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1. INTRODUCTION

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. A mapping
T : C — C is said to be L—Lipschitzian mapping if for some L > 0, ||Tx — Ty|| < L|x —y||, for
all x,y € C. If L =1, we say that T is a nonexpansive mapping, and if 0 < L < 1, we say that
T is a contraction mapping. We say that T is firmly nonexpansive if 27 — I is nonexpansive, or
equivalently,

x—y,Tx—Ty) > || Tx—Ty||* Vx,y € C.
y y Yy y

We say that T is o-averaged mapping for some a € (0, 1) (see Tian and Liu [24]), if there is a
nonexpansive mapping S : C — C such that T = (1 — )] + oS. We denote the fixed point set of
T by F(T); thatis, Fix(T) = {x € C: Tx = x}.

Definition 1.1. (see Xu [29], Browder and Petryshyn [7]) A mapping T : C — C is said to be
monotone if

(x—y,Tx—Ty) >0 forall x,y € C,

and is called v-inverse strongly monotone (for short, v-ism) for some v > 0, if

(x —y,Tx—Ty) > v||[Tx—Ty||* forall x,y € C.

The monotone operators have been widely used to solve practical problems in various fields
such as optimization problems, traffic assignment problems, equilibrium problems, radiation
therapy, and so on. See [6, 9, 12, 14, 17, 26, 27, 29, 30, 31, 32, 33, 34] and references therein.

Let us discuss about the problems that motivated us to develop approximation techniques.
Let ¢ : C x C — R be a bi-function. In 1994, Blum and Oettli [3] introduced an equilibrium

problem (EP) as the problem of finding u# € C such that
(1.1) ¢(u,v) >0forallveC.

The set of solutions of (1.1) is denoted by EP(¢). An equilibrium problem theory has moti-
vated the study of problems which arise from image restoration, computer tomography, radia-
tion therapy treatment planning, economics, optimization, etc. In some systems, solutions of
equilibrium problems are also solutions of the fixed point problems of a nonlinear mapping.

Many researchers looked for common solutions to the equilibrium and fixed point problems
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of a system. Several authors, have studied existence and approximation of common solutions
of equilibrium and fixed point problems based on different relaxed monotonicity notions and
various compactness assumptions. To mention some, see Blum and Oettli[3], Bnouhachem
[4], Byrne[8, 9], Censor and Elfving [11], Moudafi[18], Zegeye et al. [35], and the references
therein.

Many researchers considered a generalized equilibrium problem (GEP) of finding z € C such

that
(1.2) 0(z,y)+ (Az,y—z) >0forally e C.

where A : C — H is a monotone mapping. The set of solutions of (1.2) is denoted by EP(¢,A);
that is, EP(¢,A) = {z € C: ¢(z,y) + (Az,y —z) > 0 Vy € C}. In the case when A = 0, GEP
reduces to EP. Numerous problems in physics, variational inequalities, optimization, minimax
problems, the Nash equilibrium problem in non cooperative games and economics reduce to
finding a solution of the GEP (1.2). See Moudafi and Thera [17], Moudafi [18, 19], Xu [29],
Yazdi [30], Yazdi and Sababe [34], and the references therein.

The second problem of our interest is a constrained convex minimization problem
(1.3) minimize{g(x) : x € C},

where g : C — R is a convex function. We denote the set of solutions of the problem (1.3) by U.
The widely considered approximation method to solve these problems is the gradient projection
algorithm(GPA). If g is (Frechet) differentiable, then the GPA generates a sequence x,, via the

following recursive formula:
(1.4) Xn+1 = Pe(x, — A, Vg(xy)) for all n > 0,

where x( € C is an arbitrarily initial guess and the parameter A, are positive real numbers satis-
fying certain condition. The convergence of the algorithm in (1.4) depends on the behavior of
the gradient Vg.

In 2010, Xu [28] proved the following

Theorem 1.2. [f g : C — R is a continuously differentiable convex function such that the gra-

dient Vg is Lipschitz continuous with Lipschitz constant L > 0, and if the constrained convex
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2
minimization problem is consistent, then for each A € (0, Z), the sequence {x,} generated by

the gradient-projection algorithm (1.4) converges weakly to a solution of (1.3).

In 2011, Xu [29] proposed an explicit operator-oriented approach to the algorithm (1.4) us-
ing the concept of an averaged mapping. He gave his averaged mapping approach to the GPA
(1.4) and the relaxed gradient-projection algorithm. Moreover, he constructed a counter exam-
ple which showed that the algorithm (1.4) does not converge in norm in an infinite-dimensional
space and also presented two modifications of GPA which were shown to have strong conver-
gence (see Xu [26, 27, 29]).

Many mathematicians in the field discussed approximation of a common solution for the
three problems: fixed point problem for nonlinear mappings, generalized equilibrium problem,
and constrained convex minimization problems. Some of them considered approximation of
a common solution for combination of any two of them. Also many authors tried to develop
approximation techniques for individual problems by studying the characteristics of each prob-
lem. See Combettes and Hiristoaga [12], Jung [15], Peng and Yao [21], Plubtieg and Punpaeng
[22], Razani and Yazdi [23], Wang et al. [25], Yazdi [30], and their citations.

Let us discuss some of these results that are in line with our point of interest in this paper.
In 2007, Plibtieng and Punpaneng [22] introduced an iterative scheme for finding a common
element of the set of solutions of (1.1) and the set of fixed points of a nonexpansive mapping in
a Hilbert space as follows:

1

O (tn,y) +—( —ttp,up—x,) >0  forallyecH,
(1.5) Tn

Xni1 = O ¥f (¥n) + (I — 0A)Suty, 12> 1,
where ¢ : H x H — R is a bi-function, A is strongly positive bounded linear operator on H, S is
a nonexpansive self-mapping of H such that Fix(S) NEP(¢) # 0, f is a contraction, ¥ > 0 is a
constant, {a,} C [0,1] and {r,} C (0,e). They proved that the sequence {x,} defined in (1.5)
converges strongly to the unique solution of a certain variational inequality. In 2010, Wang et

al. [25] introduced the following composite iterative Scheme:
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(
1
¢(un7y)+_<y_un7un_xn>20 fOV'ClllyEH,
Tn
(1.6) Yn = aan(xn) + (I_ O‘nA)Tnuna
\xn—o—l = (1 _ﬁn>yn ‘l‘ﬁnTnyn n>1,

where ¢ : H x H — R is a bi-function, A is strongly positive bounded linear operator on H,
f is a contraction, {7} is a countable family of nonexpansive self-mappings of H such that
ﬁ Fix(T,)NEP(¢) # 0, y > 01is some constant, x; € H, {¢t,},{Bn} C[0,1] and {r,} C (0,00).
nB:y] imposing some strict conditions on the parameters, they proved that the sequence {x,}
generated by (1.6) converges strongly to a point in ﬁ Fix(T,)NEP(¢9) # 0.

In 2012, Tian and Liu [24] studied the followinél:e;plicit composite iterative scheme by the
viscosity approximation method for finding the common solution of an equilibrium problem

and a constrained convex minimization problem:

1
¢(un7y)+_<y_un7un_xn>20 fOV(lllyEC,
(1.7) Tn

where ¢ : C x C — R is a bi-function, Vg is an L-Lipschitzian mapping with L > 0 such that

UNEP(9) # 0, f is a contraction, x; € C, {a,} C (0,1), {r,} C (0,00), Pc(I — A, Vg) = spl +
2— ML

(1 —s5,)Tp, sp = and {A,} C (0, %) They proved that the sequences {u,} and {x,}
defined in (1.7) converge strongly to a point in U N EP(¢) under certain conditions on the
parameters.

In 2020, Yazdi [31] introduced the following explicit composite iterative method for finding

the common solution of a generalized equilibrium problem and a constrained convex minimiza-

tion problem:

1
O (un,y) +— — ttnytty — X)) + (Axy,y —up) >0 forally € C,
(1.8) T'n

Xn+1 = anf(xn) + (1 - an)Tnum n>1,

where ¢ : C x C — R is a bi-function, Vg is an L-Lipschitzian mapping with L > 0 such that
UNEP(¢,A) #0, f:C— C is a contraction with the constant k € [0,1) and A : C — C is an
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o —ism mapping, x; € C, {a,} C [0, 1], {r,} C[a,b] C (0,2), Pc(I— A, Vg) = spl + (1 —s,) T,
2— L

-4

by (1.8) converge strongly to ¢ € U NEP(¢,A) under certain conditions, and showed that ¢

2
S and {A,} C (0, Z) The author proved that the sequences {x, } and {u,} generated

solves certain variational inequality.

In 2024, Yazdi and Sababe [34] proposed the two-layer iteration process defined as
(
x1 €C,

1
(1.9) O (up,y)+—(y—up,uy—x,) >0 forallyeC,

n

| Xnt1 = O f(xn) + (1 — 04) Tup, n>1,

where T : C — C is an a—strongly quasi-nonexpansive mapping such that / — 7 is demiclosed
at zero, ¢ : C x C — R is a bi-function such that Fix(T)NEP(¢) # 0, f : C — C is a contraction
with the constant k € [0,1,), {a,} C [0,1], and {r,} C (0,e0). The authors proved that the
sequences {x,} and {u,} generated by (1.9) converge strongly to g € Fix(T) NEP(¢) under
certain conditions on the parameters.

Motivated and inspired by the above results, we propose a viscosity iterative scheme to ap-
proximate a common solution of fixed point problem of directed nonexpansive mappings, a
generalized equilibrium problem and a constrained convex minimization problem. Then, we

prove a strong convergence theorem which improves and extends recent results in the literature.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (.,.) and norm || - ||. Weak and strong con-
vergences are denoted by — and —, respectively. We have the following well known facts from

the definition of norm and inner product on Hilbert spaces:

Lemma 2.1 (Khamsi and Kirk [16]). Let H be a real Hilbert space. Then for every x,y € H
and A € (0,1)

2.1 lx=yII* = [lx]I* = Iyll> = 2¢x — y,¥),

(2.2) |Ax+ (1= A)y[1* = Allx|> 4+ (1= 24) [y[I* = A(1 = ) [lx — y||*.

(2.3) b 2117 < [l 20,5+ ).
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Let C be a nonempty closed convex subset of H. For any x € H, there exists a unique nearest

point in C, denoted by Pc(x), satisfying
2.4) lx = Pe(x)[| = inf{[lx —y[| : y € C}.

We say that P is a metric projection of H onto C. Some of useful properties of projections are

gathered in the lemma below.

Lemma 2.2. ( Khamsi and Kirk [16], Cai et al. [10])

(a) Forx € H and z € C,
(2.5) z=PFPc(x) <= (x—z,z—y)>0forallycC.
(b) Fc is a firmly nonexpansive mapping; that is,
(2.6) |Pe(x) — Pe(y)||* < (Pe(x) — Pe(y),x —y) forall x,y € H.
(c) Pc satisfies,
(2.7) e = Pe(@)[|* < k=] = |y = Pe(x)|* forall xe H, y € C.
The following lemmas are key in proving our main results.

Lemma 2.3 (Goebel and Kirk [13]). Let H be a real Hilbert space, C be a closed convex subset
of Hand T : C — C be a nonexpansive mapping with F(T) # 0. If {x,,} is a sequence in C that

converges weakly to x, and if {x, — Tx,} converges strongly to y, then (I — T )x = y.

Definition 2.4 (Blum and Oettli [3]). Let C be a nonempty closed convex subset of H. A bi-

function ¢ : C x C — R is said to satisfy "Condition A" if the following four conditions hold:

(A1) ¢(x,x) =0forallx € C;
(A2) ¢ is monotone; that is, ¢(x,y) + ¢ (y,x) <0 forall x,y € C;
(A3) foreach x,y,z € C,

ltif(r)l¢(tz+ (1=1)x,y) <o (x,y);

(Ag) foreach x € C,y— ¢(x,y) is convex and weakly lower semi continuous.
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Lemma 2.5 (Blum and Oettli [3]). Let C be a nonempty closed convex subset of H and ¢ :
C x C — R be a bi-function satisfying Condition A. Let r > 0 and x € H. Then, there exists

z € C such that

1

(2.8) ¢(Z,y)+;(y—z,z—x>20f0rally€C.

Lemma 2.6 (Combettes and Hirstoaga[12]). Assume that ¢ : C x C — R satisfies Condition A.

Forr >0 and x € H, define a mapping Q, : H — C as follows:

0= {z€C:d(ey) + ~y—z,2—x) >0 forall y €C}.

r
Then, the following hold:

(1) Qy is single-valued;

(1) Q; is firmly nonexpansive; that is, for all x,y € H
10rx— Q|1 < (Qrx— Qpy,x —y);

(i) F(Qr) = EP(9);
(iv) EP(¢9) is closed and convex.

Lemma 2.7 (Brezis [5], Byrne [9], Xu [29]). Let S,T,V,T1,T, : H — H be given mappings.
(1) T is nonexpansive if and only if [ — T is %—ism.
(11) If T is v-ism, then for every ¥y > 0, yT is ;—ism.
(ii1) T is averaged if and only if I — T is v-ism for some vV > % In fact, for a € (0,1), T is
a-averaged if and only if [ — T is %-ism.
) If T = (1 — )S+ aV for some a € (0,1), S is averaged and V is nonexpansive , then
T is averaged.
(v) T is firmly nonexpansive if and only if the complement I — T is firmly nonexpansive.
i) If T = (1 — a)S+ &V for some o € (0,1), S is firmly nonexpansive and V is nonexpan-
sive, then T is averaged.
(vii) If Ty is ay-averaged, and T, is 0p-averaged, where o, 0 € (0, 1), then the composite

T'T, is a-averaged, where o = Q1 + 0y — 04 0.
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Lemma 2.8 (Xu [28]). Let C be a nonempty closed convex subset of a real Hilbert space H.
Assume that g : H — R is a convex function whose gradient Vg is an L-Lipschitzian mapping
with L > 0. Assume that the constrained convex minimization problem in (1.3) is consistent.
Then
. : . . 1.
(i) Vgisan Z—mverse strongly monotone mapping (shortly Z—lsm).

AL
(ii) For A > 0, the mapping [ — AVg is T—averaged.

24+ AL 2
(iii) The composite Pc(I —AVg) is ( i )-avereged for 0 < A < I
(iv) x* € C solves the minimization problem (1.3) if and only if x* € C solves the fixed point
equation

x*=Pc(I—AVg)x™,

where A > 0 is any fixed positive number.

Lemma 2.9 (Yazdi [31]). Suppose C is a nonempty closed convex subset of a real Hilbert space
H, A is an a-inverse-strongly monotone mapping on C and 0 < r < 2. Then, I —rA is a

nonexpansive mapping.

Lemma 2.10. (Yazdi [31]) Let C be a nonempty closed convex subset of a real Hilbert space H.
Let ¢ : C x C — R be bi-function satisfying the conditions Condition A and B be an o-inverse-
strongly monotone mapping. Suppose {x,} is a bounded sequence in C and {r,} C [a,b] C

(0,2a) is a real sequence. If u, = Qy, (x, — rpBxy), then
[ttt = ttnl| < ¥ngt =Xl +Mrngr = ral,
where M = sup{ B + i1~ Cors1 — 1B n € ).
Lemma 2.11 (Aoyama et al. [1]). Assume that {a,} C [0,%), {}»} € [0,1], {u,} C [0,0) and
{v,} C R such that
ant1 < (1= Ya)an+ ¥aVn + Un-

Then the conditions Z Y, = oo, limsup v, <0, and Z Up < oo, imply

n=1 n—eo n=1

lim a, = 0.
n—oo
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Lemma 2.12 (Naidu and Sangago [20]). Let C be a nonempty closed convex subset of a real
Hilbert space H, let I1c denote the family of all contraction self mappings of C and suppose
T : C — C is a nonexpansive mapping with Fix(T) # 0. Then there is a unique mapping /\ :
Il — Fix(T) such that

limsup((/ — f)A(f), A(f) —xn) <0,

n—oo

for any given f € Il¢ and a bounded approximate fixed point sequence {x,} of T in C.

3. MAIN RESULTS

Let H be a real Hilbert space with inner product (.,.) and the norm || - ||. Let C be a nonempty

closed convex subset of H. We introduce the following definition.

Definition 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. A mapping
T : C — C is said to be a directed nonexpansive mapping if it satisfies the following three

conditions:

(DNEI) T is a nonexpansive mapping,
(DNE2) Fix(T) # 0; and
(DNE3) ||Tx— p||* < ||x — p||> = ||x — Tx||? for every x € C, for every p € Fix(T).

Obviously, every firmly nonexpansive mapping with nonempty fixed point set is a directed
nonexpansive mapping. There are nonexpansive mappings that are not directed nonexpansive.
For instance the mapping T : By — By (where By = {x € H : ||x|| < 1}) defined by Tx = —x is
nonexpansive, but not directed nonexpansive mapping. Lemma 2.2 and Lemma 2.6 imply that
the operators Pc and Q,, respectively, are directed nonexpansive mappings.

Throughout this section we use the following assumptions.

(B1) Assume that g : C — R is a real-valued convex function whose Vg is a Lipschitzian
mapping with Lipschitz constant L > 0. The solution set of the minimization problem
min{g(x) : x € C} is denoted by U;; that is,

(3.1 U={z€C: g(z) =ming(y)}.
yeC
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2
Let {A4,} be a sequence of positive real numbers in (0, Z) such that

2—A,L 2+ A,L
4 M+ ( +4 )T = Yl + (1 = %) T

(3.2) Pe(l—2,Vg) = (

2 —
where 7, : C — C is nonexpansive and y, =

L
™= . Assume that lim 7, = 0 (or alter-
n—soo

natively, hm Ay = —) and Z |Yt1 — Yu| < oo
(B2) Let ¢ : C x C — R be a bi- functlon satisfying Condition A, B : C — C an ¢-ism map-
ping. The solution set of the generalized equilibrium problem is denoted by EP(¢,B);

that is,
(3.3) EP(¢,B)={z€C:¢(z,y)+(y—2,Bz) >0 forall y € C}.

(B3) Let f: C — C be a contraction mapping with contraction constant k € [0, 1).
(B4) Let S : C — C be a directed nonexpansive mapping with fixed point set Fix(S).
(B5) E=UNEP(¢,B)NFix(S) # 0.
Now we introduce a viscosity approximation scheme for finding a common solution of the fixed

point problem of directed nonexpansive mapping S, the generalized equilibrium problem (3.3)

and the constrained convex minimization problem (3.1).
(
x1 €C,

1
¢(”nay) +_<y_”n>un_xn> + <y_”nqun> >0forally € C,
(3.4) "n

Vi = Qpxp + (1 — 04,) Thuy,

| X1 = Bnf (xn) + (1 —By)Svy, n> 1.

Now we state and prove a strong convergence theorem with some conditions on the parame-

ters.

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
0, g, Vg, f, B, T, and S be as defined in the assumptions (BI)-(B5). Suppose {a,}, {B.}

and {r,} are real sequences satisfying the following conditions:

(3.5) {o,} (0,1],359005":0, n;an:oo and n;yanﬂ — | < oo
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(3.6) {Bn} C (07 1]7"11_r>rgoﬁn =0, Z ﬁn = oo and Z ‘Bn—i—l - Bn’ < oo
n=1 n=1
3.7) {ra} Cab] € (0.262) and ¥ [rus1 — ra| <oo.
n=1

Then the sequences {x,}, {vy} and {uy,} defined by (3.4) converge strongly to q = Ps.f(q), which

solves the variational inequality:

(3.8) (g—f(q),y—q) >0, forally € C.

Proof. We note that u, = Qy, (x, — ryBx,) forn=1,2,--- . For p € £, we note that
1

¢ (p,y) +E<y—p,p— (I —rB)(p)) = ¢(p,y)+{y—p,Bp) >0, Vy € C;

so that Q,, (p —r,Bp) = p foreachn=1,2,3,---. We also have Pc(I — A,Vg)p = p, T,p = p,
and Sp = p.
Now we prove step by step.
Step 1. The sequences {x,,}, {v,}, and {u,} are bounded.
Let p € L. It follows from Lemma 2.7, Lemma 2.9 and (3.4) that

I — Pl < Gl — I+ (1 — )| ot —
< 0l pll + (1 = ) Jta — |
< 03— pll + (1= ) 1€, (T 1B) (50) — (T = 1uB) ()]
< ol — pll + (1 = o) 30— ]
(3.9) < Jlxn = plI-
Thus from (3.4) and (3.9) we get
tnss — pll = [1Buf i) + (1~ B)Sw) —
< Bullf(n) = £+ Bull £ () — Pl + (1 = Bu)[[ve — Pl
< KBallen— I+ Ball £ () — Il + (1= Bu)lln — pl
— (1= (=Bl =l + (1= 0B, | 1)

(310 < max{ s, pl. 1
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By induction it follows from (3.10) that

6.1 o~ ol < s { g, L2

Hence {x,} is bounded, and consequently so are {f(x,)}, {Sxn}, {va}, {un}, {Svu}, ||Pc(I —
A1V 8)un||, |Pe(I = Ant1Vg)xn| and {Tun}.

Step 2. We prove that li_r}n [%n-+1 —xa|l = 0.
oD 4. oo
Put My = sup{max{ |lxull, [|vall; llunll, [Lf Con) [, [ Tntan [, [|Sxa]l, || Svall} : 7 € N} For each n € N,

it follows from (3.4) that

%2 = Xn1ll = |But1f (ens1) + (1= B 1)SVnr1 — Buf (xn) — (1= Bu) Sva
< (= Bur ) 1Svart = Svall + [Bass = BalllSvall
FBuitllf Cenir) = F )|+ 1Basr = Bal 1 f ()|

(3.12) < (T= Bt ) vas1 = vall + Busrkllxns1 — xul +2M1 | Bug1 — Bul

On the other hand, for each n € N,

Vas1 =vall =[G 1%n41 + (1= O 1) T 1tn 1 — O — (1 — @) Tt
< Ot [ns1 = Xl 4 | Ot — O[3
+(1 = i) (| Dot 1ttn41 — Tattn || 4 [ 01 — 0 |[| Tt |
< (1= O 1) [| Tag 1 tnp 1 — Tt || + Opep 1| Xne 1 — || +2M | Oy 1 — Oty
< (1= 0rt) [lltn1 — || + | T 1t — T[]

(3.13) + 0 1[[Xn 1 — Xn || +2M1 [0y 11 — O]

It follows from (3.2) that

Pe(I = Ans1V8) = Yarl Pl =AVe) =1l
1= Yot " =%
4Pc(1 l,,+1Vg)u _Mu I
24 il " 2+ ML "
2= duil 2=l
24 At L™ 24 L |

T 1n = Tottn|| - = |

< |

+li
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4(2 + }LnL)PC(I - ArH—lVg)”n - 4(2 + ;l'n+1L)PC(I - }Lan)”n
(2+ A 41L) (24 AnL)

e
(24 A1 L)(2+A,L) "
4L|)Ln+1 _An|||PC(I_An+1Vg)unH 4L‘)Ln+l _An| H” H
- 2+ A1 L)(2+ ML) (24 A1 L) 2+ A,L) "
L 2@+ A L) Pl = An1V8)un — B = 2n V8 )t
(24 AneiL) * (24 Anl)
< A1 = l[LIPe(I = A1 VE)un || + 4[| Vg (un) || + Lijun[]
(3.14) < M| A1 — 2al,
where My = sup[L||Pc(I — Ay+1Vg)un|| +4||Vg(u,)|| + L||un||]. From Lemma 2.10 we have
neN
(3.15) ([t = tn || < [[Xne1 = Xnl| + M3[ Vo1 — Wl

1

where M3 = sup{||Bx,|| + —||un+1 —xn+1|| : n € N}. For M = max{M,,M,, M3}, it follows from
a

(3.13), (3.14) and (3.15) that

(3-16) ||Vn+1 _Vn” < ||xn+l _an +2M(|an+1 - an| + Mn-l-l - )Ln| + |7n+1 - 7n|) :
From (3.12) and (3.16) we get

%2 = Xn1ll < (1= Bur (1 = k) |lxns1 = xul[ + 2M | Bt — Bl

+2M(1 _ﬁn+l) (’O‘rH-l - O‘n‘ +(1 - an—i-l)(MlH-l _)'n‘ + Wn—i-l _'yn’))

< (1= Burr (1= k) [xnt1 = xall +2M|Brsr — Bl
+2M (0411 — Q| + [Aug1 — Aa| + [ Vo1 — Yal)
—2MBui1 (|01 — Q|+ (1 = Q1) (A1 — An| + [ Yt1 — W)
+2M [|But1 — Bl + @t 1 — Q| + [Ani1 — Au| + [V 1 — Wal]
(3.17) < (I =ansn)[[Xn1 = Xall + @ns 1 Mnt + Xnt1s
where

ap+1 = Bn—}—l(l —k),
2M
Hnt1 = m[\ﬁnﬂ = Bul = 0 s1 = 0| = A1 = An = [Far1 — W]
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Xn1=2M[|Bri1— Bul + |01 — Q| 4 | Anp1 — An| + [V 1 — Tal] -

Then it follows from Assumptions on (B1), (3.5), (3.6) and (3.7) that limsup t,, <0, Z a, =

n—oo n=1

(1—k) Z By = o0, and Z Xn < oo. Thus it follows from (3.17) and Lemma 2.11 that
n=1 =

n=1

(3.18) Bim [lx1 = xal = 0.

Step 3. In this step we prove li_r)n || — un|| = 0.
OWp Y oo
Let p € X. Then it follows from Lemma 2.6 that
[t —p||2 = |Qr, (xn — raBxn) — Oy, (p — rnBp) H2
< Hxn — ruBxy, —p+ ran”Z
= [lu = pII> + 4 |Bxn — Bp||> = 2 (xn — p, Bxn — Bp)

(3.19) < ||xn = pl|> 4 ru(rn — 200)||Bxn, — Bp|)*.

Then it follows from Lemma 2.1, (3.4) and (3.19) that

[va _P||2 = |lawxn + (1= 04) Tyuy _PH2 = [[(Thttn — p) + O (3 — Tn”n)Hz
= || Thu, — p||2 + Oc,%||x,, — T,1u,,||2 + 204, (xy — Tputy, Ty, — p)
< lun = pI1? + 00 — Tt |* + 206 160 — Tt || Tt — p|

< |xn _PH2 + 1 (rn — 20)|| Bxy, _BPHZ + O‘;%Hxn - Tn”nH2

(3.20) +204||xn — Toun||||un — pl|-
We get from (3.4) that

s =PI = [1Baf (6a) + (1= Ba)Sva = pII* = [|(Sva — p) + Ba(f (xn) — Sva) |I°
= “Svn —p||2+ﬁ,12||f(xn) _Svn||2+2ﬁn<svn _p,f(xn) _Svn>

(3.21) <|[va —p||2 +ﬁr%||f(xn) _SVn||2 + 2B ||SVn _PH ||f(xn) _SVnH
It follows from (3.4), (3.20) and (3.21) that

ra(200 —ra)||Bxy = Bp|® < flxa = plI* — llxus1 — pI?
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+ﬁr%||f(xn) - SVn||2 + OC,%Hxn - Tn”n||2
+2Bu | Tottn — pl| || f (xn) — Sval|

+200 %0 — Tt || || — p|

< (I =PIl =+ %1 = 21 (%41 —2xa])
+ﬁ3||f(xn) _SVn||2 +2B, ||Tn”n _PH ||f(xn) _SVn”
(3.22) ‘er%“xn_Tnun||2+2an||xn_TnunHH”n_PH-

From (3.5), (3.6), (3.7), (3.18) and (3.22), we get
(3.23) lim ||Bx, — Bp|| = 0.
n—soo
By Lemma 2.1 and Lemma 2.6 we get

| n _P”Z = ||an(xn — rpnBxy) — an(P - ran)Hz

IN

((n = raBxn) — (p — 1aBp), un — p)

1
= B (Hxn — rpBx, — (P_ ”nBP)H2 + ||”n _P||2)

1
_EH(Xn_”n)‘I‘rn(an_Bp)Hz
1 1 1
< EHxn_sz"'_EH”n_sz_EHxn_”nHz
_ o _12 . 2
+rn<xn Uy, Bxy, Bp> 2nHan BpH
1 1 1
< EHxn_sz"'EHun_pHZ_EHxn_unHZ
1
(3.24) +7n |[%n — un | | Bx, — Bpl| — Er%Han —Bp|*.

It follows from (3.24) that

||Mn_pH2 < Hxn—pHZ—||xn—un|]2—r,2,Han—BpH2

(3.25) +27y ||Xn — || |Bxa — Bp|| .
By similar argument we obtain

[[Vn _P||2 = || Taup _P||2 + OC;%”xn - Tn“n||2 + 204, (xn — Tyt Tty —p>
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(3.26) < ||”n—P||2+O‘3||xn_Tn”n||2+2an||xn_Tn”ﬂ”””n_PH-
We get from (3.25) and (3.26) that
lva=pll* <l — Pl = 60 — ual|* — 1| Bx, — Bp||?

+2ry ||xn — un|| || Bx, — Bp|| + (X,%Hxn - Tn”n||2

(3.27) +20||xn — Tyutn | [|un — pl-
Finally from (3.4) we have

ot =pI> = 11Bu(f Cin) = Sva) + (Svu — )|

(3.28) < v = pIP 4 Bllf () = Sval* 4+ 2Ba 1 £ () = Svall Ve = pll
It follows from (3.27) and (3.28) that

ot =pl* < [bon = plI* = [l — unl|* = 2| Bxn — Bp||?
+21 || %0 — un| ||Bxn — Bp|| + OC,%Hxn - Tn”n”2
+200, 10 — Tt [t — pl| + B LS () — Svall?
(3.29) +2B || f (xn) = Svall [va — pl| -
Now we get from (3.29) that
bon —unl® < llw = pII* = [Pns1 = plI> = 731 Bxn — Bp||?
+2r, [0 — un|| | B, — Bpl| + 042 10 — Tt
+200 160 — Tt ||t — pl| + B | () — Svall?

+2B || f (xn) — Svall v — P

(bn = Pl + 1 =PI 01 =25l = 72| Bxn — B

IN

+273 || X0 — wn | || Bxn — Bp|| + O‘;%Hxn - Tn”nH2
+20‘n||xn - Tn”nH ””n _pH +Br%||f(xﬂ) _SVnH2

(3.30) +2Bu [|.f (xn) = Svall v — pII -
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From (3.5), (3.6), (3.7), (3.18), (3.23) and (3.30), we have
(3.31) Tim [, — ]| = 0.

Step 4. In this step we prove lim ||v, —Sv,|| = 0.
- n—soo
By the k—contraction of f and directed nonexpansivity of S, we further derive that
ot =pI> = [1Ba(f (xn) = Sva) + (Svu — p)|I?
< [1Sva =PI+ BEIS Con) = Svall? 420 |Lf () = Svall v = p
< va = pIP = [1va = Sval* + B7 LS () — Sval?

(3.32) +2Bn || £ (%n) = Svall[[ve — Pl
It follows from (3.27) and (3.32) that

X1 =PI < 11— Pl = v — Svall® = I — un?
- 5||Axn_Ap||2+2”nHxn_”nH HAxn_APH
‘er%Hxn_Tn”n||2+2an||xn_Tn”n”H“n_P”

(3.33) BN (n) = Svall® 4+ 2B | f () — SVl [va — Pl -
It follows from (3.33) that

[va = Svall* < lxa = pIIP = %01 =PI = P — un?
—ra||Axy — Ap||> + 27 ||xn — ]| ||Ax, — Ap||
“er%Hxn_Tn”nﬂz‘i‘zarz”xn_TnunH||”n_PH

+ﬁ3||f(xn) _Svn||2+2Bn 1f (xn) = Svall [[va — pl|

IN

(xn = Pl 111 = Pl st — %l = 160 — wta|?
—ral|Ax, — Apl|* +2r, X, — a| | A, — Ap||
“er%Hxn - Tn”nH2 + 200 || X0 — Tyt |||, — p|

(3.34) B2 f () — Sval|* 2B £ (xn) — Sval [[va — P -
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We get from (3.5), (3.6), (3.7), (3.23), Step 2, Step 3 and (3.34) that
(3.35) li_r>n |Sv, — || = 0.
n—oo

2
Step S. In this step we prove lim |u, — Tyu,| = 0 and lim ||Pc(I — —Vg)u, — uy|| = 0.
—_— n—co n—sco L

From the conditions (3.5), (3.6) and (3.7) on the parameters, we have

(3.36) lim ||v, — Tuy|| = lim o,||x, — Tu,|| =0
n—soo n—oo
(3.37) Hm [lx, 41 — Sva|| = lim By[|f(xa) = Sval =0,

Moreover, by the triangle inequality we have

ltn = Totan|| < it = 2| [0 = X1 ]| + [P 1 = Sva

(3.38) +18vi = vl + ||V — Tt ||
Hence it follows from Step 2, Step 3, Step 4, (3.36), (3.37) and (3.38) that

(3.39) K ||y — Tyitn|| = 0.
n—oo

2— AL

Now we observe that for s, = 1

|Pc(I — AnVg)un — tn|| = ||snttn + (1 — sp) Totty — ttn || = (1 — 5) || Tty — |

so that it follows from (3.39) that
(3.40) Tim [|Pe(1 — 2 V)it — ]| = 0.
We also observe that

1P = 2V8)n ]| < Bl — > Ve)n — el D)

+[|[Pe(l = 2V g)un — un||
< |- %Vg)un — (I =2V g)un ||+ [[Pc(I = 2nV g)un — un|

G.a41) < (G =MVl + [Tt .

2
Since lim A, = — and lim ||T,u, — u,|| = 0, we conclude that
n—soo L n—soo

2
(3.42) lim ||Pc(I — ng)un —up|| =0.

n—yeo
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Step 6. For ¢ = B f(g), we prove that
(3.43) limsup(f(q) — ¢,x» —q) < 0.
n—yoo
Let {uy, } be a subsequence of {u,} such that u,, — z for some z € C and

limsup(q — f(q),q — un) = l_li_{g(q—f(Q)aq— Un,)-

n—yoo

1 2
Since Vg is Z—ism, Pc(I— ng) is a nonexpansive self mapping on C. Therefore, from (3.42)
and Lemma 2.3, we obtain

2
z="Pc(l— ng)Z,

and hence z € U. Because u, = Q,, (x, — r,Ax,), we can write
1
O (un,y) + r_<y_ Uny Up — Xn) + (AXy,y — up) > 0 forally € C.
n

Because ¢ satisfies Condition A, we get

1
<an7y_ un) + r_<y_ Up, Upn _Xn> > (P(ya un) forally € C.
n

In particular for the subsequence {u,, }, we have

1
(3.44) (Bxp;,y — Un;) + r—(y — Up,y Un, — Xn;) > O (y,up,) forall y € C.

n;

Fort € (0,1] andy € C, set y; =ty + (1 —t)z. So, from (3.44) we obtain:

<yt—unin)’t> Z <)’t—uninyt>—<an,~’)7t—un,->

uni —xn’.

_<yt_unn >+¢(yt7uni)

n;
= <yl — Un,;, By _Buni> + <yt — Up,, Buy, _ani>

uni - Xni

(3:45) — (Ve — tn;, )+ un;)-
n;
Because lim ||u,,, — xy,,|| = 0 and B is monotone, we have
j—vo0
(3.46) lim || Buty, — Bx || = 0.
j—yoo0
(3.47) (vt — Up;, By — Bup,;) > Oforalli=1,2,3,---

Using (3.46) and (3.47), and letting i — oo in (3.45), we get

(3.48) Ve —2,Ay) > ¢ (1,2).
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By Condition A and (3.48) we have

0 = 00ny) <td(yr,y) +(1—=1)d(y1,2)
< t¢(yr,y) + (1 —1){y: —z,Byr)

(3.49) = t¢(yr,y) + (1 =1)t(y—2z,By).

Hence we get from (3.49) that

(3.50) 0<0(my)+(1—1){y—zBy).

Letting t — 0 in (3.50) and using Condition A, we have
0<0(z,y)+{y—2Bz).

Since y is an arbitrary element of C, we conclude that

(3.51) ¢(z,y)+ (y—z,Bz) > 0forally € C;

and thus z € EP(¢,B).
Since u,, — z, lim ||u,, —x,, || =0, and lim ||u,, — T;,u,,|| = 0, we have x,,, — z and Tp,,u,, — z.
n—oo n—oo
So that v,, — z as well. By the demiclosedness of S at zero and from (3.35) we conclude that

z € Fix(S). Therefore, z € £. By Lemma 2.2

(3.52) (flg) —q,z—q) <0.

It follows from (3.52) that

(3.53) limsup(f(q) — q,un — q) = lim(f(q) — q,un, —q) = (f(q) —q,2—q) <0.

n—oo [—yeo
Step 7. The sequences {x,}, {v,} and {u,} converge strongly to g = Pc f(q).

It follows from (3.4) and Lemma 2.1 that

Xnr1 —qll> = N1Baf () + (1= Bu)Svn—qll?
= [|Ba(f(xa) = £(q) + Bu(f(q) — ) + (1 = B) (Sva — q)||?
< Billf ) = F@))1*+ (1= Ba)?|1Svn — gl

+2B:(f(q) — 4, Xn11—q)
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< Bk o — gl + (1= Ba)? on — qll* +2Ba(f(9) — ¢, %011 — )

(3.54) < (1=Bu(1=k))|lxn —qll* +2Bu(f(q) — g, Xn11 —q)

2
Put a, = ||x, — q||*, b, = m(f(q) —¢,Xn+1 —q) and 8, = B,(1 — k). Then for each n =

1,2,3,---, we get from (3.54) that

(3.55) anr1 < (1—=35,)an+ 8,by.

[

Then it follows from (3.6) and (3.53) that limsupb,, <0, 1211 0, = 0 and Z 0, = . Thus by
n—oo

n—roo n=1
Lemma 2.11 and (3.55), we have
(3.56) lim [lx, ]| = 0.
It follows from (3.56) that
(3.57) lim [u, —q|| = 0.
(3.58) lim [|v, —g]| = 0.
This completes the proof. ]

Remark 3.3. g = Pxf(q) is the unique fixed point of the mapping Ps f. Moreover, ¢ = /\(f) sat-

isfies Lemma 2.12 for the nonexpansive mapping S and for the approximate fixed point sequence

{xn}-

4. CONCLUSIONS

In our main theorem, we proposed an approximation scheme to find a common solution of a
constrained convex minimization problem, a generalized equilibrium problem, and a fixed point
problem of a directed nonexpansive mapping in a Hilbert space. The family of firmly nonexp-
nasive mappings is contained in the family of directed nonexpansive mappings, and the family
of directed nonexpansive mappings is contained in the family of nonexpansive mapping. We
introduced an approximation technique which is not a direct composite viscosity method. Many
authors considered composite iterative schemes to approximate solutions of any two problems

among the three or for both. Our methods of proof are mainly in line with the methodologies
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implemented by Cai et al. [10], Naidu and Sangago [20], Xu [26, 27, 28, 29], Yazdi [30, 31],
Yazdi and Sababe [33, 34].
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