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Abstract. In this article, we present a new class of nonlinear differential equations and prove the existence and
uniqueness of their solutions. The proof is based on applying Krasnoselskii’s fixed-point theorem and Banach’s
Contraction Mapping Theorem. We establish sufficient conditions for the existence of solutions within an appro-
priate Banach space and show that these solutions are unique. The combination of these two powerful theorems
allows us to address the challenges posed by the nonlinear nature of the equations. Additionally, we provide
an illustrative example to demonstrate the practical application of our results. The approach presented not only
advances the theoretical understanding of nonlinear differential equations but also offers a robust framework for
solving such equations in various applied settings.
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1. INTRODUCTION

Fractional calculus has emerged as a powerful tool for modeling various processes in fields
such as engineering, physics, and economics. In fact, fractional-order models often provide a
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more accurate representation of real-world situations compared to integer-order models. This
is because fractional derivatives effectively capture the memory and hereditary properties of
many materials and processes. Applications of fractional calculus span across diverse areas,
including material science, transport phenomena, earthquakes, electrochemical reactions, wave
propagation, signal processing, biology, electromagnetic theory, fluid dynamics, thermodynam-
ics, mechanics, geology, astrophysics, economics, and control theory (see [8],[11], [20], [24]).
These fields highlight the advantage of fractional differential equations over traditional integer-
order models. Key challenges in this area involve understanding different types of fractional
derivatives, such as Riemann-Liouville [22], Caputo [13], Hilfer [25], Erdelyi-Kober [15], and
Hadamard derivatives [17]. Recent interest has grown in solving boundary value problems for
nonlinear fractional differential equations, which are instrumental in modeling and analyzing
non-homogeneous physical phenomena. The Caputo derivative was introduced by Michele Ca-
puto in 1967 as a modification of the Riemann-Liouville fractional derivative. It has become
widely used in fractional calculus, particularly for modeling physical systems with memory and
hereditary properties. For more details, we refer to [23].

Ahmad et al [3] are establish the Existence and Uniqueness of solution for fractional LE in
terms of generalized Liouville-Caputo derivatives with non-local boundary conditions involv-
ing generalized operators. Recently, a few solutions for the FDEs involving distinct boundary
conditions were discussed in [5]-[14]. In [1] the authors discussed the existence and uniqueness

of the problem

DV (1) =f(1,9(1)), 7 € [a,b],
¥ (a) = Yy,

ey
Hence, researchers are focused on researching many aspects including the existence theory and

computational techniques of the stated class of DEs in terms of applications of [4]

DY (8(1) —g(r,9(r))) =f(7,9(1)), T € J = [0,7],
9(0) = vy,

2)

To the best of our knowledge, we are the first to consider the new class of fractional differ-

ential equations presented in this paper. Thus, inspired by the works mentioned above, in this
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manuscript, we focus on discussing the existence and uniqueness of solutions for the problem

cpv (% —g(r, 19(1'))) —f(1,0(1)),T€J =1[0,T],

¥(0) = B,

3)

The notation DV indicates a Caputo fractional derivative of order 0 < v < 1, g:J x R — Riis
a given function, f: J x R — R is a forcing term or source function, A : J — R™ is continuous
function, and ¥ is a known constant.

Additionally, (3) covers various problems and encompasses several research studies in the

Caputo operator setting that are present in the literature, such as:

(1) If A =0 and g = 0 the problem (3) return to the equation (1)
(2) The problem (3) returns to the equation (2) if A =0

The paper’s rest is arranged as follows: In Section 2, we introduce fundamental definitions and
properties of the fractional integral and Caputo fractional derivative, which will be referenced
throughout the remainder of the paper. In Section 3, we demonstrate the existence of solutions
to the Caputo type fractional problem (3) by applying Banach fixed point theorem and Kras-
noselskii’s fixed point theorem. Several illustrative examples are presented in Section 4, as an

application.

2. PRELIMINARY

In this section, we recall some basic definitions and results that will be used in this paper.
Denote by L!(J,R) the space of Lebesgue integral real-valued functions on J and by ¢ =
C(J,R) the Banach space of continuous functions ¥ : J/ — R, with norm || 9| = sup,¢; |9 (7)|,

for justifying this, we refer the readers to this work [22]

Definition 2.1. The Caputo fractional derivative with order v, for a suitable function ¥ is de-

fined as
DV (r) = L /T ¥ (1) (t—2)" V" ldz
I'(n—v).Jo
where n = [v]|+ 1, with [v] denotes integer part of v. The associated fractional integral is defined
by

1Vo(7) Zﬁ/orﬁ(s)(f—z)v—ldz
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Lemma 2.2. ([22]) Let v > 0 and n = [v]| + 1, The following holds:
(1)

3(P)(0) B
p!

1Y (%V@@)) — (1) —[g

(2)
DY (1Y 9(1)) = ¥(1)

Theorem 2.3. (Krasnoselskii [2]). Let .# be a closed convex non-empty subset of a Banach

space V. Suppose that </ and 9 map A into ¥ and that

(1) BO1+ A0 € M (NO, O €M),
(2) A is compact and continuous,

(3) < is a contraction mapping.

Then there exists ¥ in A such that O + 7O = 0.

3. MAIN RESULTS

In this section, before giving the main results, we assume the following assumptions through-
out the rest of our paper.

7€) There exists a constant 1g > 0 such that for all 7 € [0,7] and ¥, € ¢

‘g(raﬁl)_g(fal%ﬂ < ng|ﬁ1 _192|

05) There exists a constant 1y > 0 such that
f(7,01) —£(7,0%)| < ne | — By

4) £:J x R — R continuous function, and there exists a continuous functions py, tp : J — R™

such that
f(z,9)| < i (7)[3 ()| + pa(7)

forall 9 € X, and ae. T € J.
In the end, we set k¢ = sup,; [f(7,0)|, kg = sup,; |&(7,0)[, A* =sup,; |A(7)], ¥ = (0, D),

* )
and 6™ = 17y,
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Lemma 3.1. A function O € € satisfies (3) if and only if O satisfies the following fractional

integral equation

@ B = 1+ A 87 +8(e.0(0) + 7 [ (=2 0 9z

Proof. First, we assume that % € ¢ satisfies (3). Applying the Riemann-Liouville fractional
integer to both sides of (3) and making use of Lemma 2.2, we get

B (1)
1+2(7)|9(7)]

~8(5.0(0) = 17 ey 8000+ s [ (5= MG 006z

T 1440
Therefore, by putting the values of y*, 6* defined previously we get (4). Now, if © satisfies (4),
By dividing (4) by 1 +A(7)|0(7)|, we get

V(1) - o n
[T A@I9@)]  TLA0)%] 8

(2.9(z)) — (0, 80) + ﬁ [ a2 ts, 05

By taking DV on both sides and by benefiting from Lemma 2.2, the required result is obtained.

O

Next, we investigate the uniqueness result via Banach’s fixed point theorem. So, we present

the following result:

Lemma 3.2. Let us consider the polynomial TI(R) = R*AK; +R(ALy + Ky — 1) +Ly. If only
one of the following inequalities holds: \/AL) + /K| < 1 or |\/AL; — /K| > 1, then II has
two roots Ry < Ry. Moreover, if A*Ly + K| — 1 < /Ay, the set [R1,R,] N[0, +o0) is nonempty,

where the constants Ky, Ly, and Ay are defined below.

Proof. Let us take the constants

1
TVT]f7 L= ‘5* —’)/*’ + Kg+—Tva

1
Ki=mnet Tv+1)

)
and the discriminant of the equation IT(R) = 0
A =ML+ K —1)* — 407K\ L,
_ (/'L*Ll e —1+2\//1*T1L1> (l*Ll YK —1-2 )L*K1L1>

(0w ) (- -
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By using the first condition of lemma, we get

o 1AL - K — VA 1AL - K+ VA
b 24K, R 244K,
and by the last condition we get R, is a positive number, which completes the proof. UJ

Theorem 3.3. Assume that the hypothesis 1) — ) are satisfied and moreover

2—11(1 (11—*[(1 — Ll) € |max(0,R,),MRy]. Then, the problem (3) has unique solution.

Proof. We start our proof by defining the mapping .7 : ¢ — € as below:

TO(t) = (1+A(7)|0(7)]) {6* — v +g(r,9(1)) +ﬁ/of(r—z)vl(f(z,ﬁ(z)))dzl :

Also the ball . = {9 € €/||9¥| <R} with R €]max (0,R;), % (11—,{(‘ —L1> [ Let’s prove
that 7 (.#) C F. Let ¥ € #; then

ZO@| < (42BN 18"~ 7 |+ N + s [ (22" I D]

S (I+A™R) (|67 — 7| +[g(7, (7)) —g(7,0)[ + |g(7,0)|

+m /Of(r —2)"" 1 (|f(z, 8 (2)) — £(z,0)| + |f(Z,0)|)dz}

< (14+A*R) {|6*—Vk|+ng|1‘}(r)|+1<g+ TV(nfSCHKf)}

1
['(v+1)

<(14+4"9) [% (ng+ Tan) T TVKf]

T(v+1) T(v+1)
<TII(R)+R

By using the previous Lemma 3.2, we have I1(R) < fR. Therefore, |7 9| < R. This means that

T(F)C Z.

In the following, we show that the operator .7 is a contraction mapping on .7 .

For any ¥, %, in %, by #1) and J#2), one obtains

| T 01(7) = TH(7)| < A(D)[8" = Y'[[[01(7) [— [Da(D) ][ + g (7, D1 (7)) — g (7, Da(7))]

iy | =0 8 016 1 (el

+A(0) [[[1(7)|g(7,81(7) — |Da(7)| g (7, Ba(7)) ]

+% [ [ = i@l o) - wz(r)if(z,@z(z»idz]
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1%

< (D)8 — 7|+ 1) |1(2) — D (1) + {nf e )]wa)—ﬂz(r)H

I'v+1
+A(0) [|[D1(7) [g (7, B (7)) — |91(7)| (7, 02(7))]
+ |[91(7)|g(7,02(7)) — |02(7)[ & (7, 92(7)) ]

A(0) /0 T2V 119 (0) (21 (2)) — |94 (2)] £ (2. Ba(2)) [z

m/or T—2)" 7 {191 (7) [£ (2, 92(2)) — [92(7) | £ (2, %2(2)) ] dz

1%

. T
< (M@ = 714 me ey ) 191 ]
+2(0) g 91 (2)] + (5, 92(2)) ~ (5.0)| + Iz, 0] 91 (5) — 02(%)

PO T [ (e 19n(0) ~ (e

A(7)

(@)= (@) [ (=0 I ()

g(x*\a* Yl (TV )>H 81(7) — 2(3)]

+ A7 g |%1(7)| + ng[D2(7)] + K] | D1 (7) — Ba(7))|

*xV

I'(v+1)

% /()T(T_z)v_] (If(z,92(2)) — £(z,0)| + |£(z,0)]) dz

+ N |01 (7)] |9 — B

+ [0 (1) — Ba(7)]

v v

T
) (2meR+ Kf)) +Tlg+nfm) |0 — B

< <7L (|5 —’}/k|+2ng9{—|-l('g+m

< (A*(Ly +2K1R) + K1) || 91 — |

Hence .7 is a contraction, then by Banach Principe contraction .7 has unique fixed point. So,

we conclude (3) has unique solution. [

Next, we investigate the existence criteria of solutions via Krasnoselskii’s fixed point theo-
rem. To prove that the fractional integral equation (4) has at least one solution ¥ € ¥, we define

two operators <7 and % from € to €, as follows:

AB(7) = (1+A(7)|[3(7)]) (6" — 7" +8(1,9(7)))
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#o(r) = U ”éfi')’m)') / "(r— 2 (K2, 9(2)))dz

and the ball .#Z, = {9 € €/||¥| <p}

Lemma 3.4. Assuming 5¢1)—7¢3), in addition, only one of the following inequalities holds:
) AL+ VK <1 or )\/ALQ—\/KZ‘ > 1

and the inequality
(6) VA > AL +Kr—1

Given these, we have o/ ¥ + B0, € Mp V01,0 € M), where the constants Ky, Lo, and Ay

are defined below.

Proof. Let ¥y, € .#,, we show that, BV + &/ V> € .4, with considerations to ) and
J43), we get

[Z61(7) + B (7)| < (1 +A(7) [Bi(D)]) (16" = ¥'| + g (7, D1 (7))])

1 T o
o = et

(14 A() [8(7)) [
< (14 A%p) 5" — ] + |g(7, (1)) — g(z,0)] + |g(z,0)]

1

H4ap) s (-9 <u1<s>|ﬁz<r>|+uz<s>>ds]

* * * * T
< (12p) (18" 71+ ap + Kyt (i -+18) 1y

v+1)
<¥(p)+p,
where
‘P(p) = pzﬂ,*Kz +p (A*Lz + K — 1) + Ly,
with
TV v
KZ:nngﬂfm and Ly = |5*—Y*|+Kg+ﬂikm

Taking the supremum over 7, in the last estimate we obtain

| B+ /| <¥(p)+p.
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The discriminant A; of the equation ¥(p) =0 is
Ay =(A*Ly+Kyr — 1) — 41 K> Ly
- (}L*Lz +K2—1+2\/W2L2> (A*Lz Y Ky—1-2 A*Ksz)
~ (Vi vi) 1) (Vit-vi) -1).

1-A*Lr—Kr—+/As

If only one of the inequalities in (5) holds, then W has two roots. p; = TR and
P2 = H%{—W with p; < p; and from the inequality (6) we get p» > 0, we deduce that

the set [p1, p2] N[0, 4-oo| is nonempty.
We take p € [p1,p2] N[0,+<), and we get | AV + /%] < p. We can now conclude the

result. [

Lemma 3.5. If 1 —ng —A*(|6" —y*|+ Kg) > 0 and p € |0,Y*[. Then, the operator </ is a
contraction on M, where

_ 1—1ng—A" (|0 — 7|+ Kg)

Y*
A*ng

Proof. Let ©1,% € M and T € J,
|/ D1 (7) = ()] |[< A(D)[(6" = 7") (191(7)| = [Ba(T)])]
+1g(7,01(7)) — g (7, %2(7)) [+ A (D[ 01 (7) [g (7, D1 (7)) — [Da(7) | & (7, Ba(7))|
< (Mg+A(7)[8" = 7] [81(7) = B (1) [+ A(D)]|D1(7) [8(7, D1 (7)) — [B2(7) [ & (7, B1(7))]
+A(0)][82(7) |g (7, B1(7)) = [D2(7)[ g (7, D2(7))]
< (Mg+A(7)[8" v+ |g (7, %1(7))| + mg [ D2(7)])) |1 () — Ba(7))]
< (Mg +A" (18" = 7|+ Kg +Mgp)) [|B1 — Do .
Hence
|7/ D1 — o Ga|| < (Mg +A7(|6" = V' |+ Kg +1gP)) || B1 — B2 .
Thus, < is a contraction mapping. O

Theorem 3.6. Assume that the hypotheses of Lemma 3.5 and Lemma 3.4 are satisfied. Then,

the problem (3) has at least one solution, and the set of solutions is bounded.
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Proof. The fractional integral equation (4) can be written as follows:
V(1) = BV (1) + A V(1)

According to Lemma 3.5 and Lemma 3.4, the conditions (1) and (3) of Theorem 2.3 are sat-
isfied. To complete the proof of this theorem, it remains to show that % is continuous and

compact. For this reason, we take a sequence (¥,) such that ¥, — ¥ in .#,. So, we have

|B0n(1) — BB (1)]

1

< m/or(f—s)v‘ll(l+7t(r>|19n(r)|)f(s,z9n(s)) — (1+A(2)|9(7))E(s, O (s)) | ds

Since ¥, — ¥ as n — o and f is continuous, then according to Lebesgue dominated con-

vergence theorem proves that
[ =97 A0, 85~ 1+ AR D). D)5 — 0 a5 n—ses

Finally, 4 is continuous.
Now, we show that 4 is equi-continuous. For each ¥ € .#,,, and 71, 7, € J with 71 < T, let’s
prove that

lim |<@19 (Tl) — B (T2)| =0

11—

we have

B (15) — B (11)] < ﬁ‘ /(f(rz —5) " 1+ A () [9(n2) (s, O (s))ds

= [T = A ) 1B ()G, B (5))ds

0
< ﬁ/o (72=5)" " 1+ A() [ (22)]) = (11— )" (1A (1) [ (21)]) |If(s, B (5)) s
+ﬁ /:(fz—s)"_l(l+7L(T2)\19(T2)|)|f(sa79(5))|d5
<P ”“erJ)H“zH) /0 (72— 5)" " (14 A () |9 (22)]) — (11— 5)" " (1+ A (1) [0 (21)]) |ds
+ﬁ /:uz_s)v—l(l+A<rz>|ﬁ<rz>|>|f<s,ﬂ<s>>|ds

On the other hand,

(7]

im [ (1—5)"" 1+ A(0)[| () |f(s, 9 (s))|ds = 0,

Tl _)Tz Tl
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and

Jim [ =0 (14 2. (w) |9 () = (0 =) (144 ()9 () D] ds =0,

So

lim |29 (1)) — B9 (12)] =0

TI—T
We conclude that % is equi-continuous.
For arbitrary © € .#),, by using Lemma 3.4, we get | BY| < || BY| + ||/ 0| < p. we
deduce that #.#), is uniformly bounded on .#),. Since it’s equi-continuous, The Arzela-Ascoli
theorem yields that the mapping % is compact. We now conclude the result of the theorem

based on the Krasnoselkii’s theorem above. L]

4. EXAMPLES

Here, we give a nontrivial example to illustrate our main results.

Example 1. Consider the following Nonlinear fractional problem

Trexp(—7-3)[0(7)]
3(0) ==,

0 CD%( 3(1) _sin(r+%19(r))) =1+ 2[9(7)], 7€ [0,5],

Notice that g(0,9(0)) = 1,k = 2,kg = 1 and A* = ¢™>. Since, g(7,9()) = sin(t+
19(7)) £(7,9(1)) = T+ &|9(7)|,A(7) = exp(—T — 5) we have

(5, 01(5) ~ £ (20208 | < | 5 | ()

el
< 101(5) — 2(2)
18(c, 1 (1)) — 8 (7, 8a(2))| | < Jsin (H;M) ~sin (r+§ﬁz<r>)'

<5 19(5) - 2a(x)

Thus 1 = 2/15,1g = 1/7. Now 5 (1% —L1> — 72.1503, %, = 20.28154 and R, =

124.019247, Let R € [9%1, 2—11<1 (% —Llﬂ according to Lemma 3.2 and by Theorem 3.3, the

problem (7) has unique solution ¥ € % such that || ¥ || < fA.
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Example 2.

cnd (1) [9(r)le*\ _ cos(37°+1) 19(2)]
D3 <1+expp-r—1onﬂ(rn 5+ g ) = Zrerid T T E0.7]

8(0) =0

5.2)

; e " 312+1
In this example g(7,9%(7)) = 55 — M,f(f,ﬁ(f)) = C(Z&gr%) + \ﬂ(‘gl(jr)r‘w,l(f) =

3
exp(—7—10) and we set v = %, A =10 8§ = y* =0and kg = 1/5. Thus, we find

[Bi(m)le™® _ |Ba(r)]e””
T+4 T+4

—T

|8(7,81(7)) — (7, (1) || <

<
— 144

< 4 191(0) = (o)

[[91(7) [= [ 92(7)l|

and

< POL | s Pl 1
—|O(t)|+Tt+7 2H+6T+4 7 4

Hence, uf = 1/7,u5 = 1/4 and ng = 1/4. So, we get 1 —ng — A*(|6* —¥*|+xg) =
0.7499909, p; = 17.069675 and p; = 1924.671137.

(7, 9(7))

Then, by Theorem 3.6 the problem (5.2) has at least one solution.
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