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Abstract. The study aims to propose several generalizations of a strong b-metric space which is called strong-
composed metric spaces. Therefore, to illustrate the concept, the study provides examples of a Strong-composed
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with applications in nonlinear integral and fractional differential equations.
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1. INTRODUCTION

In recent years, there has been a surge in interest in the fixed-point theorem (FPT). Its mod-
ification depends on tools of triangular inequality of metric space via important contractions
in extension of concept of the fixed point theorem with the application. In 1989, Bakhtin [1]
and Czerwik [2] represented the b-metric space (bMS), which is a generalization to the metric
space. Many previous works in this area deal with the important properties of bMS, see [3,4],
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whereas others focus their attention on (SbMS) Kirk in [5]. Definitely, every SbM is a bMS
anywhere the constant coefficient s > 1, but the reverse is not sufficiently true. Extended SbMS
via some fixed point theorems in [6]. In 2023 Santina, D. et al., introduced a new generaliza-
tion of SbMS called strong-controlled b-metric type space (CSbMS) through some fixed-point
theorems with famous applications [7], inspired this extended from Mliaki, N. which obtained
controlled metric space and double-controlled metric space, Ref. ([8,9]), go head to the SCbMS
generalized to SbMS, that is; the controlled function as a constant. Many authors endowed var-
ious fixed-point results linked to bMS; see [10-13]. Despite all of these studies, there is much
work concerning the application of special contractions to SbMS see [14, 15].

Hence, the paper establishes an extended concept of CSbMS called strong-composed metric
space (SCMS). The triangle inequality is constituted as .#y(a,c) < Sy(a,b) + y(Fy(b,c))
for all a,b,c € G, and y : [0,00) — [0,0), the reverse is not necessarily true. Subsequently,
CSbMS does not imply SbMS with non-trivial examples. Following that, the paper displays the
concept in Hardy-Rogers type contraction with notice in terms of the particular types contrac-
tive, pass into Matkowski [16]. The main result shows a new general of (y, ¢)-contraction for
two maps. For more, see [17-21]. Finally, we focus on Fisher contractions on SCMS with a
common fixed point, based on Ref. [10], last but not least, the research provides some corollar-

ies and applications about the work through an example that has satisfied the current results.

2. PRELIMINARIES

The following explanation introduces some basic concepts of SbMS, which are due to Kirk,

W. [3].

Definition 2.1. ( [5]) Let & be a nonempty set, and s > 1. The mapping ds : S X & — [0,00) is
said to be a strong b-metric on & if for all a, b, c € G the following conditions hold:

(S1) ds(a,b) =0 if and only if a = b,

(S2) ds(a,b) =ds(b,a),

(S3) ds(a,b) < ds(a,c)+sds(c,b).

The pair (&,d;) is called an SDMS.
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In the following, Santina, D. et al. give an extended concept of SbMS, which is called
CSbMS [7].

Definition 2.2. ( [7]) Suppose & is a nonempty set and, 1) : & x & — [1,00). A mapping Ay, :
S x & — [0,0) is a controlled-strong b-metric if for each a,b,c € &, the following conditions
hold:

(C1) Ay(a,b) =0if and only if a = b,

(C2) Ap(a,b) = Ay(b,a),

(C3) Ap(a,c) < Ay(a,b)+n(b,c)Ay(b,c).

Then the triple (&, Ay, n) is called a CSbMS.

Clearly, every SbMS is a CSbMS, just take 1 (b, c) = s; however, the reverse is not necessarily
true (see, e.g. [7]). We next establish a new notion that is a generalization of CSbMS and is

referred to as SCMS.

Definition 2.3. Suppose & is nonempty. A mapping .y : & x & — [0, 00) is a strong-composed
metric if there is a y : [0,00) — [0,0), such that, for all a,b,c € &, the following conditions
hold:

(SC1)  Hy(a,b) >0and Fy(a,b) =0if and only if a = b,

(SC2)  Fyla,b) = Fy(b,a).

(SC3)  Fyla,c) < Fy(a,b)+y (Fy(b,c)).

Then the triple (&,.%y, y) is called an SCMS.

Obviously, every CSbMS is an SCMS, wherever y(t) = n(b,c)t,t > 0, but the converse is
not true, in general. An example of a SCMS that is not a CSbMS is provided below to highlight

the observation:

Example 2.4. Let (&,d;) be an SbMS via s > 1 and let % (a,b) = sinh ™! (ds(a,b)). We show
that .7} is an SCMS via y(t) = sinh~! (ssinh(¢)), for all # > 0. Obviously, conditions (SC1)
and (SC2) of Definition 2.3 are satisfied. Since sinh~!(¢) is an increasing function, hence for

all ay,a, > 0, we undergo,

(2.1) sinh ™! (a; +a>) < sinh~!(a;) +sinh ! (ay).
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Fyla,b) = sinh~! (ds(a,b)) <sinh™! (ds(a,c) +sds(c,b))
—sinh~!(ds(a,c) 4 ssinh(sinh ! (ds(c, b))))
<sinh ! (ds(a,c)) 4 sinh ™! (ssinh(sinh ! (ds(c,b))))
=Sy(a,c) +y(Fy(c,b)).
Thus, (&,.7y) is an SCMS.

Notice that if assumed (&, d) is a metric space, then .%(a,b) = sinh ™! (d(a,b)) is an SCMS
via y(t) = sinh(¢) for all t > 0.

Remark 2.5. Consider that a mapping Ay : & x & — [0, 0) with a nonempty set & is SbMS or
CSbMS, which implies that SCMS of the mapping .#}, defined by % (a,b) = ¥~ (Ay(a,b))
with respect to ¥(¢) = w1 (n(b,c)w(t)), wherever ¥,y : [0,00) — [0,00) and 1 : G x & —
[1,00). In (SC3), that satisfies .7y (a,b) < .y (a,c) + P(Fy(c,b)).

In the following example, we notice another formulas, also we illustrate that every metric

space is an SCMS.

Example 2.6. Let S be a nonempty set, and define .7y : & x & — [0, 00) by % (a,b) = |[a—b|.
Then (&,.7y) is an (SCMS) with y(t) = ¢’ — 1. That is, enough to prove the inequality (SC3).
Hencet <¢' —1 forallt € R, also |a —b| < |a| + |b|.

Thus, Ay (a,b) < .Py(a,c) + y(Fy(c,b)). Therefore, (8,.7y) is an (SCMS).

We then go over some topological characteristics of SCMS.

Definition 2.7. Let (&,.y) be an SCMS. A sequence {a,} in & is said to be:

(1) Cauchy if, for any € > 0, there exists a positive integer X such that for all m,n >
X, Sy (an,am) < €.
(2) Convergence to point ag € G, for any € > 0, there exists a positive integer X such that

forall n > X, Ay (an,a0) < €.

An SCMS is called complete if every Cauchy sequence converges in ..

Definition 2.8. Consider (&,.7y) be an (SCMS). Take ag € & through & > 0.
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(1) The set B(ag,€) = {b € & : Fy(ap,b) < €} is called an open ball with center ap and
radius €.

(2) The mapping T : & — G is called continuous at ayp € G if Ve > 0,3¢ > 0, satisfying
T(%(ao,5)) C B (Tap,e).

Obviously, if T is continuous at ag in the SCMS of (&, .7y ), then for any {a,} — aq it yields

{Ta,} — Tap, as n — oo.

Remark 2.9. Consider (&,.%y) as an SCMS. If the sequence {a,} in & converges to ag. Then

ap is unique, consequently the Cauchy sequence in G.

Let W be the family of all mappings y : [0,00) — [0, o) satisfying the conditions; < y/(¢)

for each 1 € [0,0), and l;// (derivative of y) increases in [11].
Lemma 2.10. Let (S,.%y) be an SCMS. If y €\, then for all a,b € [0,0), we get:

v @) -y 'O <y (la—b]) <la—b| < y(la—b]) <[y(a) - y(b)|.

In particular; if b= 0, that is, |y~ (a)| <y~ (Ja|) < |a| < y(ja]) < |y(a)].

3. THE MAIN RESULTS

In this section, we prove some FPT by aiding various contraction mappings such as Hardy-
Rogers-type contraction, Matkowski contraction, the main result of special (y, ¢)-contraction,
and their related consequences on SCMS. At this point, we are ready to look into the primary

outcome related to the BCP with generalizations of Hardy-Rogers type contraction, as follows.

Theorem 3.1. ( [18]) Presume (&,Dc¢) be a complete double-composed metric space regarding

toy, Wy and Dc : S xS — RT. Let T : & — & be a mapping satisfying,
Dc(Ta, Tb) < Kch(a, b) —I—Kch(LI, Ta) —|—K3Dc(b, Tb) +K4Dc(a, Tb) —l—KsDc(b, Ta),

Va,be ./, where K; €[0,1),i=1,2,...,5, andZ?lei < 1. Forany ag € ., choose a,, = T"ay.
Suppose that,

(1) Let w1,y be continuous, non-decreasing and W, is a sub-additive and comparison

function, and y is an in-comparison function.
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(2) n}}lfgwx?:_,ﬁ w5 "y (Riyd (Dc(ao,ar))) + wo ="' (R 'y~ (De(ag,a1))) — 0 (as

_ Ki+K+Ky
n,m — o), where R = Tk K, -

Then T has a unique fixed point.

The subsequent findings provide the SCMS of Hardy-Rogers type contraction of fixed-point

theorems.

Corollary 3.2. Let (S,.%y) be a complete SCMS regarding to ¥ and Sy : S x & — R*. Let

T : G — G be a mapping satisfying,
yw(Ta, Tb) S Klyll/(a,b) —|—K25ﬂw(a, Ta) +K3yq/(b, Tb) +K45ﬂq,(a, Tb) —'l_KSey]l/(b, Ta),

Va,b e ./, where K; € [0,1),i=1,2,...,5, andZ?lei < 1. For any ag € ., choose a,, = T"ay.

Suppose that,

n—2
. i n—1., n—1
dim Y v (R (Fy(an.a) R (Fylaa) 0
(as n,m — o), where R = % Then T has a unique fixed point.

Proof. In Theorem 3.1 just take y;(¢) = y(z) and y,(¢) =, since y € ¥ is continuous and

non-decreasing map, and 7 < () for all 7, we get a completeness SCMS. O

Remark 3.3. Consider (&,.7y) to complete SCMS and T : & — & be a mapping, for any
a,b € &. Then, we get the fixed point theory of the following contraction is obvious that a
particular Hardy-Rogers type contraction is as follows:
(1) Banach Type: #y(Ta,Th) < K|.%y(a,b), wherever K; € (0,1).
(2) Kannan Type: %y (Ta,Th) < K»%y(a,Ta) + K37y (b, Th), wherever K> + K3 < 1 and
K>, K3 €[0,1).
(3) Chatterjee Type: %y (Ta,Tb) < K4%y(a,Th) + Ks.%y(b,Ta), wherever K4+ Ks < 1
and K4,Ks € [0,1).
(4) Reich Type: .7y (Ta,Th) < K%y (a,b) + K>Sy (a,Ta)+ K37y (b,Tb), wherever K +
K>+ K3 < 1and K1,K>,K3 € [0,1).

Let @ denote the class of all functions ¢ : [0,00) — [0,e0) such that ¢ is non-decreasing,

continuous and Y5> | ¢(¢) < +oo, for all # > 0. It is clear that for any ¢ > 0, ¢(t) — 0 asi — oo,
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and hence ¢ (7) <1, for all # > 0. In order to reach a fixed point in the nonlinear contraction, we

introduce a control function specified by Matkowski [16] in the following theorem.

Theorem 3.4. Assume (S,.%y) is a complete SCMS via the function . Suppose that T : & —
S be a mapping Va,b € S,

(3.1) Fw(Ta,Tb) < ¢(p(a,b)), p(a,b)=Max{Sy(a,b),Sy(a,Ta),Sy(b,Th)},

where ¢ € . For any ag € G, we obtain

(3.2) lim Y ™" (¢' (Hy(ao,a1))) — 0,

and a, = T"ay,¥n > 0. If the mapping T is continuous, then there is a fixed point unique to T

(say a*). That is, T"a — a*,Ya € G.

Proof. In the sequence {a,} and ag to be the same as in the hypothesis of Theorem 3.4. If

am+1 = Tay, for any arbitrary m. So, assume that a, | # a,, Vn. Utilizing the condition 3.1,
(33) yl//(anaan—i—l) = yl[/(Tan—l ) T(ln) S (P(p(an—laan)),

where p(an—1,a,) = Max{Sy(an—1,an),y(an,an4+1)}. If for any arbitrary n, we show that

p(an—1,an) = Ly(an,any1), then using 3.3, since ¢ (1) < t, for all r > 0, we undergo

0< <Eﬂl//(an»anJrl) < ¢(yw(anaan+l)) < yl[/(anaan+l)7

Clearly implies that is a contradiction. Also, for every n it should be expressed as p(a,—1,a,) =
Zy(an-1,a,). By conclusion, it means that 0 < .y (an,ani1) < ¢(Fy(an—1,a,)). If we repeat

process, we conclude that for each n € R™, we get
(3.4) 0 < Ay(an,ans1) < " (Fy(ao,ar))

So, as r}l_{rolo Yw(a,,,anﬂ) = 0. For m < n where n,m are two integers, we obtain

yw(am,an) < yl//(amaam-lrl) + W(yw(am—klaan))

< cSﬂl//(amaaerl) + llf(yl//(aerlaaerZ) + llf(yl[/(aerLan)))
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n—1
(3.5) < Y v " (Hlaiain))

By utilizing 3.4 in 3.5, yields that .7y (am,a,) < yr-l v (9'(Sy(ag,a1))), again applying

i=m
it to the condition 3.2, it holds that {a,} is Cauchy. In completeness (&,.%y), hence, there is
a* € G satisfies lim .y (a,,a*) = 0. Thus, but T is continuous, we get lim a,| = lim Ta, =
n—oo n—oo n—oo

T lim a, =Ta* and a* is a fixed point of T. Further, Let b satisty the Tb = b, and a* # b. By

n,m—soo

3.1, we reach
0 < Fy(a",b) = Sy(Ta*,Tb) < p(p(a’,b)) = (Fy(a,b)) < Fy(a",b),
Obviously it implies that is a contradiction. 0J

Next, we introduce the extended special concepts of (y, ¢)-contraction as follows.

Theorem 3.5. Let (&1,.%y) and (&2, y) be two complete SCMS. Let & : &1 — & and

Py . &y — O satisfying the inequalities:
3.6) Y (F(P2Pia, P, P1b)) < ¢ (Max{Fy(a,b), v ' (Ty(Pra, P1D))})
B Y (Ty(P1Pra, 21 P2b)) < ¢ (Max{y ' (Fy(c,d)), Sy(Pac, 22d)}),

forall a,b € &1 and c,d € Gy, where ¢ € ® and y € V. Let for each m > n,

lI/m—n—l Z l[/_(m_l) ((pl(t)) —0 asn— oo,

One of the mappings & and &, is continuous, then &%, %\ has a unique fixed point a* in S

and &1 5 has a unique fixed point c* in &,. In addition, P 1a* = ¢* and Pyc* = a*.

Proof. Let ag be an arbitrary point in &; and & a¢ = co, Prco = a1, Pra; = ¢, P = a
and in general let #1a, = ¢;,, #>¢ = apt1,n > 0.

Denote 7, = %y (an,an+1) and &, = Ty (cy,cpq1). Then in general we have,
Tty = Lylan,ans1) = Ly(PoPran—1, P2 P1ay)
<y oo Max{Fy(an-1,a,), v (Fy(P1ay_1, P1ay))})
=y~ op(Max{-Fy(an-1.an), ¥~ (Fylen-1,cn))})

=y ! o¢(Max{m,_i, y! (Fu1)})-
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Hence, we have 1, = y~! o ¢ (Max{m,—1,y ' (#,-1)}), Vn > 1.
By same way, utilizing the inequality 3.7, we undergo
fon = Ty(cnycn1) = Ty(P1Porcn—1, P1Pacn)

< y/’lo(p(Max{l// 1(91,, (cn-1,¢n)), Ly(Parcn-1, Pacn)})

o1 1

=y o¢)(Max{l// (gw Cn—1,Cn ) yw(anaanﬂ)})

=y oo (Max{y ™ (1), 7}).

Therefore,

v (#) Sty <yl o (Max{y ! (1), m})
<yl op(Max{y " (Bur), ¥ 0 ¢ (Max{m, 1, ¥ (£,-1)})})
<y o (Max{y ™ (fy1),Max{m,—1, ¥ (A1) }})
=y o g (Max{y (1), T 1)), Vn > 1.

Thus,
tret = Max{ Ty ¥ (i)} < w0 (Max{m, n ' (7)) = v (0(1)
<Y O (O1) =y 292t 1) < - <y (9" (1)),
hence from the previous inequality we get
Tt = Fy(@ni1,ani2) <ty <Y~ (" (1)),
Therefore, for any + > 0 and m > n we get,
y ) Ay (an,am) < WD Ly (a0, ani1) + Y( Sy (@nir,am))]
< ‘Iff(m*nil)(yw(an,anﬂ)) + ‘Iff(m*nil)+1 [yw(an+1,an+2> + ‘I/(yw(amrz,am))}

<y (L an,an)) + ¥ TN (S (ans1,0002)) YT (S (ans2,am))

<Y (S ,000) V(S 011,0002) 4+ (P lan-2,001))

+ yy/(am—l ;am)
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IN

T (Y (9" (10)) + TR (D (97 (10)) -+ (y Y (9 (10)))

y
w0 (9 (10)) v (0 (1) 4y D (9 (1)

v "D (6i(15)) =0, asn — oo,

IN
™

n

Soas, y" =Ly ey =D (9i(1)) — 0 as n — oo.

Thus, {a,} is a Cauchy in (&;,.%y). By completeness space (&1,.7y), so there exists a* € &
such that a,, — a*, as n — oo, that is; r}i_r&yl,,(anﬂ,a*) = r}i_r&fw(@zcn,a*) =0.

Similarly, the sequence {c,} is a Cauchy. Since &; is complete, there is ¢* € &, such that,
¢, — c*, as n — oo, that is; r}l_rg; Fy(cn,c*) = ,}Egyw(,@lan,c*) = 0. Now, presume that &2,

is continuous. Then lim & a, = $1a* = lim ¢, = c¢*, so Za* = c¢*. Utilizing inequality 3.6,
n—yoo n—oo

we undergo
Yw(an, f@z@la*) = yq/(gzzgzlan_l, ,@232161*) < l//(yw(gzzylan_l, @2@10*))
<¢ (Max (Yw(an_l,a*),ﬂw(,@lan_l,L@la*)))
= ¢ (Max (Fy(ap-1,a"), Ty(cn-1,c%))) .

Letting n — oo, we get ILm Fy(an, P> P1a*) =0. Since lgn Zw(an,a*) =0, hence it is results
n—o0 n—oo

Py Pa* = a*. Thus, Prc* = a* and P\ Pyc* = P1a* = c*. By same way, if the function

7, is continuous. The uniqueness of the fixed point follows easily from 3.6, 3.7. Indeed, if a,b

and c,d are two fixed points of &2, #?| and &) &, respectively, then from 3.6, 3.7, we get
Vw(a,b) = yy/ (922321(1, c@zgzlb) <y (yy/(gzzgzla, yzylb))
< ¢ (Max{%y(a,b), Ty(P1a, P1b)}) = ¢ (Max{Sy(a,b), Ty(c,d)}),
and
yw(c,d) = 91,/(«@1 ch, @1 yzd) < W(yq/(yl c@2C, f@l yzd))
< ¢ (Max{Fy(c,d), Sy(Prc, Pd)}) = ¢ (Max{Fy(c,d), Sy(a,c)}).
Therefore,

(3.8) Max{Sy(a,b), Ty(c,d)} < ¢ (Max{.%y(a,b), Fy(c,d)}).
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Hence, if at least one of the . (a, b) or Fy(c,d) is not zero, by 3.8 and property of ¢ we yields
a contradiction. Thus, .7y (a,b) = Fy(c,d) = 0. Similarly, we reach .#y(a,a) = Fy(c,c) =0,

implies thata = b and ¢ =d. U

Corollary 3.6. Let (&1,-%y) and (G2, ) be two complete SCMS. Let & : &1 — &, and

Py . &y — O satisfy the inequalities:
(3.9 5.y (P2 Pra, P, P1b) < ¢ (Max{.Sy(a,b), ;%,(gzla, 21b)})
(3.10) s Ty(P) Pra, P, Pob) < (Max{éﬂw(c,d),yw(ﬁzc, Pd)}),

forall a,b € Sy and c,d € Sy, where ¢ € ® and y € Y. If one of the mappings &) and &, is
continuous, then %, &\ has a unique fixed point a* in S and &1 P, has a unique fixed point

c* in ©y. Moreover, Za* = ¢* and Prc* = a*.

Proof. Tt is a enough set y(r) = st for every s > 1 and ¢(r) = kz for every 0 < k < 1. Hence

AN (1) iy amene I N (1) i, _ LN LK
" l;ny/( J(9'(1)) =5 ;15( >kz_5—ni§kgs—nk_l—>o,

as n — oo, Hence, since all the conditions of Theorem 3.5 hold, %%, %, and & %%, have a

unique fixed point a* € & and ¢* € G, respectively. O

Corollary 3.7. Let (&,.%y) be a complete SCMS. Let & : & — & satisfying the inequalities:
(3.11) v (L (P%a, 2%b)) < ¢ (Max{Fy(a,b),y ' (Fy(Pa, Pb))})
forall a,b € G, where ¢ € ® and vy € Y. Let for each m > n,
ynl i y (=) (¢'(r)) =0 asn— .
i=n
If & is continuous, then & has a unique fixed point a* in .
Example 3.8. Let | =R and &, = R?. Let for any a,b,c,d € R,y : 61 x &1 — R. Define
by
Fy(a,b) =la—bl,

and Jy : 6, x &, — R, define by

fw((a,b),(c,d)) = Max{|a—c|,2|b—d|—1}
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via y(r) = nt, where N = (la—c|+ |b—d|+2). If define &) (a) = %(a,sina) and Z;(a,b) =
%a, then (&1,.%y) and (&2, 7y ) are two SCMS. Hence, we have

1 1 . 1 1 .
NSy (P2 Pra, P, Pic) <Ny (@2 (%a, %sma) , Py (%c, Esmc))

<nSy (%m %c) < %]a—d.
While,
1 | 1 | 1
NIy (P1P2(a,b), 1P (c,d)) <Ny ((Ea, Esma) , (EQ %smc)) = Z!a—c\.
Therefore, if take ¢ (1) = % then all the conditions of Theorem 3.5 hold, then ¢* = 0 and C* =

0,0).

4. RATIONAL-TYPE CONTRACTIONS OF SCMS

In this section, we provide a unique fixed point in a Rational-type contraction map of SCMS.
Inspire [22], suppose -# symbol of all maps K : & x & — [0,1) that satisfies the following
conditions:

(1) K(Za,b) <K(a,b) for each a,b € S and & : & — S a mapping.
(2) K(a,#b) < K(a,b) for each a,b € &.

It is clear that iterative K'(a,b) — 0 is as i — oo,

Theorem 4.1. Let (S,.%y) be a complete SCMS. Consider &1, %, : & — & a maps, and there
is K\,K> € % such that

Yw(a, ﬁla)fw(b, 4@2[9)
l—l—yw(a,b) ’

“4.1) Yw(ﬁla,ﬁzb) §K1(a,b)§”1,,(a,b)+l(2(a,b)

forall a,b € &. For ay € G, define as ay, 11 = P1az, and ay, o = Prary+ for every n > 0.

Suppose that,
n—1 )
. 1—m 1
(4.2) n;gmi:zm y " (1 (Sylao,a))) =0,
wherever U = % < 1. Then there is a unique fixed point (say) a* € & such that #1a* =

Pra* =a”.



STRONG-COMPOSED METRIC TYPE SPACES WITH SPECIAL (y, ¢)-CONTRACTION 13

Proof. Let ap € S. We construct {a,} in & by ay,11 = P1az, and azyp = Praz, for all
n € N. If Ing € N for which a, 41 = ay,, then Z1a,, = a,,. Thus, there is nothing to prove.

Similarly for &%,. So, we assume that a,,.| # a, for all n € N. By aid of 4.1, we obtain

Fy(aony1,a0n12) = Ly(Prax, Praz,41)

Syl @, Praz) S y(ams1, Pramy1)
1 4+ Ay (a, aon41)

Fy(aon, aoni1) Sy (@201 1,a2012)
1+ y\y(“Zna a2n+l)

< Ki(azn,a2n41)-Sy(a2n, 2n1) + Ko (@20, @204 1)

< Ki((P Praon, aoni1) S y(aon, a2n11) + Ko (P Paaz, azni1)

< Ki(aon—2,a0n41) Ly (a2, a2n 1) + Ko (a2n—2,a0n41) Sy (@20 11, 2012)

= K\ (P2 P1a2n—4,02041) Sy (aon, a2n41) + Ko (P2 Prasp—4,a2n11) Ly (A2 41, 02042)
< Ki(am—4,a0m41) Ly, ans1) + Ko (aon—4,a2n11) Sy (@041, G20 42)

< - <Ki(ao,ams1)Ly(am, aon+1) + Ko(ao, aznr1)-Ly(@ons1,a0n+42)

= Ki(ag, P1 Praon11) Ly, aons1) + Ko (ag, P1 Porarns1) Sy (@ons1,02012)

< Ki(ao,aom+1)-Ly (a2, aon41) + Ka(ao, aons1)-Ly (2011, 02042)

< - < Kj(ag,a1)Sy(am, azi1) + Ka(ao,a1) Sy (azns1,a2042)

This yields that
Ki(ag,a1)

yw(02n+1702n+2) < (m) yy/(an—laan) = ufw(agn,aan).
Continuing in the same way, we undergo
Fylan,ani1) < WS y(an-1,an) < P2 Fylan-2,an-1) < -+ < p"Fy(ao,a1).
Thus,
(4.3) Fy(n,anp1) < P Fylag,ar).
For all n,m € N and m < n, similarity with Eq. 3.5, giving

(4.4) y(am,an) < i " (Slaiaii))

By means of 4.3 in 4.4, yields that . (a,,a,) < Y=L wi=(u!.#, (a9, a1)), ensuring that limit

exists as n,m — oo by condition Eq.4.2, we conclude that hrg Fy(am,a,) = 0, therefore,
n,m—o0
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{an} is a Cauchy sequence in the complete SCMS of (&,.7y), so, there is a* € & such that

lim .y (a,,a*) = 0. That is, a, — a*. So, by 4.1 and condition (SC3), we obtain

n—yco
Sy(a*, 21a*) < Fy(a” ami2) + W (Fylaoni2, P1a*))
= Fy(a* a0pi2) + ¥ (L (P1a*, Prarni))

S yy/(a* ) a2n+2)

Fyla*, P1a*) Ly (a1, e@zaznﬂ))

K *’ y *’ K *7
+W( 1@, 82011) Hp (@, 80n01) Ko, G2n1) 1+ Sy (a*,azn41)

= yw(a*ﬂzwz)

Syla*, 21a*) Sy (ami1,a20+2)

+ v Ki(a",azn1) Ly (@ azns1) + Ka(a*, azns1) =

v (K0 a2000) Ay )+ Kol ) LU T

Limit as n — oo and li_r>n Sw(a*,a,) = 0, which contradicts .#y (a*, Z1a*) > 0. Therefore,
n—soo

Pa* = a*. By the same process, we can explore the result is: %a* = a*. Hence, &) and &,

has a common fixed point a*.

Let a*,b* € G as two fixed points of &1, %, and a* # b*, we reach

Yl,,(a*,b*) = Yw(ﬂla*, gzb*)
FLyla*, P1a*) Ly (b, Prb¥)
1+yy/(a*,b*)
Fyla*,a*)Ly(b*,b*)
1+ .Sy (a*,b*)

< Ki(a*,b*).Sy(a*,b") + Kr(a*,b")

=K (a",b")Sy(a",b") + Kr(a",b")
=K (a",b")Sy(a",b").
Hence, %y (a*,b*) = 0, because K| (a*,b*) € [0,1), then a* = b*, we see that ¢* is unique. [

Corollary 4.2. Suppose (6,7y) is a complete SCMS. Consider & : & — &, and there is
Ki,K, € % such that

yy/(d, ya)yw(b, egzb)
1+ Sy(a,b) ’

Fy(Pa, ?b) < Ki(a,b)Sy(a,b)+K>(a,b)

forall a,b € &. For ag € S, aid of a1 = P"ag,n > 0. Suppose that,

lim Z yim (,ui (Fy(ag,a1))) =0,
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Ki(ag,a1)

wherever L = Ky (ao.a1) < 1. Then there is a unique fixed point (say) a* € & such that P a* =

a*.

Corollary 4.3. Let (&,.%y) be a complete SCMS. Consider &y, %> : & — & a maps, and
there is K,K; € [0,1), where K| + Ky < 1 such that

yw(a, ﬁla)yw(b, (@zb)
l +:§ﬂw(a,b) ’

54,,(:@161, c@zb) < Klyq,(a,b) + K>

forall a,b € &. For ay € S, define as ayp+1 = P1a, and ayy0 = Porary for every n > 0.

Suppose that,

K
1+K,

wherever |1 = < 1. Then there is a unique fixed point a* € S such that #1a* = Pra* = a*.

Proof. Immediately by taking K;(a,b) = Kjand K> (a,b) = K; in Theorem 4.1. O

Corollary 4.4. Suppose (S,7y) is a complete SCMS. Consider & : & — &, and there is
K1,K; € [0,1), where K| + K> < 1 such that

Fwla, Pa)Sy(b, 7D)
1 +5ﬁ,,(a,b) ’

forall a,b € &. For ag € S, define it as a,+1 = P"ag,n > 0. Suppose that,

yq/(ya, g@b) S Klyy/(a,b) +K2

wherever [I = lf_}(z < 1. Then there is a unique fixed point a* € S such that Za* = a*.

Example 4.5. Let © =0, 1,2. Define .7, : & x & — [0, %) a symmetrical metric as

Fy(a,a) =0 foreacha € & and .7, (0,1) = 1,.7,(0,2) =2,.7,(1,2) = 3.

Defining the map y/(¢) = t* for all t > 0. Obviously, (&,.%,) is an SCMS. Given & : & — &
as 2(0) = 2(1) = 2(2) = 1, and assume that K; = 3,K, = }1, we obtain
Casel.lffa=b=0,a=b=1,a=b=2, we get

1Sy(a, Pa) Sy (b, 2b)
4 1 ‘I‘yy/(a,b)

Case2.1fa=1,b=2, we get 7 (2(1), 2(2)) =0 < }(3) +5(0) = 3.
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Case3.Ifa=0,b = 1, we get 7, (2(0), (1)) =0 < 1 (1) + L(0) = 1.

Cased. If a =0,b =2, we get #(Z(0),7(2)) =0 < %(2) + %(}‘) i—g,

Therefore, each the conditions of Corollary 4.4 is valid, so a* = 1 is a unique fixed point.

5. APPLICATION
Finally, we have given some applications that based on our theorems as follows that:

5.1. Nonlinear Integral Equations. We hypothesis existence of a solution for the below in-

tegral equation

6 ()= [ e fomyan,

T € [0,1]. Suppose that & = C(]0, 1]) is the space of all continuous functions from [0, 1] into R,

assume that G is given with the SCMS as:

Zy(F,8) = supzep 1y log([f(7) —g(7)| +1) forall f,g € & via y(r) =log(ye' —y), y=f+g+2.
Clearly, (&,.%y) is a complete SCMS.

Theorem 5.1. Assume that the conditions below satisfied:

(1) £:10,1] x R — R is a continuous map, £()t,n) > 0 and there is a constant 0 < a < 1
such that for all f,g € S

(52) [£(n,§(n)) — £(n,9(n))| < alog (|f(n) —a(n)|+1),

(2) A :[0,1] x [0,1] = R is a continuous, for all T,n € [0,1] such as # (t,n) > 0 and
Jo # (x,m)dn < B.

Then the integral equation 5.1 has a unique solution in G.

Proof. Define a mapping & : G — S by

2i(5)= [ (@ me(n jm)an,

T € [0, 1] and for each f,g € S, we undergo, (presume that o < 1)
1 1
2i(0) — 2a(x)| =| [ A (e )enim)dn— [ (z0)2m.a(m)dn

1
< (| 1@ mliem.fm) - <m.atm)an
0
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< [ (e m)oa(lfn) — a(m)
< @Ay (§(2),0(0) [ (5. m)an
< aB Ay (1(7).a(0))
Hence,
log (|21(7) — Za(0)| +1) < |2](z) — Za(0)| < aBH,((1),8(%)).

Thus, 7(2](c), 2a()) < aBF(1(1),8(%)) < 9(F(§(1),8(7))), where ¢(r) = at, and
0<ap<l.
Hence Theorem 3.4 holds; and equation 5.1 has a unique solution in &. In addition, we know

that for condition 5.2, we obtain log (|f(n) —g(n)|+1) < [f(n) — g(n)]. O

5.2. Fractional Differential Equation. In this part exhibits the fractional differential equa-

tion FDE as
(5.3) “PPw(n)+§(n,0(n)=00<n <11 <B <2,
0(0) =w(1) =0,

where f : [0, 1] x R — R is a continuous function, and * 2# denote the order of f8 as the Caputo

FDE defined by

o 1 Mo (u)du
gﬁwm)sz—ﬁwé(n—uﬁr“'

This system of FDE in 5.3 equivalent to ®(n) = fol A (n,u)f(n,o(u))du, for each n,u €

[0, 1], where Green function as

=P —(n-wP=t 5~
<p<n<i,
H (1) = (“_5@)
o 0<n<p<l

Let & = C([0,1],R), and .4y : & x & — [0,°0) a SCMS, such that

Fy(@,v) = Maxyep (Vo = v +1-1),

for each @,v € &, and y(t) = /8(t+1)2+1-8 —1,t > 0, § = max{w,v}+2. Then
(8,Sy) is a complete SCMS.
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Theorem 5.2. In the non-linear FDE 5.3. Assume that the following conditions are satisfied:

(1) Thereis @ € [0,1] and ®,v € S, such that

[f(n, 0(m)) —§(n,v(m)| <@ (V]om)—v(n)-1).

(2) supyeo] fol H(n,p)du < 1.

Then, FDE has a unique solution in G.
Proof. Define a function & : G — & by

Fol) = [ nwfn, 0w)dx.

For all o,v € G, we reach,

Fom)—2v) = [ @i @)~ [ 2 w5, vl
< [ i, 00) 0 (k)

<o [ )Tt VT - 1)an

<o [ n.w)(Tolm) V- 1)du
<oSy(0(n),v(n)).

Hence,

VIZom) - 2vin)l+1-1<120n) - 2v(n)| < 8.7,(0(n),v(n)).
Taking the maximum, which implies that

Fy(Zo(n), 2v(n)) < oSy (0n),v(n)) < o (Fy(0n),v(n))),

where ¢ (1) = @t, and 0 < @ < 1. Therefore, in Theorem 3.4 all the conditions are fulfilled and

the equation 5.3 has a unique solution in &. UJ
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6. CONCLUSIONS

The article develops a novel concept that is an SCMS, which is a generalization of CSbMS,
while it is extended to SbMS. It provides some results for the special (y, ¢ )-contraction fixed-
point theorems in SCMS with some particular results. Moreover, it illustrates the theorem of
Hardy-Rogers type fixed point theorem, Matkowsik type, and nonlinear-rational contraction.
In addition, it presents some applications of certain works to nonlinear integral equations and
fractional differential equations. Future work will study the strong-composed cone metric space,
and the generalization of F-contraction and Z-contraction with the establishment of some new

applications of SCMS.
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