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Abstract. This study focuses on α-convex generalized nonexpansive (α-CGNE) mappings, a generalization of

nonexpansive mappings defined by an additional parameter α ∈ (0,1). These mappings extend classical nonex-

pansive properties and are applicable to problems involving variational inequalities and monotone operators. We

investigate the fixed point theory of α-CGNE mappings in hyperbolic metric spaces, emphasizing strong con-

vergence results using projection mappings. Additionally, ∆-convergence theorems are established under specific

conditions, highlighting the asymptotic behavior of iterative methods in nonlinear settings. These results expand

fixed point theory beyond Banach spaces, offering new approaches for studying nonlinear phenomena.
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1. INTRODUCTION

Fixed point theory is a cornerstone of mathematical analysis with applications spanning nu-

merous fields, including functional analysis, optimization, and applied mathematics. The study

of fixed points of mappings dates back to seminal works by Browder [2], Göhde [8], and Kirk

[10], who independently established fundamental existence results for fixed points of nonex-

pansive mappings in Banach spaces. These results have since been extended and generalized
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in many directions, leading to a vast body of literature on fixed point theory. In particular,

Suzuki [22] introduced a generalization of nonexpansive mappings that significantly broadened

the scope of fixed point results in Banach spaces, particularly in uniformly convex settings, see

also [6, 14].

In metric spaces (Y ,Θ), a mapping ψ : Y → Y is called Lipschitzian if there exists a con-

stant k ≥ 0 such that for all υ ,y ∈ Y , the inequality

Θ(ψ(υ),ψ(y))≤ kΘ(υ ,y)

holds. The smallest such k is the Lipschitz constant of ψ . Nonexpansive mappings are a special

case of Lipschitzian mappings where the Lipschitz constant is equal to one, preserving distances

by ensuring that the distance between the images of two points does not exceed the distance

between the points themselves. These properties are central to fixed point theory.

A fundamental result in this area is Browder-Göhde’s Theorem [2, 8], which asserts that if C

is a nonempty, bounded, closed, and convex subset of a uniformly convex Banach space E, and

ψ : C → C is a nonexpansive mapping, then ψ has a fixed point. This theorem established a

foundation for further exploration into the existence of fixed points under broader conditions.

Suzuki [22] extended the understanding of fixed point theory by introducing Suzuki-

generalized nonexpansive mappings, a weaker condition than nonexpansiveness. For a mapping

ψ : C → C and all υ ,y ∈ C , the Suzuki condition is given as:

1
2

Θ(υ ,ψ(υ))≤Θ(υ ,y) ⇒ Θ(ψ(υ),ψ(y))≤Θ(υ ,y).

These mappings are not necessarily continuous but still satisfy the fixed point property in uni-

formly convex Banach spaces, providing a broader framework for analyzing fixed points.

In fixed point theory, the fixed point property (FPP) of a Banach space is significant. A

Banach space is said to possess the FPP if every nonexpansive self-mapping of a nonempty,

closed, convex, bounded subset has a fixed point. The geometric structure of Banach spaces,

especially uniform convexity, is closely linked to fixed point properties.



α-CONVEX GENERALIZED NONEXPANSIVE MAPPINGS 3

The study of nonexpansive mappings has naturally led to more generalized classes of map-

pings. Among these are α-convex generalized nonexpansive (α-CGNE) mappings, introduced

by Shukla et al. [20]. Such a mapping ψ : C → C , defined on a convex subset C of a Banach

space B, satisfies:

‖ψ((1−α)υ +αψ(υ))−ψ(σ)‖ ≤ (1−α)‖υ−σ‖+α‖ψ(υ)−σ‖,

for all υ ,σ ∈ C and α ∈ (0,1). This generalization includes mappings derived from variational

inequalities and monotone operators, significantly expanding the scope of fixed point theory.

The role of convexity and iterative methods in approximating fixed points has been exten-

sively studied, including by Takahashi [23] and Goebel and Kirk [7]. Methods like the Kras-

nosel’skiı̆-Mann iteration, initially developed for nonexpansive mappings, have been extended

to broader classes. Leuştean [13] advanced fixed point results within geodesic spaces, focusing

on uniform convexity and the asymptotic regularity of iterative processes. Shukla and Panicker

[19] contributed by extending existence results for nonexpansive type mappings in geodesic

spaces and analyzing the asymptotic behavior of Picard iterates. Shukla’s work [17] further

explored methods for solving optimization problems in nonlinear spaces. Shukla and Panicker

[18] extended enriched nonexpansive mappings in geodesic spaces and obtained existence and

convergence results. Nanjaras et al. [15] extended Suzuki’s results to CAT(0) spaces, general-

izing Hilbert spaces in nonlinear settings.

This study builds upon these advancements to investigate the behavior of α-CGNE mappings

in hyperbolic metric spaces. Geodesic spaces, which generalize Banach spaces by replacing

linearity with shortest paths (geodesics), are naturally suited to nonlinear phenomena. This work

derives ∆- and strong convergence results using projection mappings, providing new insights

into iterative methods and extending fixed point theory to nonlinear settings.

2. PRELIMINARIES

The concept of hyperbolic spaces, as presented by Kohlenbach [12], follows this framework.

Definition 1. [12]. A metric space (Y ,Θ) is said to be hyperbolic metric space if the function

W : Y ×Y × [0,1]→Y satisfies the following conditions for all υ ,ϑ ,z,w∈Y and β , t ∈ [0,1]:
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(W1) Θ(z,W (υ ,ϑ ,β ))≤ (1−β )Θ(z,υ)+βΘ(z,ϑ);

(W2) Θ(W (υ ,ϑ ,β ),W (υ ,ϑ , t)) = |β − t|Θ(υ ,ϑ);

(W3) W (υ ,ϑ ,β ) =W (ϑ ,υ ,1−β );

(W4) Θ(W (υ ,z,β ),W (ϑ ,w,β ))≤ (1−β )Θ(υ ,ϑ)+βΘ(z,w).

We will employ the notation

W (ζ ,ϑ ,β ) := (1−β )ζ ⊕βϑ

to represent a point W (ζ ,ϑ ,β ) within a hyperbolic metric space.

Definition 2. [13]. A hyperbolic metric space (Y ,Θ) is uniformly convex (UC) if, for every

ε ∈ (0,2] and any b > 0, there exists a δ ∈ (0,1] such that

Θ(υ ,z)≤ b

Θ(ϑ ,z)≤ b

Θ(υ ,ϑ)≥ εb


⇒ Θ

(
1
2

υ⊕ 1
2

ϑ ,z
)
≤ (1−δ )b

for all υ ,ϑ ,z ∈ Y .

In UC hyperbolic metric space, let υ ,ϑ ∈ Y and any β ∈ [0,1], there is an element w ∈ Y

which is unique (say w =W (υ ,ϑ ,β )) such that

(1) Θ(υ ,w) = βΘ(υ ,ϑ) and Θ(ϑ ,w) = (1−β )Θ(υ ,ϑ).

Consider a W -hyperbolic space (Y ,Θ) and let C ⊂ Y with C 6= /0. A sequence {υn} in Y is

said to be Fejér monotone with respect to C if

Θ(υ†,υn+1)≤Θ(υ†,υn), ∀ n≥ 0, and ∀ υ
† ∈ C .

Let ψ : Y → Y be a mapping. We denote the set of fixed points of ψ as

F(ψ) := {υ ∈ Y : ψ(υ) = υ}.

Definition 3. [3]. A mapping ψ : C → C is called quasi-nonexpansive (QNE) if

Θ(ψ(υ),υ†)≤Θ(υ ,υ†), ∀υ ∈ C and υ
† ∈ F(ψ).
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Definition 4. [5]. Let C be a nonempty subset of a metric space Y . A mapping ψ : C → C is

said to fulfill condition (E) if there exists µ ≥ 1 such that

Θ(υ ,ψ(ϑ))≤ µΘ(υ ,ψ(υ))+Θ(υ ,ϑ) ∀ υ ,ϑ ∈ C .

The nearest point projection PC : Y → 2C is defined as

PC (υ) = {c ∈ C : Θ(υ ,c) = inf{Θ(υ ,c) : c ∈ C }}.

A subset C of a metric space (Y ,Θ) is called a Chebyshev set if, for each point υ ∈Y , there

exists a unique point z ∈ C such that

Θ(υ ,z) = Θ(υ ,C ) = inf{Θ(υ ,y) : y ∈ C }.

If C is a Chebyshev set, then the nearest point projection P : Y →C can be defined by assigning

z to υ .

Proposition 1. [13] . Let (Y ,Θ) be a complete UC hyperbolic metric space. Every closed

convex subset C of Y is a Chebyshev set.

Definition 5. [21]. Consider a bounded sequence {υn} in a hyperbolic metric space (Y ,Θ).

The sequence {υn} is said to ∆-converge to υ if υ is the unique asymptotic center for every

subsequence {ρn} derived from {υn}. We use the notation υn
ω−→ υ .

Definition 6. [16]. A function ψ : C → C , where F(ψ) 6= /0, satisfies Condition (I) if there

exists a function f : [0,+∞)→ [0,+∞) such that the following hold:

(1) f (r)> 0 for r ∈ (0,+∞) and f (0) = 0.

(2) Θ(υ ,ψ(υ))≥ f (Θ(υ ,F(ψ))) for all υ ∈ C ,

where Θ(υ ,F(ψ)) = inf{Θ(υ ,ϑ) : ϑ ∈ F(ψ)}.

Definition 7. Consider a metric space (Y ,Θ) and let C ⊂Y with C 6= /0. A mapping ψ : C →

C is called compact if the closure of ψ(C ) is compact.

Recently, Khamsi and Shukri [9] broadened the Gromov geometric definition of CAT(0)

metric spaces to include cases where the comparison triangles are located within a general

Banach space. Specifically, this includes cases where the Banach space is `p with p≥ 2.
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Definition 8. [9]. A geodesic metric space (Y ,Θ) is called a CATp(0) metric space if, for any

geodesic triangle ∆ in Y , there exists a corresponding comparison triangle ∆̄ in `p that satisfies

the comparison axiom. This means that for all points υ ,y ∈ ∆ and their respective comparison

points ῡ , ȳ ∈ ∆̄, the inequality

Θ(υ ,y)≤ ‖ῡ− ȳ‖

holds.

It is clear that CAT2(0) metric spaces are precisely the traditional CAT(0) metric spaces.

Moreover, while `p spaces for p 6= 2 are examples of CATp(0) metric spaces, they do not

qualify as CAT(0) metric spaces [9].

Lemma 1. [7]. (Y ,Θ) be a complete UC hyperbolic metric space. Let {υn} and {ϑn} be

two bounded sequences in Y and λ ∈ (0,1). Suppose that υn+1 = (1− λ )υn ⊕ λϑn with

Θ(ϑn+1,ϑn)≤Θ(υn+1,υn) ∀ n ∈ N. Then

lim
n→∞

Θ(υn,ϑn) = 0.

3. α -CONVEX GENERALIZED NONEXPANSIVE MAPPING

In this section, we extend the class of α-CGNE mappings in nonlinear spaces:

Definition 9. Let (Y ,Θ) be a hyperbolic metric space, and let C be a convex subset of Y such

that C 6= /0. A mapping ψ : C →C is said to be α-convex generalized nonexpansive (α-CGNE)

if there exists α ∈ (0,1) such that

(2) Θ(ψ((1−α)υ⊕αψ(υ)),ψ(σ))≤ (1−α)Θ(υ ,σ)+αΘ(ψ(υ),σ)

for all υ ,σ ∈ C .

The following example shows that the α-CGNE is more general class of mapping than Con-

dition (C).

Example 1. [20]. Let C = [0,4]⊂ R with the usual norm. Define ψ : C → C by

ψ(υ) =


0, if υ 6= 4

36
19 , if υ = 4
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The mapping ψ is α-convex generalized for α =
9

10
. On the other hand, ψ does not satisfy

condition (C). Hence ψ is not nonexpansive mapping.

We prove the following important Lemma:

Lemma 2. Let (Y ,Θ) be a hyperbolic metric space. Let C ⊂ Y such that C 6= /0, C be a

convex. Let ψ : C → C be an α-CGNE mapping Then

(3) Θ(υ ,ψ(σ))≤ (1+2α)Θ(υ ,ψ(υ))+Θ(υ ,σ)

holds for all υ ,σ ∈ C . That is, the mapping ψ satisfies condition (E).

Proof. By the triangle inequality, we have

Θ(υ ,ψ(σ))≤Θ(υ ,ψ((1−α)υ⊕αψ(υ)))+Θ(ψ((1−α)υ⊕αψ(υ)),ψ(σ))

≤Θ(υ ,(1−α)υ⊕αψ(υ))+Θ((1−α)υ⊕αψ(υ),ψ((1−α)υ⊕αψ(υ)))

+Θ(ψ((1−α)υ⊕αψ(υ)),ψ(σ))

= αΘ(υ ,ψ(υ))+Θ((1−α)υ⊕αψ(υ),ψ((1−α)υ⊕αψ(υ)))

+Θ(ψ((1−α)υ⊕αψ(υ)),ψ(σ)).

By the condition on the mapping ψ , we have

Θ(υ ,ψ(σ))≤ αΘ(υ ,ψ(υ))+Θ((1−α)υ⊕αψ(υ),ψ((1−α)υ⊕αψ(υ)))

+(1−α)Θ(υ ,σ)+αΘ(ψ(υ),σ)

≤ αΘ(υ ,ψ(υ))+Θ((1−α)υ⊕αψ(υ),ψ((1−α)υ⊕αψ(υ)))

+(1−α)Θ(υ ,σ)+αΘ(υ ,σ)+αΘ(υ ,ψ(υ))

≤ 2αΘ(υ ,ψ(υ))+Θ((1−α)υ⊕αψ(υ),ψ((1−α)υ⊕αψ(υ)))+Θ(υ ,σ)

≤ 2αΘ(υ ,ψ(υ))+Θ((1−α)υ⊕αψ(υ),ψ(υ))

+Θ(ψ(υ),ψ((1−α)υ⊕αψ(υ)))+Θ(υ ,σ)

≤ 2αΘ(υ ,ψ(υ))+(1−α)Θ(υ ,ψ(υ))+Θ(ψ(υ),ψ((1−α)υ⊕αψ(υ)))

+Θ(υ ,σ)



8 RAHUL SHUKLA

By the condition on the mapping ψ , we obtain

Θ(υ ,ψ(σ))≤ (1+α)Θ(υ ,ψ(υ))+αΘ(υ ,ψ(υ)))+Θ(υ ,σ)

= (1+2α)Θ(υ ,ψ(υ))+Θ(υ ,σ).

By taking µ = (1+2α), we can conclude the proof. �

Example 2. Let ψ be a mapping on [0,4] defined by

ψ(υ) =


0 if υ 6= 4

3 if υ = 4

Then the mapping ψ satisfies condition (E) and the mapping ψ is not α-CGNE mapping.

Proposition 2. Let (Y ,Θ) be a hyperbolic metric space. Let C ⊂ Y such that C 6= /0, C be a

convex and ψ : C → C be an α-CGNE mapping with F(ψ) 6= /0. Then ψ is a QNE mapping.

Lemma 3. Let (Y ,Θ) be a complete UC-hyperbolic metric space, and let C ⊂ Y be a non-

empty, bounded, convex subset. Suppose that ψ : C → C is an α-CGNE mapping. For a given

υ0 ∈ C , define the sequence {υn} recursively by

(4) υn+1 = (1−α)υn⊕αψ(υn)

for each n∈N∪{0}. Then, the lim
n→∞

Θ(υn,ψ(υn)) = 0 holds, indicating that {υn} is an approx-

imate fixed point sequence (a.f.p.s.) of ψ .

Proof. From (4) and (1), we obtain

Θ(υn,υn+1) = αΘ(υn,ψ(υn)).

Since ψ is an α-CGNE mapping, it follows that

Θ(ψ(υn+1),ψ(υn)) = Θ(ψ((1−α)υn⊕αψ(υn)),ψ(υn))

≤ (1−α)Θ(υn,υn)+αΘ(υn,ψ(υn))

= αΘ(υn,ψ(υn))

= Θ(υn,υn+1)
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for all n ∈ N. Applying Lemma 1, we conclude that lim
n→∞

Θ(υn,ψ(υn)) = 0. �

We now turn to examining the existence of fixed points for α-CGNE mappings in complete

UC hyperbolic metric spaces.

Theorem 1. Let (Y ,Θ) be a complete UC hyperbolic metric space, and let C ⊂ Y be a non-

empty, bounded, closed, and convex subset. Suppose ψ : C → C is an α-CGNE mapping. Then

ψ has a fixed point in C .

Proof. Consider an initial point υ0 ∈ C , and define a sequence {υn} by the recursive formula

υn+1 = (1−α)υn⊕αψ(υn) ∀ n ∈ N∪{0}.

According to [13, Proposition 3.3], the sequence {υn} has a unique asymptotic center with

respect to C . Let {z} = A(C ,{υn}); by definition of the asymptotic center A(C ,{υn}), it

follows that z ∈ C .

From Lemma 3, we obtain

(5) lim
n→∞

Θ(ψ(υn),υn) = 0.

Moreover, by (3), we have

Θ(υn,ψ(z))≤ (1+2α)Θ(ψ(υn),υn)+Θ(υn,z).

From (5), it follows that

limsup
n→∞

Θ(υn,ψ(z))≤ limsup
n→∞

Θ(υn,z).

Thus,

r(ψ(z),{υn})≤ r(z,{υn}).

Since the asymptotic center of {υn} is unique, it follows that z = ψ(z), proving that z is a fixed

point of ψ . �

Corollary 1 extends [4, Theorem 3.3] to a broader class of mappings.

Corollary 1. Let Y be a complete CATp(0) metric space, with p ≥ 2. Let C ⊂ Y such that

C 6= /0, C be a bounded closed convex. Let ψ : C → C be an α-CGNE mapping. Then ψ has a

fixed point in C .
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Utilizing Theorem 1 and Proposition 2 along with [1, Lemma 6.2], we obtain the following

corollary.

Corollary 2. Let (Y ,Θ) be a complete UC hyperbolic metric space and C ⊂ Y such that

C 6= /0, C be bounded closed convex. Let ψ : C → C be an α-CGNE mapping. Then F(ψ) is

nonempty closed and convex.

Theorem 2. Let (Y ,Θ) be a complete UC hyperbolic metric space, and let C ⊂ Y be a non-

empty, bounded, closed, and convex subset. Suppose
{

ψ j
}∞

j=1 is a countable family of commut-

ing α-CGNE mappings. Then
{

ψ j
}∞

j=1 has a common fixed point.

Proof. For each n ∈ N, define

Cn :=
n⋂

j=1

F(ψ j).

Thus, C1 = F(ψ1). By Corollary 2, C1 is a non-empty, closed, and convex subset of Y , and

since C1 ⊂C , it is also bounded. Now, let k ∈N with k≥ 2 and assume that Ck−1 is non-empty,

closed, bounded, and convex. We claim that Ck is also non-empty, closed, bounded, and convex.

Since Ck−1 6= /0, take any υ ∈ Ck−1 and j ∈N with 1≤ j < k. Given that
{

ψ j
}∞

j=1 is a family

of commuting mappings, ψk and ψ j commute, so we have

ψk(υ) = ψk ◦ψ j(υ) = ψ j ◦ψk(υ).

Thus, ψk(υ) is a fixed point of ψ j, implying that ψk(υ) ∈ Ck−1. Therefore, ψk(Ck−1)⊂ Ck−1.

By Theorem 1, ψk has a fixed point in Ck−1, and hence

Ck = Ck−1∩F(ψk) 6= /0.

Using Corollary 2, we find that Ck is closed and convex. By induction, Cn is non-empty, closed,

bounded, and convex for all n ∈ N, and Cn ⊂ Cn−1 for all n ∈ N.

Applying [11, Proposition 2.2], we conclude that

∞⋂
j=1

F(ψ j) =
∞⋂

n=1

Cn 6= /0.

This completes the proof. �
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Corollary 3. Let Y be a complete CATp(0) metric space, with p ≥ 2. Let C ⊂ Y such that

C 6= /0, C be a bounded closed convex. Let
{

ψ j
}∞

j=1 be a countable family of commuting an

α-CGNE mapping. Then
{

ψ j
}∞

j=1 has a common fixed point.

Lemma 4. Let (Y ,Θ,W ) be a complete UC hyperbolic metric space, and let C ⊂ Y be a

non-empty, bounded, closed, and convex subset. Suppose ψ : C → C is an α-CGNE mapping.

For an initial point υ0 ∈ C , define the sequence {υn} iteratively as follows:

(6) υn+1 = (1−α)υn⊕αψ(υn)

for each n ∈ N∪{0}. Then lim
n→∞

Θ(υn, p) exists for any υ† ∈ F(ψ).

Proof. According to Theorem 1, F(ψ) 6= /0. Take any υ† ∈ F(ψ). Using property (W1) and

Proposition 2, we have

Θ(υn+1,υ
†) = Θ((1−α)υn⊕αψ(υn),υ

†)

≤ (1−α)Θ(υn,υ
†)+αΘ(ψ(υn),υ

†)

≤Θ(υn,υ
†).

This shows that

Θ(υn+1,υ
†)≤Θ(υn,υ

†).

Thus, the sequence {Θ(υn,υ
†)} is bounded and monotone for all υ† ∈ F(ψ). Therefore, the

limit exists as required. �

Now we prove our ∆ convergence theorem.

Theorem 3. Let (Y ,Θ) be a complete UC hyperbolic metric space, and let C ⊂ Y be a non-

empty, bounded, closed, and convex set. Suppose ψ : C → C is an α-CGNE mapping. Let

υ0 ∈ C , and define the sequence {υn} by the iterative relation

(7) υn+1 = (1−α)υn⊕αψ(υn)

for all n ∈ N∪{0}. Then the sequence {υn} ∆-converges to a point in F(ψ).



12 RAHUL SHUKLA

Proof. By Theorem 1, we know that F(ψ) 6= /0. Let z† ∈ F(ψ). According to Lemma 4, the

sequence {Θ(υn,z†)} satisfies the inequality

Θ(υn+1,z†)≤Θ(υn,z†),

for all z† ∈ F(ψ). This implies that the sequence {υn} is Fejér monotone with respect to F(ψ).

Since F(ψ) is closed and convex by Corollary 2, and using [13, Proposition 3.3], the sequence

{υn} has a unique asymptotic center, denoted by w†, with respect to F(ψ).

Next, let {ρn} be a subsequence of {υn}. Again, by [13, Proposition 3.3], the subsequence

{ρn} has a unique asymptotic center, denoted by ρ†, with respect to F(ψ). Now, applying the

inequality from Lemma 3, we get

Θ(ρn,ψ(ρ†))≤ (1+2α)Θ(ψ(ρn),ρn)+Θ(ρn,ρ
†).

Using the fact that limn→∞ Θ(υn,ψ(υn)) = 0, we obtain

Θ(ρn,ψ(ρ†))≤Θ(ρn,ρ
†).

By [13, Lemma 3.2], we know that ψ(ρ†) = ρ†. Finally, using [1, Lemma 6.1 (iii)], we con-

clude that the sequence {υn} ∆-converges to a point in F(ψ). �

Corollary 4. Let Y be a complete CATp(0) metric space, with p ≥ 2. Let C ⊂ Y such that

C 6= /0, C be a bounded closed convex. Let ψ : C → C be an α-CGNE mapping. Let υ0 ∈ C

and consider the sequence {υn} by the successive iteration

(8) υn+1 = (1−α)υn⊕αψ (υn)

for any n ∈ N∪{0}. Then the sequence {υn} ∆-converges to a point in F(ψ).

The following result is analogous to the demi-closed principle established by Göhde [8] in

uniformly convex Banach spaces.

Proposition 3. Let (Y ,Θ) be a complete UC hyperbolic metric space and C ⊂ Y such that

C 6= /0, C be bounded closed convex. Let ψ : C → C be an α-CGNE mapping. If {υn} ⊂ C is

an a.f.p.s. of ψ , i.e., lim
n→∞

Θ(υn,ψ(υn)) = 0, such that υn
ω−→ υ , then υ is a fixed point of ψ .
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Proof. Since υn
ω−→ υ , the point υ serves as the asymptotic center for every subsequence {un}

of {υn}. Additionally, {un} forms an a.f.p.s. for ψ . By closely following the argument in

Theorem 3, we conclude that the asymptotic center of {un} is a fixed point of ψ . Hence, the

result follows. �

Theorem 4. Let Y , C , ψ , and {υn} be as defined in Theorem 3. If ψ is a compact mapping,

then the sequence {υn} strongly converges to a point in F(ψ).

Proof. From Lemma 4, it is clear that the sequence {υn} is bounded. Furthermore, applying

Lemma 3, we obtain

(9) lim
n→∞

Θ(υn,ψ(υn)) = 0.

Since ψ is a compact mapping, the image of C under ψ is contained within a compact set.

Therefore, there exists a subsequence {ψ(υn j)} of {ψ(υn)} that converges strongly to some

point υ† ∈ C . Given (9), we deduce that the subsequence {υn j} must strongly converge to υ†.

Next, using the inequality from Lemma 3 and (9), we have

Θ(υn j ,ψ(υ†))≤ (1+2α)Θ(υn j ,ψ(υn j))+Θ(υn j ,υ
†)≤Θ(υn j ,υ

†).

Thus, the subsequence {υn j} strongly converges to ψ(υ†), which implies that ψ(υ†) = υ†.

Finally, since limn→∞ Θ(υn,υ
†) exists, we conclude that the entire sequence {υn} strongly

converges to a point in F(ψ). �

Corollary 5. Let Y be a complete CATp(0) metric space, with p ≥ 2. Let C ⊂ Y such that

C 6= /0, C be a bounded closed convex. Let ψ : C → C be an α-CGNE mapping. Let υ0 ∈ C

and consider the sequence {υn} by the successive iteration

(10) υn+1 = (1−α)υn⊕αψ (υn)

for any n ∈ N∪{0}. If ψ is a compact mapping, then the sequence {υn} strongly converges to

a point in F(ψ).

By assuming compactness on the set and relaxing the compactness condition on the mapping,

Theorem 3.7 leads to the following result.
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Corollary 6. Let (Y ,Θ) be a complete UC hyperbolic metric space and C ⊂ Y such that

C 6= /0, C be a compact convex. Let ψ : C → C be an α-CGNE mapping. Let υ0 ∈ C and

define the sequence {υn} by the successive iteration

(11) υn+1 = (1−α)υn⊕αψ (υn)

for any n ∈ N∪{0}. Then the sequence {υn} strongly converges to a point in F(ψ).

Theorem 5. Let Y , C , ψ , and {υn} be as defined in Theorem 3. If the mapping ψ satisfies

condition (I), then the sequence {υn} strongly converges to a point in F(ψ).

Proof. By Lemma 4, the sequence {Θ(υn,z†)} is monotonically non-increasing for all z† ∈

F(ψ). Hence, the sequence {Θ(υn,F(ψ))} is also monotonic and non-increasing, implying

that the limit

lim
n→∞

Θ(υn,F(ψ))

exists. According to Lemma 3, we obtain the following result:

(12) lim
n→∞

Θ(υn,ψ(υn)) = 0.

Since ψ satisfies condition (I), we have

Θ(υn,ψ(υn))≥ f (Θ(υn,F(ψ))).

From the above, it follows that

lim
n→∞

f (Θ(υn,F(ψ))) = 0,

and consequently,

lim
n→∞

Θ(υn,F(ψ)) = 0.

Now, we demonstrate that the sequence {υn} is Cauchy. For any ε > 0, from the equation

limn→∞ Θ(υn,F(ψ)) = 0, there exists an n0 ∈ N such that for all n≥ n0,

Θ(υn,F(ψ))<
ε

4
.

Thus, there exists z† ∈ F(ψ) such that

Θ(υn0,z
†)<

ε

2
.
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Now, for all m,n≥ n0, we have

Θ(υn+m,υn)≤Θ(υn+m,z†)+Θ(z†,υn)≤ 2Θ(υn0,z
†)< ε.

Thus, the sequence {υn} is Cauchy. Since C is closed in Y , the sequence {υn} converges to

some υ† ∈ C .

Next, by condition on mapping, we have

Θ(υ†,ψ(υ†)) ≤ Θ(υ†,υn)+Θ(υn,ψ(υ†))

≤ Θ(υ†,υn)+(1+2α)Θ(υn,ψ(υn))+Θ(υ†,υn).

From (12), we obtain that υ† = ψ(υ†). Therefore, the sequence {υn} strongly converges to a

point in F(ψ). �

Corollary 7. Let Y be a complete CATp(0) metric space, with p ≥ 2. Let C ⊂ Y such that

C 6= /0, C be a bounded closed convex. Let ψ : C → C be an α-CGNE mapping. Let υ0 ∈ C

and consider the sequence {υn} by the successive iteration

(13) υn+1 = (1−α)υn⊕αψ (υn)

for any n ∈N∪{0}}. If ψ is a compact mapping, then the sequence {υn} strongly converges to

a point in F(ψ).

Lemma 5. Let (Y ,Θ) be a complete UC hyperbolic metric space. Let C ⊂Y such that C 6= /0,

C be a bounded closed convex. Let ψ : C → C be an α-CGNE mapping. Then F(ψ) is

Chebyshev subset.

Proof. The proof can be completed in view of Corollary 2 and Proposition 1 �

Finally, we investigate the convergence of fixed-point theorems for α-CGNE mappings in

complete UC hyperbolic metric spaces, utilizing the concept of the nearest point projection. We

then establish the following convergence result.

Theorem 6. Let (Y ,Θ) be a complete UC hyperbolic metric space, and let C ⊂ Y be a non-

empty, bounded, closed, and convex set. Let ψ : C → C be an α-CGNE mapping. Define the
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sequence {υn} by υ0 ∈ C and

υn+1 = (1−α)υn⊕αψ(υn)

for all n ∈ N∪ {0}. Let PF(ψ) be the nearest point projection of C onto F(ψ). Then, the

sequence {PF(ψ)(υn)} converges strongly to a fixed point of ψ .

Proof. By Theorem 3, the sequence {υn} converges weakly to a point υ ∈F(ψ), with υ serving

as the unique asymptotic center of the sequence. Additionally, by Lemma 5, the sequence

{PF(ψ)(υn)} is well-defined. Our goal is to show that {PF(ψ)(υn)} strongly converges to υ .

We proceed by contradiction. Suppose there exists ε > 0 and a subsequence {PF(ψ)(υni)} such

that Θ(PF(ψ)(υni),υ)≥ ε for all ni ≥ 1.

Since Y is a UC hyperbolic metric space, there exists a function η(s,ε) > 0 (for every s ≥ 0

and ε > 0) such that δ (r,ε) > η(s,ε) for any r > s. Let R = Θ(υ1,υ) > 0 (otherwise, {υn}

would be constant). It follows that δ

(
Θ(υni,υ),

ε

R

)
> η for all ni ≥ 1.

Now consider the inequality

Θ

(
υni,

1
2

υ⊕ 1
2

PF(ψ)(υni)

)
≤Θ(υni,υ)

(
1−δ

(
Θ(υni,υ),

ε

R

))
,

which simplifies to

(14) Θ

(
υni,

1
2

υ⊕ 1
2

PF(ψ)(υni)

)
≤Θ(υni,υ)(1−η)

for all ni ≥ 1. By Corollary 2, the convexity of F(ψ) ensures that 1
2υ ⊕ 1

2PF(ψ)(υni) ∈ F(ψ).

Using the properties of the projection PF(ψ), we obtain

Θ(υni,PF(ψ)(υni))≤Θ

(
υni,

1
2

υ⊕ 1
2

PF(ψ)(υni)

)
for each ni ≥ 1. Using (14), we have

(15) Θ(υni,PF(ψ)(υni))≤Θ(υni,υ)(1−η)

for each ni ≥ 1. Furthermore,

Θ(υni+1,PF(ψ)(υni)) = Θ((1−α)υni⊕αψ(υni),PF(ψ)(υni))

≤ (1−α)Θ(υni,PF(ψ)(υni))+αΘ(ψ(υni),PF(ψ)(υni))
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≤ Θ(υni,PF(ψ)(υni))

by induction on m≥ 1, we have

Θ(υni+m,PF(ψ)(υni))≤Θ(υni,PF(ψ)(υni)).

Thus, from (15)

Θ(υni+m,PF(ψ)(υni))≤Θ(υni,υ)(1−η)

for all ni ≥ 1. Since PF(ψ)(υni) ∈ F(ψ), the sequence {Θ(υn,PF(ψ)(υni))} is non-increasing in

n for fixed ni. Therefore,

limsup
m→∞

Θ(υni+m,PF(ψ)(υni)) = lim
n→∞

Θ(υn,PF(ψ)(υni))≤Θ(υni,υ)(1−η)

for all ni ≥ 1. Given that υ is the asymptotic center of {υn}, we also have

lim
n→∞

Θ(υn,υ)≤ lim
n→∞

Θ(υn,PF(ψ)(υni))≤Θ(υni,υ)(1−η).

Taking the limit as ni→ ∞, we obtain

lim
n→∞

Θ(υn,υ)≤ lim
n→∞

Θ(υn,υ)(1−η),

which leads to a contradiction because 1 ≤ 1− η is impossible. Therefore, the assumption

that there exists a subsequence with Θ(PF(ψ)(υni),υ) ≥ ε must be false. Hence, the sequence

{PF(ψ)(υn)} strongly converges to υ . �

Corollary 8. Let Y be a complete CATp(0) metric space, with p ≥ 2. Let C ⊂ Y such that

C 6= /0, C be a bounded closed convex. Let ψ : C → C be an α-CGNE mapping. Let υ0 ∈ C

and define the sequence {υn} by

υn+1 = (1−α)υn⊕αψ(υn) ∀ n ∈ N∪{0}.

Then, the sequence {PF(ψ)(υn)} converges strongly to a fixed point of ψ .
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