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Abstract. The study aims to propose several generalizations of a strong b-metric space which is called strong-

composed metric spaces. Therefore, to illustrate the concept, the study provides examples of a Strong-composed

metric space, which are not a Strong-controlled metric type space, it is also not a Strong b-metric space. Finally, the

investigation demonstrates the uniqueness of some fixed-point results involving some general structure contractions

with applications in nonlinear integral and fractional differential equations.
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1. INTRODUCTION

In recent years, there has been a surge in interest in the fixed-point theorem (FPT). Its mod-

ification depends on tools of triangular inequality of metric space via important contractions

in extension of concept of the fixed point theorem with the application. In 1989, Bakhtin [1]

and Czerwik [2] represented the b-metric space (bMS), which is a generalization to the metric

space. Many previous works in this area deal with the important properties of bMS, see [3, 4],
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whereas others focus their attention on (SbMS) Kirk in [5]. Definitely, every SbM is a bMS

anywhere the constant coefficient s≥ 1, but the reverse is not sufficiently true. Extended SbMS

via some fixed point theorems in [6]. In 2023 Santina, D. et al., introduced a new generaliza-

tion of SbMS called strong-controlled b-metric type space (CSbMS) through some fixed-point

theorems with famous applications [7], inspired this extended from Mliaki, N. which obtained

controlled metric space and double-controlled metric space, Ref. ( [8,9]), go head to the SCbMS

generalized to SbMS, that is; the controlled function as a constant. Many authors endowed var-

ious fixed-point results linked to bMS; see [10–13]. Despite all of these studies, there is much

work concerning the application of special contractions to SbMS see [14, 15].

Hence, the paper establishes an extended concept of CSbMS called strong-composed metric

space (SCMS). The triangle inequality is constituted as Sψ(a,c) ≤ Sψ(a,b)+ψ(Sψ(b,c))

for all a,b,c ∈ S, and ψ : [0,∞)→ [0,∞), the reverse is not necessarily true. Subsequently,

CSbMS does not imply SbMS with non-trivial examples. Following that, the paper displays the

concept in Hardy-Rogers type contraction with notice in terms of the particular types contrac-

tive, pass into Matkowski [16]. The main result shows a new general of (ψ,φ )-contraction for

two maps. For more, see [17–21]. Finally, we focus on Fisher contractions on SCMS with a

common fixed point, based on Ref. [10], last but not least, the research provides some corollar-

ies and applications about the work through an example that has satisfied the current results.

2. PRELIMINARIES

The following explanation introduces some basic concepts of SbMS, which are due to Kirk,

W. [5].

Definition 2.1. ( [5]) Let S be a nonempty set, and s≥ 1. The mapping ds : S×S→ [0,∞) is

said to be a strong b-metric on S if for all a,b,c ∈S the following conditions hold:

(S1) ds(a,b) = 0 if and only if a = b,

(S2) ds(a,b) = ds(b,a),

(S3) ds(a,b)≤ ds(a,c)+ sds(c,b).

The pair (S,ds) is called an SbMS.
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In the following, Santina, D. et al. give an extended concept of SbMS, which is called

CSbMS [7].

Definition 2.2. ( [7]) Suppose S is a nonempty set and, η : S×S→ [1,∞). A mapping ∆η :

S×S→ [0,∞) is a controlled-strong b-metric if for each a,b,c ∈S, the following conditions

hold:

(C1) ∆η(a,b) = 0 if and only if a = b,

(C2) ∆η(a,b) = ∆η(b,a),

(C3) ∆η(a,c)≤ ∆η(a,b)+η(b,c)∆η(b,c).

Then the triple (S,∆η ,η) is called a CSbMS.

Clearly, every SbMS is a CSbMS, just take η(b,c)= s; however, the reverse is not necessarily

true (see, e.g. [7]). We next establish a new notion that is a generalization of CSbMS and is

referred to as SCMS.

Definition 2.3. Suppose S is nonempty. A mapping Sψ :S×S→ [0,∞) is a strong-composed

metric if there is a ψ : [0,∞)→ [0,∞), such that, for all a,b,c ∈ S, the following conditions

hold:

(SC1) Sψ(a,b)≥ 0 and Sψ(a,b) = 0 if and only if a = b,

(SC2) Sψ(a,b) = Sψ(b,a),

(SC3) Sψ(a,c)≤Sψ(a,b)+ψ
(
Sψ(b,c)

)
.

Then the triple (S,Sψ ,ψ) is called an SCMS.

Obviously, every CSbMS is an SCMS, wherever ψ(t) = η(b,c)t, t ≥ 0, but the converse is

not true, in general. An example of a SCMS that is not a CSbMS is provided below to highlight

the observation:

Example 2.4. Let (S,ds) be an SbMS via s≥ 1 and let Sψ(a,b) = sinh−1(ds(a,b)). We show

that Sψ is an SCMS via ψ(t) = sinh−1(ssinh(t)), for all t ≥ 0. Obviously, conditions (SC1)

and (SC2) of Definition 2.3 are satisfied. Since sinh−1(t) is an increasing function, hence for

all a1,a2 ≥ 0, we undergo,

(2.1) sinh−1(a1 +a2)≤ sinh−1(a1)+ sinh−1(a2).
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Sψ(a,b) = sinh−1(ds(a,b))≤sinh−1(ds(a,c)+ sds(c,b))

=sinh−1(ds(a,c)+ ssinh(sinh−1(ds(c,b))))

≤sinh−1(ds(a,c))+ sinh−1(ssinh(sinh−1(ds(c,b))))

=Sψ(a,c)+ψ(Sψ(c,b)).

Thus, (S,Sψ) is an SCMS.

Notice that if assumed (S,d) is a metric space, then Sψ(a,b) = sinh−1(d(a,b)) is an SCMS

via ψ(t) = sinh(t) for all t ≥ 0.

Remark 2.5. Consider that a mapping ∆η : S×S→ [0,∞) with a nonempty set S is SbMS or

CSbMS, which implies that SCMS of the mapping Sψ , defined by Sψ(a,b) = ψ−1(∆η(a,b))

with respect to ψ̂(t) = ψ−1(η(b,c)ψ(t)), wherever ψ̂,ψ : [0,∞)→ [0,∞) and η : S×S→

[1,∞). In (SC3), that satisfies Sψ(a,b)≤Sψ(a,c)+ ψ̂(Sψ(c,b)).

In the following example, we notice another formulas, also we illustrate that every metric

space is an SCMS.

Example 2.6. Let S be a nonempty set, and define Sψ : S×S→ [0,∞) by Sψ(a,b) = |a−b|.

Then (S,Sψ) is an (SCMS) with ψ(t) = et−1. That is, enough to prove the inequality (SC3).

Hence t ≤ et−1 for all t ∈ R, also |a−b| ≤ |a|+ |b|.

Thus, Sψ(a,b)≤Sψ(a,c)+ψ(Sψ(c,b)). Therefore, (S,Sψ) is an (SCMS).

We then go over some topological characteristics of SCMS.

Definition 2.7. Let (S,Sψ) be an SCMS. A sequence {an} in S is said to be:

(1) Cauchy if, for any ε > 0, there exists a positive integer ℵ such that for all m,n >

ℵ,Sψ(an,am)< ε .

(2) Convergence to point a0 ∈S, for any ε > 0, there exists a positive integer ℵ such that

for all n > ℵ,Sψ(an,a0)< ε .

An SCMS is called complete if every Cauchy sequence converges in S .

Definition 2.8. Consider (S,Sψ) be an (SCMS). Take a0 ∈S through ε > 0.
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(1) The set B(a0,ε) = {b ∈S : Sψ(a0,b) < ε} is called an open ball with center a0 and

radius ε .

(2) The mapping T : S→ S is called continuous at a0 ∈ S if ∀ε > 0,∃ς > 0, satisfying

T (B(a0,ς))⊆B
′
(Ta0,ε).

Obviously, if T is continuous at a0 in the SCMS of (S,Sψ), then for any {an}→ a0 it yields

{Tan}→ Ta0, as n→ ∞.

Remark 2.9. Consider (S,Sψ) as an SCMS. If the sequence {an} in S converges to a0. Then

a0 is unique, consequently the Cauchy sequence in S.

Let Ψ be the family of all mappings ψ : [0,∞)→ [0,∞) satisfying the conditions; t ≤ ψ(t)

for each t ∈ [0,∞), and ψ
′
( derivative of ψ) increases in [11].

Lemma 2.10. Let (S,Sψ) be an SCMS. If ψ ∈Ψ, then for all a,b ∈ [0,∞), we get:

|ψ−1(a)−ψ
−1(b)| ≤ ψ

−1(|a−b|)≤ |a−b| ≤ ψ(|a−b|)≤ |ψ(a)−ψ(b)|.

In particular, if b = 0, that is, |ψ−1(a)| ≤ ψ−1(|a|)≤ |a| ≤ ψ(|a|)≤ |ψ(a)|.

3. THE MAIN RESULTS

In this section, we prove some FPT by aiding various contraction mappings such as Hardy-

Rogers-type contraction, Matkowski contraction, the main result of special (ψ,φ)-contraction,

and their related consequences on SCMS. At this point, we are ready to look into the primary

outcome related to the BCP with generalizations of Hardy-Rogers type contraction, as follows.

Theorem 3.1. ( [18]) Presume (S,DC) be a complete double-composed metric space regarding

to ψ1,ψ2 and DC : S×S→ R+. Let T : S→S be a mapping satisfying,

DC(Ta,T b)≤ K1DC(a,b)+K2DC(a,Ta)+K3DC(b,T b)+K4DC(a,T b)+K5DC(b,Ta),

∀a,b∈S , where Ki ∈ [0,1), i= 1,2, . . . ,5, and ∑
5
i=1 Ki < 1. For any a0 ∈S , choose an = T na0.

Suppose that,

(1) Let ψ1,ψ2 be continuous, non-decreasing and ψ2 is a sub-additive and comparison

function, and ψ1 is an in-comparison function.
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(2) lim
n,m→∞

∑
n−2
i=m ψ

i−m
2 ψ1

(
Riψ i

1 (DC(a0,a1))
)
+ ψ

n−m−1
2

(
Rn−1ψ

n−1
1 (DC(a0,a1))

)
→ 0 (as

n,m→ ∞), where R = K1+K2+K4
1−K3−K4

.

Then T has a unique fixed point.

The subsequent findings provide the SCMS of Hardy-Rogers type contraction of fixed-point

theorems.

Corollary 3.2. Let (S,Sψ) be a complete SCMS regarding to ψ and Sψ : S×S→ R+. Let

T : S→S be a mapping satisfying,

Sψ(Ta,T b)≤ K1Sψ(a,b)+K2Sψ(a,Ta)+K3Sψ(b,T b)+K4Sψ(a,T b)+K5Sψ(b,Ta),

∀a,b∈S , where Ki ∈ [0,1), i= 1,2, . . . ,5, and ∑
5
i=1 Ki < 1. For any a0 ∈S , choose an = T na0.

Suppose that,

lim
n,m→∞

n−2

∑
i=m

ψ
(
Ri

ψ
i (Sψ(a0,a1)

))
+Rn−1

ψ
n−1 (Sψ(a0,a1)

)
→ 0,

(as n,m→ ∞), where R = K1+K2+K4
1−K3−K4

. Then T has a unique fixed point.

Proof. In Theorem 3.1 just take ψ1(t) = ψ(t) and ψ2(t) = t, since ψ ∈ Ψ is continuous and

non-decreasing map, and t ≤ ψ(t) for all t, we get a completeness SCMS. �

Remark 3.3. Consider (S,Sψ) to complete SCMS and T : S→ S be a mapping, for any

a,b ∈ S. Then, we get the fixed point theory of the following contraction is obvious that a

particular Hardy-Rogers type contraction is as follows:

(1) Banach Type: Sψ(Ta,T b)≤ K1Sψ(a,b), wherever K1 ∈ (0,1).

(2) Kannan Type: Sψ(Ta,T b)≤ K2Sψ(a,Ta)+K3Sψ(b,T b), wherever K2 +K3 < 1 and

K2,K3 ∈ [0,1).

(3) Chatterjee Type: Sψ(Ta,T b) ≤ K4Sψ(a,T b)+K5Sψ(b,Ta), wherever K4 +K5 < 1

and K4,K5 ∈ [0,1).

(4) Reich Type: Sψ(Ta,T b)≤K1Sψ(a,b)+K2Sψ(a,Ta)+K3Sψ(b,T b), wherever K1+

K2 +K3 < 1 and K1,K2,K3 ∈ [0,1).

Let Φ denote the class of all functions φ : [0,∞)→ [0,∞) such that φ is non-decreasing,

continuous and ∑
∞
i=1 φ i(t)<+∞, for all t > 0. It is clear that for any t > 0, φ i(t)→ 0 as i→∞,
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and hence φ(t)< t, for all t > 0. In order to reach a fixed point in the nonlinear contraction, we

introduce a control function specified by Matkowski [16] in the following theorem.

Theorem 3.4. Assume (S,Sψ) is a complete SCMS via the function ψ . Suppose that T : S→

S be a mapping ∀a,b ∈S,

(3.1) Sψ(Ta,T b)≤ φ(ρ(a,b)), ρ(a,b) = Max{Sψ(a,b),Sψ(a,Ta),Sψ(b,T b)},

where φ ∈Φ. For any a0 ∈S, we obtain

(3.2) lim
n,m→∞

n−1

∑
i=m

ψ
i−m (

φ
i (Sψ(a0,a1)

))
→ 0,

and an = T na0,∀n ≥ 0. If the mapping T is continuous, then there is a fixed point unique to T

(say a∗). That is, T na→ a∗,∀a ∈S.

Proof. In the sequence {an} and a0 to be the same as in the hypothesis of Theorem 3.4. If

am+1 = Tam for any arbitrary m. So, assume that an+1 6= an,∀n. Utilizing the condition 3.1,

(3.3) Sψ(an,an+1) = Sψ(Tan−1,Tan)≤ φ(ρ(an−1,an)),

where ρ(an−1,an) = Max{Sψ(an−1,an),Sψ(an,an+1)}. If for any arbitrary n, we show that

ρ(an−1,an) = Sψ(an,an+1), then using 3.3, since φ(t)< t, for all t > 0, we undergo

0 < Sψ(an,an+1)< φ(Sψ(an,an+1))< Sψ(an,an+1),

Clearly implies that is a contradiction. Also, for every n it should be expressed as ρ(an−1,an) =

Sψ(an−1,an). By conclusion, it means that 0 <Sψ(an,an+1)≤ φ(Sψ(an−1,an)). If we repeat

process, we conclude that for each n ∈ R+, we get

(3.4) 0 < Sψ(an,an+1)≤ φ
n(Sψ(a0,a1))

So, as lim
n→∞

Sψ(an,an+1) = 0. For m < n where n,m are two integers, we obtain

Sψ(am,an)≤Sψ(am,am+1)+ψ(Sψ(am+1,an))

≤Sψ(am,am+1)+ψ
(
Sψ(am+1,am+2)+ψ(Sψ(am+2,an))

)
...
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≤
n−1

∑
i=m

ψ
i−m (Sψ(ai,ai+1)

)
(3.5)

By utilizing 3.4 in 3.5, yields that Sψ(am,an) ≤ ∑
n−1
i=m ψ i−m(φ i(Sψ(a0,a1))

)
, again applying

it to the condition 3.2, it holds that {an} is Cauchy. In completeness (S,Sψ), hence, there is

a∗ ∈S satisfies lim
n→∞

Sψ(an,a∗) = 0. Thus, but T is continuous, we get lim
n→∞

an+1 = lim
n→∞

Tan =

T lim
n,m→∞

an = Ta∗ and a∗ is a fixed point of T . Further, Let b satisfy the T b = b, and a∗ 6= b. By

3.1, we reach

0 < Sψ(a∗,b) = Sψ(Ta∗,T b)≤ φ(ρ(a∗,b)) = φ(Sψ(a∗,b))< Sψ(a∗,b),

Obviously it implies that is a contradiction. �

Next, we introduce the extended special concepts of (ψ,φ)-contraction as follows.

Theorem 3.5. Let (S1,Sψ) and (S2,Tψ) be two complete SCMS. Let P1 : S1 → S2 and

P2 : S2→S1 satisfying the inequalities:

ψ
(
Sψ(P2P1a,P2P1b)

)
≤ φ

(
Max{Sψ(a,b),ψ−1(Tψ(P1a,P1b))}

)
(3.6)

ψ
(
Tψ(P1P2a,P1P2b)

)
≤ φ

(
Max{ψ−1(Tψ(c,d)),Sψ(P2c,P2d)}

)
,(3.7)

for all a,b ∈S1 and c,d ∈S2, where φ ∈Φ and ψ ∈Ψ. Let for each m≥ n,

ψ
m−n−1

∞

∑
i=n

ψ
−(m−1) (

φ
i(t)
)
→ 0 as n→ ∞.

One of the mappings P1 and P2 is continuous, then P2P1 has a unique fixed point a∗ in S1

and P1P2 has a unique fixed point c∗ in S2. In addition, P1a∗ = c∗ and P2c∗ = a∗.

Proof. Let a0 be an arbitrary point in S1 and P1a0 = c0,P2c0 = a1,P1a1 = c1,P2c1 = a2

and in general let P1an = cn,P2cn = an+1,n≥ 0.

Denote πn = Sψ(an,an+1) and π̂n = Tψ(cn,cn+1). Then in general we have,

πn = Sψ(an,an+1) = Sψ(P2P1an−1,P2P1an)

≤ ψ
−1 ◦φ

(
Max{Sψ(an−1,an),ψ

−1(Tψ(P1an−1,P1an)
)
}
)

= ψ
−1 ◦φ

(
Max{Sψ(an−1,an),ψ

−1(Tψ(cn−1,cn)
)
}
)

= ψ
−1 ◦φ

(
Max{πn−1,ψ

−1(
π̂n−1

)
}
)
.
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Hence, we have πn = ψ−1 ◦φ
(
Max{πn−1,ψ

−1(π̂n−1
)
}
)
, ∀n≥ 1.

By same way, utilizing the inequality 3.7, we undergo

π̂n = Tψ(cn,cn+1) = Tψ(P1P2cn−1,P1P2cn)

≤ ψ
−1 ◦φ

(
Max{ψ−1(Tψ(cn−1,cn)

)
,Sψ(P2cn−1,P2cn)}

)
= ψ

−1 ◦φ
(
Max{ψ−1(Tψ(cn−1,cn)

)
,Sψ(an,an+1)}

)
= ψ

−1 ◦φ
(
Max{ψ−1(π̂n−1),πn}

)
.

Therefore,

ψ
−1(π̂n)≤ π̂n ≤ ψ

−1 ◦φ
(
Max{ψ−1(π̂n−1),πn}

)
≤ ψ

−1 ◦φ
(
Max{ψ−1(π̂n−1),ψ

−1 ◦φ
(
Max{πn−1,ψ

−1(π̂n−1)}
)
}
)

≤ ψ
−1 ◦φ

(
Max{ψ−1(π̂n−1),Max{πn−1,ψ

−1(π̂n−1)}}
)

= ψ
−1 ◦φ

(
Max{ψ−1(π̂n−1),πn−1}

)
, ∀n≥ 1.

Thus,

tn+1 := Max{πn+1,ψ
−1(π̂n+1)} ≤ ψ

−1 ◦φ
(
Max{πn,π

−1(π̂n)}
)
= ψ

−1(φ(tn))

≤ ψ
−1(φ(ψ−1(φ(tn−1)))) = ψ

−2(φ 2(tn−1))≤ ·· · ≤ ψ
−(n+1)(φ n+1(t0)),

hence from the previous inequality we get

πn+1 = Sψ(an+1,an+2)≤ tn+1 ≤ ψ
−(n+1)(φ n+1(t0)).

Therefore, for any t > 0 and m≥ n we get,

ψ
−(m−n−1)Sψ(an,am)≤ ψ

−(m−n−1)[Sψ(an,an+1)+ψ(Sψ(an+1,am))
]

≤ ψ
−(m−n−1)(Sψ(an,an+1))+ψ

−(m−n−1)+1[Sψ(an+1,an+2)+ψ(Sψ(an+2,am))
]

≤ ψ
−(m−n−1)(Sψ(an,an+1))+ψ

−(m−n−1)+1(Sψ(an+1,an+2))+ψ
−(m−n−1)+2(Sψ(an+2,am))

...

≤ ψ
−m+n+1(Sψ(an,an+1))+ψ

−m+n+2(Sψ(an+1,an+2))+ · · ·+ψ
−1(Sψ(am−2,am−1))

+Sψ(am−1,am)



10 ANAS A. HIJAB, LAITH K. SHAAKIR

≤ ψ
−m+n+1(ψ−n(φ n(t0)))+ψ

−m+n+2(ψ−(n+1)(φ n+1(t0)))+ · · ·+ψ
n(ψ−(m−1)(φ m−1(t0)))

= ψ
−(m−1)(φ n(t0))+ψ

−(m−1)(φ n+1(t0))+ · · ·+ψ
−(m−1)(φ m−1(t0))

≤
∞

∑
i=n

ψ
−(m−1) (

φ
i(t0)

)
→ 0, asn→ ∞.

So as, ψm−n−1
∑

∞
i=n ψ−(m−1) (φ i(t0)

)
→ 0 as n→ ∞.

Thus, {an} is a Cauchy in (S1,Sψ). By completeness space (S1,Sψ), so there exists a∗ ∈S1

such that an→ a∗, as n→ ∞, that is; lim
n→∞

Sψ(an+1,a∗) = lim
n→∞

Sψ(P2cn,a∗) = 0.

Similarly, the sequence {cn} is a Cauchy. Since S2 is complete, there is c∗ ∈ S2 such that,

cn→ c∗, as n→ ∞, that is; lim
n→∞

Tψ(cn,c∗) = lim
n→∞

Sψ(P1an,c∗) = 0. Now, presume that P1

is continuous. Then lim
n→∞

P1an = P1a∗ = lim
n→∞

cn = c∗, so P1a∗ = c∗. Utilizing inequality 3.6,

we undergo

Sψ(an,P2P1a∗) = Sψ(P2P1an−1,P2P1a∗)≤ ψ(Sψ(P2P1an−1,P2P1a∗))

≤ φ
(
Max

(
Sψ(an−1,a∗),Tψ(P1an−1,P1a∗)

))
= φ

(
Max

(
Sψ(an−1,a∗),Tψ(cn−1,c∗)

))
.

Letting n→∞, we get lim
n→∞

Sψ(an,P2P1a∗) = 0. Since lim
n→∞

Sψ(an,a∗) = 0, hence it is results

P2P1a∗ = a∗. Thus, P2c∗ = a∗ and P1P2c∗ = P1a∗ = c∗. By same way, if the function

P2 is continuous. The uniqueness of the fixed point follows easily from 3.6, 3.7. Indeed, if a,b

and c,d are two fixed points of P2P1 and P1P2 respectively, then from 3.6, 3.7, we get

Sψ(a,b) = Sψ (P2P1a,P2P1b)≤ ψ
(
Sψ(P2P1a,P2P1b)

)
≤ φ

(
Max{Sψ(a,b),Tψ(P1a,P1b)}

)
= φ

(
Max{Sψ(a,b),Tψ(c,d)}

)
,

and

Tψ(c,d) = Tψ(P1P2c,P1P2d)≤ ψ
(
Tψ(P1P2c,P1P2d)

)
≤ φ

(
Max{Tψ(c,d),Sψ(P2c,P2d)}

)
= φ

(
Max{Tψ(c,d),Sψ(a,c)}

)
.

Therefore,

(3.8) Max{Sψ(a,b),Tψ(c,d)} ≤ φ
(
Max{Sψ(a,b),Tψ(c,d)}

)
.
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Hence, if at least one of the Sψ(a,b) or Tψ(c,d) is not zero, by 3.8 and property of φ we yields

a contradiction. Thus, Sψ(a,b) = Tψ(c,d) = 0. Similarly, we reach Sψ(a,a) = Tψ(c,c) = 0,

implies that a = b and c = d. �

Corollary 3.6. Let (S1,Sψ) and (S2,Tψ) be two complete SCMS. Let P1 : S1 → S2 and

P2 : S2→S1 satisfy the inequalities:

sSψ(P2P1a,P2P1b)≤ φ
(
Max{Sψ(a,b),

1
s
Tψ(P1a,P1b)}

)
(3.9)

sTψ(P1P2a,P1P2b)≤ φ
(
Max{1

s
Tψ(c,d),Sψ(P2c,P2d)}

)
,(3.10)

for all a,b ∈S1 and c,d ∈S2, where φ ∈Φ and ψ ∈Ψ. If one of the mappings P1 and P2 is

continuous, then P2P1 has a unique fixed point a∗ in S1 and P1P2 has a unique fixed point

c∗ in S2. Moreover, P1a∗ = c∗ and P2c∗ = a∗.

Proof. It is a enough set ψ(t) = st for every s≥ 1 and φ(t) = kt for every 0 < k < 1. Hence

ψ
m−n−1

∞

∑
i=n

ψ
−(m−1)(φ i(t)) = sm−n−1

∞

∑
i=n

s−(m−1)kit =
t
sn

∞

∑
i=n

ki ≤ t
sn

kn

k−1
→ 0,

as n→ ∞. Hence, since all the conditions of Theorem 3.5 hold, P2P1 and P1P2 have a

unique fixed point a∗ ∈S1 and c∗ ∈S2 respectively. �

Corollary 3.7. Let (S,Sψ) be a complete SCMS. Let P : S→S satisfying the inequalities:

(3.11) ψ
(
Sψ(P

2a,P2b)
)
≤ φ

(
Max{Sψ(a,b),ψ−1 (Sψ(Pa,Pb)

)
}
)

for all a,b ∈S, where φ ∈Φ and ψ ∈Ψ. Let for each m≥ n,

ψ
m−n−1

∞

∑
i=n

ψ
−(m−1) (

φ
i(t)
)
→ 0 asn→ ∞.

If P is continuous, then P has a unique fixed point a∗ in S.

Example 3.8. Let S1 = R and S2 = R2. Let for any a,b,c,d ∈ R,Sψ : S1×S1→ R. Define

by

Sψ(a,b) = |a−b|,

and Tψ : S2×S2→ R, define by

Tψ

(
(a,b),(c,d)

)
= Max{|a− c|,2|b−d|−1}
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via ψ(t) = ηt, where η =
(
|a−c|+ |b−d|+2

)
. If define P1(a) = 1

2η
(a,sina) and P2(a,b) =

1
2a, then (S1,Sψ) and (S2,Tψ) are two SCMS. Hence, we have

ηSψ (P2P1a,P2P1c)≤ ηSψ

(
P2

(
1

2η
a,

1
2η

sina
)
,P2

(
1

2η
c,

1
2η

sinc
))

≤ ηSψ

(
1

4η
a,

1
4η

c
)
≤ 1

4
|a− c|.

While,

ηTψ (P1P2(a,b),P1P2(c,d))≤ ηTψ

((
1

4η
a,

1
2η

sina
)
,

(
1

4η
c,

1
2η

sinc
))

=
1
4
|a− c|.

Therefore, if take φ(t) = t
2 then all the conditions of Theorem 3.5 hold, then a∗ = 0 and C∗ =

(0,0).

4. RATIONAL-TYPE CONTRACTIONS OF SCMS

In this section, we provide a unique fixed point in a Rational-type contraction map of SCMS.

Inspire [22], suppose K symbol of all maps K : S×S→ [0,1) that satisfies the following

conditions:

(1) K(Pa,b)≤ K(a,b) for each a,b ∈S and P : S→S a mapping.

(2) K(a,Pb)≤ K(a,b) for each a,b ∈S.

It is clear that iterative Ki(a,b)→ 0 is as i→ ∞.

Theorem 4.1. Let (S,Sψ) be a complete SCMS. Consider P1,P2 : S→S a maps, and there

is K1,K2 ∈K such that

(4.1) Sψ(P1a,P2b)≤ K1(a,b)Sψ(a,b)+K2(a,b)
Sψ(a,P1a)Sψ(b,P2b)

1+Sψ(a,b)
,

for all a,b ∈S. For a0 ∈S, define as a2n+1 = P1a2n and a2n+2 = P2a2n+1 for every n ≥ 0.

Suppose that,

(4.2) lim
n,m→∞

n−1

∑
i=m

ψ
i−m (

µ
i (Sψ(a0,a1)

))
→ 0,

wherever µ = K1(a0,a1)
1+K2(a0,a1)

< 1. Then there is a unique fixed point (say) a∗ ∈S such that P1a∗ =

P2a∗ = a∗.
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Proof. Let a0 ∈ S. We construct {an} in S by a2n+1 = P1a2n and a2n+2 = P2a2n+1 for all

n ∈ N. If ∃n0 ∈ N for which an0+1 = an0 , then P1an0 = an0 . Thus, there is nothing to prove.

Similarly for P2. So, we assume that an+1 6= an for all n ∈ N. By aid of 4.1, we obtain

Sψ(a2n+1,a2n+2) = Sψ(P1a2n,P2a2n+1)

≤ K1(a2n,a2n+1)Sψ(a2n,a2n+1)+K2(a2n,a2n+1)
Sψ(a2n,P1a2n)Sψ(a2n+1,P2a2n+1)

1+Sψ(a2n,a2n+1)

≤ K1(P1P2a2n,a2n+1)Sψ(a2n,a2n+1)+K2(P1P2a2n,a2n+1)
Sψ(a2n,a2n+1)Sψ(a2n+1,a2n+2)

1+Sψ(a2n,a2n+1)

≤ K1(a2n−2,a2n+1)Sψ(a2n,a2n+1)+K2(a2n−2,a2n+1)Sψ(a2n+1,a2n+2)

= K1(P2P1a2n−4,a2n+1)Sψ(a2n,a2n+1)+K2(P2P1a2n−4,a2n+1)Sψ(a2n+1,a2n+2)

≤ K1(a2n−4,a2n+1)Sψ(a2n,a2n+1)+K2(a2n−4,a2n+1)Sψ(a2n+1,a2n+2)

≤ ·· · ≤ K1(a0,a2n+1)Sψ(a2n,a2n+1)+K2(a0,a2n+1)Sψ(a2n+1,a2n+2)

= K1(a0,P1P2a2n+1)Sψ(a2n,a2n+1)+K2(a0,P1P2a2n+1)Sψ(a2n+1,a2n+2)

≤ K1(a0,a2n+1)Sψ(a2n,a2n+1)+K2(a0,a2n+1)Sψ(a2n+1,a2n+2)

≤ ·· · ≤ K1(a0,a1)Sψ(a2n,a2n+1)+K2(a0,a1)Sψ(a2n+1,a2n+2)

This yields that

Sψ(a2n+1,a2n+2)≤
(

K1(a0,a1)

1−K2(a0,a1)

)
Sψ(an−1,an) = µSψ(a2n,a2n+1).

Continuing in the same way, we undergo

Sψ(an,an+1)≤ µSψ(an−1,an)≤ µ
2Sψ(an−2,an−1)≤ ·· · ≤ µ

nSψ(a0,a1).

Thus,

(4.3) Sψ(an,an+1)≤ µ
nSψ(a0,a1).

For all n,m ∈ N and m < n, similarity with Eq. 3.5, giving

(4.4) Sψ(am,an)≤
n−1

∑
i=m

ψ
i−m (Sψ(ai,ai+1)

)
By means of 4.3 in 4.4, yields that Sψ(am,an)≤∑

n−1
i=m ψ i−m(µ iSψ(a0,a1)), ensuring that limit

exists as n,m→ ∞ by condition Eq.4.2, we conclude that lim
n,m→∞

Sψ(am,an) = 0, therefore,
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{an} is a Cauchy sequence in the complete SCMS of (S,Sψ), so, there is a∗ ∈ S such that

lim
n→∞

Sψ(an,a∗) = 0. That is, an→ a∗. So, by 4.1 and condition (SC3), we obtain

Sψ(a∗,P1a∗)≤Sψ(a∗,a2n+2)+ψ
(
Sψ(a2n+2,P1a∗)

)
= Sψ(a∗,a2n+2)+ψ

(
Sψ(P1a∗,P2a2n+1)

)
≤Sψ(a∗,a2n+2)

+ψ

(
K1(a∗,a2n+1)Sψ(a∗,a2n+1)+K2(a∗,a2n+1)

Sψ(a∗,P1a∗)Sψ(a2n+1,P2a2n+1)

1+Sψ(a∗,a2n+1)

)
= Sψ(a∗,a2n+2)

+ψ

(
K1(a∗,a2n+1)Sψ(a∗,a2n+1)+K2(a∗,a2n+1)

Sψ(a∗,P1a∗)Sψ(a2n+1,a2n+2)

1+Sψ(a∗,a2n+1)

)
Limit as n→ ∞ and lim

n→∞
Sψ(a∗,an) = 0, which contradicts Sψ(a∗,P1a∗) > 0. Therefore,

P1a∗ = a∗. By the same process, we can explore the result is: P2a∗ = a∗. Hence, P1 and P2

has a common fixed point a∗.

Let a∗,b∗ ∈S as two fixed points of P1,P2 and a∗ 6= b∗, we reach

Sψ(a∗,b∗) = Sψ(P1a∗,P2b∗)

≤ K1(a∗,b∗)Sψ(a∗,b∗)+K2(a∗,b∗)
Sψ(a∗,P1a∗)Sψ(b∗,P2b∗)

1+Sψ(a∗,b∗)

= K1(a∗,b∗)Sψ(a∗,b∗)+K2(a∗,b∗)
Sψ(a∗,a∗)Sψ(b∗,b∗)

1+Sψ(a∗,b∗)

= K1(a∗,b∗)Sψ(a∗,b∗).

Hence, Sψ(a∗,b∗) = 0, because K1(a∗,b∗) ∈ [0,1), then a∗ = b∗, we see that a∗ is unique. �

Corollary 4.2. Suppose (S,Sψ) is a complete SCMS. Consider P : S→ S, and there is

K1,K2 ∈K such that

Sψ(Pa,Pb)≤ K1(a,b)Sψ(a,b)+K2(a,b)
Sψ(a,Pa)Sψ(b,Pb)

1+Sψ(a,b)
,

for all a,b ∈S. For a0 ∈S, aid of an+1 = Pna0,n≥ 0. Suppose that,

lim
n,m→∞

n−1

∑
i=m

ψ
i−m (

µ
i (Sψ(a0,a1)

))
→ 0,
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wherever µ = K1(a0,a1)
1+K2(a0,a1)

< 1. Then there is a unique fixed point (say) a∗ ∈S such that Pa∗ =

a∗.

Corollary 4.3. Let (S,Sψ) be a complete SCMS. Consider P1,P2 : S→ S a maps, and

there is K1,K2 ∈ [0,1), where K1 +K2 < 1 such that

Sψ(P1a,P2b)≤ K1Sψ(a,b)+K2
Sψ(a,P1a)Sψ(b,P2b)

1+Sψ(a,b)
,

for all a,b ∈S. For a0 ∈S, define as a2n+1 = P1a2n and a2n+2 = P2a2n+1 for every n ≥ 0.

Suppose that,

lim
n,m→∞

n−1

∑
i=m

ψ
i−m (

µ
i (Sψ(a0,a1)

))
→ 0,

wherever µ = K1
1+K2

< 1. Then there is a unique fixed point a∗ ∈S such that P1a∗=P2a∗= a∗.

Proof. Immediately by taking K1(a,b) = K1and K2(a,b) = K2 in Theorem 4.1. �

Corollary 4.4. Suppose (S,Sψ) is a complete SCMS. Consider P : S→ S, and there is

K1,K2 ∈ [0,1), where K1 +K2 < 1 such that

Sψ(Pa,Pb)≤ K1Sψ(a,b)+K2
Sψ(a,Pa)Sψ(b,Pb)

1+Sψ(a,b)
,

for all a,b ∈S. For a0 ∈S, define it as an+1 = Pna0,n≥ 0. Suppose that,

lim
n,m→∞

n−1

∑
i=m

ψ
i−m (

µ
i (Sψ(a0,a1)

))
→ 0,

wherever µ = K1
1+K2

< 1. Then there is a unique fixed point a∗ ∈S such that Pa∗ = a∗.

Example 4.5. Let S= 0,1,2. Define Sψ : S×S→ [0,∞) a symmetrical metric as

Sψ(a,a) = 0 for each a ∈S and Sψ(0,1) = 1
2 ,Sψ(0,2) = 2,Sψ(1,2) = 3

2 .

Defining the map ψ(t) = t4 for all t ≥ 0. Obviously, (S,Sψ) is an SCMS. Given P : S→S

as P(0) = P(1) = P(2) = 1, and assume that K1 =
1
2 ,K2 =

1
4 , we obtain

Case 1. If a = b = 0,a = b = 1,a = b = 2, we get

Sψ(Pa,Pb) = 0≤ 1
2
(0)+

1
4

Sψ(a,Pa)Sψ(b,Pb)
1+Sψ(a,b)

.

Case 2. If a = 1,b = 2, we get Sψ(P(1),P(2)) = 0≤ 1
2(

3
2)+

1
4(0) =

3
4 .
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Case 3. If a = 0,b = 1, we get Sψ(P(0),P(1)) = 0≤ 1
2(

1
2)+

1
4(0) =

1
4 .

Case 4. If a = 0,b = 2, we get Sψ(P(0),P(2)) = 0≤ 1
2(2)+

1
4(

1
4) =

17
16 .

Therefore, each the conditions of Corollary 4.4 is valid, so a∗ = 1 is a unique fixed point.

5. APPLICATION

Finally, we have given some applications that based on our theorems as follows that:

5.1. Nonlinear Integral Equations. We hypothesis existence of a solution for the below in-

tegral equation

(5.1) f(τ) =
∫ 1

0
K (τ,η)L(η , f(η))dη ,

τ ∈ [0,1]. Suppose that S=C([0,1]) is the space of all continuous functions from [0,1] into R,

assume that S is given with the SCMS as:

Sψ(f,g) = supτ∈[0,1] log(|f(τ)−g(τ)|+1) for all f,g∈S via ψ(t) = log(γet−γ),γ = f+g+2.

Clearly, (S,Sψ) is a complete SCMS.

Theorem 5.1. Assume that the conditions below satisfied:

(1) L : [0,1]×R→ R is a continuous map, L()τ,η)≥ 0 and there is a constant 0≤ α < 1

such that for all f,g ∈S

(5.2) |L(η , f(η))−L(η ,g(η))|< α log
(
|f(η)−g(η)|+1

)
,

(2) K : [0,1]× [0,1]→ R is a continuous, for all τ,η ∈ [0,1] such as K (τ,η) ≥ 0 and∫ 1
0 K (τ,η)dη ≤ β .

Then the integral equation 5.1 has a unique solution in S.

Proof. Define a mapping P : S→S by

Pf(τ) =
∫ 1

0
K (τ,η)L(η , f(η))dη ,

τ ∈ [0,1] and for each f,g ∈S, we undergo, (presume that αβ ≤ 1)

|Pf(τ)−Pg(τ)|=
∣∣∣∫ 1

0
K (τ,η)L(η , f(η))dη−

∫ 1

0
K (τ,η)L(η ,g(η))dη

∣∣∣
≤
(∫ 1

0
|K (τ,η)||L(η , f(η))−L(η ,g(η))|dη
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≤ α

∫ 1

0
K (τ,η) log(|f(η)−g(η)|+1)dη

≤ αSψ(f(τ),g(τ))
∫ 1

0
K (τ,η)dη

≤ αβSψ(f(τ),g(τ)).

Hence,

log
(
|Pf(τ)−Pg(τ)|+1

)
≤ |Pf(τ)−Pg(τ)| ≤ αβSψ(f(τ),g(τ)).

Thus, Sψ(Pf(τ),Pg(τ))≤ αβSψ(f(τ),g(τ))≤ φ(Sψ(f(τ),g(τ))), where φ(t) = αβ t, and

0≤ αβ < 1.

Hence Theorem 3.4 holds; and equation 5.1 has a unique solution in S. In addition, we know

that for condition 5.2, we obtain log
(
|f(η)−g(η)|+1

)
≤ |f(η)−g(η)|. �

5.2. Fractional Differential Equation. In this part exhibits the fractional differential equa-

tion FDE as

αDβ
ω(η)+ f(η ,ω(η)) = 0,0≤ η ≤ 1;1≤ β ≤ 2,(5.3)

ω(0) = ω(1) = 0,

where f : [0,1]×R→R is a continuous function, and αDβ denote the order of β as the Caputo

FDE defined by

αDβ
ω(η) =

1
Γ(r−β )

∫
η

0

ωr(µ)dµ

(η−µ)β−r+1 .

This system of FDE in 5.3 equivalent to ω(η) =
∫ 1

0 K (η ,µ)f(η ,ω(µ))dµ , for each η ,µ ∈

[0,1], where Green function as

K (η ,µ) =


(η(1−µ))β−1−(η−µ)β−1

Γ(β ) 0≤ µ ≤ η ≤ 1,

(η(1−µ))β−1

Γ(β ) 0≤ η ≤ µ ≤ 1.

Let S=C([0,1],R), and Sψ : S×S→ [0,∞) a SCMS, such that

Sψ(ω,ν) = Maxη∈[0,1]

(√
|ω(η)−ν(η)|+1−1

)
,

for each ω,ν ∈ S, and ψ(t) =
√

δ (t +1)2 +1−δ − 1, t ≥ 0, δ = max{ω,ν}+ 2. Then

(S,Sψ) is a complete SCMS.
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Theorem 5.2. In the non-linear FDE 5.3. Assume that the following conditions are satisfied:

(1) There is ϖ ∈ [0,1] and ω,ν ∈S, such that

|f(η ,ω(η))− f(η ,ν(η))| ≤ ϖ
(√
|ω(η)−ν(η)|−1

)
.

(2) supη∈[0,1]
∫ 1

0 K (η ,µ)dµ < 1.

Then, FDE has a unique solution in S.

Proof. Define a function P : S→S by

Pω(η) =
∫ 1

0
K (η ,µ)f(η ,ω(µ))dµ.

For all ω,ν ∈S, we reach,

|Pω(η)−Pν(η)|= |
∫ 1

0
K (η ,µ)f(η ,ω(µ))dµ−

∫ 1

0
K (η ,µ)f(η ,ν(µ))dµ|

≤
∫ 1

0
K (η ,µ)|f(η ,ω(µ))− f(η ,ν(µ))|dµ

≤ ϖ

∫ 1

0
K (η ,µ)

(√
|ω(η)−ν(η)|−1

)
dµ

≤ ϖ

∫ 1

0
K (η ,µ)

(√
|ω(η)−ν(η)|+1−1

)
dµ

≤ ϖSψ(ω(η),ν(η)).

Hence, √
|Pω(η)−Pν(η)|+1−1≤ |Pω(η)−Pν(η)| ≤ ϖSψ(ω(η),ν(η)).

Taking the maximum, which implies that

Sψ(Pω(η),Pν(η))≤ ϖSψ(ω(η),ν(η))≤ φ
(
Sψ(ω(η),ν(η))

)
,

where φ(t) = ϖt, and 0≤ϖ < 1. Therefore, in Theorem 3.4 all the conditions are fulfilled and

the equation 5.3 has a unique solution in S. �
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6. CONCLUSIONS

The article develops a novel concept that is an SCMS, which is a generalization of CSbMS,

while it is extended to SbMS. It provides some results for the special (ψ,φ)-contraction fixed-

point theorems in SCMS with some particular results. Moreover, it illustrates the theorem of

Hardy-Rogers type fixed point theorem, Matkowsik type, and nonlinear-rational contraction.

In addition, it presents some applications of certain works to nonlinear integral equations and

fractional differential equations. Future work will study the strong-composed cone metric space,

and the generalization of F-contraction and Z-contraction with the establishment of some new

applications of SCMS.
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