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Abstract: This article explores (<7, %)-contraction type T-coupling and demonstrates the establishment of unique
strong common coupled fixed points (USCCFP) within bipolar parametric metric spaces (BPPMS). Our research
expands and generalizes several relevant findings from existing literature. Additionally, we provide two examples
to support our key results. Finally, we apply our findings to systems of non-linear integral equations and homotopy.
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1. INTRODUCTION

Research on the theoretical underpinnings of metric fixed point theory has been ongoing.
Banach’s introduction of the contraction principle is one of its fundamental theorems [1]. There
*Corresponding author

E-mail address: n.ushabhavani @ gmail.com

Received March 09, 2025



2 BHAVANI, NARESH, RAO, REDDY
are numerous uses for this idea in fixed point theory. There is a great deal of interest in and
literature on the study of contractive mappings over different spaces ( [2]- [5]).

The concept of a coupled fixed point(CFP) of mapping was introduced by Bhaskar et al.
[6]. Subsequently, Lakshmikantham et al. [7] introduced the idea of a coupled coincidence
point(CIP). The broader concept of coupling was detailed by authors in [ [8], [9]]. Numerous
studies have since explored the existence and uniqueness of CFP and CIP, using Kannan type
contractions within complete metric spaces ( [10]- [14]). These investigations have demon-
strated the existence and uniqueness of strong coupled fixed points(SCFP) under these condi-
tions.

The study of fixed points(FP) and associated properties for couplings meeting different
kinds of inequalities was presented as an open problem by Choudhury et al. [9]. For (¢, y)-
contraction type coupling in complete partial metric spaces, Aydi et al. [10] demonstrated the
existence and uniqueness of a strong coupled fixed point (SCFP). By introducing SCC-Map and
¢-contraction type T-coupling, as well as generalising the ¢-contraction type coupling provided
by Aydi et al. [10] to ¢-contraction type T-coupling, Rashid and Khan [11] attempted to ad-
dress this open problem and demonstrated the existence theorem of CCIP for metric spaces that
are not complete.Subsequntily, Fuad Abdulkerim et al. [15] established CFP results by using
(¢, w)-contraction type T-coupling mappings.

N. Hussain et al. recently introduced and researched the idea that parametric metric spaces
are a natural generalization of metric spaces ( [16], [17]). As a generalization of parametric
metric space, Kumar, Ege, Mor, Kumar, and De la Sen [18] established FPT and introduced
the idea of binary operation at the place non-negative parameter t. The concept of BPPMS was
introduced and some FPT were proved on this space in 2024 by M. 1. Pasha et al. [19].

In this paper, we use (.o, %)-contraction type T-coupling function to provide various CFPT
in the context of BPPMS. Additionally, we are able to give appropriate instances that are perti-
nent to homotopy and integral equations.

First we recall some basic definitions and results.
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2. PRELIMINARIES

Definition 2.1:( [19]) Suppose p. : £ X 3 x (0,00) — R is a function defined on two non

empty sets £ and 3 such that.

(1) If p(z,9,c¢) =0 forall c >0 theny =, forall (z,n) € £x 3.

(2) If r =, then p.(xr,n,c¢) =0, forall ¢ >0 and (r,y) € £x 3

(3) pc(r,v,¢) =pc(v,r,¢), forallc >0andr,p € £NIJ

4) pe(r,9,¢) < pe(r,3,¢) +pe(0,3,¢) +pe(0,9,¢), forall ¢ > 0,r,0 € £and n,3 € 3.

The triplet (£,3, p.) is called a BPPMS.

Example 2.2:([19]) Forally € £,y €3, and ¢ > 0, let £ = [—1,0] and 3 = [0, 1] be equipped
with p.(x,,¢) = c|r —y|. Consequently, (£,3,p.) is a complete BPPMS.

Definition 2.3:([19]) Let (£1,31,p;) and (£2,32,p¢,) be BPPMSs and Q: £, US| — £, U3,
be a function. If Q(£;) C £, and Q(3) C 3>, then Q is termed as a covariant map and this is
written as Q : (£1,31,P¢1) = (£2,32,Ppc,). If Q is mapping from (£1,31,p¢1) to (32,£2,Pc2),
then Q is termed as a contravariant and this is denoted as Q : (£1,31,p.;) & (£2,32,0c7)-

Definition 2.4: ([19]) Let (£,3,p.) be a BPPMS. Then

(z1) The points of the sets £, 3, and £N3 are referred to as left, right, and central points,
respectively. A sequence on (£,3, p.) that consists solely of left, right, or central points
is termed a left, right, or central sequence.

(22) pc(rasn,c) < goforall a > ag and ¢ > 0. This means that a left sequence {r,} converges
to a right point v if and only if for every £ > 0 there exists a ag € N.

Similar to this, a right seqence {y,} converges to a left point ¢ if and only if we can

locate a ag € N satisfying, whenever a > ag,c > 0, p.(r,94,¢) < .
Definition 2.5:( [19]) Let (£,3,p.) be a BPPMS.

(i) A sequence ({r,},{n4}) C £ x 3 is called a bisequence on (£,3,p.).
(ii) The bisequence ({z.},{v.}) is said to be convergent if both {z,} and {n,} are conver-
gent. This bisequence is said to be biconvergent if {x,} and {y,} converge to the same

pointu € £NS.
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(iil) ({za},{na}) is a bisequence for (£,3,p.) is known as a Cauchy bisequence (CBS) if,
for every & > 0, we can locate a number ay € N, which, for all positive integers
a,b>ag,c>0,p:(xa,0p,¢) < 2, is called a CBS.
Definition 2.6: [20] Let £={.</ /o7 : [0,0) — [0,00) } be a family of altering distance functions

such that

(i) < is continuous and monotone non-decreasing functions;

(ii)) A (¢) =0 <= ¢=0;

3. MAIN RESULTS

In this section, we prove CFP theorems on BPPMS.
Definition 3.1: Let (£,3,p.) be a BPPMS and a pair (£, ®) is called
(a) a CFP of mapping Q : (£2,3%) = (£,3)if Q(p,0) = p, Q(0,0) =0
for (f,@) € £2U3?;
(a;) a SCFP of mapping Q : (£2,3%) = (£,3) if (f,®) is CFP and p = ®

i.e Q(p,p)=p;

(b) aCCIP of Q: (£2,3%) = (£,3) and A: (£,3) = (£,3) if Q (0, 0) = Ap,
Q (o, o) = AD;

(bi) aSCCIP of @ : (£2,3%) = (£,3) and A: (£,3) =2 (£,9) if p = @.
i.e Q(P,0)=Ap;

(c) aCCFPof Q: (£2,32) = (£,3) and A: (£,3) = (£,3) if Q (0, 0) = Ap = p,
Q(@,p) = Ao = m;
(ci;) aSCCFP of Q) : (£2,3%) =3 (£,3) and A: (£,3) = (£,3) if p=@.
i.e Q(p,p)=NAp= g,
(d) the pair (Q,A) is weakly compatible (w-compt) if A(Q(,®)) = Q(Ap,AD) and
AR(@,0)) = QAD, Ap) whenever Q (2,0) = Ap, Q(@,P) =AD.
Definition 3.2: Let (£,3,p.) be a BPPMS, ., .7 and &, 2 be a nonempty subsets of £ and 3
respectively. Then a covariant map @ : (£2,3%) = (£,3) is said to be a coupling with respect
to (V,Z)and (7,2)if Q(p,0) ¢ U2 and Q (@, p) € ¥ U.J where
(,0) € (L UT)U(PU2)>
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Definition 3.3: Let .7,.7 and &2, 2 be a nonempty subsets of £ and 3 respectively. Any
function A : (£,3) = (£,3) is said to be
(i) acyclic (with respectto (., &) and (7, 2))if A(¥UT)C ZUL2 and
ANZ2UL2)CSUT.
(i) a self-cyclic (with respect to (., &) and (7, 2))if A(YUT) C ¥ UT and
ANZUL2)C ZUL.
Definition 3.4: Let .%,.7 and &, 2 be any nonempty subsets of a BPPMS (£,3,p.) and
T : (£,3) = (£,3) be a self-covariant map. Then T is said to be SCC-covariant map with
respect to (., &) and (7, 2), if
(i) N(FYUT)CXUT and T(PULZ2) C UL,
(ii) T(SUT) and T(L U L) are closed in £US.
Definition 3.5: Let .,.7 and &2, 2 be a nonempty subsets of a BPPMS (£,3,p.) and
T: (£3) = (£3) is a SCC-covariant map on £US w.r.t (¥, ) and (.7,2). Then a cou-
pling Q : (£2,3%) = (£,3) is said to be (&7, %)-contraction type T-coupling w.r.t (., &) and

(7, 2) if there exist two altering distance functions 7, % € £ and ¢ € (0, 1) such that

(D A (Pe(R(3,¢),Qx,),¢)) <o (M(x,9,3,¢)) — B (M(x,9,3,¢))

where,
M(x,9,3,¢) = £max{ pe (Tx,T3,¢),pc (Ty, Te,c) } forallp e L,3€ Pandye T, e € 2.
Theorem 3.6: Let .,.7 and &, 2 be a nonempty closed subsets of a complete BPPMS
(£,3,p:), T: (£,3) = (£,3) is a SCC-covariant map on £US (w.rt (¥, %) and (T,2)),
and a coupling Q) : (£2,52) = (£,3) be (o, AB)-contraction type T-coupling (w.r.t (.¥, F)
and (7,2) ), Assume
(i) T(LuT)NT(ZUL2) #0;

(ii) @ and T have a CCIP in (.’ U.7)?U(Z U 2)%;

(ii1) If @ and T are @-compt.
Then @Q and T have a unique SCCFP in (. U.7)?>N (L2 U 2)?.

Proof Since .7, and &, 2 are non-empty subsets of (£,3) and @) is (o7, %)-contraction
type-T coupling w.r.t (., %) and (7, 2), then for ap € ., by € .7 and ¢y € Z,0p € 2. For
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each ¥ € N, define
Q (aKa bK‘) = Tex = 3, Q (CK;DK) = Taxs1 = Txt+1
Q(bk'aak') =Tox = e, Q(DK,CK) = Tbxy1 = Yry1

Then ({rk},{3«}), {v«},{ex}) are bisequences in (., &) and (T, 2).

K ; 9 7C b
Say D, = %max Pe (¥0,30:) . Then for all x,1 € Z* and from (1), we can get

pC(UOaQOaC)
W(Pc(zfx,zx,c)) = d(pC(Q(cK—lvaK—l)’Q(aKva)’c))

< @{(M(aiﬁ bK'7 CK—17DK—1)) - %(M(Chﬁ bK‘; Cx—1 701('—1))

o | rmax Pe (T 3x—1,€), _ | rmax Pe (i, 3x—1,¢),
pC(UKaeK‘—lac) pC(UK‘aeK—lvc)

S o | tmax pc(?K:ﬁK—luc)7
Pe (D, ex—1,C)

M(ax, by, cx—1,0x-1) = émax{ pe(Tax, Tex_1,¢),pe(Thy, T, 1,c¢) }

IN

Because of,

= Emax{ pc(g:K’ijl,C),PC(UK&KfIaC) }

By using property of <7, we have

¢ ydxk—1,C),
2) Pe (i, 31, ¢) < £max Pe (s 3x-1,€)
Pe (Dis ex—1,¢)
Similarly, we can prove
¢ y3x—1,C)
(3) pc(UKueK,C) < /max p (FK dx—1 )
Pc (UKHQK_],C)

Combining (2) and (3), we have

pc(ZKaéK—hc)’
maX{ pc(;K75K7C)7pC(UK'72K‘7€) } S ‘gmaX{ p (U . ) }
c K 6xk—1,€

S gzmax Pc (p(—bél(—lac)a
Pe (Dic—1,ex—1,C)
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< EZKmax Pc (F073076)7
Pc (0072076)
< (1 _6)@1( < QK‘-

Moreover,

A (Pe(tet1531,¢) = A (Pe(Q(cx,0x), Q (ax, bx) ,€))

S %(M(GK,bK,CK, M aK7bK'7CK'7
M Kmax Pc ;K’aék’, Emax pC (?KH@K? C) )
Pe (D, ek, C) Pe (9, ex,¢)
S ,,Qf Kmax pC XK?&K‘?
pC UK;eK;

M(ag, by ce0x) = fmax{ p.(Ta, Tex,c),pe (Tog, Togc) |

IN

Because of,

= Emax{ Pe (Txs3x,€) 5 Pe (Vs ek, C) }

By using property of <7, we have

pC (; 75 7C)7
“) Pe(tit1,3x,¢) < £max o8

Pe (9i, e, €)
Similarly, we can prove
) Pe(Dit1,ex,¢) < £max Pe v,

Pe (D, ek, €)

Combining (4) and (5), we have

Pc (rK75K7C)7
max{ Pe(Er+1:31,€)s Pe(Dit1, x5 ) } < /max
pC (UK’QK)C)

< KZK'-H max Pc (FO)@O? C) ) .
Pc (UO; QO,C)
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Now

Pe(Tit1:31:¢) < Pe(Tictisdi+1,6) + Pe(Tict1,31+1,€) + Pe(Tict1, 5k, C)

< Pe(Trtis3642,€) + Pe(Tit2,3x+2:€) + Pe(Tic+2:3k+1,C)
+(€2K+2+€2K+1)max Pc (P0>507C)7
pC(Uan()7C)
? 7C Y
< Pc(IK+173K+2,C)+(€2K+4+€2K+3—|—€2K+2+£2K+1)max Pe (¥0:30:¢)
Pe (90, ¢0,¢)
_ Pec (¥0,30,€),
< pc(?ic—H,Z)Kﬂfl,C)+(€2K+2l 2—|—"'—|—£2K+1)max el )
pc(UO,%,C)
< (£2K‘+2171+£2K+2172+€2K+2173+."+£2K+1)maX Pc (?0730,0)7
Pe (90, ¢0,¢)
- | c 9 ,C,
S Ezk'—}—l Zelmax p (;0 30 ) _ E@K < @K
i=0 pc‘(UOve()vC)
On the other hand,

Pe(Xicsdict1:€) < PelTiesdnes€) + Pe(Trt1:3x:€) + Pe(Txt1:3x+1:C)

Pe (£0,30,€) 5

pe (ho, €0, ¢)

+Pc (T, 3541,€) + Pe(Txt12,3x11,€) + Pe(Tx1253x+1,C)

S (EZK—I—EZKH)maX

Pc (IO,?)OaC) ’

< (£2K+€2K+1 _|_£2K'+2 +£2K+3)max +Pc(ﬁx+2751<+hc)
Pe (Do, ¢o,¢)
_ Pc(Xo,30,€),

< <£2K+€2K+1 +...+£2K+21 l)max C( ) —|—pc(§K+l73K+l,C)
Pc (007607C)

Pc (?073070)7
Pc (UOJQOJC)

S (€2K +£2K‘+] 4 +€2K‘+2l—] +£2K+21) max
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< EZKiEimax Pe (50:30,€). =Dy
=0 Pe (90, ¢0,¢)

Now, since 0 < £ < 1, for any ¢ > 0, we can find an integer kj such that D, < % Hence,
Pe(Trs315¢) < Pe(Tisdiyr€) + PelTryrdxyr €) + Pellrgrd1,¢) < 3Dy < 6 and ({xk}, {3¢}) is a
CBS in (., &). Similarly, we can prove ({9x},{ex}) isaCBSin (.7, 2). Since

T(U.J) and T(Z U L2) are closed subset of a complete BPPMS (£,3,p.). Then the se-
quences {t¢}, {9x} C T(LUT) and {3«}, {ex} C T(L U L) are convergence in complete
BPPMS (T(U.9), T(LUL),p.). Therefore, there exist a,b € T(¥U.7) and

[Lm e T(ZUL2) such that

lim r = lim Ta, =1, lim = lim Tb, =m,
K—yoo K—yoo K—vo0 K—yoo

(6) lim 3, = lim Tc¢x = a, lim ¢x = lim To, =b.
K—o0 K—yoo K—yoo K—o0

Then there exists k1 € N with p. (r,[,¢) < % Pe (D, m,c) < % Pe(a,3¢,¢) < % and
Pe (b,ex,c) < 5 forall k > ky and every ¢ > 0. Since ({r«},{3¢}) and ({v«},{ex}) are CBS,

we get pe (I, 3x,€) < % and p. (9, ex,c) < % Now consider,

(7) pc (a, [76) S pc (a75K‘7€) +pC (;K,ak‘ac) +p€ (IK‘; [7C) < g
and
(8) pC (bamvc) S pC (b7eK7C) +pC (UK’ eK'vC) +p€ (UKamvc) < g

Therefore, from (7) and (8), we have
9 a=landb=m

it follows that a,b € T(.U.7)NT (L UL2) # 0. Now, since a,b € T(¥U.7) and

[Lme T(ZUL), there exist f,g € S UT and p,q € U2 such that Tf = a,Tg = b and
Tp=[Tqg=m.

From (6) and (9), we get

Tae — Tp, Thy = Tq,Tc, — T, Tox —Tg

(10) Tp = Tfand Tq = Tg
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Claim that Q(f,g) = a, Q(g,f) = b and Q(p,q) =L, Q(q,p) = m.
By using Eq.(1), (10), (d), and the properties of .o/, %, we have

Pe(a,Q(f.9),¢) < pe(a,Tex,c) + pe (Tag, Tex,c) + pe (Tax, Q(F, 9), )
Letting Kk — oo, we get
pe (a,Q(F,9),¢) < lim p. (Tax, Q(f,9),¢).
It follows that

o (pe(a,Q(f,8),¢)) < lim o (p. (Tax, Q(f,9),¢))

lim M(pc (Q (CK-_l,DK—l) 7Q(fag)7c))

K—>o0

¢ T ’T - ’ c T 7T — I ’
tim o [ emax Pe(EhTex1:0) tim 2 | oman d Pe(THTex10)
A pC (T97TDK717C) ke pC (TgyTDKfl,c)
(4 T? 9 )
< & | {max Pe(Tf,0,¢) '
pC(Tg7b7c)
Similarly, we have

(0. (6,008 f)sc)) < w(ﬁrnax{ e (Th,c). })
pC(Tg,b,C)

7 Pc(a,Q(f,9),¢), . o (pe(a,Q(F,9),¢)),
Pe (b,R(g,1),c) o (pe (b, Q(g,),¢))
< (ﬁmax{ pe(Lfa.c). }) =0.
pc(Tg,b,¢)
7 Pc(a,RQ(f,g),¢), o
pe(b,RQ(g.f).c)
So that Q(f,g) = a and Q(g,f) = b. Similarly, we can prove Q(p,q) = [,Q(q,p) = m. Hence,

from (9), Q(f,g) = Tf = a =1="Tp = Q(p,q) and Q(g,f) = Tg = b =m = Tq = Q(a,p).
Therefore, (f,g) € (' U.7)?>N (P U2)? is the CCIP, and (T(f), T(g)) is the CCIP of Q and

IN

IN

Since,

we have
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T. Let (f*,g*) be another CCIP of (Q and T. So, we will prove that T'(f) = T'(f*) and
T(g) = T(g*). From (1), we have

A (pe(T(F), T(§),¢))
= Q{(pC(Q(fvg%Q(f*vg*)’c))

< (M(f,9,f",9%)) — % (M(f,9,f",07))
o/ | fmax pe (TF, T ), — % | {max pe (TF, Tf",c).
pC (T97Tg*7c) pC (Tgng*ac)
< o/ | fmax P (TF, T c), )
pc(Tg, Tg*,c)

Therefore,
d pC (Tf7r:|rf*7c)7 - %<pc (Tf7Tf*7C))7
max = max
pe(Tg, Tg*,c)  (pc(Tg, Tg*,c))

S JZ{ Emax pC (va Tf*vc) ) ‘
pe(Tg, Tg*,c)

Using the property of .7 and ¢ € (0,1), we get T'(f) = T'(f*) and T'(g) = T'(g*). Hence, the

IN

IN

CCIP of 3 and T is unique. Finally, we prove T'(f) = T(g).

A (P (T(5), T(g)c)) = & (p(RQ(9),R(a,]),c))

< %(M(fvgvgJ)) _’@(M(fvg7gaf))

S JZ{ Emax pC (Tf,Tg,C) ) . ,93 Ernax pc (Tfa Tg,C),
pe(Lg Tfc) pe (Tg, T, c)

o emax{ pe (T}, Ta.c), }

IN

pe (Tg,T¥,c)

by the property of <7, we have

P (T(5), T(g),c) < lp. (T(f),T(g),c)
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Since, ¢ € (0,1). Thus, ('T(f), T(f)) is the UCCIP of the mappings @3 and T w.r.t ¥’ U.7 and
P JL2. Now, we show that ( and T have USCCFP. For this let T(f) = b, then, we have
h=T(f) = Q(f,f) by the @-compt of (3 and T, we have

Th =T (T(f)) = TQ(F,§) = Q(Tf, Tf) = Q(bh,b)

Thus, (Th, Th) is CCIP of @) and T. By the UCCIP of @3 and T, we have Th = Tf. Thus, we
obtain h = Th = Q(h,h). Therefore, (h,h) is the USCCFP of (3 and T.

Corollary 3.7: Let .”,7 and &, 2 be a nonempty closed subsets of a complete BPPMS
(£,3,pc), a coupling covariant map @Q : (£2,52) = (£,3) be satisfying (7, %)-contraction
type coupling (w.r.t (., ) and (.7,2) ), then Q has a USCFP in (. U.7)>N (LU 2)2.
Proof Following the lines of Theorem (3.6), by taking as a T' = I 3.

Example 3.8: Let£={0,1,2,7} and § = {0, 1,1, 7,3} be equipped with
pc(o,n,c)=clo—mn|forall c € £,1 €3 and ¢ > 0. Then, (£,3, X) is a complete BPPMS.
Let .~ = {0}, 7 ={0,1}, # = {0} and 2 = {0,4}. Then .#,.7 and 2,2 are closed
subsets of £ and 3 respectively. Define @ : £2U32 = £US given by Q(x,3) = min{x,3} for all

0, if0<r<l,
(1,3) €£2US3% Let T: £US 2 £US as T(x) =

1, ifl<p<7.
Also, we define o7, % : [0,00) — [0,00) as <7 (r) = r* and HB(x) = 1°, then clearly o7, % are
altering distances functions. Observer that T(.”U.7) = {0,1} and T(Z U 2) = {0, %} are
closed in £US3. Hence T is a SCC-map. For all (1,3) € (Y U.Z7)2U (LU 2)?, we have
Q3 =0 U2 and Q(@,p) =0c . U.J. Which show that @ is T-coupling w.r.t
(.7, ) and (7, 2). Finally, we prove that ) is (.27, #)-Contraction type T-Coupling w.r.t.
(&, P)and (7,2). Forallr€ ., 3€ Zandye€ T ,ec 2. {i.e}zc:O,t)zo,l,g:O,e:O,%
and take ¢ = % € (0,1), c =2 > 0. Four cases will arise for r,1,3,¢.
(i)r=0,y=0,3=0,e=0
(ii)r=0,n=1,3=0,e=0
(iil)r=0,p=0,3=0,e = %
(v)r=0,9=1,3 :O,e:%
For case(i), we have (Q(3,¢) = ©Q3(0,0) =0, Q(r,y) = Q(0,0) =0, Tr =T0=0, T3 =T0=0,
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Tyh=T0=0, Te=T0=0and p.(0,0,c) =0 then
0 = A (pc(RG,e), R(x,1),¢))
</ | fmax pe(Tr T3.0). — % | fmax pe(Tr Ts.0),
pe (T, Te,c) pe (T, Te,c)
M(%max{ 0.0 }) —%(%max{ 0.0 }) < o/ (0)— 2(0)

which proves case(1).
For case(ii), we have Q(3,¢) = Q(0,0) =0, Q(r,n) =Q(0,1)=0,Tr=T0=0, T3 =T0=0,
Ty=T1=1, Te=T0=0and p.(0,0,c) =0 then

IA

0

IN

0 = A (pc(R(,e),R(x,1),c))

o (Emax{ pe(Tr Ts.0). }) - A (Emax{ pe(Tr Ts.0). })
pe(Ty, Te,c) pe(Ty, Te,c)

M(%max{ 0,c }) —%(%max{ 0,c }) <o (1)—A(1)

which proves case(ii).
For case(iii), we have (3,¢) = ©Q(O0, %) =0, Q(r,n) =Q(0,0)=0,Tr=T0=0,T; =T0=
0, Th=T0=0, Te= T% =0and p.(0,0,c) =0 then

IN

0

IN

0 = Z(p(RG,e) RQr,),0))
< & | {max pe(Te.Ts.c). — % | {max pe(Te.Ts.c),
pe(Ty, Te,c) pe(Ty, Te,c)

%(%max{ 0,0 }) —%GmaX{ 0,0 })

o (0)— Z(0)=0

IN

IA

which proves case(iii).

For case(iv), we have Q(3,¢) = (0, %) =0,Q(r,n)=0Q(0,1)=0,Tr=T0=0,T3=T0=0,
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Ty=T1=1,Te=TL=0and p,(0,0,c) =0 then

0 = %(pc(Q(ﬁve)aQ(&U)W‘))

CT7T77 C'T7T77
o | rmax pe (T, T3,c¢) . pe(Tx, T3,¢)

pe (T, Te,c) pe(Ty, Te,c)

M(%max{ 0,c }) —%(%maX{ 0,c })

< 7 (1)-2(1)=0

IA

IN

which proves case(iv).

From the cases (i) to (iv) () and T satisfy all the conditions of Theorem 3.6. Thus @ and T
have a SCFP in (U7 )N (L UL). Obviously, T(XUI)NT(LUL)={0} #0. 0is the
USCCIP and (0,0) is the USCCFP of 3 and T in (. U.7 )N (L U2) as

T(0) = Q(0,0) = min{0,0} = 0.

4. APPLICATION

4.1. Application to the existence of solutions of integral equations.

In this section, we present an application of our coupled fixed point results derived in our
Corollary (3.7) to establish the existence and uniqueness of a solution of a system of integral
equations.

We consider a coupled system of two nonlinear integral equations as follows:

(o) =f(0)+ [ Z(o,u)F (ur(u),n(u))du,o € s USE

(11) EUE
U(U) - f(U) +£’ féa g(“au)ﬁ(uﬂ(u)y?(u»duvb € (g)l U(’ggZ
1U62
where

(i) 9: U8} - Rand F : (6§ U&) x R? — R are continuous;
(ii) f: &1 U& — Ris continuous and measurable at u € &1 U &, V v € &1 U é;

(iii) %(n,u) >0Vo,ue & Us and f %(U,u)du <1Vves UE;
HUE

() |7 (u,3(u), 0 (1)) = F (u,x(u),n(w))] < 5:M(x,1,3,10) where £ € (0,1), ¢ > 0 and
M(z,v,3,10) = max{ pe (1,3,¢),pe (n,10,¢) } forallr e S ye T,3€ Pwoe2
where .7, 7 and &, 2 are closed subsets of £ and 3 respectively,
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Theorem 4.1 Suppose that (i) and (iv) hold. Then, the existence of a coupled solution for Eq.
(11) provides the existence of solution in (. U.7)?>N (22 U 2)? for the integral Eq. (11).

Proof Let £ =C(ZL7(&1)),3 =C(ZL(&,)) be the set of essential bounded measurable con-
tinuous functions on &7 and & where &7, &> are two Lebesgue measurable sets with

¢(v) — o(v)| for
alll € £,06 € 3, c € (0,00). Therefore, (£,3,p.) is a complete BPPMS. We define

A, B [0,00) = [0,00) as &/ (r) = ¢ and AB(x) = 5, then clearly <7, are altering distances

m(61U&) < oo. Define pe: £x 3 x (0,00) = RT as pc(£,0,¢) = ¢.5UPyc 08

functions.

Define I': (£2,3%) = (£,3) asT(x,9)(0) =f(0)+ [ “(0,u).Z (u,x(u),n(u))du,u€ & UE.
EUE
Using the inequalities, (i), (ii), (iii), (iv) and for every v € &1 U &3, we have

CG.0)(0) = TE0©)] = | [ 90,00 (F (300, 1000) = F .50, n(w))

&UE

< [ 9001 (), () — o, w) ()
U

< /%(U,u)zi;M(m,a,m)du
EUE

< M0 aw) [ F(ou)dis oMk 5 w)

EUE

which implies that

Pe(L'(3,10)(v), (¥, 9)(v),¢) < gmaX{ Pe(£,3:¢),Pc (9,10, ¢) }

taking <7 (r) = r and A(r) = 5, then we get

»Qf’(pc(F<3,m)(v)7F(zc,U)(v),c*))<d(ﬁmax{ Pe(8:3:0), }) %’(Zmax{ Pe(®:3:¢) })
PC(U,\D,C) PC(U,VD,C)

Hence, all the conditions of Corollary (3.7) hold, we conclude that I" has a unique coupled

solution in (.U .7)?>N (2 U 2)? to the integral equation (11).

4.2. Application to the existence of solutions of Homotopy.

In this part, we examine the possibility that homotopy theory has a unique solution.
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Theorem 4.2 Let (£,3,p.) be a complete BPPMS, ((.7,9),(.#,.%)) and ((#,9),(,.Z))

be an open and closed subsets of (£,3) such that ((,¥),(.#,£)) C ((+.,9),(4,2)).
Suppose . : (L UG) x (FUL))U((FUL)x (L UZ)) x[0,1] = £US be an operator
with following conditions are satisfying,

*1) t # H(x,e,5), ¢ £ H(e,r,s), foreachr € (L UY),e € d(FUL) and s € [0,1] (Here
(L UY)UI(FUL) is boundary of (Y UZ)U (L UL)in £US);

xy)forally € .7, ecY,1€ #,¢cc ¥, sc [0,1] and <7, % € £ such that

A (P (Hi(x,1,8), (6, ¢,5),¢)) < o (max{ Pe(r6:6), }) _ (max{ pe (x,6,¢), })
pe(e,1,¢) pe(e,1,¢)

x3) AM > 03 p.(Ho(x,1,5), 7(c,e,t),c) < Mc|s—t| foreveryr € S e €cbG,1€ S ce L
and s, € [0, 1].
Then J#.(.,0) has a CFP <= J#(.,1) has a CFP.

Proof Let the set
®={ s €10,1]: H(x,1,5) =1, #.(1,x,5) = 1 for someyr e S 1€ }

Y= { t€10,1]: (g, e,t) =6, (e,G,t) = ¢ for somee €Y, ge.¥ }
Suppose that 7(.,0) has a CFP in ((YU¥Y) x (FUL))U((FUL)x (L UY)), we have
that (0,0) € (@ x Y) N (Y x ®). Now we show that (® x Y) N (Y x ©) is both closed and open
in [0,1] and hence by the connectedness ® =Y = [0,1]. As a result, #7(.,1) has a CFP in
(@ xY)N (Y x ®). First we show that (@ x Y)N (Y x @) closed in [0,1]. To see this, Let
({ap}::] ) {xp}::]) C (®,Y) and ({yp}::] , {bp}::]) C (Y,0) with (a,,x,) = (o, ),
(yp,bp) = (a, o) € [0,1] as p — co. We must show that (ot,a) € (@ x Y)N (Y x ). Since
(ap,xp) € (©,Y),(vp,bp) € (X,0) for p=0,1,2,3,---, there exists sequences ({r,},{p})
and ({e,}, {gp}) with ) = He(xp,1p,ap), 1p = Hel1p,¥p,xp) and ¢ = He(ep, 6p, V),
Sp = He(Sps€psbp)-

Consider
pC(XIN gp—i-l?C) = Pec (%(gp7 lpaap)J%‘(GP-l-la ep+17bp+l)7c)
S Pc (%(;pvlpaap)a‘%(glﬂ%uep+17ap)7c)

+Pec (%(Xp+1,lp+1,ap+1),%(€p+1, eerl»ap),C)
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+Pc (%(I[H—lalp—i—la“pﬁ—l)a%:(gp—klaep+l>bp+l):c)
S Pc (%(ppvlpuap%%(gl%klu ep+l7ap)7c)

+Mclapi1 —ap|+Mclapi1 —bpii].

Letting p — oo and using properties of <7, we get

pli_l;rgod(pc<xp7GP+l7c)) < lim ﬂ(l)C (%<xpﬂlp7ap)7%‘(gp+l7ep-i-]?ap)?C))

p—ree

J 7c 2
< lim &« | max Pe (Zﬂp ag ) — lim £ | max

P Pc (ep—H?lp?c) p=re

Pc (¥p7§p+17€),
Pc (ep-l-lalpac)

Similarly, we can prove

Pc (;pa €p+170) )

lim . (pc(eps1,1p,c)) < lim & [ max
Pc (eerl:lva)

p—reo p—r

—1im 2 | max Pc (?pvg]H—l?C) )

P Pc (ep—o—l,lp?C)
Therefore,
b 1 9 C b . 9 1 b C )
lim 7 | max Pe (;p o+ ) < lim &« | max Pe (;p ot )
p—)oo p—)oo

Pc (ep+lalpuc) Pc (ep+17lpac)

Pec (xpa Cp+1s C) ’

Pc (ep—Hvlp?c)

— lim £ | max
p—roo

) ) C 7
By the definition of 2, it follows that lim 2 [ max{ '° (& Gp1:€) —0.

e Pe (ep+151p;€)
So that Ili_r&pc (tpsGp+1,¢) =0and l}i_rgopc (eps1,1p,c) =0.

We will prove ({x,},{1,}) and ({ey},{gp}) are a CBS. Assume there are & > 0 and
{ak},{px} so that for py > gx > k,

(12) pC(;pkagC]/aC) Z 87 pC(;pk,pgq;ac) < gvpC(epkvlqkac) 2 87 pc(epk,plqk?C) <E&

and

(13) Pc(?qk@pk»C) Z 8; pC(quagp]ﬁ]?c) < gapC(eqk7lpk7C) Z 87 pC(eqkal[)]ﬁ]?C) <E&



18 BHAVANI, NARESH, RAO, REDDY

By view of (12) and triangle inequality, we get

€ < pC(?Pk’ Saies c)

IN

Pe (Fpkv Spr—1> c)+pe (?qu s Spr—1> ¢)+ pe (kafl ) Sqx c)
< Pe(Tpis Spri»€) +Pe (’%(Fpk—l7lpk—l7apk—1)7%<gpk—l’e[’k—HbPk—l)?C) TE

< pC(FPk? Spe-1 7C) +Mc|apk—1 - bPk—l ’ té&.
Letting kK — oo in the above inequality, we obtain
(14) ]}iilgoPC(?pka g C) = €
Using (13), one can prove
(15) ]}i_ri}opc(;%ﬂ ka,c) =&
Similarly, we can prove

%Eopc'(epkvlquc) =€, %i_r)gopc.(eqk,lpk,c) =€.

For all k € N, by (x2) we have

pc(;pka qu,C),

Pec (epkv lquc)

pc(;pka qu7c);

lim &/ | max < lim & | max
k—>o0 k—roo
Pc (epka lqwc)

pc(rpku qu,C),

Pc (epkﬂle’C)

— lim £ | max
k—yoo

.. . 111’1’1 pc(xpln quv C)7 . .
By the definition of 4, it follows that % | max{ *=* = 0 implies that

klij?opc (ePk7ZIIk7C)
A(€) = 0 then € = 0 which is contradictory, by applying (14) and (15).
Therefore, ({pp},{tp}) C(¢,4) and ({ep},{gp}) C (¢9,2) are CBS. By completeness,
there exist (a,x) € . x . and (y,b) € ¥ x £ with

lim =x lim: =a lime =bH lim =
prFanl s p+1 e p+1 p%wngrl y



(«7,2)-CONTRACTION AND T-COUPLING FIXED POINTS 19

we have

pC (%(yvba (X),X, C) é Pc (%(y7b7 (X), GIMC) ‘|‘Pc<?p7€pac) +p€(xp7x7c)

< pe(Hi(y,b,0), H:(Gp,ep,bp),c) + Mclap — bp|+ pe(xp+,x,¢).
Letting p — oo in the above inequality and using conditions of <7, we have

A (Pe (He(y;b,a),x,¢)) < lim o (pc (He(y, b, &), He(Gp, ep, @), )

k—ro0

S hm ﬂ max pC (yagpuc) ) B hm % max pC (y7 gpac) )
k—roo pe(ep,b,c) k—roo pe(ep,b,c)
< (0)—B(0)=0

it follows that <7 (p. (. (y,b,a),x,c)) = 0 implies that J7(y,b, o) = x. Similarly, we can
prove that J7.(b,y,a) = a and . (x,a,a) =y, 7. (a,x,a) = b.
On the other hand,

pc (y,X,C) = Pc (hm gp» hm xp7c) = I}ijgopC(xpag]”C) = O

p—ee p—ee

and

pc(a,b,c) = p. <lim 1p, lim ep7c> = li_r>n pelep,ip,c) =0
p (o]

p—ree 7 p—yeo

Therefore, x =y, a = b and consequently, a = x. Hence (¢, &) € (@ x Y)N (Y x O).

Clearly (@ x Y)N (Y x ©) is closed in [0,1]. Let (a,Bo) € ® x Y, there exists bisequences
(x0,20) and (e, ) with ro = H(x0, 20, Q) to = (10, %0, Po) and

eo = H(¢0, S0, %), S0 = (S0, 0, o). Since (X' UY) x (S UL))U((S UL) x (S UZ))
is open, then there exist § > 0 such that B, (ro,6), Bp,(¢0,0), Bp,(10,6) and

Bp.(60,6) € ((UZ) x (FUL))U((FUL) x (FUY)).

Choose & € (ctg — €, 0 + €) such that [0 — 0| < 517 < &, |ato — Po| < 315 < &.

Then for, ¢ € Bz 5(x0,8) = {6,6 € 3/pc(x0,6,¢) < pe(ro,G0,¢) + 8},

1€ Bays(0,¢0) = {110 € 3/pe(e0,1,¢) < pe(eo,0,¢) + 6}

£ €By3(0,0) = {r,x0 € £/pe(r. 0. ¢) < pe(ro, Go,¢) + 6}
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¢ € Bss(10,6) = {e,e0 € £/pc(e,10,¢) < e(eo,10,¢) + 8}

Now consider

e (H5,1,0),G0,6) = Pl (w1, 00), Hel G050, Bo) )

Pe (He(x,1,0), 7(G, ¢, 00), ) + Pe (H(x0, 10, ), He(S, ¢, ) €)
Pe (H:(xo0,10, %), (S0, €0, Bo), )

< Mclo— |+ pe (A (xo, 10, 00), (G, ¢, 0p), ¢) +Mc| oy — Pol
2c
Mr=T

IN

< + pe (H2(x0, 10, ), 72(G ¢, 00), C)

Letting p — oo and using .« property, then we have

%(pc (%(F)laa)ag()?c)) < %(FO;K); 7’% G,¢e, (X()),C))

S Pec x() g, N ~ % | max Pc (x07G7C)7
pe(e,10,c pe (e,10,€)
< maX Pc gnga ) Pc (e g, € ) })

It follows that

pe (He(x:1, @), 60,¢) SmaX{ Pe(20:6,¢),Pe (¢,10,¢) }
Similarly we can prove
pe (v0, #c(5,¢,B),c) SmaX{ Pe (¥0,6,¢),Pe (¢,10,¢) }
Therefore,
pc(%(xalva%g(bc)v Pc(?OygaC)7 Pc(FO7QOaC)+57
max < max < max
pc(x07%(g7e7ﬁ)7c) pC(e7ZO7C) Pc (QO,ZO,C)+5
Similarly, we have
maX{ pc(%(e7gaa)al()7c)7pc(307%(lagaﬁ)vc) } S max{ Pc(?OaGOaC)+57Pc(?07107C)+5 }
On the other hand,

Pe(r0, S0, ¢) = Pe (F(x0,10, %), (S0, 0, Bo)) <

Pe(eo,10,¢) = pe (4 (e0, 0, ), 72 (10,20, Bo)) <
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So ro = ¢ and 19 = ¢p and hence o = . Thus for each fixed a € (0 — €, + €),
H(., o) : Beur(xo,6) — Beuy(r0,8) and J.(.,a) : Beuy(10,6) — Beur(1,8). Thus,
we conclude that J%(.,a) has a coupled fixed point in ((YUY)x(FUZL))U
((FUL) x (FUYZ)) . Butthis mustbe in (¥ UY) x (L UL))U((FUL) x (L UY)).
Therefore, (o, ) € (@ xY)N (Y x O) for o € (g — €, 060+ €).
Hence, (ap —€,00+€) C (O xY)N (Y x O). Clearly, (® x Y)N (Y x @) is open in [0, 1]. For

the reverse implication, we use the same strategy.

5. CONCLUSIONS

This paper utilizes covariant mappings of (&7, %)-contraction type T-coupling functions to
establish certain strong common fixed point theorems (SCFPT) within the framework of com-
plete bipolar parametric metric spaces (BPPMS). It provides pertinent examples to highlight the

primary findings. Additionally, applications to integral equations and homotopy are presented.
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