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Abstract. Here, we study an initial value problem of a delay integro-differential equation. The existence of the
unique solution will be proved in the spaces C'[0,7] and AC[0,T]. Hyers-Ulam stability of the problem will be
introduced. The continuous dependence of the unique solution will be studied.
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1. INTRODUCTION

Differential equations and integral equations are fundamental tools in mathematical mod-
eling, used to describe systems and processes that change over time. Differential equations
involve functions and their derivatives, capturing how a system evolves based on its current rate

of change [2, 10]. Integral equations, on the other hand, focus on the accumulated effects over
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time, making them essential in scenarios where the current state depends on the history of the
system [15, 16].

A delay integro-differential equation is an equation where the present state of a system de-
pends on its previous states with a time delay. This framework is valuable for modeling situ-
ations where the impact of past events or conditions extends over time, such as in mechanical
systems with response delays or biological systems with developmental lags [6, 7, 17, 19].

In studying these equations, stability is a key concern [1, 3], and two important concepts are
Hyers-Ulam stability and continuous dependence. Hyers-Ulam stability examines how small
deviations in the problem affect the solution [4, 5, 8, 9, 13, 14]. Continuous dependence,
meanwhile, ensures that solutions change smoothly with respect to initial data and parame-
ters [18, 20]. These concepts together offer a comprehensive view of the stability of systems
described by delay differential and integral equations.

Now consider the initial value problem of a delay integro-differential equation

du(t) 9(0) du(s)
(1) L = s+ [ ke f(s S s 1€ (0.7)
2) u(0) = uo,
Let dz(lt) = x € C[0,T], then the problem (1)-(2) is equivalent to the integral equation
t
3) u(t) = o + / x(s)ds, t € [0,T],
0

where x(7) is given by the delay integro-functional equation

o0
4) X(t) = g(1) + /0 k(t,5) f (s, x(s))ds.

Our aim in this paper is to study the existence of a unique solution of (1)-(2) in the space
C'[0,T]. To understand the stability of the problem we apply the Hyers-Ulam stability to the
problem, then we study the continuous dependence of the unique solution on the initial data
up and the functions g, k, and f, and on the delay function ¢(¢). Subsequently, we extend our
investigation to the space AC[0,T] with the relaxation of equation (1) to be exist almost every
where in ¢ € (0,7] and letting x € L'[0, T], giving us a better understanding of how it behaves

and stays stable under less assumptions.
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2. STUDY OF A CONTINUOUSLY DIFFERENTIABLE SOLUTION

In this section, we prove the existence of a unique continuously differentiable solution u €

C'0,T] of the problem (1)-(2), for this aim, we assume that:
(i) g:]0,T] — R is continuous.
(ii) f:[0,T] x R — R is continuous and satisfies the Lipschitz condition [12] with b > 0

such that
|f(t,x) — f(t,u)| < blx—ul.
(iii) k:[0,T] x [0,T] — R is continuous such that
K(1,5)| < k1, (0,5) € [0,7] % [0,7].

(iv) ¢ :[0,T] — [0,T] is continuous and increasing such that ¢ (r) <t.

(v) SUPre(o,7] 1f(z,0)| =M.
(Vi) kibT < 1.

Theorem 1. Let the assumptions (i) — (vi) be satisfied, then the problem (1)-(2) has a unique

solution u € C'[0,T).

Proof. From assumption (ii), we have

|f(#,0)| = [f(,0)] < [f(t,x) — f(£,0)] < blx|,
then
[f(t,x)] < blx[+]f(¢,0)|
< Dblx|+ sup [f(z,0)]
+€[0,T]
= bl|x|+M.

Define the operator F; associated with (4) by

(1)
Fix(r) = g(z) +/0 k(t,s)f(s,x(s))ds

Firstly, we prove that F| maps C[0, T into itself.

For this, let x € C[0,T] and 1,1, € [0,T] such that7; <1, and |, —#;]| < &, then
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|Fix(ty) — Fix(t)|

_|_

¢(12) o(11)
et [ k9 o) —g(0) = [ k9 (56

¢(12) ()

o) o)+ | [ ko) fsatoas - [ ko) sin(o)as
(12) (12)

o) 00|+ [ ko) Fsa(oas = [ ko) x5

0

¢(12) ¢ (1)
/0 k(t1,s)f(s,x(s))ds — /0 k(t1,s)f(s,x(s))ds

a7 0) k9156
o(t2)
/ k(e1, )£ (s,x(s))lds
o(t1)

o)l [ (e, 5) k(0,9 Blx(0)] + M)
o(t2)
/ ky (blx(s)| + M)ds =
o(t1)

This proves that F : C[0,T] — CI[0,T].

Secondly, to prove that Fj is contraction, we have the following.

Let x,z € C[0,T], then

|[F1x(2)

Then

— Fiz(1)]

IN

IA

s+ [ k0052015500 [ k.9 15010

¢(t)
| @l (s.x(5) = (5,20l ds

kub / (s)|ds

klb/ sup |x(s) —z(s)|ds
5€[0,T]

kibo (1)[|x —zllc

kibt||x—z||c

kleHx—ZHc.

||Fix — Fizl] < kbT|]x —2|c,
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since k|bT < 1, then F is contraction. Then by using the Banach fixed point Theorem [11],
there exists a unique solution x € C[0, T] of (4) and therefore (3) also has a unique solution u €
C[0,T]. Consequently, by Equivalence, the problem (1)-(2) has a unique solution u € C'[0, T].

O

2.1. Hyers-Ulam stability.
Definition 1. [4, 5, 8] Let the solution x € C[0,T| of (4) be exists. The delay integro-functional
equation (4) is Hyers-Ulam stable, if ¥ € >0, 3 (&) > 0 such that for any solution x; € C[0,T]

of (4) satisfying

o)
50—~ [ k(.0)£(6.x(6))d6| <6,

0

then

|]x = xsl|c < &1
Theorem 2. Let the assumptions of Theorem (1) be satisfied, then (4) is Hyers-Ulam stable.
Proof. Let —& < x,(t) — g(t) — [ k(z,0)£(6,x,(6))d6 < &, consider

¢(0)
30 -x0] = fe()+ [ k0.0)7(0.1(6)a0 - x(0

(1)

o(t) ¢
= Je+ [ k010100005 [ ke.0)5(6.5(0))a6
1)

0

o(
b k(e 0)7(8x(6))d0 —x (1)
0

IN

o(1)
| k(t,enf(e,x(e))—f<e,xs<e>>1de\

o(t)
b |—ure+ [ ko650
0

o(1)

< / Ik(z,0)]1/(0,x(8)) — £(6,x,(6))|d0
0

o(1)

50 -0~ [

A k(t,@)f(@,xs(e))de‘

o(0)
< / kiblx(8) —x,(6)|d6 + 5
0

< kbT||x—xsllc+9.
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Hence
k=l < —— =
1—kbT
Since k1T < 1, then (4) is Hyers-Ulam stable. [

Corollary 1. Let the assumptions of Theorem (2) be satisfied, then the problem (1)-(2) is Hyers-

Ulam stable.

Proof. Consider

uo+/tx(9)d9 —uo—/otxs(O)dO‘

< / x(8) —x,(6)|d6

< Tlx—xlle
< Tg =€
0J

2.2. Continuous Dependence. In this section, we study the continuous dependence of the

unique solution on the initial data ug and the functions g, k, and f, and on the delay function

(7).
Definition 2. The solution u € C! [0,T] of (1)-(2) depends continuously on the initial data ug

and the function x € C[0,T], if V€ >0, 3 5(€) > 0 such that

max {|ug — up), [|x —x*[[c} <& — |ju—u'||c <e,
where u* is the unique solution of the integral equation
®) u* —u0+/ s)ds, t € [0,T].

Theorem 3. Let the assumptions of Theorem 1 be satisfied, then the solution u € C'[0,T] of

(1)-(2) depends continuously on the initial data uy and the function x € C[0,T].

Proof. Let u and u* be the two solutions of (3) and (5), then

lu(t) — |u0—|—/ (8)ds — ug — /Otx*(s)ds|
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Hence
fu—ullc <(1+T)6 =

OJ
Definition 3. The solution x € C[0,T] of (4) depends continuously on the function g, if V € >
0, 3 6(¢) > 0 such that

8(t) —g" ()] <6 = [x—x"[lc <&,
where x* is the unique solution of the delay integro-functional equation
. . (1) .
(©) FO =g 0+ [ KOs, (9)ds, 1 €[0.T],

Theorem 4. Let the assumptions of Theorem 1 be satisfied, then the solution x € C[0,T] of (4)

depends continuously on the function g.
Proof. Let x and x* be the two solutions of (4) and (6), then
. (1) § (1) .
) =) = [8()+ / K1) (s.x(5))ds =g (1) = [ k(1.9) (s, ()
< [g() - g"(0)]+ / ()1 (5,5() = £ 5. (5) s

< 5—|—k1b/ ()]s

< 8+kibT||x—x"||c.

Thus
[lx —x*||c < 6+ kibT||x — x|
Hence
l—xlle< —2 e
xX—x — =—E.
C=1"kbT
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Definition 4. The solution x € C[0,T] of (4) depends continuously on the delay function
o(t), if Ve>0,36(e) >0 such that

0() =" ()| <6 — [lx—x"[lc <&,
where x* is the unique solution of the delay integro-functional equation
. ¢*(1) .
) X(1) = glt)+ /O k(t,5) (s, (s))ds, t € [0, T].

Theorem 5. Let the assumptions of Theorem 1 be satisfied, then the solution x € C[0,T] of (4)

depends continuously on the delay function ¢ (t).

Proof. Let x and x* be the two solutions of (4) and (7), then

(1)
(00 = a0+ [ ko) s ()~ [ ke 555" ()

e

[ k(1,9 f(s.(s
o) (1)

_ /O K(t,5) (5, x(s))ds — /0 K(t,s) (s, (s))ds
o(1)

‘()
))ds — /0 O . 5) 5.6 (s))ds

97(1)
+ /0 k(t,s)f(s,x*(s))ds—/o k(t,5)f(s,x"(s))ds

(1)
< /f k(1. 5)[ 1 (s.x(5)) — (s.,"(5))lds + / K(t,) |1/ (52" (5)) ds

o)
kib / (s)|ds + ki / (blx*(s)] + M)ds

< kibT[lx—x"[lc + ki (bl Hc+M)|¢(t)—¢*(t)\-

IN

Thus
e —x*[lc < kibT||x—x*[|c +ki 8 (b||x"[lc +M).

Hence

k16 (b||x* M
e < BB lle +)

=l < == 7

O

Definition 5. The solution x € C[0,T] of (4) depends continuously on the function
k(t,s), if Ve >0, 3(e) > 0 such that

k(t,5) —k*(t,5)] <8 — |[x—x*||c <&,
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where x* is the unique solution of the delay integro-functional equation

o0
@®) X(1) = g(t) + /0 K*(1,5) f(s,x" (5))ds, 1 € [0,T).

Theorem 6. Let the assumptions of Theorem 1 be satisfied, then the solution x € C|0,T] of (4)

depends continuously on the function k(t,s).

Proof. Let x and x* be the two solutions of (4) and (8), then

() —x*(2)]
(1) (1)
= ’g(t)+ /0 k(t,s)f (s, x(s))ds — (1) — /0 K (2,5)f (s,%"(s))ds

IN

9(1)
| e (5.2(9) =K (115) 5.5 5)) s
9(1)
= /0 |k(t,s)f(s,x(s)) —k*<l',S)f(S7X(S)> +k*(t,S)f(S,X(S)) —k*(t,s)f(s,x*(s))|ds
9(1) (1)
< [T Mkl = )£ lds+ [ )] (5,x(5) = s (5)) s

< 8T (b||x||c +M) + ki1bT||x — x*||c.

Hence

R 6T (bl|x|[c +M)
— < =
HX x HC_ 1 —FkbT €

O
Definition 6. The solution x € C[0,T] of (4) depends continuously on the function
f(t,x), if Ve>0,38(e) > 0 suchthat

[f(6,0) = f*(t,x)] <6 = [x—x"|[c <&,
where x* is the unique solution of the delay integro-functional equation
©) X0 =g+ [ k) (s, (s))ds. 1 € 0.7,

Theorem 7. Let the assumptions of Theorem 1 be satisfied, then the solution x € C[0,T] of (4)

depends continuously on the function f(t,x).
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Proof. Let x and x* be the two solutions of (4) and (9), then

o(1) o(1)
x(t) =2 (1)) = 'g<r>+ /0 Kk(,5) £ (s, x(s))ds — g () — /0 k(t,5) 1 (5,5"(s))ds

o(1)
< /0 (e, 5)[| £ (5,6(5)) — £ (5,%" (5))|ds

¢(t)
= /0 [k(2,5)[1.f (5,x(s)) = [ (s5,x(5)) + f"(5,%(s)) = /" (5,57 (s))|ds

(1)

0 ¢
< d [ UG = S )lds R [ L (5,() = (5, (5) s
o(0)
< k15T—|—k1b/0 |x(s) —x*(s)|ds
< k15T+k1bT||x—x*||c.
Hence

kST
=l < ———=¢
1= kibT

0

Corollary 2. Let the assumptions of Theorem 1 be satisfied, then the solution u € C'[0,T] of

(1)-(2) depends continuously on the the functions g, k, and f, and on the delay function ¢ (t).

3. STUDY OF AN ABSOLUTELY CONTINUOUS SOLUTION

In this section, we extend our investigation to the space AC|0, T'], where we relax the require-

ment for equation (1) to hold almost everywhere for t € (0, 7],

du(t 9(1) d
(10) ﬂ =g(t) +/ k(t,s)f(s, u(s))ds, ae.te€(0,T].
dt 0 )
Let d'zl—(:) = x € L'[0,T], then the problem (10) with the initial condition (2) is equivalent to the

integral equation (3) with the delay integro-functional equation (4).
We will prove the existence of a unique absolutely continuous solution u € AC[0,T] of the
problem (10) with the initial condition (2), for this aim, we assume that:

(i) g:]0,T] — R is integrable.

(i) f:[0,T] x R — R is measurable in 7 € [0, T] and satisfies the Lipschitz condition with

L > 0 such that

| (2,%) = f(t,u)] < Lix—ul.
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(iii) f(1,0) € L'[0,T] such that [ |f(s,0)|ds < A.
(iv) kLT < 1.

Theorem 8. Let the assumptions (iii), (iv) and (i) — (iv) be satisfied, then the problem (10)

with (2) has a unique solution u € AC[0,T].
Proof. From assumption (i), we have
|[f(#;0)] < Llx|[+f(2,0)].

Define the operator F; associated with (4) by

Fox(t) +/ x(s))ds.

Let x € L'[0,T], then

¢(t)
Fax()] = \g<r>+ 7 k)1 65.x05)as

< el [ )l
< L]+ [ Wl +17(5,0))ds

T
< o) +hLlxlp + ki /O 1£(s,0)|ds
< g+ kiL||x||p + k1A,

Then

[1Fax[ 1 < |lgllLr + ki LT[ |x]| 1 + k1 AT

This prove that F, : L'[0,T] — L'[0,T).
Now, Let x,z € L'[0, T, then

(1)
Fart) ~ ) = o)+ [ k) Gooxods o) [ ki) (sl
¢ (1)
< /0 |k(z,5)[1f (s, x(s)) = f(5,2(s))|ds
¢(1)
< kL /0 1x(s) — 2(s)|ds
< le/Ot|x(s)—z(s)|ds
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— KiLllx—zl|p.

Then
|Fox — Fazl|p < kLT |lx =zl 1,
since kLT < 1, then F, is contraction. Then by using the Banach fixed point Theorem, there

exists a unique solution x € LI[O, T] of (4) and therefore (3) also has a unique solution u €

C[0,T]. Consequently, fl—”[‘ = x(t) € L'[0, T], which implies u € AC[0, T]. O

3.1. Hyers-Ulam stability.
Definition 7. [4, 5, 8] Let the solution x € L' [0,T] of (4) be exists. The delay integro-functional
equation (4) is Hyers-Ulam stable, if ¥ € >0, 3 8(&) > 0 such that for any solution x; € L' [0, T]
of (4) satisfying

) —gte)~ [ ke, 0)£(0,1(0))d6)] < &

then

e —xsl[ <&
Theorem 9. Let the assumptions of Theorem (8) be satisfied, then (4) is Hyers-Ulam stable.
Proof. Let —8 < x,(t) — g(t) — [ k(z,0)£(6,x,(6))d6 < &, consider

o(t)
) -xl)] = fat)+ [ k0.0)7(6.1(6)a0 - x(0

t

9(1) 9(0)
- ’g(t)—l—/o k(t,@)f(e,x(G))d9—/O k(t,0)f(6,x,(6))d6

o(1)
£ [ ke, 0)7(8,5(6))d0 —x (1)
0

<

(1)
/0¢ k(%@)[f(@,X(@))—f(9,xs(9))]d9‘

o ()
b | e+ [ ko) 0. 0)ae
0

IA

(1)
| ke 0)117(8.5(8) ~ £(0.x(6))1d6 + &

o0
< / KiL|x(8) — x,(6)|d6 + &
0

< KiLlx— x|l + 8.
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Then
eyl < KiLT | — x| + 8T
Hence
=l € ¢
X—X ——— —E&.
S =1 LT
Since k| LT < 1, then (4) is Hyers-Ulam stable. ]

Corollary 3. Let the assumptions of Theorem (9) be satisfied, then the problem (10) with (2) is

Hyers-Ulam stable.

Proof. Consider

t t
u0+/ x(@)d@—uo—/ xs(G)d6’
0 0

IN

T
| (o) —x(e)iae
= |jx—xl|p <e.
U

3.2. Continuous Dependence. In this section, we study the continuous dependence of the

unique solution on the initial data ug and the functions g, k, and f, and on the delay function

(7).
Definition 8. The solution u € AC[0,T] of (10) with (2) depends continuously on the initial
data ug and the function x € L'[0,T], if ¥V € >0, 3 8(¢) > 0 such that

max { |uo — ugl, |[x = x| } <6 — [lu—u'llc <,
where u* is the unique solution of the integral equation (5).

Theorem 10. Let the assumptions of Theorem 8 be satisfied, then the solution u € AC|0,T] of

(10) with (2) depends continuously on the initial data ug and the function x € L [0,T].

Proof. Let u and u* be the two solutions of (3) and (5), then

)= 0] < o=l + [ 1es)— ' (s)lds

< S+ |jx—x"||p =20.
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Hence

llu—u*|| <20T =e.

O
Definition 9. The solution x € L'[0, T of (4) depends continuously on the function g, if ¥ € >
0, 3 8(¢) > 0 such that

(1) =" ()| <6 — [x—x"[|1 <€,
where x* is the unique solution of the delay integro-functional equation (6).

Theorem 11. Let the assumptions of Theorem 8 be satisfied, then the solution x € L' [0,T] of

(4) depends continuously on the function g.
Proof. Let x and x* be the two solutions of (4) and (6), then
§ § (1) i
) =2 W] < 180 =g W1+ [ KEIF(5.x(6) ~ f (55" (1))lds
(1)
< S+kL / 1x(s) —x*(s)|ds
0
t
< S+kL / 1x(s) —x*(s)|ds
0
< 5—|—k1L||x—x*HL1.
Thus
[lx—x*||;1 < OT + k| LT||x—x*|| 1.

Hence

oT

_yF < —=¢8
b=l < =

0J
Definition 10. The solution x € L'[0,T] of (4) depends continuously on the delay function
o(t), if Ve>0,36(e) >0 such that

9(1) =97 (1)[ <6 — [lx—x7[[p <&,

where x* is the unique solution of the delay integro-functional equation (7).



HYERS-ULAM STABILITY AND CONTINUOUS DEPENDENCE OF A FIXED POINT PROBLEM 15

Theorem 12. Let the assumptions of Theorem 8 be satisfied, then the solution x € L'[0,T)] of

(4) depends continuously on the delay function ¢(t).

Proof. Let x and x* be the two solutions of (4) and (7), then by using the calculations of Theorem

(5), we have
) o1
s 0 < [ e rsa) s Olas [ keIl 0l
o (1)
< KL / “(s)lds + ki /¢ " (LIx*(5)| + 1/ (5. 0) ) ds
< kL / x(s) = (s)|ds + ki L / “(5)|ds + ki /q) ¢((: 1£(5,0)|)ds.

But from the integrability of x* and f(¢,0), we have

o(1)
6(1) — \<5%/ \ds<81,/ 1£(5,0)|ds < &.

o*(t)

Then

|x(¢) —x*(¢)| < kyL||x — x*|| ;1 + ki L&y + k1 &.
Thus
||x—x*||L1 < leTH)C—X*HLl +kiLTe +kTe,.
Hence
=] < IO T &)
L= | —kLT

O
Definition 11. The solution x € L'[0,T] of (4) depends continuously on the function
k(t,s), if Ve >0, 38(€) > 0 such that

|k(1,5) —k*(1,5)| <6 — [lx—x"[[p1 <€,
where x* is the unique solution of the delay integro-functional equation (8).

Theorem 13. Let the assumptions of Theorem 8 be satisfied, then the solution x € L'[0,T] of

(4) depends continuously on the function k(t,s).
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Proof. Letx and x* be the two solutions of (4) and (8), then by using the calculations of Theorem

(6), we have

[x(t) —x* (1)

IN

o) (1)
| 9) =k (s xDlds+ [ 1 (1,8) L (5.2() = F5.2°(5) s

< [ B+ 15,0 Dds+RL [ x(s) x5l

IN

T
SL||x||,1 +6 /O 1£(5,0)|ds + k1Ll Jx — ||

< OL||x|[p1 + SA + ki L||x —x*|| 1.

Then
|[x = x|t < SLT||x|[11 + SAT + ki LT [|x — x| 1
Hence
OT (L||x||;1 +A)
—x* < =&
||x X HLI — 1—k1LT

O
Definition 12. The solution x € L! [0,T] of (4) depends continuously on the function
f(t,x), if Ve>0,38(e) > 0 suchthat

[f(6x) = f (0] <8 = |x—x||p <e,
where x* is the unique solution of the delay integro-functional equation (9).

Theorem 14. Let the assumptions of Theorem 8 be satisfied, then the solution x € L! [0,T] of

(4) depends continuously on the function f(t,x).

Proof. Letx and x* be the two solutions of (4) and (9), then by using the calculations of Theorem

(7), we have
) o) ) o) o
x(t) —x*(1)] < kl/o £ (s,x(s)) — f (s,x(s))\ds+k1/() £ (5,x(5)) — f*(s,x"(5))|ds
o (1) o(t)
< k16/0 tds—HqL/O " (s) = (5)\ds
< k15T—|—k1L\|x—x*HL1.
Then

[[x — x| < k15T2+k1LT||x_X*||L1-



HYERS-ULAM STABILITY AND CONTINUOUS DEPENDENCE OF A FIXED POINT PROBLEM 17

Hence
k 8T?
*
— <

0

Corollary 4. Let the assumptions of Theorem 8 be satisfied, then the solution u € AC[0,T] of

(10) with (2) depends continuously on the the functions g, k, and f, and on the delay function

o (t).
4. CONCLUSION

In this study, we have explored the existence of a unique solution to the initial value prob-
lem (1)-(2), and (10) with (2) in two spaces C'[0,T] and L'[0,T]. Additionally, we apply
the Hyers-Ulam stability of the problem, demonstrating that small change in the problem lead
to correspondingly small deviations in the solution. Furthermore, we proved the continuous
dependence of the unique solution on all functions and initial data involved in the problem,
ensuring that slight changes in inputs produce correspondingly minor effects on the solution of

the problem.
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