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Abstract. In this manuscript, we have used several contraction mappings to provide approximate fixed point
results in multiplicative metric spaces. We established the new results in multiplicative metric spaces to get a more
accurate approximation of the fixed point. These findings are an extension of several results on metric spaces.
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1. INTRODUCTION

Mathematics study on the topic of fixed points is one of the most interesting area. Several re-
searchers have applied various kinds of contraction mappings and spaces to advance fixed point
theory in the realm of mathematics. Furthermore, it is beneficial in demonstrating the existence
theorems for integral and nonlinear differential equations. The fixed point theorem for continu-
ous mapping on finite dimensional spaces was established in the early 1900s by mathematician
Brouwer [7], who is regarded as the father of fixed point theory. Banach [1] established the

well-known Banach contraction principle in 1922. Through the use of multiplicative calculus,
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Bashirov established the definition of multiplicative metric space and proved the basic principle
of multiplicative calculus. A few fixed point theorems for contraction mappings of multiplica-
tive metric spaces were established by Ozavsar and Cevikel [21].

In numerous real-world problems, the necessary condition outlined in fixed point theorems
are too strong, resulting an inability to guarantee the existence of a fixed point. In such cases,
one may settle for nearly fixed points, which we refer to as approximate fixed points. By near
to” u, we mean that Tu is an approximate fixed point of a function T. A point that is almost
exactly located at its corresponding fixed point is called an approximation fixed point. This
distance, d(Tug,up) < €, indicates that it is smaller than €. For a contractive mapping T in a
multiplicative metric space, the distance between points in the set of all approximate fixed points
decreases iteratively under T, leading to a reduction in the diameter of the set. The reduction
in the diameter of the set in multiplicative metric spaces ensures that successive iterations of
the mapping bring points closer together. This makes it possible to approximate the fixed point
with increasingly higher accuracy.

Berinde [3] formulated essential approximate fixed point theorems in metric space, inspired
by the findings of Theiva [24] as detailed in the article. The goal of this research is to use con-
traction mappings, such as Kannan contraction [15], Bianchini contraction [6], Chatterjea con-
traction, Zamfirescu contraction and n-convex contraction [11] to generate approximate fixed
point results in a multiplicative metric space(not necessarily complete). We examine the funda-
mental ideas and definitions that are required throughout the work in Section 2. We demonstrate
the main concept behind approximation fixed point results in Section 3 by applying various con-

traction mapping in multiplicative metric spaces.

2. PRELIMINARIES

This section comprises definitions and lemmas that will be utilized in subsequent sections.

Let (X,d) be a metric space.

Definition 2.1. [3] Let T : X — X, € > 0. Then u € T is said to be an &-fixed point (approximate
fixed point) of T if

d(u,Tu) < €.
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Definition 2.2. [3] A mapping T : X — X. Then T has an approximate fixed point prop-
erty(a.f.p.p) if for every € > 0,
Fe(T) #0.

Lemma 2.1. [3] Let T : X — X such that T is asymptotic regular, i.e., d(T"(u), T" "' (1)) — 0

asn— oo, forallu € T. Then, F¢(T) # 0, for every € > 0.

Definition 2.3. [3] Let M be a closed subset and T : M — X be a compact map. Then T has a

fixed point if and only if it has an approximate fixed point property.

Definition 2.4. [3] Let T : X — X a operator and € > 0. We define the diameter of the set Fg (T),
ie.,

O(Fe(T)) = sup{d(u,v) :u,v € Fe(T)}

Lemma 2.2. [3] Let T-X — X an operator and € > 0. We assume that: (i) F¢(T) # 0; (ii) for
all y > 0, there exist ¢(y) > 0 such that d(u,v) —d(Tu,Tv) < v implies d(u,v)< §(y), for all
u,v € Fe(T).

Then:

8(Fe(T))< ¢(2¢).

Definition 2.5. [6] A selfimap T : X — X is said to be a Bianchini contraction if there exists

k € (0,1) such that
d(Tu,Tv) < kB(u,v),
where B(u,v) = max {d(u,Tu),d(v,Tv)}, for all u,v € X.
Definition 2.6. [11] Let T : X — X be a continuous map. Then T is said to be n-convex con-
traction if there exists ko, ky,....,kn—1 € (0,1) such that the following conditions hold:

(i)ko+ki+...+k,_1 <1, and
(ii) d(T"u, T"v) < kod (u,v) +kid(Tu, Tv) + ... + kp_1d(T" 1w, T" ), for all u,v € X.

Let (x,d*) be a multiplicative metric space.

Definition 2.7. [2] Let x be a nonempty set. A mapping T : ¥ X X — R™ is called multiplicative

metric if for all u,v,w € x
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(i) d*(u,v) < 1 and d*(u,v) = 1 if and only ifu = v,

(ii) d*(u,v) = d*(v,u),

(iii) d*(u,w) < d*(u,v).d*(v,w) (Multiplicative triangle inequality)

Definition 2.8. [21] (Multiplicative characterization of supremum) Let A be a nonempty subset
of RT. Then s = sup A if and only if
(i)a<sforallac A

(ii) there exists at least a point a € A such that |>|* < € for all € > 1.

Definition 2.9. [21] A mapping T : x — x is a Kannan contraction if there exists k € |0, %) such
that

d*(Tu,Tv) < [d*(u,Tu).d*(v,Tv)]K, for all u,v € .

Definition 2.10. [21] Let T : X — X is a Chatterjea operator if there exist k € (0, %) such that
d*(Tu,Tv) < [d*(u,Tv) +d*(v,Tu)]¥, for all u,v € X.

Definition 2.11. [23] A mapping T : X — X is a Zamfirescu operator if IA,u,v € R,
A €1[0,1),1 €[0,3),v €[0,3) such that ¥ u,v € X, at least one of the following is
true. (i) d*(Tu,Tv) < d(u,v)*; (i))d*(Tu,Tv) < [d(u,Tu).d(v,Tv)]*; (iii)d*(Tu,Tv) <
[d*(u, Tv).d*(v,Tu)]".

3. MAIN RESULTS

In the following, we introduce the concept of approximate fixed point and ensuring that an
operator on a multiplicative metric space has &-fixed points.

Let (x,d*) be a multiplicative metric spaces(MMS).

Definition 3.1. Let T : x — x, € >1. Then u € T is said to be an €-fixed point (approximate
fixed point) of T if
d*(u,Tu) < €.

Definition 3.2. Consider a mapping T : ¥ — X. Then T has an approximate fixed point

property if for every € > 1,
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Fe(T) #0.

Definition 3.3. Let M be a closed subset and T : M — ) be a compact map. Then T has a fixed

point if and only if it has an approximate fixed point property.

Definition 3.4. Let T : x — ) a operator and € > 1. We define the diameter of the set F¢(T),
Le.,

O(Fe(T)) = sup{d*(u,v) :u,v € Fg(T)}.

Definition 3.5. A selfimap T : y — J is said to be a Bianchini contraction if there exists k € (0,1)

such that
d*(Tu,Tv) < B(u,v)k,

where B(u,v) = max{d*(u,Tu),d*(v,Tv)}, for all u,v € ¥.

Definition 3.6. Let T : y — ) be a continuous map. Then T is said to be n-convex contraction
if there exists ko, ky,...,k,—1 € (0, 1) such that the following conditions hold:
(ko+ki+...+k,—1 <1, and

(it) d*(T"u, T™) < d* (u,v).d*(Tu, Tv)M. ... d*(T" 'u, T""WW)*1, forall u,v € .

The following results ensuring the existence of €-fixed points for an operator in a multiplica-

tive metric spaces.

Lemma 3.1. Let (),d*) be a MMS, T: x — x such that T is asymptotic regular i.e.,

d*(T"ug, T"Hug) —1 as n— oo, Yu € x. Then T has the approximate fixed point property.
Proof:

Letuy € x. Then

d*(T"ug, T" ug) —1 as n— o0 < Ve > 1, Ing(e) € N such that ¥n > no(€),

d*(T"uo, T"Hug) < € < Ve > 1, Ang(€) € N such that ¥n > no (&),

d*(T"ug, T (T"up)) < €

Denoting vo = T"u,

it follows that: e > 1,3vy € ) such that d*(vy,Tvy) < €, so for each € > 1 there exists an

e-fixed point of T in ), namely vo. This means exactly that T has the approximate fixed point

property.
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Lemma 3.2. Let (),d*) be a MMS, T: x — x an operator and € > 1. We assume that:
(i) Fe(T) # 0;

g , d*(u,v) N
— < * <
(ii) for all y > 1, there exist ¢(y) > 1 such that STy = y implies d*(u,v) < ¢(7), for all
u,ve Fg(T). Then:
S(Fe(T))< 9(€).
Proof:

Let € > 1 and u,v € F¢(T). Then:

d*(u,Tu) <&, d*(v,Tv) < €.

we can write: d*(u,v) < d*(u,Tu) . d*(Tu,Tv) . d*(v,Tv)
< d*(Tu,Tv). €. €

< d*(Tu,Tv). €
d*(u,v) < 82
d*(Tu,Tv) —
Now by (ii) it follows that d*(u,v) < ¢(€?)

50 8(Fe(T))< ¢ (€2).

Theorem 3.1. Let (x,d*) be a multiplicative metric space and T:)} — X be a contraction map-

ping. Then T has an approximate fixed point (€-fixed point).

Proof. Fix ugy € x and a sequence {u,} is defined by u,, 1| = Tuy, for all n > 0. Which implies
that {u, } is a Cauchy sequence. That is, for every € > 1, there exists iy € N such that for every
s,t > ho implies d* (ug,u;) < €. In particular, if n > hg, d*(u,,u, 1) < €. Thatis, d* (uy, Tu,) <
€. Therefore, u, € Fz(T) # 0, for all € > 1. Hence T has an approximate fixed point(e-fixed

point). 0

Theorem 3.2. Let T:)y — ) be a Kannan Type contraction on a multiplicative metric space

(x.d*). Then T possesses an e-fixed point and 8(F¢(T)) < €%V, for all € > 1.

Proof. Lete >1andugeT.

d*(T"u, T" 'u) = d*(T(T" ' (u)), T(T"(u)))
< [d* (T 'u, T(T" ' (w))).d*(T"u, T(T"w))]
= [d*(T"'u, T"u) L [d*(T”u,T”Hu)]k

A (T"u, T+ u) ' —F < [d*(Tnflu’Tnu)}k

k
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_k
d*(T”u, Tn—l—lu) < [d*(Tn—lanu)} T—% (Denote n= l_fk)

IN

d*(T" 'u, T"u)"
d*(T" u, T”u)n2

IN

< d*(u, Tu)""
Butk€[0,}) = £, €(0,1) =
d*(T"u, T"H'u) =+ lasn —ooVuecT

Now by Lemma 3.1, F¢(T) # 0, Ve > 1. Here, T has an e-fixed point.
d*(u,v)

Let y > 1 and u,v € F¢(T) and assume that m

<7
Then

d* (u,v) < [d* (u, Tu).d* (v, Tv)]F .y

As u,v € F(T), we know that d*(u, Tu) < € and d*(v,Tv) < €
= d*(u,v) < e*ky

So Vy > 1, there exists ¢(y) = €2*. ¥ > 1 such that
d*(u,v)
d*(Tu,Tv)
Now by Lemma 3.2,

§(Fe(TH< 9(€?)

which means exactly that

< yimplies d*(u,v) < @ (7).

S(Fe(T)< g%k g2

S 82k+2

< 2(+1) foralle > 1. O

Theorem 3.3. Let T:) — X be a Chatterjea operator on a multiplicative metric space (X,d*).
2(1+k)

Then T possesses an g-fixed point and 6(F¢(T)) < o

forall € > 1.

Proof. Lete > 1andu € y.

d*(T"u, T" ) = a* (T (T (u)), T(T"(u)))
< [d* (T 'u, T(T"(u))).d* (T"u, T(T"u))]*
= [d*(T”flu,T"Hu).d*(T"u,T"u)]k

<d* (Tnflu, Tn+1u)k



8 A. MARY PRIYA DHARSINL, J. JARVISVIVIN
On the other hand
d*(T" Vu, T" M) = a* (T (u), T"(u)).d* (T (u), T (u)
= d* [T"u, 7" (u)] ok
= d* [T"u, 7" ()] <d* [T" 'u,T"(u)] =

<d* [T"*IM,T”(M)]I(

= d*(T"u, T" " 'u) — lasn — oo, Yu €
Now, by lemma 3.1 it follows that F; # ¢,Ve > 1.
Let € > 1. We will once again demonstrate that condition i1) in Lemma 3.2 1s satisfied.

Let y > 1 and u,v € F¢(T) and assume that
d*(u,v)
s S
d*(Tu,Tv)
Then d*(u,v) < [d*(u,Tv).d*(v,Tu))*.y
< d*(u, Tv)*.d*(v,Tu)k.y
< [d* (u,v).d*(v,Tv)]*.[d* (v,u).d* (u, Tu)*y
Asu,v € F¢(T), it follows that
d*(u,v) < d*(u,v)**.e?* .y
( g2ty
* — <
d*(u,v)'1 —2k) < T %%
Zk.,},
So¥y>1,39(y)

) T 12k
u,v .
m <y=d(u,v) <o(7)

Now by lemma 3.2 it follows that
S(Fe(T)) < ¢(e?) Ve > 1

> 1 such that

which means exactly that

£2(1+k)
< .
8(Fe(T)) < —— . Ve > 1 0

Theorem 3.4. Let T:)y — ) be a Zamfirescu contraction on a multiplicative metric space
2(1+4k)

(X,d*). Then T Possesses an €-fixed point and 8 (Fg(T)) < ok

forall € > 1.

Proof. Let u,ve x, Supposing (ii) holds, we have that:
d*(Tu,Tv) < [d*(u,Tu).d*(v,Tv)*

< [d*(u, Tu)*.[d* (v,u).d*(u,Tu).d(Tu,Tv)*

= d*(u, Tu)**.d* (u,v)*.d*(Tu, Tv)*
& (Tu, Tv) < d* (u, Tu) o8 d* (u, v) o7 ()
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Suppose (iii) holds, we have that
d*(Tu,Tv) < [d*(u,Tu).d*(v,Tu)]"
< [d*(u,v).d*(v,Tv)".[d*(v,Tv).d*(Tv,Tu)]¥
=d*(Tu, Tv)".d*(v,Tv)?".d* (u,v)"
d*(Tu,Tv) <d(v, Tv)l%.d*(u,v)% — (2a)
Similarly d*(Tu,Tv) < [d*(u,Tv).d*(v,Tu)]"
< [d*(u,Tu).d*(Tu,Tv)]" . [d* (v,u).d* (u,Tu)]"
= d*(Tu, Tv)".d* (u,Tu)?" .d*(u,v)"
d*(Tu, Tv) < d(u, Tu) ™ .d* (u,v) ™7 — (2b)
By (1),(1),(2a),(2b) we can denote:

_ kv
6—max{l,l_u,l_v},

and it is easy to see that 6 € [0,1)

For T satisfying at least one of the condition (1), (i1), (iii)

We have that
d*(Tu,Tv) < d(u,Tu)*®.d* (u,v)° — (3a)
and d*(Tu, Tv) < d(v,Tv)??.d* (u,v)° — (3b)

Using these conditions implied by (i)-(iii) and taking u € )}, we have:
d*(T"u, T"'u) = d*(T(T" 'u, T(T"u)))
< dH(T" ', T(T" 1)) . (T, T"u)
= d* (T \u, T"u)?
= d*(T"u, T"'u) < ... < d*(u,Tu)?®"
=d"(T"u, T" 'u) — 1asn — coVu € .
Now by lemma 3.1 it follows that F¢(T') # ¢,Ve > 1.
In the Proof of 3.4 we have already shown that if f satisfies at least one of the conditions (i), (ii),
(iii) from definition 2.11, then
d*(Tu,Tv) < d*(u,Tu)*?.d*(u,v)P and
d*(Tu,Tv) < d*(v,Tv)?.d* (u,v)P hold.
Let € > 1, Again we will only show that condition (ii) in lemma 3.2 is satisfied, as (i) holds, see

the proof of theorem 3.4.
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Letn > 1 and u,v € F¢(T), and assume that
d*(u,v)
d*(Tu,Tv) —
Then d*(u,v) < d*(Tu,Tv).y

d*(u,v) < d*(u, Tu)*.d*(u,v)P.y

2p
d*(u,v) < f_'g
y.€2P
SoV > 1,3¢(y) = 5 > 1 such that
d*(u,v)
d*(Tu,Tv) —

Now by lemma 3.2 it follows that
§(Fe(T)) < ¢(€%),Ve > 1
which means exactly that
5 g2.e%p
Fe(T)) <
e2(1-p)

S(Fe(T)) < Ve > 1

O

Theorem 3.5. Let T:x — ) be a Bianchini contraction on a multiplicative metric space (X,d”).

Then T has an €-fixed point and 8 (F¢(T)) < €52, for all € > 1.

Proof. Given T is Bianchini contraction. Let € > 1 and ug € T. Define a sequence {u,} such
that u,, 1 = Tu,, forall n > 0.
Case 1. If B(u,v) = d*(u, Tu). Then, Definition 3.5 becomes:
d*(Tu,Tv) < d*(u,Tu)*
Substitute v = Tu, d*(Tu, T?u) < d*(u, Tu)*
Again substitute u = Tu, d*(T?u, T3u) < d*(Tu, T?u)*
< d*(u, Tu)k2

d*(T"u, T" ') < d*(u, Tu)*"
Case 2. If B(u,v) = d*(v,Tv). Then, Definition 3.5 becomes:
d*(Tu,Tv) < d*(v,Tv)¥
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Substitute v=Tu, d*(Tu, T?u) < d*(Tu, T?u)*
which is impossible because k € (0,1). Therefore, Case 2 does not exists. Now by Case 1,
d*(T"u, T"'u) — 1 as n — oo, for all u,v € . Thus, {u,} is a Cauchy sequence, by Theorem
3.1, F¢(T) # 0 for all € > 1. That is, T has an &-fixed point. Consider,
d*(u,v) <d*(Tu,Tv).y

< B(u,v)k.y

=d*(u, Tu)*.y

=cky

So, for every ¥ > 1, there exists ¢ (y) = €*.y > 1 such that
d*(u,v)
d*(Tu,Tv)
By Lemma 3.2, §(F¢(T))< ¢(&?), for all € > 1. Hence,

8(Fe(T)) < €2 forall e > 1. O

< yimplies d* (u,v) < ¢(7)

Corollary 3.1. Let (x,d*) be a multiplicative metric space and T:) — ). Then there exists
k € (0,1) such that d*(Tu,Tv) < d*(v,Tv)*, for all u,v € x. Then T possesses an €-fixed point
and §(Fe(T)) < €2, forall € > 1.

Proof:

Substituting B(u,v) = d*(v,Tv) in Theorem 3.5 completes this corollary.

Theorem 3.6. Let (x,d*)be a multiplicative metric space. Suppose a self-map T : ¥ — X is a

n-convex contraction. Prove that for every € > 1, F¢(T) # 0.

Proof. Let ug € ) and define u, | = Tu,, for all n € N. Consider,
k = max {d*(ug,uy),d* (ur,u2),....,d* (ty—1,u)}
Now,
d* (up,ups1) = d* (T"ug, T"uy)
< d*(ug,ur ) 0. d* (uy,ux)r. ... d* (ty_1, 1)
< Kho gk kR
< Khotkithat g
d* (upi1,Uns2) = d*(T"uy, T"uy)

< d*(ul,uz)ko. d*(uz,ug,)kl e .d*(un,l,un)k"—z.d*(un,un+1)k"—‘
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< kko kv k2 (ko 4Ky 4.+ kg )Rt

< kk0+k1+k2+...+kn,1

Similarly,

d*(un+2,un+3) < kk0+k1+k2+...+kn,1

d*<u2n717u2n < kk0+k1+k2+...+kn,1

k ki . ky—
< d*(upy 1) 0. d* (g1, tn2) . o d¥ (Up—1, upp) !
(ko+ki+...+ky—1)ko o k(ko+k1+...+kn,1)kn,1

d* (uon, un+1)
<

ko(ko+ki+...+ky—1)+...+hky—1 (ko+k1+...+kn—1)

IN
X

(ko+hki+...+ky_1)?

IN
Pl

Again

d*(uzn,uzpn+1) < fekotkit 1)’
In general,

d*(u ) < klkotkictetho )"
Td* (2, tp ) < KEKoTKi+thn )"

That is d*(u,2,u,2,,) — 1 as n — 4-oo. Therefore, u,» € F¢(T), for all € > 1 provides that

F¢(T) # 0, for all € > 1. Hence, x has an approximate fixed point (e-fixed point). UJ

Corollary 3.2. Let (),d*) be a multiplicative metric spaces. Suppose a selfmap T : y — ¥ is a
2-convex contraction. Prove that for every € > 1, F¢(T) # 0.
Proof:

Substituting n=2 in Theorem 3.6 completes this corollary.
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