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Abstract. In the present paper, we generalize the results of Gaba [2] by using the concept of weakly compatible

mappings in symmetric G-complete G-metric space. Further, we give examples to support our results.
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1. INTRODUCTION

Banach fixed point theorem guarantees the existance and uniqueness of fixed point for con-

traction self-maps of metric space. But a contraction map is a continuous map, so it is limitation

of this theorem. Kannan [6] established a fixed point theorem where continuity of the function

is relaxed. Then Sessa [8] defined the notion of weakly commuting. After that Jungck general-

ized this idea to compatible mappings [3] and to weakly compatible mappings [4]. Numerous

examples are provided to show that each of these generalizations of commutativity is a proper

extension of the previous definition. Mustafa and Sims [7] introduced the notion of G-metric

space which was a generalization of metric space. In the present paper, we prove some fixed

point theorems involving weakly compatible maps in the setting of symmetric G-metric space
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and generalize the results of Gaba [2]. Let us recall some basic rudiments of G-metric space

before we start our main results.

Definition 1.1. [7] Let X be a nonempty set and let the function G : X×X×X → [0,∞) satisfy

the following properties:

(G1) G(x,y,z) = 0 if x = y = z whenever x,y,z ∈ X ;

(G2) G(x,x,y)> 0 whenever x,y ∈ Xwith x 6= y;

(G3) G(x,x,y)≤ G(x,y,z) whenever x,y,z ∈ Xwith z 6= y;

(G4) G(x,y,z) = G(x,z,y) = G(y,z,x) = ...,(symmetry in all three variables);

(G5) G(x,y,z)≤ G(x,a,a)+G(a,y,z) for any points x,y,z,a ∈ X .

Then the function G is called a generalized metric, or, more specifically a G-metric on X and

the pair (X ,G) is called a G-metric space.

Proposition 1.2. [7] A G-metric space (X ,G) is said to be symmetric if

G(x,y,y) = G(y,x,x) f or all x,y ∈ X .

Definition 1.3. [7]. Let (X ,G) be a G-metric space and let {xn} be a sequence of points of X,

we say that {xn} is G-convergent to x ∈ X if

lim
n,m→∞

G(x,xn,xm) = 0,

that is,

for any ε > 0, there exists N ∈ N such that

G(x,xn,xm)< ε f or all n,m≥ N.

We call x the limit of the sequence and write xn→ x or lim
n→∞

xn = x.

Definition 1.4. [7] Let (X ,G) be a G-metric space. We say that {xn} is

(i) a G-Cauchy sequence if, for each ε > 0 there exists an N ∈ N such that

G(xn,xm,xl)< ε ∈ X , f or all n,m, l ≥ N.

(ii) a G-Convergent sequence to x∈X if for any ε > 0, there is N ∈N such that for all n,m≥N,

G(x,xn,xm)< ε.
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A G-metric space (X ,G) is said to complete if every G-Cauchy sequence in X is G-Convergent

in X.

Proposition 1.5. [7] Let (X ,G) be a G-metric space. The following are equivalent;

(i) {xn} is G-convergent to x ∈ X.

(ii) lim
n,m→∞

G(xn,xm,x) = 0.

(iii) lim
n→∞

G(xn,x,x) = 0.

(iv) lim
n→∞

G(x,x,xn) = 0.

Proposition 1.6. [5] A G-metric on a G-metric space (X ,G) is continuous on its three vari-

ables.

Definition 1.7. [2] A self mapping f defined on a G-metric space (X ,G) is said to be orbitally

continuous iff

lim
i→∞

f nix = x∗ ∈ X =⇒ f x∗ = lim
i→∞

f f nix.

Definition 1.8. [5] A pair ( f ,g) of self mappings of metric space (X,d) is said to be weakly

compatible if the mappings commute at all of their coincidence points, that is, f x = gx for some

x ∈ X implies f gx = g f x.

Definition 1.9. [1] Let f and g be self-maps of a set X. If w = f x = gx for some x ∈ X , then x

is called a coincidence point of f and g, and w is called a point of coincidence of f and g.

Proposition 1.10. [1] Let f and g be weakly compatible self-maps of a set X. If f and g have

a unique point of coincidence w = f x = gx, then w is the unique common fixed point of f and g.

2. MAIN RESULTS

Theorem 2.1. Let (X ,G) be a symmetric G-complete G-metric space and f ,g : X→X satisfy

G( f x, f y, f z)≤
(

G( f x,gy,gz)+G(gx, f y,gz)+G(gx,gy, f z)
2G(gx, f x, f x)+G(gy, f y, f y)+G(gz, f z, f z)+1

)
G(gx,gy,gz)(1)

for all x,y,z ∈ X . If f (X)⊂ g(X) and g(X) is a complete, then

(i) f and g have atleast one coincident point p ∈ X ;

(ii) for any x ∈ X , the sequence { f nx} G-converges to a coincidence point.
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(iii) if p, p
′ ∈ X are two distinct coincident points, then G(gp,gp′,gp′) = G(gp′,gp′,gp)≥ 1

3 .

Proof. Let f and g satisfy the condition (1) and let x0 be an arbitrary point in X. Since f (X)⊂

g(X) , there is x1 ∈ X such that gx1 = f x0. Continuing the same process, we can construct a

sequence {gxn} such that gxn+1 = f xn for all n ∈ N. If there is n ∈ N such that gxn = gxn+1,

then f and g have a point of coincidence. Let gxn 6= gxn+1 for all n ∈ N. So for each n ∈ N, by

using (G5) we obtain that

G(gxn,gxn+1,gxn+1) = G( f xn−1, f xn, f xn)

≤
(

G( f xn−1,gxn,gxn)+G(gxn−1, f xn,gxn)+G(gxn−1,gxn, f xn)

2G(gxn−1, f xn−1, f xn−1)+G(gxn, f xn, f xn)+G(gxn, f xn, f xn)+1

)
G(gxn−1,gxn,gxn)

=

(
G(gxn,gxn,gxn)+G(gxn−1,gxn+1,gxn)+G(gxn−1,gxn,gxn+1)

2G(gxn−1,gxn,gxn)+G(gxn,gxn+1,gxn+1)+G(gxn,gxn+1,gxn+1)+1

)
G(gxn−1,gxn,gxn)

=

(
2G(gxn−1,gxn,gxn+1)

2G(gxn−1,gxn,gxn)+2G(gxn,gxn+1,gxn+1)+1

)
G(gxn−1,gxn,gxn)

≤
(

2G(gxn−1,gxn,gxn)+2G(gxn,gxn+1,gxn+1)

2G(gxn−1,gxn,gxn)+2G(gxn,gxn+1,gxn+1)+1

)
G(gxn−1,gxn,gxn).

Put
2G(gxn−1,gxn,gxn)+2G(gxn,gxn+1,gxn+1)

2G(gxn−1,gxn,gxn)+2G(gxn,gxn+1,gxn+1)+1
= ρ, then o≤ ρ < 1 and

G(gxn,gxn+1,gxn+1)≤ ρ G(gxn−1,gxn,gxn).

That is for each n ∈ N, we have

G(gxn,gxn+1,gxn+1) = G( f xn−1, f xn, f xn)

≤ ρ G(gxn−1,gxn,gxn)

≤ ρ
2G(gxn−2,gxn−1,gxn−1)

...

≤ ρ
nG(gx0,gx1,gx1).

Moreover, for all n,m ∈ N; n < m, we have by rectangle inequality that

G(gxn,gxm,gxm)≤ G(gxn,gxn+1,gxn+1)+ G(gxn+1,gxn+2,gxn+2)+G(gxn+2,gxn+3,gxn+3)

+ ...+G(gxm−1,gxm,gxm)
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≤
(
ρ

n +ρ
n+1 +ρ

n+2 . . . . . .+ρ
m−1)G(gx0,gx1,gx1)

≤ ρn

1−ρ
G(gx0,gx1,gx1),

and so lim G(gxn,gxm,gxm) = 0, as n,m→ ∞.

Thus {gxn} is a G-Cauchy sequence. Since (X,G) is complete, there exists q ∈ X such that

{gxn} is G-Convergent to q ∈ g(X). So there exists p ∈ X such that gp = q. We will show that

gp = f p. Let gp 6= f p. By (1), we have

G(gxn, f p, f p) = G( f xn−1, f p, f p)

≤
(

G( f xn−1,gp,gp)+G(gxn−1, f p,gp)+G(gxn−1,gp, f p)
2G(gxn−1, f xn−1, f xn−1)+G(gp, f p, f p)+G(gp, f p, f p)+1

)
G(gxn−1,gp,gp).

Taking limit as n→ ∞, and since G is continuous, we have G(gp, f p, f p) = 0 and gp = f p.

If p′ is another coincidence point of f and g, then

G(gp,gp,gp′) = G( f p, f p, f p′)

≤
(

G( f p,gp,gp′)+G(gp, f p,gp′)+G(gp,gp, f p′)
2G( f p, f p, f p′)+G(gp, f p, f p)+G(gp′, f p′, f p′)+1

)
G(gp,gp,gp′)

≤
[
G(gp,gp,gp′)+G(gp,gp,gp′)+G(gp,gp,gp′)

]
G(gp,gp,gp′)

= 3G(gp,gp,gp′)2

giving

G(gp,gp,gp′)≥ 1
3
.

�

Remark 2.2. The maps f and g defined in Theorem 2.1 belong to the category of so called

weakly Picard operators, as the uniqueness of coincidence point is not guaranteed. Further

Theorem 2.1 can also be proved for non symmetric G-complete G-metric space.

Example 2.3. Let X = [0,1] and define f ,g : X → X by

f x =


1
2 , x = 1,

0, otherwise
and g(x) = x

2 .

Then g(x) ∈
[
0, 1

2

]
and f (X)⊂ g(X) and g(X) is a complete.
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Further x = 0 and x = 1 are two coincidence points of f and g. Define G : X3→ [0,∞) as

G
(

0,0,
1
2

)
= 2 = G

(
o,

1
2
,
1
2

)
,

G(1,0,0) = G(0,1,1) = 3,

G(x,x,x) = 0 f or all x ∈ X .

We will consider only two cases G( f 0, f 0, f 1) and G( f 0, f 1, f 1) as other cases are straight

forward.

Case I. Consider

2 = G(0,0,
1
2
) = G( f 0, f 0, f 1)≤

(
G(0,0, 1

2)+G(0,0, 1
2)+G(0,0, 1

2)

2G(0,0,0)+G(0,0,0)+G(1
2 ,

1
2 ,

1
2)+1

)
G(0,0,

1
2
)

= 3G(0,0,
1
2
)G(0,0,

1
2
)

= 12.

Case II.

2 = G(0,
1
2
,
1
2
) = G( f 0, f 1, f 1)≤

(
G(0, 1

2 ,
1
2)+G(0, 1

2 ,
1
2)+G(0, 1

2 ,
1
2)

2G(0,0,0)+G(1
2 ,

1
2 ,

1
2)+G(1

2 ,
1
2 ,

1
2)+1

)
G(0,

1
2
,
1
2
)

= 3[G(0,0,
1
2
)]2

= 12.

Thus all the conditions of Theorem 2.1 are satisfied. Further {0,1} are two distinct coincident

points of f and g, and G(1,0,0) = G(0,1,1) = 3≥ 1
3 .

By setting g to be an identity function in Theorem 2.1, we get immediately the following:

Corollary 2.4. [2, Theorem 2.1] Let (X,G) be a symmetric G-complete G-metric space and

f : X → X satisfying

G( f x, f y, f z)≤
(

G( f x,y,z)+G(x, f y,z)+G(x,y, f z)
2G(x, f x, f x)+G(y, f y, f y)+G(z, f z, f z)+1

)
G(x,y,z)

for all x,y,z ∈ X . Then

(i) f has atleast one fixed point p ∈ X ;

(ii) for any x ∈ X , the sequence { f nx} G-converges to a fixed point.
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(iii) if p, p
′ ∈ X are two distinct fixed points, then G(p, p′, p′) = G(p′, p′, p)≥ 1

3 .

It is to be noted that we have derived Corollary 2.4 with a different approach than Gaba [2].

Remark 2.5. In order to validate Corollary 2.4, Gaba [2] considered the space X = {0, 1
2 ,1}

and G : X3→ [0,∞). The space (X ,G) is not a G-complete G-metric space and thus the purpose

of [2, Example 2.2] is forfeited.

The following result guarantees the existence of unique fixed point for weakly compatible

mappings.

Theorem 2.6. Let (X ,G) be a symmetric G-complete G-metric space and f ,g : X → X sat-

isfying

G( f x, f y, f z)≤ α

[
min{G(gy, f y, f y),G(gz, f z, f z)}[1+G(gx, f x, f x)]

[1+G(gx,gy,gz)]

]
+βG(gx,gy,gz)

(2)

for all x,y,z ∈ X where α and β are non negative reals with α +β < 1. If f (X) ⊂ g(X) and

g(X) is complete subspace of X, then f and g have a unique point of coincidence in X. Moreover

if f and g are weakly compatible, then f and g have a unique common fixed point.

Proof. Let f and g satisfy the condition (2) and let x0 be an arbitrary point in X. Since f (X)⊂

g(X) , there is x1 ∈ X such that gx1 = f x0. Continuing the same process, we can construct a

sequence {gxn} such that gxn+1 = f xn for all n ∈ N. If there is n ∈ N such that gxn = gxn+1,

then f and g have a point of coincidence. Let gxn 6= gxn+1 for all n ∈ N. So for each n ∈ N, we

obtain that

G(gxn,gxn+1,gxn+1) = G( f xn−1, f xn, f xn)

≤ α

[
min{G(gxn, f xn, f xn),G(gxn, f xn, f xn)}[1+G(gxn−1, f xn−1, f xn−1)]

1+G(gxn−1,gxn,gxn)

]

+βG(gxn−1,gxn,gxn)

= α

[
min{G(gxn,gxn+1,gxn+1),G(gxn,gxn+1,gxn+1)}[1+G(gxn−1,gxn,gxn)]

1+G(gxn−1,gxn,gxn)

]

+βG(gxn−1,gxn,gxn)
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= α

[
G(gxn,gxn+1,gxn+1)[1+G(gxn−1,gxn,gxn)]

1+G(gxn−1,gxn,gxn)

]
+βG(gxn−1,gxn,gxn)

= α G(gxn,gxn+1,gxn+1)+βG(gxn−1,gxn,gxn),

and so

G(gxn,gxn+1,gxn+1)≤
(

β

1−α

)
G(gxn−1,gxn,gxn)

= ρ G(gxn−1,gxn,gxn),

where

ρ =
β

1−α
< 1.

The similar arguments as of Theorem 2.1 yield gp = f p.

Claim: f and g have a unique point of coincidence. Let f q = gq for some q ∈ X . Using (2),

it follows that

G(gp,gp,gq) = G( f p, f p, f q)

≤ α

[
min{G(gp, f p, f p),G(gq, f q, f q)}[1+G(gp, f p, f p)]

1+G(gp,gp,gq)

]
+βG(gp,gp,gq)

= α

[
min{G(gp,gp,gp),G(gq, f q, f q)}[1+G(gp,gp,gp)

1+G(gp,gp,gq)

]
+βG(gp,gp,gq)

= βG(gp,gp,gq) ,

which is a contradiction since β < 1, proving our claim. Therefore gp = gq. This gives that f

and g have a unique point of coincidence and Proposition 1.10 makes us to go through. �

Example 2.7. Let X = [0,2], G(x,y,z) = max{|x− y|, |y− z|, |x− z|}.

Define f ,g : X → X by

f x = 1 and gx = 2− x.

The use of (2) makes

0 = G( f x, f y, f z)

≤ α

[
min{G(gy, f y, f y),G(gz, f z, f z)}[1+G(gx, f x, f x)]

1+G(gx,gy,gz)

]
+βG(gx,gy,gz)



FIXED POINT RESULTS IN SYMMETRIC G-METRIC SPACE 9

≤ α [min{|gy−1|, |gz−1|}[1+ |gx−1|]]+β [max{|gx−gy|, |gy−gz|, |gz−gx|}]

≤ 2α +β

< α +1

which is always true. Thus all the conditions of Theorem 2.6 are satisfied and consequently f

and g have a unique common fixed point, indeed, x = 1.

By setting g to be an identity function in Theorem 2.6, we immediately have

Corollary 2.8. [2, Theorem 2.4] Let (X ,G) be a symmetric G-complete G-metric space and

f : X → X satisfying

G( f x, f y, f z)≤ α

[
min{G(y, f y, f y),G(z, f z, f z)}1+G(x, f x, f x)

[1+G(x,y,z)]

]
+βG(x,y,z)

for all x,y,z ∈ X where α and β are non negative reals with

α +β < 1.

Then f has a fixed point in X .

The following two results are generalization of Theorem 2.6.

Theorem 2.9. Let (X,G) be a symmetric G-complete G-metric space and and f ,g : X → X

be mappings satisfying

G( f x, f y, f z)≤ a1

[
G(gy, f y, f y)[1+G(gx, f x, f x)]

1+G(gx,gy,gz)

]
+a2

[
G(gz, f z, f z)[1+G(gx, f x, f x)]

1+G(gx,gy,gz)

]
+a3[G(gx,gy,gz)](3)

for all x,y,z ∈ X where ai = ai (x,y,z) , i = 1,2,3 are non-negative functions such that for arbi-

trary 0 < λ1 < 1 :

a1 (x,y,z)+a2 (x,y,z)+a3 (x,y,z) =
3

∑
i=1

ai (x,y,z)≤ λ1.

Further if f (X) ⊂ g(X) and g(X) is complete subspace of X, then f and g have a unique point

of coincidence in X. Moreover, if f and g are weakly compatible, then f and g have a unique

common fixed point.
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Proof. Let f and g satisfy condition (3) and let x0 be an arbitrary point in X. Since f (X) ⊂

g(X) , there is x1 ∈ X such that gx1 = f x0. Continuing the same process, we can construct a

sequence {gxn} such that gxn+1 = f xn for all n ∈ N. If there is n ∈ N such that gxn = gxn+1,

then f and g have a point of coincidence. Let gxn 6= gxn+1 for all n ∈ N. So for each n ∈ N, we

obtain that

G(gxn,gxn+1,gxn+1) = G( f xn−1, f xn, f xn)

≤ a1

[
G(gxn, f xn, f xn)[1+G(gxn−1, f xn−1, f xn−1)]

1+G(gxn−1,gxn,gxn)

]

+a2

[
G(gxn, f xn, f xn)[1+G(gxn−1, f xn−1, f xn−1)]

1+G(gxn−1,gxn,gxn)

]

+a3[G(gxn−1,gxn,gxn)]

= a1

[
G(gxn,gxn+1,gxn+1)[1+G(gxn−1,gxn,gxn)]

1+G(gxn−1,gxn,gxn)

]

+a2

[
G(gxn,gxn+1,gxn+1)[1+G(gxn−1,gxn,gxn)]

1+G(gxn−1,gxn,gxn)

]

+a3[G(gxn−1,gxn,gxn)]

≤ a1G(gxn,gxn+1,gxn+1)+a2G(gxn,gxn+1,gxn+1)

+a3G(gxn−1,gxn,gxn).

Therefore

G(gxn,gxn+1,gxn+1)≤
a3

1− (a1 +a2)
G(gxn−1,gxn,gxn)

= ρG(gxn−1,gxn,gxn),

where

a3

1− (a1 +a2)
= ρ < 1,

since a1 +a2 +a3 < 1. As usual procedure, uniqueness of fixed point can be established. �

Letting g be an identity function in Theorem 2.9, we get the following
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Corollary 2.10. [2, Theorem 2.5] Let (X,G) be a symmetric G-complete G-metric space and

and f : X → X be mapping satisfying

G( f x, f y, f z)≤ a1

[
G(y, f y, f y)[1+G(x, f x, f x)]

1+G(x,y,z)

]
+a2

[
G(z, f z, f z)[1+G(gx, f x, f x)]

1+G(x,y,z)

]
+a3[G(x,y,z)]

for all x,y,z ∈ X where ai = ai (x,y,z) , i = 1,2,3 are non-negative functions such that for arbi-

trary 0 < λ1 < 1 :

a1 (x,y,z)+a2 (x,y,z)+a3 (x,y,z) =
3

∑
i=1

ai (x,y,z)≤ λ1.

Then f has a fixed point in X .

Theorem 2.11. Let (X ,G) be a symmetric G-complete G-metric space. Suppose f and g

satisfy the following condition:

G( f x, f y, f z)≤ a1G(gx,gy,gz)

+a2[G(gx, f x, f x)+G(gy, f y, f y)+G(gz, f z, f z)]

+a3[G( f x,gy,gz)+G(gx, f y,gz)+G(gx,gy, f z)]

+a4 min{G(gy, f y, f y),G(gz, f z, f z)}[1+G(gx, f x, f x)][1+G(gx,gy,gz)]−1

+a5G( f x,gy,gz)[1+G(gx, f y,gz)+G(gx,gy, f z)][1+G(gx,gy,gz)]−1

+a6G(gx,gy,gz)[1+G(gx, f x, f x)+G( f x,gy,gz)][1+G(gx,gy,gz)]−1

+a7G( f x,gy,gz)(4)

for all x,y,z ∈ X where ai = ai(x,y,z), i = 1, ......,7, are non-negative functions such that for

arbitrary 0 < λ1 <
1
2

a1(x,y,z)+3a2(x,y,z)+4a3(x,y,z)+a4(x,y,z)+a6(x,y,z)≤ λ1.

Further if f (X) ⊂ g(X) and g(X) is complete subspace of X, then f and g have a unique point

of coincidence in X. Moreover if f and g are weakly compatible then f and g have a unique

common fixed point.
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Proof. Let f and g satisfy the condition (4) and let x0 be an arbitrary point in X. Since f (X)⊂

g(X) , there is x1 ∈ X such that gx1 = f x0. Continuing the same process, we can construct a

sequence {gxn} such that gxn+1 = f xn for all n ∈ N. If there is n ∈ N such that gxn = gxn+1,

then f and g have a point of coincidence. Let gxn 6= gxn+1 for all n ∈ N. So for each n ∈ N, we

obtain that

G(gxn,gxn+1,gxn+1) = G( f xn−1, f xn, f xn)

≤ a1G(gxn−1,gxn,gxn)

+a2[G(gxn−1, f xn−1, f xn−1)+G(gxn, f xn, f xn)+G(gxn, f xn, f xn)]

+a3[G( f xn−1,gxn,gxn)+G(gxn−1, f xn,gxn)+G(gxn−1,gxn, f xn)]

+a4
min{G(gxn, f xn, f xn),G(gxn, f xn, f xn)}[1+G(gxn−1, f xn−1, f xn−1)]

1+G(gxn−1,gxn,gxn)

+a5
G( f xn−1,gxn,gxn)[1+G(xn−1, f xn,gxn)+G(gxn−1,gxn, f xn)]

[1+G(gxn−1,gxn,gxn)]

+a6
G(gxn−1,gxn,gxn)[1+G(gxn−1, f xn−1, f xn−1)+G( f xn−1,gxn,gxn)]

[1+G(gxn−1,gxn,gxn)]

+a7G( f xn−1,gxn,gxn)

= a1[G(gxn−1,gxn,gxn)]

+a2[G(gxn−1,gxn,gxn)+G(gxn,gxn+1,gxn+1)+G(gxn,gxn+1,gxn+1)]

+a3[G(gxn,gxn,gxn)+G(gxn−1,gxn+1,gxn)+G(gxn−1,gxn,gxn+1)]

+a4G(gxn,gxn+1,gxn+1)

(
1+G(gxn−1,gxn,gxn)

1+G(gxn−1,gxn,gxn)

)

+a6
G(gxn−1,gxn,gxn)[1+G(gxn−1,gxn,gxn)+G(gxn,gxn, f xn)]

[1+G(gxn−1,gxn,gxn)]
+a7G(gxn,gxn,gxn)

= a1 [G(gxn−1,gxn,gxn)]+a2[G(gxn−1,gxn,gxn)+2G(gxn,gxn+1,gxn+1)]

+a3[2G(gxn−1,gxn+1,gxn)]+a4[G(gxn,gxn+1,gxn+1)+a6G(gxn−1,gxn,gxn)

= a1[G(gxn−1,gxn,gxn)]+a2[G(gxn−1,gxn,gxn)]+2a2[G(gxn,gxn+1,gxn+1)]

+2a3[G(gxn−1,gxn+1,gxn)]+a4[G(gxn,gxn+1,gxn+1)]+a6[G(gxn−1,gxn,gxn)]

= (a1 +a2 +2a3 +a6) G(gxn−1,gxn,gxn)+(2a2 +2a3 +a4) G(gxn,gxn+1,gxn+1)
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which gives

G(gxn,gxn+1,gxn+1)≤ λ1G(gxn−1,gxn,gxn)+λ1G(gxn,gxn+1,gxn+1)

and so

G(gxn,gxn+1,gxn+1)≤
λ1

1−λ1
[G(gxn−1,gxn,gxn)].

Since, 0 < λ1 <
1
2 , so 0 < ρ = λ1

1−λ1
< 1, we have

G(gxn,gxn+1,gxn+1)≤ ρG(gxn−1,gxn,gxn) .

Now by similar arguments of our previous Theorems, uniqueness of fixed point can be estab-

lished. �

Example 2.12. Let X = [0,2], G(x,y,z) = max{|x− y|, |y− z|, |x− z|}.

The mappings f ,g : X → X defined by

f x = 1 and gx = 2− x,

along with a5 = 0 = a7 will satisfy the conditions of Theorem 2.11 and x = 1 is the unique

common fixed point.

Letting g to be an identity function in Theorem 2.11, we obtain

Corollary 2.13. [2, Theorem 2.6] Let (X ,G) be a symmetric G-complete G-metric space

where f is an orbitally continuous mapping from X to itself. If it is the case that f satisfies the

following condition:

G( f x, f y, f z)≤ a1G(x,y,z)

+a2[G(x, f x, f x)+G(y, f y, f y)+G(z, f z, f z)]

+a3[G( f x,y,z)+G(x, f y,z)+G(x,y, f z)]

+a4 min{(G(y, f y, f y),G(z, f z, f z))} [1+G(x, f x, f x)]
1+G(x,y,z)

+a5G( f x,y,z)[1+G(x, f y,z)+G(x,y, f z)][1+G(x,y,z)]−1

+a6G(x,y,z)[1+G(x, f x, f x)+G( f x,y,z)][1+G(x,y,z)]−1
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+a7G( f x,y,z)(5)

for all x,y,z ∈ X where ai := ai(x,y,z), i = 1, ......,7, are non-negative functions such that for

arbitrary 0 < λ1 < 1 :

a1(x,y,z)+3a2(x,y,z)+4a3(x,y,z)+a4(x,y,z)+a6(x,y,z)≤ λ1.

Then f has a fixed point in X .

Remark 2.14. Please note that we have not imposed any condition of f in Theorem 2.11 where

as in Corollary 2.13, f is orbitally continuous.

Remark 2.15. Taking g as an identity map and imposing restrictions on ai, where a′is are non-

nagative real numbers less than 1, in Theorem 2.11, we can generalize and extend many more

results present in the literature of fixed point theory. Further, our results can be proved for

non-symmetric G-complete G-metric space.
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