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Abstract. In this paper, we propose a new IS-LM model that describes the dynamics of business cycle by taking
into account the memory effect in both goods and money markets involving the generalized Hattaf fractional
(GHF) derivative. By mains of the fixed point theory, we prove the existence and uniqueness of solutions of
our proposed fractional model. Moreover, the existence of the economic equilibrium and its local stability are
rigorously established. Finally, numerical simulations are presented to illustrate the effect of memory on the
dynamical behavior of the proposed model.
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1. INTRODUCTION

Memory means the existence of a response or endogenous variable at the current moment that
is dependent on historical changes in the input or exogenous variable over a finite or infinite
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period of time. In other words, a system’s memory is the ability of its current state to be
influenced by past changes in its input conditions. This characteristic permits the system to
retain, retrieve and remember past information and use it to modify future responses. In this
sense, memory is a process that allows the system to incorporate effects from the past and use
them to shape its current response.

The concept of memory can be seen in many different domains. In biology, memory con-
cerns the ability of living organisms to store and recall information, often linked to learning
which allows behaviors to be adjusted according to experienced responses and to adaptation
which ensures the evolution of organisms in the long term. In materials science, materials
with shape memory exhibit this property by returning to their original shape when exposed to
certain conditions, such as heat, after being deformed. In psychology, memory helps explain
why certain information, such as items at the beginning or end of a list, is easier to remember,
known as precedence and repetition effects. Furthermore, memory in economics refers to the
set of knowledge, experiences and information that a society has accumulated over time. This
includes economic events, policies and social and cultural norms that influence economic be-
havior. This memory is essential for consumer and investor decisions because past events, such
as financial crises, affect their risk management and future choices. Therefore, memory plays a
key role in economic stability, growth and development.

On the other hand, to model the memory effect, the fractional order derivative proves to be
a particularly powerful and suitable tool. It captures and accurately represents the complex
dependency between the current state of a system and its history, offering an advanced math-
ematical method for modeling economic phenomena where the influence of the past plays a
significant role in future behavior. For instance, Xie et al. [1] studied a new delayed fractional-
order model for business cycle with a general liquidity preference function and an investment
function and they obtained some conditions of stability and Hopf bifurcation. In 2021, Wang
et al. [2] demonstrated the influence of the fractional order on the bifurcation threshold on a
Kaldorian business cycle model with investment and money supply time delay using Caputo

fractional derivative.
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The aim of this work is to extend and generalize the main results of [3] without time delay to
the fractional framework using the new generalized Hattaf fractional (GHF) derivative [4]. This
new fractional derivative generalizes the most fractional derivatives with non-singular kernels
like the Caputo-Fabrizio fractional derivative [5], the Atangana-Baleanu fractional derivative
[6] and the recent weighted Atangana—Baleanu fractional derivative presented [7]. Moreover,
many researchers have used the GHF derivative to model the dynamics of various scientific and
engineering fields [8, 9, 10].

The rest of our paper is organized as follows. The next section is devoted with some basic
definitions and results needed for this work. In section 3, we reconstruct the fractional IS-LM
model with the new GHF derivative. After, we prove the main results of this work through the
existence and uniqueness of the solution, the existence of economic equilibrium and its stability
analysis. Numerical simulations are presented in Section 4 to illustrate our theoretical results.

We end up our paper with a conclusion in Section 5.

2. PRELIMINARIES

We start this section by introducing some fundamental definitions and results from fractional

calculus that are essential for this study.

Definition 2.1. [4] Let p € [0,1), ¢,y > 0 and f € H'(a,b). The GHF derivative of order p
in the Caputo sense of the function f(t) with respect to the weight function @(t) is defined as

follows:

N(p) 1

- T [ Bl L@ @,

(1) DY F(r)

where ® € C'(a,b), ® >0 on [a,b], N(p) is a normalization function such that N(0) = N(1) =

~+oo
Lu,= % and E,(t) = ;Eo Hth]:Ll) is the Mittag-Leffler function of parameter q.

The GHF derivative introduced in the above definition generalizes and extends many special
cases. In the fact, when @(r) = 1 and ¢ = y = 1, we get the Caputo-Fabrizio fractional derivative
[5], which is given by

D710 = 722 [ expl-ole— 2 (.
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We obtain the Atangana-Baleanu fractional derivative [6] when @(7) = 1 and g = ¥ = p, which
is given by

D17 s0) = T2 [ Ef-uple 7)1 ()ae
For g = v = p, we get the weighted Atangana-Baleanu fractional derivative [7], which is given

by

For simplicity, we denote € D? ’tq by .@f 4. According to [4], the generalized Hattaf fractional

integral operator associated to .@f is defined by

@) SPEF(r) = }V;—p’j O ]

where KE faq@ is the standard weighted Riemann-Liouville fractional integral of order g defined

by

RL z4 _ 1 t —r)e!
3) Zof0) = Foy o |, 1~ 0 0@ @z
Lemma 2.2. [4] Let p € [0,1], ¢ > 0 and f € H'(a,b). Then we have the following property:
Pa(gPa 0y — f(r)— L@@
(4) ja,co(@a,cof) (t) - f(t) w(l) :

Lemma 2.3. [4] The Laplace transform of o(t ).@p 4 is given by

N(p) s*Z{0(1)f(1)}(s) = s @(0)f(0)
l—p s+ Up

L{o(t) Ty f (1)} (s) =

Lemma 2.4. [11] Let ¢ > 0, x(t), u(t) be nonnegative functions and v(t) = M > 0 with N(p) —
(1—p)M>0. If
x(r) <u(t) +MILAx(t),

then

N(p) 'y (M) (=) ()
x(r) < N(p)—(1—p)M [WH/O n;l T(ng) [N(p) — (1 —P)M]ndT] .

Furthermore, if in addition u(t) is a nondecreasing function on [0,T], we have

N(p)u(?) pMT?
= Ny — (1— py™ (N(p) - —P)M> |

For the existence and uniqueness of solution of our model, we need the following result.
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Lemma 2.5. (Krasnoselskii’s fixed point theorem [12, 13]) Let E be a nonempty closed convex
subset of a Banach space (¢ ,||.||). Suppose that 4, and %, map E into € such that
0): Y1 +% vy, €E, forall y,w, € E;
(ii): ¢ is a contraction mapping;

(iii): %, is continuous and % (E) is contained in a compact subset of €.

Then 91 + %, has a fixed point y € E.

3. MAIN RESULTS

In this section, we first propose a fractional IS-LM model involving the GHF derivative.

This model is governed by the following nonlinear system of fractional differential equations

(FDEs),
DhaY (1) = alI(Y (1),K(1),R(1)) = s1Y (1) — s2R(1)],
®) Dy oK () =1(Y(1),K(1),R(r)) — 8K(1),
Dy oR(t) = BIL(Y (1),R(1)) — M,

where Y (¢), K(t) and R(t) respectively represent the gross product, the capital stock and the
interest rate at time ¢. The parameter o is the adjustment coefficient in the goods market while
B is the coefficient of adjustment in the money market. The demand for money or liquidity
preference function is labeled by L(Y,R) while the investment is presented by /(Y,K,R). The
constant money supply is denoted by M. The positive constants s and s, are the propensities
to save. Finally, 6 is depreciation rate of the capital stock. In addition, we consider model (5)

with the initial conditions:

Y(0) = Yo,
(6) K(0) = Ko,
R(0) =Ry

Next, we investigate the existence and uniqueness of solutions of system (5) by means of
fixed point theory. As in [3], we assume that the liquidity preference function L(Y,R) is of the
form L(Y,R) = .Z(Y) — YR, where y measures the variation of demand of liquidity related to

interest rate.
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Let ¥ = C([0,b],R?) be the Banach space of continuous functions g from [0,5] into R?

equipped with the sup-norm

lgll = sup [g(7)]-
t€[0,b]

The system (5) can be written as follows:
Dy aZ(t) =F(1,Z(1)),
Z(0) = Zy,

(7

where Z(t) = (Y (¢),K(t),R(¢))T, Zo = (Y(0),K(0),R(0))” and the vector function F is given
by

F o[l(Y,K,R) —s1Y — 52K
F=|Fm|= I(Y,K,R) — 0K
F BlZ(Y)—YR—M]
Applying the Hattaf fractional integral to both sides of (5), we get
0)Z(0
(8) 2(r) = % + ol (2Z(1)
_0(0)Zy 1-p p 1 1 g
= %o NG A g y ¢ O e 2

We will now prove that F is Lipschitz in its second variable. This leads to the following lemma.
Lemma 3.1. The vector F is Lipschtiz in its second variable.

Proof. We have

F(t,20) = F(t,22)] = |Fi(t,21(t)) = F1(1,22(0)) | + [F2(Z1 (1)) — Fa(22(2))
+IF3(Z1 (1)) = F3(2(1))]
= all(Y1(1),Ki(1),R1 (1)) = s1Y1 (1) — 2Ry (1) = I(Ya(2), K2 (2), Ra(2))
+51Y2(t) +s2Ra (1) |+ [1(V1 (1), K1 (2), R (1))
—0Ki (1) —1(Y2(2), Ka(1), Ra (1)) + 8 K> (1))

+BIL (Y1) — YR (1) =M — £ (Va(t)) + YRy (1) + M|

IN

(o + DY (1), Ki (), R (1)) = 1(Ya(2), K2 (1), Ra (1))
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+ous Y1 (1) = Yo (1) + as2|Ri (1) — Ra (1))
+6[K1(1t) — K2 (1) |+ B|L (Y1 (1)) — Z(Ya(1))]
+BYIR (1) — Ra(2)]

(a+1)(m|Y1(2) = Ya(t)| +ma| Ky (1) — K2 (2)]

IA

+ma|Ry (1) = Ra(1)]) + asy [Y1 (1) — Yo (1))
asa|Ri (1) — Ra (1) + 6|Ki (1) — Ka(1)]

+BYIR (1) = Ro (1) + BL (V) Y1 (1) — V2 (1),

where m; = sup |3I(Y(f)71§2)£f)7132(f)) l,my = sup ‘31 Yy (t )flg)»Rz(l)) |, ms3 = sup |31 Yy (t )&Klle(t)7R(t))|
t€[0,b] 1€[0,b] t€[0,b]
and my = sup | -Z'Y (¢)|. Hence, the Lipschitz condition holds and F satisfies
t€[0,b]
) |F(I7Z1)_F(t722)|§D|ZI_ZZ|7
where D = max {(a+ 1)m; + asy + Bma, (€ + 1)my+ 8, (o + 1)m3 + as + By} O

Next, we consider the following hypothesis:

(Hp): There exist positive constants ¢; and ¢, such that

[F(6,Z(1))] < 91]|Z]] + ¢2.

Further, we define the operators ¢ and %, such that:

G2(r) = “’(f)‘)(i)Z°+;(‘p§F<r,z<r>>,
D7(t) = m /Ot(t—r)q_la)(r)F(r,Z(r))dr.

Also, we put ) = ( 1}/(7;) + N(p)plib(qq +1)) ¢1. Hence, we have the following result.

Theorem 3.2. Assume that (Hy) holds. Then model (5) has at least one solution if 8; < 1 and

D(1-p)
N(p)

< 1.

Proof. Consider E,, = {Z € € : ||Z|| < m} is closed convex set with m >

|Zo\+<l L+ N >¢2

Tn 9 , where 6, =
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First, we prove that 4,y + %y, € E,, for all y1, ¥, € E,,. By hypothesis (Hy), we obtain

0w(0)Zy 1—p
o(t) N(p)
p ! -

e e e (e

{‘ (D(O)Z()

o(t)

[G1v1+%y|| = max

F
max (¢ v (1)

l—p
+N(p) |F(I7W1(t))|

IN

max
1€[0,b]

p ! _
T AL IR

As 0(0) < o(t) for all > 0, we have

pb?
m(%HWﬂH%)

B 1—p pbi 1—p pb?
- i+ (xh et (v + )

= 6+0m<m.

1—
v+ Sl < 1Z0l+ o s(@illill+ o)+

This confirms that ¢, y; + %y, € E,,. Hence, the condition (i) of Lemma 2.5 is verified.

Now, we demonstrate that 4 is a contraction mapping. Let Z, Z € E,,, we have

P\F(t,2(0)) — F(e,20))]

|9Z — 4, Z|| = max

rf0.] N(p)
1— -
<Pz g
N(p)
Since DI(\,I(X ) <1 , we deduce that ¢ is a contraction mapping. Thus, the condition (i) of

Lemma 2.5 is satisfied.

Finally, we show that the condition (iii) of Lemma 2.5 is satisfied. To do this, we prove
that % is continuous, uniform bounded and equicontinuous. Obviously, the operator %, is
continuous because of the continuity of F.

Let Z € E,, , we have

||Z|| = max

1€[0,b] t—1) ' o(t)F(r,2(1))dt

p t
e A
< —pbq
“ N(p)T(g+1)

pb?
“N(p)T(g+1)

[9111Z]] + ¢2]

(p1m—+¢n).
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Hence, ¢, is uniformly bounded on E,,.

For equicontinuity, let Z € E,, and 11,1, € [0,b] such that #; < ;. Then

|Z(t2) —“Z(1)]

— v | [ S @ [0 - O P z()ar

—N(pfr(q) /0 ”[(’2;(2;_1 - (’1;(';);_1]w(T)F(r,Z(r))dH tltz(tz—r)qlz))étgF(r,Z(r))dr
<sormalh [ Cany et e s

+m /:(tz—r)q 12)’((;))17(1,2@))617

< N @2 s e

b o @l o) (=]

< N e |- .

As t; — 1, the right-hand side of the above inequality tends to zero. Consequently, ¥, is
equicontinuous. By Arzela-Ascoli theorem, we deduce that %, is relatively compact and so
completely continuous. As a result, the condition (iii) of Lemma 2.5 is proved. Therefore, we

conclude that model (5) has at least one solution. O
Theorem 3.3. Assume that D < I;’(T’Q. If Z and X are two solutions of (7), then Z = X. This

implies the uniqueness of solution.

Proof. Let X and Z are two solutions of (7), we get
Z(t) = X(1) =I5 (F(1,Z() = F(1,X(1))) -
Using Lemma 3.1, we deduce that
1Z(t) =X ()| < DI 51Z(1) = X (1)].
According to Lemma 2.4, we get
2() X ()] < A DD

pDr
< ¥t~ (W (1 =775)
This implies that Z(z) = X (¢) for all 7 € [0, b]. O
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Theorem 3.4. If D ( lif(_;) + N(p)plf’((; +1)) < 1, then system (7) has a unique solution for any initial

condition.

Proof. We consider the operator Y : 4 — % as follows
®(0)Z(0)
(1)

It suffices to prove that the operator I has a unique fixed point. We first prove that Y is well

(YZ)(t) = + IS aF (t,Z(1)), 1 € [0,b].

defined. We have

O)(O)Z()
w(t)
0(0)

<|Zo|—=+ 21
<| O|a)(t) 20,0

((YZ)(1)] = | + I uF (2(1))]

F(t,Z(1))|.

As 0(0) < w(t) forall t > 0, F is Lipschitz continuous and ¢ < b, we deduce that F' is bounded

by constant & and
((YZ)(1)| < |Zo| + &7,/ (1)

1—p pbi
Sud+§(N@Y+N@W@+¢Q’

which implies that the operator is well defined. Therefore, for all Z,Z; € € and t € [0,b], we

have
YZy (1) = YZo(t)| = | IG5/ F (1, Z1 (1)) = F (t, Zx(1))]
l—p 14
< |N(p) (F(t,Z1(2)) —F(r,Zz(t)))qu
R J(F(8,21(1) — F (1, Z2(1)))]
1—p p 14
< WMZI —Zz\+WD||Zl —Zz||m-
As a result,

1—p pb1 >
Y7, —Y2, SD( + 2 —2»|.
" =P\ NG ) A

By applying the Banach contraction mapping principle, we deduce that Y is a contraction map-

. . lfp pbq . .
ping if D ( NGy T NOITE +1)> < 1. Then the system (7) has a unique solution. U
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In the order to investigate the existence of equilibria of (5), we consider the following hy-

potheses:

(Hp): There exists two constants A > 0 and g > 0 such that |/(Y,K,R) + gK| < A for all
Y.K,R€R.
. (Z(0)-M) Z(0)-M
(H): w(o 2LQM) LOM) 55 (£(0)~ M) >0,

(0
(H3): 7&)/ & +32'(Y))] 3K+$'( )3— ys1— L (Y) <

Theorem 3.5. If (H,) — (Hz) hold, then system (5) has a unique economic equilibrium defined

o (s YV s (LOY)-M) L)W
by E* = (¥7, 2 Lt

>, such that Y™ is the unique solution of the following
equation

vl (Y, vsi¥ Hzgf(y) M) g(yi_M> —y51¥ —52(L(Y) - M) =0.

Proof. Any equilibrium of (5) is a solution of the following equations

(10) I(Y,K,R) —s1Y —s,R =0,
(11) I(Y,K,R) — 8K =0,
(12) ZL(Y)—yR—M =0.

From (10)-(12), we have

ZY)—-M and K:yle—i—sz(.Z(Y)—M)‘
Y Yo
By replacing (13) in (10), we get

v (Y, ys‘Y“zg‘f(Y) i)} "%(Yi_ﬁ) — 1Y — s, (L(Y)—M) =0.

Therefore, we consider a function y defined on interval [0, 4-o0) as follows

(13) R=

w(Y):w(Y,ysl””%(y)_m,g(Yi_M}—ysly—sz(g(y)—ﬁ).
From (H;) — (Hy), we obtain y(0) > 0, Ylirﬂm y(Y) = —oo and
v =yt [P 2] 2 ) o e - (1) <

Consequently, there exists a unique Y* € (0, 4o0) such that Y* is the solution of the equation

y(Y) = 0. This completes the proof. O
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Next, we establish stability analysis of the economic equilibrium. Lety=Y —Y*, k=K —K*

and r = R — R*. By substituting y, k and r into system (5) and linearizing, we get the following

system

Dg wy(t) = af(a—s1)y(t) +bk(t) + (c — s2)r(1)],
(14) Dy k() = ay(t) + (b — 8)k(r) +cr (1),

Dy ir(t) = Blliy(e) — yr(1)],

where a = 9L(Y*,K*,R*), b= SL(Y*,K*,R*), I, = Z'(Y*)

By applying the Laplace transform to system (14), we obtain

_ dl
>0andc-m

(Y*, K* R¥).

Y (s) bi(s)
A(S)- I?(S) = bz(S) s
R(s) b3(s)
where ¥ (s) = Z{o(t)y(t)}, K(s) = L{a()k(1)}, R(s) = L{o(t)k(t)},
bi(s) = s7"'N(p)@(0)y(0),
ba(s) = s 'N(p)(0)k(0),
b3(s) = s 'N(p)w(0)r(0),
and
X1 X2 X3
Als)=| x4 x5 x6 |
X7 Xg§ X9
with
x1 = s?N(p)—ala—s1)(1—p)|—apy(a—s1)(1-p),
xy = —[abs?(1—p)+pyab(l—p)],
x3 = —[s?o(l—p)(c—s2)+ap,(1—p)(c—s2)],
xg = —[as?(1—p)+apy(1-p)],
xs = s1N(p)—(b—38)(1—p)]—up(b—6)(1—p),
x6 = —[es?(1—p)+cup(l—p)l,
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x7 = —[BLs(1=p)+BlLiu,(1-p)l,

Xg = 0,
xg = sTIN(p)+By(1—p)]+uBy(1—p).

Thus, the characteristic equation about E* is given by

(15) aps*? +ars* + ars? + a3 = 0,
where
ap = —Bhoabe(l—p)’ —Bho(l-p)*(c—s)[N(p)—(b—8)(1—p)|+[N(p) — a(a—s)(1-p)]

[N(p) = (b= 8)(1=p)IIN(p) + Bry(1—p)],
ai = Bhopy(1—p)’[-3bc+(c—s5)(b—8)] = Bali(1—p)*(c—s52)(1+ 1) [N(p) = (b—8)(1 - p)]
—(b=38)(1 = p)uy[N(p) +By(1 = p)][N(p) — at(a—s1)(1 = p)| + Byup[N(p) — (b— 8)(1 - p)]
[N(p) — at(a—s1)(1=p)] — a(a—s1)(1 = p)up[N(p) + BY(1 = p)][N(p) — (b—8)(1—p)],
a = —Plhiopy(1—p)*(c—s)Bbe(1—p)=2(1—p)(b—8)+[N(p) = (b—8)(1 - p)]| +a(a—s1)
Hp(b—8)(1=p)*[N(p) + BY(1 = p)] = Bruy (b —8)(1 = p)*[N(p) — at(a—s1) (1~ p)]
~Brapy(a—si)(1—p)*[N(p) — (b—8)(1-p)],

as = Bhabe(l—p)*+Blhia(l—p) (b—38)(c—s:)+Byap,(1—p)’(a—s1)(b—8§).
Let s7 = A and substitute it into (15), we have
(16) aol3+a112+azl +a3z=0.

Clearly, if a < s1 and if the following conditions:

(AD: —Bha(l—p)*(c—=s2)[N(p) = (b—8)(1—p)]+[N(p) — a(a—s1)(1—p)]N(p) —
(b—38)(1=p)IIN(p) + B¥(1 = p)] > —BlLiabe(1 - p)?,

(A2): BlLiapy(1—p)*(c—s2)(b—8) —Body(1—p)*(c—s2)(1+pp)[N(p) — (b—8)(1 -
p)]=(b=38)(1=p)up[N(p)+By(1—p)|[N(p) — a(a—s1)(1 = p)|+Byu,[N(p) — (b—
8)(1=p)J[N(p) —a(a—s1)(1=p)] — ala—s1)(1 = p)uy[N(p) + By(1 - p)][N(p) -
(b—8)(1—p)] > =3beBliap,(1—p)?,

(A3): Bhia(1 = p)>(b—8)(c—s2) +Byouy (1= p)*(a—s1)(b— &) > BLyabe(1 - p)?,
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hold, then it not hard to see that the coefficients of the equation (16) satisfy:
ap>0, a; >0, a3 >0 and aja; > apas.

Based on Routh-Hurwitz criterion, all the roots of equation (15) have negative real parts In

conclusion, we have the following results.

Theorem 3.6. If a < 51 and (A1) — (A3) hold, Then the economic equilibrium E* is locally

asymptotically stable.

4. NUMERICAL SIMULATIONS

In this section, we present some numerical simulations to illustrate our theoretical results.
Let t, = nAt, with n € N and Ar be the time step. Based on the numerical method proposed in

[14], we get the following discrete model

( n
V(1) =857+ g Fi 0 Z00) + st iaram L (@R (56,2(0) kg

=0
+@(tk—1)Fi (tk—1,Z(tx—1)) B k4
Kltns1) = “§057 + Ro5 P Z00) + ftaiaramy L (000t Z(06)) g

(17) (=0
+O(tx—1)Fa(tk—1,Z(tk-1)) B kg
Rltnir) = G0 4 A s, Z0)) + isaiay L (0P, Z(00)) g
\ +0(tk—1)F3(tk—1,Z(tr—1)) B kg
where

npg=n—k+1)I(n—k+2+q)—(n—k)? (n—k+2+2q),
Brg=n—k)I(n—k+1+q)— (n—k+1)7".

For the simulation, we choose N(p) =1—p+ ﬁ and we consider I(Y,K,R) = I1(Y) +

LS. q2R, where q1,q> <0, € >0 and I(Y) is the Kaldor-type investment function defined

V1+ek?
by li% The liquidity preference function is chosen as L(Y,R) = s3Y — s4R, where s3,54 > 0.

We use the following parameter values: o = 3, g = —0.3, go = —0.2, € =0.01, 6§ = 0.2,
51 =025 =0.1,53=03, 54 =02, M =0.05, 8 =0.2 and ¢ = 0.9. Then, by a simple
calculation, our model has an economic equilibrium E*(0.4988,0.7479,0.4982). In this case,

we fund that the economic equilibrium E* is locally asymptotically stable if @ < s; and the
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conditions in Theorem 3.6 are satisfied. Figures 1, 2 and 3 illustrate the impact of memory

effect on the dynamical behaviors of our model for different values of the parameter p.

0.6 T T T T ; |

p=0.3
p=0.4
p=0.5 =
p=0.7
— p=0.8
—p=09
p=1

¥(t)

01 F

Time, t

FIGURE 1. The curve of Y (¢) under different values of p.

1.05 | . ; - : ;
p=0.3
p=0.4
1 p=0.5
p=0.7
p=0.8
0.95 B,
p=
0ol
=
¥
0.85
08
0.75 F — —
D. ? i i i Il i 1 i
0 5 10 15 20 25 30 35 40

Time, t

FIGURE 2. The curve of K(¢) under different values of p.
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p=0.3 |
D:U.‘i-! 1|
p=L‘I.5£ |
—p=0.7 |
p:D.B:]
p=0.9|
p=1 |

0.9 |

20 25 30 35 40

FIGURE 3. The curve of R(¢) under different values of p.

5. CONCLUSION

In this work, we have proposed and studied the dynamics of a fractional IS-LM business cycle
model, considering the memory effect described by the generalized Hattaf fractional derivative.
The well-posedness of the proposed model was proved through the existence and uniqueness
of solutions. By analyzing the corresponding characteristic equation, the local stability of the
economic equilibrium of our model was discussed. Numerical simulations showed the impact
of memory effect on the dynamical behaviors of our model for different values of fractional
order.

Though theoretical analysis and simulations, it is found that the order of the generalized
Hattaf fractional derivative does not affect the stability of the economic equilibrium. On the
other hand, it may have an impact on the time required to reach this equilibrium. In particular,
increasing the order of the GHF derivative p leads to afaster convergence of the solution to the

equilibrium point.
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