, the following three conditions hold true:
(1) 1(61,82) =0=61 =

(2) 1(1,%) =1(s2,61)
(3) 1(s1,%2) <1(s1,63) +1(53, %)
)

The pair (£,1) is then called a metric-like space.

Then a metric-like on . satisfies all of the conditions of a metric except that /(g,G;) may

be positive for ¢ € Z.

Definition 4. ([21]) Two self-mappings & and 2 of a metric space (M ,m) are called weakly

compatible if and only if &7 and 2 commute on the set of coincidence points.

Definition 5. ([22]) Two self-mappings &2 and 2 of a set ./ are occasionally weakly compat-
ible if and only if, there is a point v in .# which is a coincidence point of & and 2 at which

P and 2 commute.

Definition 6. ([23]) Let . and T be self-mappings on a metric domain (M ,m). The pair
(.7, T) is said to be occasionally weakly .-biased of type (A) and occasionally weakly 7 -
biased of type (A), respectively, if and only if, there exists a point G in M such that ¢ = T ¢
implies

m(S7¢, T¢) <m(TSg,.7g),

m(77¢,7¢)<m(ST¢,Tg),

respectively.
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Example 1. Consider the metric domain (2,9) where 9 = (—oo,4o00) and D(G1,6) = |G1| +
|G| Let A and N be two mappings from 2 into itself defined as follows:

261  when —eo< g <1 Gi+1  when —0<g <1
MG =4 25 NG =
—a when 1 < g < oo, G1—10 when 1 < g < Hoo.

It is clear to see that #1 = N1 =2 and H#5=NV5=—5and

10=D (NN, M) <D(MNT,N1)= %

O=D(N N5, M5) <D(MN5,N5)=15,

that is mappings .# and N are occasionally weakly A -biased of type (A).

However,

MN] = —§ £ 8= N1,

MNS=—10# -4 =NM5,
that is, M/ and N are neither weakly compatible nor occasionally weakly compatible.

In this investigation, we will use our new definition to prove the existence and uniqueness
of common fixed points for quadruple mappings in complete metric domains. These theorems
improve and/or extend some results in metric and partial metric spaces as well as in metric

domains.

2. EXISTENCE AND UNIQUENESS OF COMMON FIXED POINTS WITH EXAMPLES

Theorem 1. Let (.# ,m) be a complete metric domain. Let of, B, .S, T : M — M be
mappings satisfying
(1) the pairs (o7, T) and ($B,.S) are occasionally weakly 7 -biased (respectively .7 -
biased) of type (A) and
(2) m(Zx,By) < x(m(Ly,Zx) + m(Tx,.y) + m(Tx,4x) + m(By,Ly) +
m(T x, By))

1
forallx, y € M, where k € (0, 7) Then o7, B, ./ and 7 have a unique common fixed point.
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Proof. By hypotheses, there are two points ft and Vv in .# such that &7y = 7 u implies
m(TTu, ) <m(ATu,7u)and Bv =.7vimplies m(S S v, Bv) <m(BSLv, V).
First, we are going to prove that &/ = Zv. Suppose that o/ # ZAv, from inequality (2)

we have
m(A W, Bv) < k(m(Lv,du)+m(Tu, S v)+m(Tu, W) +m(ABv,v)+m(Tu,ABv))
=xk(m(Bv, ) +m(A W, Bv)+m(Fu, W) +m(Bv,Bv)+m(d U, BV))
< k(m(Bv, W) +m(A U, BV)+2m(AL W, BV)+2m(Bv, A U)+m(A 1, RBV))
=Tkm(A W, BV)
<m( L, BV),
which is a contradiction, thus &7 L = Av. Now, we assert that .o/ .o/ i = o/ . If not, then the
use of condition (2) gives
m(A g, Bv) < km(SLv,dAU)+m(TAW,SV)+m(TA W, A W) +m(BV,SV)
+m(T AW, BV));
i.e.,
m(f o W, o w) < k(m(A W, o W) +m(T W, W) +m( T, o o 1) +m(F o 1)
+m(T A W, A )
< k(m(Ap, o A p)+m(Tdp, g W) +m(T AW, o d W) +m(A W, A )
+m(T AW, )
= k(m(F W, d W) +2m(T AW, A W) +m(T AW, A A W) +m(A W, A L))
=k(m(dp, d W) +2m(T T, A W) +m(T T, A W)+m(d W, )
< k(m(A W, oA W)+2m( AT W, TU)+m(T T, ) +m(d W, o A )

+m(A W, oA A ) +m(d AW, A ),

or
m(f o W, 1) < k(m( W, o o W) +2m( AT W, T W) +m(AT W, T W) +m(d W, o o )

+m( A, A A W) +m( A AW, A )



6 I H. JEBRIL, H. BOUHADJERA, 1. M. BATIHA, B. BATIHA
=xk(m(Au, g A U)+2m(F AU, I +m(d AW, AW +m(F W, o 1)
+m( A, A A W) +m(A A, L))
=Tkm(A AU, 1)
<m(o AW, ),
which is a contradiction, therefore <7 ./ U = o/ i, consequently, 7./ u = <7 . Now, suppose
that BAv # Av. Using inequality (2) we obtain
m(Au, BAV) < k(m(SBv,Iu)+m(Tu,SBv)+m(Tu,I W) +m(BRBV,S BV)

+m(T W, BABV));
i.e.,

m(Bv,BAV) < x(m(SBV,BV)+m(BV,SBV)+m(BV,BV)+m(BRAV,S BV)
+m(Bv,BAV))
= xkC2m(SL SV, BV)+m(BV,BV)+m(BABV,S S V)+m(Bv,BAV))
< xC2m(L LV, BV)+m(Bv,BABV)+m(BABV,BV)+m(BABV,BV)
+m(Bv,S S V) +m(BV,BRBV))
= xBm(S SV, BV)+4m(Bv,BAV))
< k@Bm(BLV,SV)+4m(BV,BABV))
= Txkm(BAv,BV)
< m(BAv,BV)
this contradiction implies that ZAv = Av and so SABv = Av; ie., BFd U = U and
LU =gu Put du=u=9x4v=.99v=p, therefore p is a common fixed point of
mappings <7, %, . and I .

Finally, let p and p be two distinct common fixed points of mappings <7, %4, . and 7.
Then,p=dp=XBp=Sp=Ipandp =odp=RBp =p=.p. From (2) we have

m(p,Bp) < kK(m(SLp,dp)+m(Tp,sp)+m(Tp,dp)+m(PBp,sp)+m(Tp,5Bp));
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i.e.,
m(p,p) < «x(m(p,p)+m(p,p)+m(p,p)+m(p,p)+m(p,p))
< x(m(p,p)+m(p,p)+m(p,p)+m(p,p)+m(p,p)
+m(p,p)+m(p,p))

= Tkm(p,p)

< m(p,p)
which is a contradiction, thus p = p. U

Now, we produce an illustrative example which highlights our first result.

Example 2. Let (.# = [—1,100],m) be a complete metric domain, with m(x,y) = max{|x|, [y|}.

Define
0if —1<x<0 0if —1<x<0
dx: 1 %x: 1
—60xif —1<x<0 —80xif —1<x<0
9)6: LSﬂx:
70 i 0 < x <100, 90 if 0 < x < 100.

First, it is clear to see that </ and 7 are occasionally weakly 7 -biased of type (A) and A

1
and . are occasionally weakly .7 -biased of type (A). Take Kk = 3 we get

(1) for —1 <x,y <0, we have o/x =0, By =0, Tx = —60x, .y = —80y and

m(Ax, By) =

0| = O

(—120x — 160y + max { —60x, —80y})

= k(m(Sy, Ix)+m(Tx,Ly)+m(Tx,Ix)+m(By,Sy)+m(Tx,By)),

1 1
(2) for 0 < x,y < 100, we have o/ x = — By = —g Tx=170, Ly =90 and

m(/x, By) =

D oof —

05

4
= k(m(Sy, Ix)+m(Tx,Ly)+m(Tx,Ix)+m(By,Sy)+m(Tx,By)),
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1
(3) for —1 <x <0< y<100, we have o/ x =0, %’y:—g, Tx=—60x, .Sy =90 and

m(el x, By) =

(270 — 60x + max { —60x, é })

= k(m(Sy, Ix)+m(Tx,Ly)+m(Tx,Ix)+m(By,Sy)+m(Tx,By)),
(4) for —1 <y <0<x<100, wehave%x:—é, By =0, T7x="10, Sy=—80y and

m(e/x, By) =

0| = \O| —

1
(140 — 80y + max { —80y, 9 } + max{70, —80y}>

= k(m(SLy, Zx)+m(Tx,Ly)+m(Tx,dx)+m(By,Sy)+m(Tx,By)),

so, all hypotheses of Theorem I are satisfied and 0 is the unique common fixed point of mappings

A, B, T and L.

Remark 2. Note that o/ # = {O,—é} ¢ S M =[0,80]U{90} and B.# = {0,—1} ¢

8
T .M =0,60]U{70}.
In the next, we will extend constant k¥ of Theorem 1 to a function.

Theorem 2. Let (.# ,m) be a complete metric domain. Let of, B, .S, T : M — M be
mappings satisfying
(1) the pairs (7,7 ) and (B,.) are occasionally weakly 7 -biased (respectively .7 -
biased) of type (A) and
(2) m(Ax,By) < «km(Tx,Ly)m(SLy,odx) + m(Tx,.Ly) + m(Tx,ox) +
m(ABy, Ly) +m(T x, By)|
forall x, y € M, where x : [0,400) — [0,1) is a non-decreasing function such that Tx(t) < 1

fort > 0. Then <7, B, . and T have a unique common fixed point.

Proof. Again, by hypotheses, there are two points ¢ and v in .# such that /'y = .7 u implies
m(T T, ) <m(ATu,7u)and Bv =.7v implies m(S S v, Bv) <m(BSLv, V).
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First, we are going to prove that &/ = Zv. Suppose that o/ # ZAv, from inequality (2)

we have

m(/ 1, BV) < k(m( T, S V) m(FV, L W) +m( T, S V) +m( T, o 1) +m(Bv, V)
+m(T, BV)]
= x(m( W, BV))[m( BV, A W) +m( A W, BV) +m(ed b, 1) +m(BV, BV)
+m(e 1, BV)]
< K(m( W, BV))[m(BV, I W) +m( S W, BV)+2m( 1, BV) +2m( BV, o 1)
+m(A u, Bv))
= Tx(m(e/ 1, Bv))m( 11, Bv)
< m( u, Bv)

which is a contradiction, thus o7 u = Av. Now, we assert that .o/ .o/ i = o/ . If not, then the

use of condition (2) gives

m(A AP, BV) < xk(m( T, Sv)m(Sv,dAn)+m(TA W, SV)+m( T W, o o L)
+m(Bv, V) +m(TA W, BV);

1.e.,

m(o AW, A W) < k(m( T, o W) m( o, o W) +m(T AW, A W) +m( T, o A )
+m(Ap, A ) +m( TS, A )
=k(m(T AW, W) m(p, o W) +2m(TA W, A WU)+m(T A, A A
+m( 1, )]
< km(TAp, g W) m( A, g W) +2m( TS, A W) +m(T AW, A )
+m( A, A A W) +m( AW, A A W) +m(d AW, A )]
=xk(m(T Tu, W) m(A W, W) +2m(T T, I W) +m(7 T, A )
+m( W, A A P)+m(F W, A A ) +m( W, A )

=Kk(m(T T, o)) dm(A w, o o w)+3m(T T, A1)
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< k(m(A T, Tw))[dm(dp, & o 1) +3m(F T, T 1)
=Tx(m( A, o p))m( A o, 1)
<m(o AW, A ),

which is a contradiction, therefore .7 o/ u = o/, consequently, 7.o7 u = 7 .. Now, suppose
that ZAv # Av. Using inequality (2) we obtain

m(L W, BAV) < x(m(BV,SBV))m(SBv,Iu)+m(Tu,SBv)+m(Tu,od W)

+m(BBV, S BV)+m(Tw, BAV)|;

1.e.,
m(Bv, BAV) < k(m(BVv,S BV))m(S BV, BV)+m(BV,S BvV)+m(Bv,RBV)
+m(BABV,S BV)+m(Bv,BAV)|
=k(m(Bv,S V) 2m(SL SV, BV)+m(Bv,BV)+m(BBV,S.SV)
+m(Bv, BAV)],
or
m(Bv, BAV) < k(m(Bv,S S V))m(Bv,SBV))2m(S SV, BV)+m(BV,BAV)
+m(BBV, BV)+m(BBV,BV)+m(BY,SSV)+m(Bv,BAV)
=xk(m(Bv,S V) [3m(S SV, BV)+4m(BV,BABV)]
< km(LV,BSV))B3m(BLV,SV)+4m(BV,BAV))
=Tk(m(Bv, BBV))m(BAV,BV)
<m(BABv,RBV).
This contradiction implies that ZAv = Av and so .Y ABv = ABv; ie., BFd U = /1 and
AU =gu Put du=u=9R4v=.99v=p, therefore p is a common fixed point of
mappings &7, £, . and 7.

Finally, let p and p be two distinct common fixed points of mappings <7/, %4, . and 7.
Then,p=dp=XBp=Sp=Tpandp =p=RBp =.p=.7p. From (2) we have
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m(p,#p) < k(m(Tp,sp))m(Sp,Ap)+m(Tp,sp)+m(Tp,dp)
+m(%p, L p)|+m(Tp, Bp)l;
1.e.,
m(p,p) < x(m(p,p))m(p,p)+m(p,p)+m(p,p)+m(p,p)+m(p,p)]
< K(m(p,p))lm(p,p)+m(p,p)+m(p,p)+m(p,p)+m(p,p)
+m(p,p)+m(p,p)]
= Tx(m(p,p))m(p,p)
< m(p,p)
which is a contradiction, thus p = p. 0J
Again, we furnish an example which illustrates our second theorem.

Example 3. Let <,/// = [0, g] ,d) be a complete metric domain, with m(x,y) = x+Yy. Define

(

0ifo<x<Z 0ifo<x<Z
o x = T .. 47t Bx={ n .z 47r
oo Y4 <=7 [ 200073 <*=72
xifOSxSE ( xifOSsz
Tx=1 497 1 47r SX=9 2491 & 47r
100 /4 <*= 7 | 500 Y3 =7

First, it is clear to see that <f and 7 are occasionally weakly 7 -biased of type (A) and % and
& are occasionally weakly . -biased of type (A). Take k(t) = %, we get
(1) for0<ux,y < g, we have o/x =0, By =0, Tx=x, Sy=yand
m(Ix, By) = 0
< %(x—i—y) sin (x+y)
= x(m(Tx,Ly))m(SLy, Zx)+m(Tx,Ly)+m(Tx,x)

+m(RBy, Sy) +m(T x, By)],
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T B 4997 B 2491

By= " gx= R gy
Y 720000 7 T 100007 T 500

and

(2) for % <x,y< g, we have of x = Wt)()
3r
2000
< 1497w sin 97r
i
— 4000 1000

= x(m(Tx,Ly))m(SLy, Zx)+m(Tx,.Ly)+m(Tx,x)

m(o/x, By) =

+m(By, S y) +m(T x,By)|,

T T T 2497
3 <x< = <Zweh of x — —
(3) for0 <x <y 2we ave A x =0, By 000" Tx=x, Ly= 5 and

T
2000

O A
= M\ 500 )\ 200

= km(Tx,7y))m(Ly, Zx)+m(Tx,.y) +m(T x, 7 x)

m(o/x, By) =

+m(By, Sy) +m(T x, By)|,

T T T 4997
— < = have o/ x = ——, By = ="
<x , we have </ x y=0, Tx 1000"

4 <y<
(4) forOsys 3 <x<3 1000’

Ly =yand

s
m(e/x, By) = 1550

< lsin +4997r 3 +1499n
= MU 7000 ) \ YT 1000

= x(m(Tx,7y))m(SLy, Zx)+m(Tx,.Sy)+m(Tx,dx)

+m(By, S y) +m(T x, By)],

so, all hypotheses of Theorem 2 are satisfied and O is the unique common fixed point of mappings

o, B, T and ..

3. APPLICATION TO INTEGRAL EQUATION

Take the next equation:

() $6) = [ #0).20:50))dy
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forx € [0, 0], where 6 >0, Z:(0,0] x [0,0] = R, Z:[0,0] x R — R are continuous mappings.
Let .# = C([0,0],R) be endowed with the metric domain

m(S,8) = [ISleo+ IS

= S s’
ngg@“ (x )|+xrerfg§]| )],

forall S, " in .# . Define on ./ the self-operator <7 by
= [ #(x3).20.50))dy.

Theorem 3. Suppose that the next requirements hold true:

(1) max fO (X,y)dy <1
(2) |.@(y, NI+ 12,5 )| < k[|S| + |S'|], for each y € [0,0], S, S' € A, where Kk €

(0.7).

Then, integral equation (1) has a unique solution.

Proof. Forall S, S’ in .# , we have

m(S,S) = || S|+ TS
= max |&S(x)|+ max |&S (x)|
x€[0,0] x€[0,0]
—  max /%’(x v).2(y,S(y ))dy’+ max /%xy ).2(,8 (y ))dy’
x€[0,0] |J0 x€[0,0]
< max/ B (x,y)|| 2, S())dy+ max/ B (x,3)|1 2.8 (7)) Idy
x€[0,0 x€[0,0].J0

= max | [1BLIZ0S0)]+ 2050y

x€[0,0]
< max [ |(ey)| k(1) 415y
<« max [|S(x)[+]5'(x)]]
x€[0,0]
= xm(S,S)
< k(m(S,oS)+m(S,S) +m(S,oS)+m(AS,S")+m(S,S)),
s0, all the requirements of Theorem 1 with & = % and .7 = . = .# (the identity mapping on

) are satisfied, hence, integral equation (1) has a unique solution in .7 . U
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4. CONCLUSION

In this work, as metric spaces yield partial metric spaces which yield metric domains, our
presented results improve and extend some existing results found in fixed point literature, among
them, Theorem 1 and Theorem 3 of Panthi and Subedi [24], Theorem 3.1 of Prudhvi [25],
Theorem 2.1 and Theorem 2.2 of Reena and Singh [26], Theorem 2.2 and Theorem 2.7 of
Karapinar and Yiiksel [27], Theorem 3.1 of Mallesh and Srinivas [28] and others.
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