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Abstract. In the present paper, we study the fixed point results in G-complete G-metric space and drive some well
known results as corollaries of Mustafa et al. [7], Mustafa et al. [10], and Shatanawi [13].
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1. INTRODUCTION

Banach fixed point theorem provides a constructive method to determine the existence
and uniqueness of fixed point of certain self maps of metric spaces. It can be used to prove
existence and uniqueness of solutions to integral and differential equations. The fixed point
theory, initially stated in the metric space setting, has been extended in more general spaces
even though most of them are metric like. Among of these general spaces, we will prove our

results in the G-metric space, which has been discussed and explored by many authors.

Definition 1.1. [9]. Let X # ¢ be a set and G : X — [0, 0) which satisfy the following proper-
ties:
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(G1) G(n,s,t)=0 if r=s=1t whenever r,s,t € X;

(Gp) G(r,r,s) >0 whenever r,s € Xwithr # s,

(G3) G(n,r,s) < G(r,s,t) whenever r,s,t € Xwitht # s,

(Gy) G(ns,t)=G(nt,s) =G(s,t,r)= ...,

(Gs) G(ns,t) < G(r,a,a)+G(a,s,t) wherer,s,t,a € X (rectangle inequality).

Then (X, G) is known as a G-metric space.
Proposition 1.2. [9]. In a G-metric space if
G(r,s,t) =0,
thenr =s =1t wherer,s,t €X.

Definition 1.3. [9]. In a G-metric space, a sequence {r, } converges to a point r € X if

lim G(r,ry,rm) =0,

n,m—oco

that is, for any € > 0, there exists N € N such that
G(r,ry,rm) <€ forall nym>N.

We call r the limit of the sequence and write r,, — r or lim r, = r.
n—oo

Proposition 1.4. [9]. Let (X,G) be a G-metric space. A sequence {r,} C X, has the following

equivalent properties:

i) limr,=r
n—oo

(i1) lim G(r,ry,rm) =0.

n,m—roo

@iii)  lim G(r,ry,rm) =0.

n—soo
@iv)  lim G(ry,r,r)=0.

n—yoo

Definition 1.5. [9]. In a G-metric space, a sequence {r, } is called a G-Cauchy if for any € > 0,

there is natural number n; with
G(rp,rm,r;) < € forall n,m,l > ny.

Proposition 1.6. [9]. A sequence {r,} in a G-metric space is G-Cauchy if and only fif,

G(rp,rm,rm) < € where € > 0 and for all m,n > nj.
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Definition 1.7. [9]. A G-metric space is said to be symmetric if
G(r,s,s) =G(nrs), forallrscX.
Proposition 1.8. [9]. Every G-metric space (X,G) will define a metric space (X,dg) by
dg(r,s) =G(r,s,s)+G(s,r,r), VrseX.
Note that if (X,G) is a symmetric G-metric space, then
(1) dg(r,s) =2G(n,s,s), VrseX.

Definition 1.9. [9]. In a G-metric space, if every G-Cauchy sequence is G-convergent then it is

called a complete metric space. Further a G-metric space is continuous in all its three variables.

Proposition 1.10. [9]. Let (X,G) and (X',G ) be G-metric spaces, then a function f: X — X'
is G-continuous at a point r € X if and only if it is G-sequentially continuous at r; that is,

whenever {r,} is G-convergent to r, { f (rn) } is G-convergent to f{r).

Definition 1.11. [5] A pair (f,g) of self mappings of metric space (X,d) is said to be weakly
compatible if the mappings commute at all of their coincidence points, that is, fr = gr for some

r € X implies fgr =gfr.

Definition 1.12. [1] A point r € X is called a coincidence point of two self mappings f and g if

w = fr = gr and the point w is called a point of coincidence of f and g.

Proposition 1.13. [1] If two weakly compatible self mappings f and g have a unique point

of coincidence, then that point is the unique common fixed point of f and g.
2. MAIN RESULTS

Theorem 2.1. Let (X,G) be a complete G-metric space and f,g: X — X be mappings satis-

fying one of the following conditions:

(@) G(fr,fs,ft) <a1G(gr,gs,gt) +axG(gr, fr, fr) +a3G(gs, fs, fs) + asG(gt, f1, f1)

or

(3)  G(frfs,ft) <a1G(gr,gs,gt) +axG(gr,gr, fr) +a3G(gs, gs, fs) +asG(gt, gt, f1)
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forallr,s,t € X where 0 < a;+a+az+as <1.

Further if range of X under f is contained in the range of X under g and g(X) is taken as
complete subspace, then f and g have one and only one point of coincidence. Moreover if f and
g satisfy weakly compatibility, then f and g have one and only one fixed point (say p) and f is

G-continuous at p.

Proof. Suppose that f and g satisfy condition (2), then for all r,s € X, we have

G(fs, fr.fr) <a1G(gs,gr,gr) +axG(gs, fs, fs) + (a3 + as)G(gr, fr, f7).
Suppose that (X,G) is symmetric, then by definition of metric (X,dg) and (1), we get

az+aqg+ar
2

az+aq+ap

do(fr,fs) < aidg(gr,gs) + 2

dg(gr, fr)+ dg(gs,fs),VrseX.

In this line, since 0 < a; +ay +az + a4 < 1, then the existence and uniqueness of the fixed point
follows from well-known theorem in metric space (X,dg) (see [2]).

Suppose (X,G) is not symmetric. Let rg be an arbitrary point in X. Since f(X) C g(X),
there is r; € X such that gr; = fro. Continuing the same process, we can construct a sequence
{grn} such that gr, .| = fr, for all n € N. If there is n € N such that gr, = gr, 11, then f and g

have a point of coincidence. Let gr;,, # gr,, 1 for all n € N. By (2), we have

G(grn7grn+l7grn+l) = G(frn,hfl"n,fl"n)
< alG(grnflagrnagrn) +02G(grn71agrn7grn)

+ (a3 +a4)G(grn7grn+l7grn+l)7

then

ay+ap
G(grnagrn+1agrn+l) <

——G(grn_1,8rn,8rn)-
S (87n—1:87n,8"n)

Letg=(a1+a2)/(1—(az+aa)), then 0 < g < 1 since 0 < a;+ar+az+as < 1. So,

G(grnagrn+lugrn+l) S qG(é'rnflagrnagrn)'
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Continuing in the same argument, we will get

G(grn,8rn+1,8m+1) < " G(gro,gri,8r1).

Also for all natural numbers n,m with n < m, the rectangle inequality gives

G(g”mg”m,g”m) < G(g”n,g”n+1;g”n+1) +G(grn+lagrn+27grn+2)
+ ... +G(grm717grmagrm)

<(§"+q" + ...+ q""NGl(gro, gr1,8m1)
n

S lq qG<gr07gr17grl)'

Thus lirg G(grn,8rm,grm) = 0, proving {gr,} as G-Cauchy sequence. Since the space g(X)
n,m—oo

is complete, there exists ¢ € g(X) and there exists p € X such that gp = g. We will show that

gp = fp-Letgp # fp. By (2), we have

G(grn, fp,fr) <a1G(gra—1,8p,8p) +a2G(grn—1,8rn,8rn) + (a3 +a4)G(gp, fp, [ D).

taking the limit as n — oo, and using the fact that the function G is continuous, then

G(gp, fp.fp) < (az+as)G(gp, fp,fP).

This contradiction implies that gp = fp.
It pl is another coincidence point of f and g, then
G(gp.gp .8p) < a1G(gp,gp .gr ) + a2G(gp, fp. fp) + (a3 +as)G(gp . fp . fP)
=a1G(gp,gp .8p)

which is a contradiction, so gp = gpl. Thus f and g have one and only one coincident point.

The uniqueness of fixed point follows by Proposition 1.13. Let {gs,} be a sequence in X with
lim (gs,) = gp. Now
n—oo

G(gp, fsn: fsn) < a1G(gp,gsn,8sn) +a2G(gp, fp, fp) + (a3 +as)G(gsn, fsn, 5n)

= alG(gp78Snagsn) + (613 +a4)G(gsn,fsn,fsn),

and since

G(gsn7fsn7fsn) S G<gsi’lagp7gp) + G(gp7fsn7fsn)7
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we have that

az—+ay
G(gp, fsn, fsn) )G(gsn,gp,gp)-

G - v
) (gpvgsnagsn) + 1— <a3 T

ST (@)
Taking the limit as n — oo, from which we see that G(gp, fsu, fs,) — 0 and so, by Proposition
1.10, f(sn,) — gp = fp, proving the continuity of f at p.

The similar arguments are applied if f and g fulfil (3). Now the only thing to be proved is {gr, }

is a G-cauchy sequence. We have
G(grn7grmgrn+1) <a G(grn_1,grn_1,grn) + (a2+a3) G(grn—lagrn—lygrn)
+ay G(grn7grnagrn+1)7

then

ay+ax+as

1—(14 G(grn7grnvgrn+l)-

G(grmgrnagrn—FI) S
Letg = W,tbenO <g<lsince0<a+ay+az+ay<]l.
Continuing in the same way, we find that
G(8rn, 87, 8rn+1) < ¢" G(gro,gro,&r1)-

Then for all n,m € N; n < m, we have by repeated use of the rectangle inequality

G(grn,87n,8mm) < (¢"/1—q) G(gro,gro,gr1)-

Example 2.2. Let X = [0,2], G(r,s,7) = max{|r—s|,|s—¢|,||r—¢|}.
Define f,g: X — X by

fr=1 and gr=2-r,
The functions f and g satisfy the condition (2) in Theorem 2.1. Indeed, we have
G(fr.fs,ft) =0,

Further, f(X) C g(X) and g(X) is a complete subspace of (X, G), f and g are weakly compatible.
Thus all the axioms in Theorem 2.1 are fulfilled. This gives f and g have a unique common

fixed point which is 7 = 1. The similar arguments if condition (3) is satisfied.
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Corollary 2.3. [7, Theorem 2.1] Let (X, G) be a complete G-metric space and f: X — X be

a mapping satisfying one of the following conditions:
G(fr.fs,ft) < a1G(r,s,1) +a2G(r, fr, fr) +a3G(s, fs, fs) + asG(t, ft, f1)
or
G(fr,fs,ft) <a1G(r,s,t) +axG(r,r, fr) +a3G(s,s, fs) +asG(t,t, ft)

forallr,s,t € X where 0 < ay +ay+az+as < 1, then f has a unique fixed point (say p, i.e., fp

= p), and fis G-continuous at u.
Proof. It follows by taking g = Iy (Identity mapping) in Theorem 2.1. 0

Corollary 2.4. [13, Corollary 3.4] Let X be a complete G-metric space. Suppose there is
k € [0,1) such that the map f: X — X satisfies

G(fr.fs,ft) <k G(rs,1),

forall r,s,t € X. Then f has a unique fixed point (say p) and f is G-continuous at p.
Proof. From Theorem 2.1, taking g = Ix and a, = a3 = a4 = 0. ]

Corollary 2.5. [10, Theorem 2.3] Let (X,G) be a complete G-metric space and f: X — X

be a mapping satisfying, for all r,s,t € X

G(fr.fs,ft) Sa1G(r. fr. fr) + axG(s, fs, fs) +a3G(t, ft, f1)
where 0 < ay +ax+az < 1, then f has a fixed point, say p, and f is G-continuous at p.

Proof. If we assume g = Iy and a; = 0, in Theorem 2.1 we get the result. U

Corollary 2.6. Let (X,G) be a complete G-metric space and let f,g: X — X be mappings

satisfying one of the following conditions:

G(f™(r), f7(5), /(1)) < arG(gr, g5, gs) + arG(gr, /" (r), f(r)) + a3G(gs, ["(5), /" (5))

) +aqG(gt, (1), f" (1))
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or

G(f™(r), f"(5), f"(1)) < a1G(gr, gs,8s) +a2G(gr.gr, f"(r)) +a3G(gs, gs, f™(s))
(5) +a4G<gtagt7fm(t))

forall r;s,t € X, where 0 < ay+ay +az+aq < 1. Then f has a unique fixed point (say p), and
f™ is G-continuous at p.

Further if range of X under f is contained in the range of X under g and g(X) is taken as
complete subspace, then f and g have one and only one point of coincidence. Moreover if f and
g satisfy weakly compatibility, then f and g have one and only one fixed point (say p) and f is

G-continuous at p.

Proof. From Theorem 2.1, we see that /™ has a unique fixed point (say p), that is, f”*(p) = p.

But f(p) = f(f™(p)) = " (p) = f™(f(p)), so f(p) is another fixed point for f™ and by
uniqueness fp = p. 0

Corollary 2.7. [7, Corollary 2.2] Let (X, G) be a complete G-metric space and let f: X — X

be a mapping satisfying one of the following conditions:
G(f"(r), f™(s), f™(1)) < a1G(r,5,8) +aG(r, f"(r), f"(r)) +a3G(s, f™ (s), /" (5))
(6) +asG(t, f"(1), f"(t))
or
G(f"(r), f"(s),f™(1)) < a1G(r,s,5) + @G(r,r, f"(r)) + a3G(s,s, f"(s))
©) +asG(t,t, f"(1))

forall r,s,t € X, where 0 < aj+az+az+aq < 1. Then f has a unique fixed point (say p), and

f™ is G-continuous at p.
Proof. It follows by taking g = Iy in Corollary 2.6. 0

Theorem 2.8. Let (X,G) be a complete G-metric space and let f,g: X — X be mappings

satisfying one of the following conditions:

(®) G(fr.fs,f1) < kmax{G(gr fr, fr),G(gs, s, fs),G(gt, /1, f1)}
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or

) G(fr, s, ft) < kmax{G(gr,gr, r),G(gs,gs, fs),G(gt,gt, ft)}

forallr,s,t € X, where ) <k < 1. Then f has a unique fixed point (say p), and f is G-continuous
at p.

Further if range of X under f is contained in the range of X under g and g(X) is taken as
complete subspace, then f and g have one and only one point of coincidence. Moreover if f
and g satisfy weakly compatibility, then f and g have one and only one fixed point (say p) and f

is G-continuous at p.

Proof. Suppose that f and g satisfy condition (8), then for all r,s € X,
G(fs, fr, fr) < kmax{G(gs, fs, fs),G(gr. fr, fr)}

Suppose that (X, G) is symmetric, then by definition of the metric (X,dg) and (1) we get

dg(fr, fs) < kmax{dg(gr, fr),dc(gs,fs)}, VrseX.

Since k < 1, then the existence and uniqueness of the fixed point follows from a theorem in
metric space (X,dg) (see [2]).

Suppose (X, G) is not symmetric.Let ry be an arbitrary point in X. Since f (X) C g(X), there
is r; € X such that gr; = fry. Continuing the same process, we can construct a sequence {gr, }
such that gr,1 = fr, for all n € N. If there is n € N such that gr,, = gr,,1-1, then f and g have a

point of coincidence. Let gr, # gr,+ for all n € N. So for each n € N. By (8), we have

G(8rn, 87n+1,87n+1) < kmax{G(gru—1,8",87n),G(87n,8n+1,8"n+1)}

=k G(grn—1,8rn,8rn) since(0 <k <1).

Continuing in the same argument, we will find

G(grnvgrn+1»grn+l) S kn G(gro,grl,grl)-
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For all n,m € N; n < m, we have by rectangle inequality that

G(grn,grm,grm) < G(grn,gr,,+| ;grn+1) +G(grn+l ,grn+2,grn+z)

< (K"K G (gro, gr1,8m1)

n

<
11—k

G(gro,gr1,8"1).

Then, limG(gry, grm,8rm) = 0, as n,m — oo, and thus {gr, } is G-Cauchy sequence. Due to the

completeness of (X,G), there exists ¢ € g(X) and p € X such that gp = g. We will show that

gp = fp.Letgp # fp. By (8), we have

G(grnr1,fp. fp) < k max{G(gra+1,87n+2,87+2),G(gp, fp, fP)}
and by taking the limit as n — oo, and using the fact that the function G is continuous, we get
that

G(gp, fp.fp) <kGl(gp,fp,fp)

This contradiction implies that gp = f(p).

To prove uniqueness, suppose that p # p such that f ( p/) = gp, then

G(gp.gp ,gp ) < kmax{G(gp ,gp ,gp ),G(gp,gp,gp)} =0

which implies that gp = fp .

To show that f is G-continuous at p, let {gs, } C X be a sequence such that li_r>n (gsn) = gp, then
n—roo

G(gp, fsn, fsn) < max{G(gp, fp,fp),G(gsn, [sn, fsn)}

=k G(gSnnymfsn)

But,
G(gSmen,fSn) < G(gsnagpngp) =+ G(gpafsnufsn)>
then

k

T C(gsn:8P:8p)-

G(gp,fsn,fsn) <

Taking the limit as n — oo, from which wee see that G(gp, fs,p, fsn) — 0, and so by Proposition

1.10, f(s,) — gp = fp- So, f is G-continuous at p.
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Corollary 2.9. [7, Theorem 2.3] Let (X,G) be a complete G-metric space and let f: X — X

be a mapping satisfying one of the following conditions:

G(fr,fs, ft) < kmax{G(r, fr, fr),G(s, fs, fs), G(t, ft, ft) }

or

G(fr.fs,f1) < kmax{G(r,r, fr),G(s,s, fs),G(,1, f1)}

forallr,s,t € X, where ) <k < 1. Then f has a unique fixed point (say p), and f is G-continuous

at p.
Proof. It follows by taking g = Iy in Theorem 2.8. 0J

Corollary 2.10. Let (X,G) be a G-complete G-metric space and let f,g: X — X be mappings

satisfying one of the following conditions, for allm € N

(10) G(f"(r), f"(s),f"(1) < kmax{ G

or
G(gr,gr.f"(r)),
(11) G(f"(r), f"(s), /" (1) < kmax ¢ G(gs,gs, f"(s)),
Ggt,gt, f"(1))
forall r,s,t € X. Then f has a unique fixed point (say p), and ™ is G-continuous at p.
Further if range of X under f is contained in the range of X under g and g(X) is taken as
complete subspace, then f and g have one and only one point of coincidence. Moreover if f and
g satisfy weakly compatibility, then f and g have one and only one fixed point (say p) and f is

G-continuous at p.
Proof. We use the same argument as in Corollary in 2.6. UJ

Corollary 2.11. [7, Corollary 2.4] Let (X,G) be a G-complete G-metric space and let
f: X — X be a mapping satisfying one of the following conditions, for allm € N
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G(r, f™(r), f"(r)),
(12) G(f™(r), S (s), ™ (1) < kmax § G(s, /"(s), /" (5)),
G(t, f" (), /(1))

r

)
)

or

G(r,r f"(r),
(13) G(f™(r), /" (s), [ (1) < kmax 3 G(s,s, f"(s)),
G(1,1, /(1))

forall r,s,t € X. Then f has a unique fixed point (say p), and f™ is G-continuous at p.
Proof. It follows by taking g = Iy in Corollary 2.10. 0

Theorem 2.12. Let (X,G) be a complete G-metric space, and f,g: X — X be mappings

satisfying one of the following conditions:

(14) G(fr,fs,fs) < kmax{G(gr, fs, fs),G(gs, fr,fr),G(gs, fs,fs)}
or
(15) G(fr, fs,fs) < kmax{G(gr,gr, fs),G(gs,gs, fr),G(gs,gs, fs)}

forallr,s,t € X, where k € [0,1). Then f has a unique fixed point (say p), and f is G-continuous
at p.

Further if range of X under f is contained in the range of X under g and g(X) is taken as
complete subspace, then [ and g have one and only one point of coincidence. Moreover if f
and g satisfy weakly compatibility, then f and g have one and only one fixed point (say p) and

f is G-continuous at p.

Proof. Suppose that f and g satisfy condition (14), then for all r,s € X,

G(fr.fs,fs) < kmax{G(gr. fs,fs),G(gs, fr, fr),G(gs, fs, fs)},
G(fs, fs, fr) < kmax{G(gr, fs, f5),G(gs, fr, fr),C(gr. fr. fr)}.
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Suppose that (X, G) is symmetric, then by definition of the metric (X,dg) and (1), we have

L dG<grafS)7 X dG(gr,fs),
dolfr fs) < Smaxd do(gs, fr), b+ 5maxd dolgs ).
dc(gs, fs) dc(gr, fT)

< kmax{dg(gr, fs),dc(gs, fr),dc(gs, fs)}, VrseX.

Since 0 < k < 1, then the existence and uniqueness of the fixed point follows from a theorem in
metric space (X,dg) (see [2]).
Suppose (X,G) is not symmetric. Let ryp € X be arbitrary point, and define the sequence

{grn} by grn = f"(ro), then by (14) and using k < 1, we deduce that

G(grn,8rn+1,8mn+1) < k max{G(grn—1,87n+1,8"n+1),G(87n,8"n+1,8"n+1)}

=k G(g”nflagrnJrl»grnJrl)

So,
G(grn, 8rn+1,8n+1) < k G(8rn—1,8"n+1,8"n+1),
and using
G(grn—1,8"n+1,8mm+1) < k max{G(grn—2,8"n+1,8"n+1),G(87n,8n—1,8"n—1),
G(87n:87n+1:87n+1)}5
then,

G(gra, 8rnt1,8nr1) < K max{G(grn—2,8"n11,8%n11),G(grn: 8n1,8rn—1)}-
Continuing in this procedure, we will have
G(grnagrn-l-l;grn-i-l) < K" 1—‘I’lv

where I'n = max{G(gr;, grj,grj); forall i, j € {0,1,..n+ 1}}.
Forn,m € N;n < m, letI' = max{[;; foralli=n,....m—1}.

Then, for all m,m € N; n < m, we have by rectangle inequality

G(grn,8rm:8rm) < G(8rn:8rn+1,8"m+1) +G(8rn+1,8mm+2,8"n+2)
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+ ...+ G(grm—1,8"m,&"m)
<K' T+ Kt + ..+ K",

< (K"+ K 4 kemhT
kf’l

<

—1—k

Ir.

This prove that lim G(gr,, grm, grm) = 0, as n,m — oo, and thus {gr, } is G-Cauchy sequence.

Since (X, G) is G-complete then there exists p € X such that {gr,} is G-converge to p.

Suppose that f(p) # gp, then

G(grn, fp, fp) < kmax{G(gr,—1,fp,fr),G(gp,8rn+1,"n+1),G(gr. fp, fP)}-

Taking the limit as n — oo, and using the fact that the function f is G-continuous, we get

G(gp, fp,fpr) <kGl(gp,fp,fp), this contradiction implies that gp = fp.
To prove the uniqueness, suppose that gp # gp/ such that f( p/) =g p/ So, by (14), we have that

G(gp,gp ,gp ) <k max{G(gp,gp ,gp ),G(gp ,gp,8gp)}
=kG(gp ,gp,gp)-
Again we will find G(gp',gp,gp) <k G(gp,gp ,gp ), so
G(gp,gp ,ep ) < k* G(gp,gp ,ep );

since k < 1, this implies that gp = gp . To show that f is G-continuous at p, let {gs,} C X be a

sequence such that lim(gs,) = gp as n — o, then

G(gp, f(sn), f(sn)) < kmax{G(gp, f(sn), f(5n)), G(&(sn), S P: S P), G(&(sn); f(5n): S (0))}-

But,

G(g(sn), [ (sn), £ (sn)) < kmax{G(g(sn),gp8p), G(&p; [ (sn); S (5)), G(&(5n), £ (sn), f (s0))},

S0,

k

G(gp, f(sn), f(sn)) < mG(g(Sn),gp,gp)-
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Taking the limit as n — oo, from which we see that G(gp, f(s»), f(sn)) — 0 and so, by Proposi-

tion 1.10, we have f(s,) — gp = fp which implies that f is G-continuous at p. OJ

Corollary 2.13. [7, Theorem 2.5] Let (X,G) be a complete G-metric space, and f: X — X

be a mapping satisfying one of the following conditions:

(16) G(fr, fs,f5) < kmax{G(r, fs, f5),G(s, f1, fr),G(s, fs, £3)}
or
(17) G(f1, fs, fs) < kmax{G(r,r, £5),G(s,s, fr),G(s,s, f3)}

forallr,s,t € X, where k € [0,1). Then f has a unique fixed point (say p), and f is G-continuous

at p.
Proof. It follows by taking g = Iy in Theorem 2.12. U

Corollary 2.14. Let (X,G) be a complete G-metric space, and let f,g: X — X be mappings

satisfying one of the following conditions:

G(gr fs,fs),G(gr, ft, ft),
(18) G(fr, fs,ft) <kmaxq Ggs, fr,fr),G(gs, ft, ft),

or

G(er,gr. fs),G(gr gr f1),
(19) G(fr, fs, ft) < kmax | G(gs,gs, fr),G(gs, s, f1),
G(gt, gt, fr),G(gt,81, fs)
forallr,s,t € X, wherek €[0,1). Then f has a unique fixed point (say p), and f is G-continuous
atp.
Further if range of X under f is contained in the range of X under g and g(X) is taken as
complete subspace, then f and g have one and only one point of coincidence. Moreover if f
and g satisfy weakly compatibility, then f and g have one and only one fixed point (say p) and

f is G-continuous at p.
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Proof. If we let s =t in conditions (18) and (19), then they become conditions (14) and (15),

respectively, in Theorem 2.12; so the proof follows from Theorem 2.12. U

Corollary 2.15. [7, Corollary 2.6] Let (X, G) be a complete G-metric space, and let f: X —

X be a mapping satisfying one of the following conditions:

G(r, fs, f5),G(r. f1, f1),
(20) G(fr. fs,ft) <kmaxq G(s, fr, fr),G(s, ft, ft),
G<t7fr7fr)7G(t7fs7fs)
or
G(nr, fs),G(r,r, f1),
(21) G(fr,fs,ft) <kmax G(s,s, fr),G(s,s, ft),
G(t,1,fr),G(1,1, fs)
forallr,s,t € X, where k € [0,1). Then f has a unique fixed point (say p), and f is G-continuous

at p.
Proof. It follows by taking g = Ix in Corollary 2.14. 0

Corollary 2.16. Let (X,G) be a complete G-metric space, and let f,g: X — X be mappings

satisfying one of the following conditions:

G(gr, f"(s),.f"(s)),G(gr, /" (1), [ (1)),
G(f™(r), f"(s), (1)) < kmax § - G(gs, f"(r), f"(r)),G(gs, f" (1), f"(t)),
G(gt, f™(r), f™(r)), G(gt, f™(s), /™ (s))

G(gr,gr, f"(s)),G(gr,gr f™(1)),
G(f™(r), f"(s),f" (1)) < kmax ¢ Gi(gs,gs, f™(r)),G(gs,gs, /" (1)),
G(gt,gt,f™(r)),G(gt,gt, f"(s))

~— —

G(gr, f™(s), /™ (s)),
(22) G(f™(r), [ (), /"(5)) < kmax § G(gs, /" (r), f"(r)),
Glgs, ["(s), /" (5))
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or
G(gr,gnr, f"(s)),
(23) G(f"(r),f"(s),f"(s)) < kmax § G(gs, gs, ["(r)),
G(gs,gs,f"(s))
forall r,s,t € X, for some n € N, where k € [0,1), then f has a unique fixed point (say p), and
f™ is G-continuous at p.
Further if range of X under f is contained in the range of X under g and g(X) is taken as
complete subspace, then f and g have one and only one point of coincidence. Moreover if f and
g satisfy weakly compatibility, then f and g have one and only one fixed point (say p) and f is

G-continuous at p.

Proof. The proof follows from Theorem 2.12, Corollary 2.14, and from an argument similar to

that used in Corollary 2.6. O

Corollary 2.17. [7, Corollary 2.7] Let (X, G) be a complete G-metric space, and let f: X —

X be a mapping satisfying one of the following conditions:
G(r, f"(s), f™(5)), G(r, (1), [ (1))
G(f"(r), f(s), (1)) < kmax ¢ G(s, f"(r), f"(r)),G(s, f"(2), ()
G(t, f"(r), f"(r)),G(z, " (s), f"(s))

7G ) ) )

7G ) ) )
G(r,r, f"(s)),G(r,1, f"(2)),

G(f"(r), f"(s), f"(1)) < kmax $ G(s,s, f"(r)),G(s,s, f"(1)),

G(t,2,f"(r)), G(t,2,/(5))

G(r, f™(5), /™ (5)),

24) G(f™(r), f"(s), [ (s) < kmax ¢ G(s, f(r), f"(r)),
G(s, ["(s), /" (s))

G(r,r, f"(s)),

(25) G(f™(r), f"(5), f"(s)) < kmax ¢ G(s,s, f"(r)),
G(s,s,f™(s))
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for all r,s,t € X, for some n € N, where k € [0, 1), then f has a unique fixed point (say p), and

f™ is G-continuous at p.
Proof. 1t follows by taking g = Iy in Corollary 2.16. 0

Theorem 2.18. Let (X,G) be a complete G-metric space, and let f,g: X — X be mappings

satisfying one of the following conditions:

(26) G(fr.fs,fs) < kmax{G(gr, s, [s),G(gs, fr, fr)}
or
@27 G(fn. fs,[fs) < kmax{G(grgr fs),G(gs, 85, )}

forall r,s,t € X, where k € [0,1), then f has a unique fixed point (say p), and f is G-continuous
at p.

Further if range of X under f is contained in the range of X under g and g(X) is taken as
complete subspace, then [ and g have one and only one point of coincidence. Moreover if f and
g satisfy weakly compatibility, then f and g have one and only one fixed point (say p) and f is

G-continuous at p.

Proof. Since whenever the mapping satisfy condition (26), or (27), then it satisfy condition

(18), or (19), respectively, in Theorem 2.12. Then the proof follows from Theorem 2.12. [

Corollary 2.19. [7, Theorem 2.8] Let (X, G) be a complete G-metric space, and let f: X — X

be a mapping satisfying one of the following conditions:

(28) G(fr, fs,fs) < kmax{G(r, fs, fs),G(s, fr, fr)}
or
(29) G(fr, fs, f5) < kmax{G(r,r. fs),G(s,s, fr)}

forall r,s,t € X, where k € [0,1), then f has a unique fixed point (say p), and f is G-continuous

at p.

Proof. It follows by taking g = Ix in Theorem 2.18. UJ
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Theorem 2.20. Let (X,G) be a complete G-metric space, and let f,g: X — X be mappings

satisfying one of the following conditions:

(30) G(fr.fs. fs) < a{G(gr, fs,fs) +G(gs, fr. fr)}
or
3D G(fr.fs,fs) <ai{G(gr.gr, fs)+Gl(gs,gs, fr)}

forallrs,t € X, where a; € |0, %) then f has a unique fixed point (say p), and f is G-continuous
at p.

Further if range of X under f is contained in the range of X under g and g(X) is taken as
complete subspace, then f and g have one and only one point of coincidence. Moreover if f and
g satisfy weakly compatibility, then f and g have one and only one fixed point (say p) and f is

G-continuous at p.

Proof. Suppose that f and g satisfy condition (30), then we have
G(fr. fs,fs) < ai{G(gs, fr,fr)+G(gr, fs,fs)}
G(fs, fr.fr) <ai{G(gr, fs,fs)+G(gs, fr. fr)}

forall r,s € X.

Suppose that (X, G) is symmetric, then by definition of the metric (X,dg) and (1), we get

da(fr.fs) < ai{da(gr. fs) +da(gs. fr)} Vx,yeX.
Since 0 < 2a; < 1, then the existence and uniqueness of the fixed point follow from a theorem
in metric space (X,dg) (see [2]).
Suppose (X,G) is not symmetric. Let ryp € X be arbitrary point, and define the sequence
{grn} by grn = f"(x0), then by (30), we have
G(grmgrn-i-l?grn-i-]) < a1{G(grn_1,grn+1,grn+1) +G(grn>grn,grn)}
= alG(grn—lagrn-i—lagrn—i-l)-

But

G(grn—1,8"n+1,8"n+1) < a1G(8rn—1,8"n,8"n) +aG(8rn, 8Tn+1,8"n+1),
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thus we have

a
G(grnvgrn-i-l?grn-l-l) < HG(grn—lvgrnangJ'

Letk=a;/(1 —ay), hence 0 < k < 1 then continue in this procedure, we will get that

G(grn,grni1,8mm+1) < K'"G(gro,gr1,gr1)-

For all n,m € N;n < m, we have by rectangle inequality

G(grn, 8rm:8rm) < G(8rn,8rn+1,8"m+1) +G(8rn+1,8mm42,8"n+2)
+... +G(grm—17grm7grm>

< (K" + K 4L+ KNG (gro, g1, 8m1)

n

<
11—k

G(gro,gr1,8"1).

Then, lim G(gr,, grm,8rm) =0, as n,m — oo, and so, {gr, } is G-Cauchy completeness of (X,G),
there exists p € X such that {gr,} is G-converge to p.

Suppose that f(p) # gp, then
G(grn, fp,fp) < ai{G(gra—1,/p,fP) +G(gp,8rn; 8ra)}-
Taking the limit as n — oo, and using the fact that the function is G-continuous, then

G(gp, fp.fr) <a1G(gp, fp,fp)-

This contradiction implies that gp = fp.

To prove uniqueness, suppose that gp # gp, such that f( p,) =g p,, then

G(gp.gp .gr ) <a{G(gp,gp .gp ) +G(gp .gp,8p),
SO
/ / Cll /
G(gp,gp ,8p ) < (k = 1_—61]) G(gp ,8p,8&p)

again by the same argument, we can verify that G(gp, gp ., gp/) < k*G(gp, gp . gp,), which im-

plies that gp = gp,.
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To show that f is G-continuous at u, let {gs,} C X be a sequence such that lim(gs,) = gp, then

G(gpvf(sn)af(sn)) < a{G(gpaf(sn)>f(Sn)) +G(g(sn)afp,fp)}a

and so G(gp, f(sn), f(sn)) < (a1/(1—a1))G(g(sn), f P, fP)-
Taking the limit as n — oo, from which we see that G(gp, f(s,), f(s,) — 0. By Proposition 1.10,

we have f(s,) — gp = fp which implies that f is G-continuous at p. O

Corollary 2.21. [7, Theorem 2.9] Let (X, G) be a complete G-metric space, and let f: X — X

be a mapping satisfying one of the following conditions:

(32) G(fr.fs,fs) < ar{G(r, fs,fs)+G(s,fr,fr)}
or
(33) G(fr.fs,fs) <ar{G(r,r,fs)+G(s,s,fr)}

forallr,s,t € X, wherea; €0, %) then f has a unique fixed point (say p), and f is G-continuous

at p.
Proof. It follows by taking g = Iy in Theorem 2.20. 0
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