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Abstract. This study aims to develop new versions of the Banach fixed-point theorem in generalized metric
spaces endowed with a direct sum structure. Specifically, we assume a diagonal matrix A in R?*¢ and establish
more appropriate contraction conditions to improve the applicability of fixed point results within this framework.
Since the condition that the matrix A must converge to zero is unnecessary, our approach yields stronger results
than the Perov one. As an application of our findings, we examine the existence and uniqueness of solutions
for a system of matrix equations. This version is more powerful than the Perov version. We introduced some
examples and applications to illustrate our result.
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1. INTRODUCTION

Let § be a self-operator on a set 2. A fixed point (FP) in 2" is defined as an element ¢
such that §q = g, where § is an operator on 2. The FIP Theorem argues that under specific
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conditions (on the operator § and the space Z"), an operator § of 2 in itself admits one or
more FIP. Many results exist for different cases of the FIP Theorem. The basic foundations
upon which FP theory studies are built include the Banach contraction principle (BCP),
Brouwer’s FIP theorem, Schauder’s FIP theorem, and the Contraction operators Theorem.

The FIP theorem, commonly recognized as the Banach contraction principle, first appeared
in definitive form in Banach’s thesis in 1922 [1], where it was used to establish the existence
of a solution to an integral equation (IE). Since then, its simplicity and usefulness have
become a widely used tool to solve problems in many branches of mathematical analysis.
This principle indicates that if (2",d) is a complete metric space and §: 2 — 2 is a
contraction operator (that is, 8p.q (§@,8p) < A8p.«(@,p) for all @,p € 27, where A €
(0,1) is a constant), then § has a FP.

The BCP has been generalized in various ways over the years. Some generalizations, such
as those in [2, 3] and others, relax the contractive conditions of the operator, while others,
including [4, 5, 6] and others, weaken the topological assumptions. In [7], Nadler extended
the Banach FP theorem from single-valued operators to set-valued contractive operators.

Additional FP results for set-valued operators can be found in [8] and the references therein.

2. PRELIMINARIES

The real vector space sum of the real vector spaces Ry, ...,R; in a nonempty finite ordered
list is the real vector space whose underlying set is the Cartesian product Ry x --- x R; =

Hle R;, with vector space operations defined by the following formulas:

(@1, @, , @)+ (p1,p2,*+ ,Pa) = (@1 +p1,02+ P2, -+, B4+ Pa)-

06(60'1,052,-~- 7wd) = (05071;05‘772»‘” 7aajd)'

Definition 2.1. [9] The direct sum, or external direct sum, of a family (R;);c; is the following

sub-module of [1;c; R;:

R® = {(®)icr € HRi | ®; =0 foralmostalli€l}.

icl
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Immediately, this defines a sub-module. If 7 = @, then R@I =0.
If7= {1}, then R® = R. If I = {1,2,---,d}, then R® is also denoted by R; &R, ®R3 &
- ORy = @YY | R;, and coincides with Ry x Ry x -+ x Ry.
The direct sum R®' comes with an injection 1;: R; — R for every j € I, defined by its

components: for all @; € R},
lj((D')j =0 Ry, lj(a)')i =0€eR; foralli# j.

every 1; is an injective homomorphism.
IfRy,...,R; are normed spaces, their vector space sum can be equipped with a norm inspired
by the norm of the Euclidean n space. Specifically, a norm on the vector space sum can be

defined in a way that resembles the standard Euclidean norm.

Definition 2.2. Let Ry,--- Ry be a normed space with respective norms |- |r,, - ,|-|r, is
the normed space whose underlying vector space is the vector space sum of Ry,--- R, and

whose norm is the direct sum norm given by the formula

J=1

n %
2
H(wh”' ;a).l’l)H = <Z | (D-J |]Rj> .
This normed space is denoted by R1 & --- & Ry.

Remark 2.3. For any two spaces A and B, the direct sum can be defined as a homomorphism

f: A® B — My, where the matrix My of size s, given by:
A 0
f(AJB)=A®B= ,
0 B

Where A and B are embedded as diagonal blocks in the matrix form, and O represents appro-

priately sized zero matrices.

Theorem 2.4. [10] Let Ry, Ry, --- Ry be a family of sets of all real numbers. Then the

following are equivalent:

(1) R = ®sz=1 R; is a direct sum.
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(2) IJCOZZ?ZI W;, ; € R;, thenw; =0,i=1,2,--- ,d.
(3) RNDYL, 4R =0i=172,-d

Theorem 2.5. [10] Let Ry,R;,--- R, be a family of sets of all real numbers, and let R X
xRy = H?ZIR,- be their direct product. Let RY = {(,---,0,®;,0,---,0)| @; € R;}. Then
R = @Z?Zl R is a direct sum of R;.

We recall some notations and auxiliary results that will be used throughout this paper. Let
R be the direct sum set, and o,p € R @ = (@1, @, ,04), p = (P1,P2,"+,Pa) by
@ 2 p (respectively, @; < p;) for all i = 1,2,---d. In addition, R?d ={o ¢ R : w; >
0, Vi=1,2,---,d} is the set of positive elements in R@d, and we denote @ - 0 if @; > 0 for
alli=1,2,---,d, where 0 is the d x d zero matrix in R®""

By taking the product of two square diagonal matrices, we can define @ - p as follows:

Gflpl 0 0

0 mp . )
O-p = : : . . :d1ag<ca‘1p17 P2, -, wdpd>€R@,

O O o a)'dpd

and the direct sum unit over R® will be denoted by

1 0 - 0
d 01
7= —diag (1, 1, -, 1)
0O 0 - 1

An element @ = (@, @, ,0,) € R has an invers if o; #0,foralli=1,2,--- ,d and is

denoted by
arlzdiag<a;1—1, o', - w;l):diag<%l, L. L>7

and @ is called invertible if it has an inverse.



NATURAL EXTENSION OF BANACH FIXED POINT THEOREM 5

Definition 2.6. Let 2 be a non-empty set. A mapping 5R@d: X x X —R¥ is called

generalized metric space endowed with the direct sum if the following properties are satisfied:

(1) 8pea (@, p) =0 and Opea (B,P) =0 ifand only if © = p;
(2) 8pea(@,p) = 8pea (P, ®), forall@,p € X',

(3) SR@d(w, K) =3 5R$d((D',p) +5R$d(p, K), forall @, p,x € 2.

Then, we call (%,Read, 0

]REB") a generalized metric space on 2 .

Definition 2.7. Suppose that (2", R@d, Opea) is a generalized metric space endowed with the

direct sum. Then a sequence {®,} in 2 is called:

(1) convergent sequence with respect to R, If, for every € € ]R@d, with € = 0, if there
exists @ € 2" and there is N € N such that for all n > N, 8.4 (0., @) < €.
(2) Cauchy sequence with respect to R, If. for any € - 0 there exists N € N such that

for all n,m >N, &p.a (@, Bp) < E.

Definition 2.8. Suppose that (2", R, Opea) and (¥, R, Oyea) are two generalized metric

spaces endowed with the direct sum.

(1) The space (%, R@d, Opa) is a complete if every Cauchy sequence with respect to R

is converges.
(2) A function §: 2 — % is said to be continuous at a point @ € 2 if, for every

sequence {®,} C Z that converges to @, the sequence §(O,) converges to F(T).

Example 2.9. Let 2" be a set with a metric defined by 89 : 2 x % — R.. We can gener-

alize this metric as follows:
. d
S]R%\d(wﬂp) = dlag (5%(@,[)), 6%(071))7 T 63{(@,[))) < REB ’
Thus, (2, ]R@d, SJR{@d ) forms a generalized metric space endowed with the direct sum.

Example 2.10. Let 2" be a Banach space defined by ||+ || 21 Z x Z — Ry. We can gen-

eralize this norm as follows:
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) d
|@ = pllges = ding (& —pllor, l@=pllo, . [@—pls) R
Thus, (2 ,R@d, | - ||R@,d> forms a generalized complete metric space endowed with the
direct sum.

3. MAIN RESULTS

This section will present some Banach fixed point theorems combining the direct sum.

Definition 3.1. Suppose that (2 ,R®d,6R@d) is a complete generalized metric space en-

dowed with the direct sum. A mapping §: 2 — 2 is said to be a contraction and endowed
with the direct sum if there exists a diagonal matrix A = diag(A1, 42, ,A4) € RY with

0 < A < 1% such that

Ot (5(@), §(p)) S A 8pea (@, p),

forallx,ye Z .

Example 3.2. Let 2" =R and SR@d XXX =R bea generalized metric space endowed

with the direct sum defined by 8.4 (@, p) = diag <| o—pl, |@—p|, -+, |O—p |) €
o
R and let A = diag (%, %, e %) and §: X — Z such that §(@) = X Then,
1 . ad
80 (5(@),5(p)) = yding (|@—p|, |@-p|, -, |@—p]|) R

It is clear that

Ot (§(@),(p)) SA-8pea (@, p)
— diag 1, | ! diag (| & @ o—p|)
g27 2’ ) g| _p|7‘ _p’7 7’ _p|’
d
where A < IEISG9 .
Therefore, § is a contraction and is endowed with the direct sum on the generalized metric

space endowed with the direct sum (2 RO, g )-
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Example 3.3. (Numerical example)

Let =R and SR@d L XXX >R bea generalized metric space endowed with the direct

sum defined by 8,.4(®,p) = diag (|G —p |, |@—p], -, |@—p|) € R and ler
Azdi&lg(l, l, e l) and%:%%%suchthat&(w):g. Then,
4 4 4 4
1 . ad
80 (5(@),5(p)) = yding (|@—p|, |@—p|, -, |@—p]|) ER",

It is clear that
5R@d ($(@),5(p)) 2 A'S]R%d (@,p)
(11 N .
—dlag(z, YRR Z)-dlag<|w—pl, |[@—p |, -, !w—p|>’

R-;Dd
where A < I .
Therefore, § is a contraction endowed the direct sum for the a generalized metric space

endowed with the direct sum (2 ,]R{@d, CSR@d).

d :
,0..4) is a complete gen-

Theorem 3.4. (Banach contraction Type) Suppose that (2 ,R? &

eralized metric space endowed with the direct sum, and let §: X — 2 be a contraction

mapping endowed the direct sum. That is,

Oped (§(@),5(p)) < diag(Ar, Az, ..., Aq) 8 a (@, P),

forallw,p € &', where A; € (0,1) fori=1,2,...,d. Then § has a unique FP in Z".

Proof. Let @y be any point in 2", that is @y € Z". Let us define a sequence {®,} in 2 as

given below.
@1 = (@) =3 (@) ¥V n>0.
By contraction condition we get
Oped (By—1,0,) = Opua (F(@y—2),F(Dp—1))

r—j dlag (;L]a 2'27 ) 2d) [6R6Bd (wﬂ—Z?wﬂ—l)]
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< diag (/11”—1, Rt ,)Ls—l> Sped (M0, @ ).
Let us prove that {@, } is a Cauchy sequence.

Suppose that n > m that from the contraction and triangle inequality property, we can write

as:

6 (wﬂhwn) ~ SRDd (wm7wm+l)+6Rod (wm+lawn)

A

SROd (wm, wm+l) + [5R@d (merl ) wm+2) + S]R@d (wm+2: wn)

A

SRod (G)'m, Gfm+1) + S]R@d (wm+1 ) (D.m+2) + SR@d ((D.m+27 zD.m+3) + 6R@d (wm+37 wn)]

LA

g (B, Ont1) + Oped (Bmt1, Opt2) + O (B2, Omy3) + -+ + Opa (By—1, @)

A

diag(A{", 45", -+, A7") Opa (@0, @) + diag(A T AL ,ACT“)SRQ;[; (@, @)

oo diag(AP A A0 6, (@0, @)

= ((A{”+A{”+1 oo AT (@0, @), (A + AT -+ A8 (@0, DY)

AR AT, (0. 01))

n—1
= diag Zl R! (y, ), Z 12 R! (0o, @), , Z )uécsR@d((Ifo,(D'l)>
Jj=m j=m
n—1  n—-1
= diag Z Aj, Z /'L], . Z )u] @'0,051)
j=m Jj=m
n—m—1 n—m—1 n—m—1 |
= dlag A{n Z Ajaﬂ’Zm Z A‘Ja"'vz’fn Z )“d] SROd(wOawl)
j=0 j=0 j=0

n—m—1 n—m—1
= aag (AL M A Y M2 Z 24)8,.0(@0.)
J= J=
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< diag (/l{” YA+ Y Mty x;)aRSd@o,wl)
J=0 J=0 j=0

o (am | L m|_ L | m| L
= dlag<ll |:1_—M:|,AQ |:1_12:|7 71‘1 ll—ldl)gR@d(GO,wl)

: m qm my q: 1 1 1
dlag()“l 712 P 7Ad)dlag(|:1_llj| ) |:1_)'2:| 3y T [m}) S]Réi%d(w():a).l) _>07

A

as n,m — oo, Since 0 < diag(A/, 4], - ,/'Lj) < Iﬂlfed and 8.« (@, @) are fixed, it is evident
that by selecting m sufficiently large (with n > m), we can make &4 (@, @) arbitrarily
small. This shows that {®),} is a Cauchy sequence. Finally, because (2" ,R@dﬁmd) is
complete, there exists some kK € 2 such that @, — K.

To show that k is a FIP, we consider the distance 8.4 (k,§(k)). From the triangle inequality

and contraction condition, we get

Oped (K:8(K)) Z - Fpad (K, Bn) + O (@, F(K))
= O (K, @) + Opa (§(@n-1), (k)
3 Sl @) +diag (A, Ay -, Ay) Ot (Bt K),

and since @, — K we can make this distance as small as we please by choosing m sufficiently

large. We conclude that
Opaa (K, F(K)) =0 = F(k) = K,

so k € 2 isaFP.
Suppose there are two FPPs @ = f(@) and p = §(p). Then, from the contraction condition,

we have
SREB" (Gf,p) = 6R®d (3(@),3(1))) < diag <A’17 Ay oo 2fd) SRﬂj‘d (va)7

~ ad .
this implies 6R$d (@,p) =0 since 0 < A < Iflf . Hence @ = p, and the FP 2" of § is

unique. 0J
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Theorem 3.5. (Kannan Type) Suppose that (2, R@d, SRM) is a complete generalized metric
space endowed with the direct sum and §: 2~ — 2’ is a continuous mapping satisfying the

following condition
(3.1) 5Ra;d (3(0),3(13)) ,—5 diag ((Xl, o, -+, OCd) [aRaad ((D',S(CU)) + ‘SR@d (p,S(p))],
where a; € (0, %)for alli=1,2,---,d. Then § has a unique FP in Z .

Proof. Let @y be any point in 2", that is @y € Z". Let us define a sequence {®,} in 2 as

given below.
By = F(@,) =5 (@) ¥V n>0.
We have

(S]Re"' (wn, wnJrl) = SRSB‘I (3(&)’,1,1),3(&5,,))

3 diag (o, o, o, 0y) [8p (@01, F(@0 1) + 8 (@, F(@,)]
= dlag ((Xl, oy, -, (Xd) 6R$d (wnfl, wn) +dlag ((Xh oy, -+, (Xd) SRﬂad (wna wnJrl)a
and
diag ((1 —oq), (1—m), -, (1— Ocd)> Opsd (B, Wy41)
j diag <a1, a27 SRR e ad) SROd (Wn717wn)7
since the inverse of the diagonal matrix is diag <(1 —Q )—1, (1— ocz)_l, ey (1= ad)—1>.
Thus,
. g %) o
0.4 (0,,O, =d , TR , ———— | O (@1, D).
To simplify, we put ﬁ = A; and the inequality becomes
6R$d (afn, (D'n—H) =< diag (7[,1, Ap, woeees ,ld) 6R$d ((D'n—l , an)

r'-j dlag (2‘137 A‘Sa A‘S) SR&Bd (wn—3> wn—Z)
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= diag(A Ay - s Ag) Opea (Mo, @1).

Y

Let us prove that {®,,} is a Cauchy sequence. Suppose that n > m, then from (3.1) and the

triangle inequality property, we can write as:

LA

LA

A

A

St (Om, @) [SROd(wm,me) +6R@d(wm+1,wn)}
8t (s D)+ | 8t (B 1, Bs2) + B (@2, @)

O (B Ont1) + Oped (Bmt1, Opt2) + [5R$d(wm+2, Op+3) + Opaa (B3, Bn)

6R@d(wm7 m+1)+5 ( m+1, m+2)+5 ( m-+2, m—|—3)+ +6 ( n— lva).n)

diag (A", A3+ -+ -+ , Ag') Ogea (@0, D)
+diag (A" AL , A SOpsd (B0, D)
+diag (A2 A2 , A SOpsd (0, D)
+ -+ diag (;w—{g;—h ...... 715—1)5]1@[,(@07&;1)

e ( AP AP e AR AP e A

[)Lglﬁ—)tén_‘_l‘f’+l¢?—1}>6ﬂ%@d(607wl)

diag <Z i )’27 ) Z A’d) Re! w()awl)
n—m—1 n—m—1 | n—m—1
dlag <A' Z A’jv zam Z 1‘217 7 Z ) RrRe? w()awl)
Jj=0 j=0 j=0
diag (/11’” YAy Y A A i&;)a (@, @)
j=0 j=0 j=0

diag | A", A3, ld>d1ag<2/lj, Z?LJ, Zl ) pod (@0, 1)
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- [ i 2]

Since [(lf“@] = €(0,1) foralli=1,2,---,d and 8.« (@, 1) are fixed, it is evident that

by selecting m sufficiently large (with n > m), we can make SR@d (®,,®,,) arbitrarily small.
d

This shows that {@, } is a Cauchy sequence. Finally, because (2 ,R% 8 _.4) is complete,

R
there exists some K € 2 such that @, — K.
To show that k is a FIP, we consider the distance 8,4 (k,§(k)). From the triangle inequality

and contraction condition, we get

6R®d (KvS(K)) N 6R®d (K7 wﬂ) + 6R<Dd (wﬂaS(K))

= i (K, 0) + 8 oa (F(Ba1), F(x))

A

SRed(K7wn)+diag<ala o, -, ad)6Red(wn—1vg(wn—1))+6R9d(K73(K))

;j dlag (ala oy, -+, (Xd) SREBd (K7 S(K))

It is clear that we can make 6.« (@Dy—1,§(D,-1)) as small as we wish by choosing n suffi-

ciently large. Since ¢; < 1 foralli=1,...,d, we arrive at a contradiction.

Opoa (16,8(k)) =0 = §(x) = K,

sok € Z isalFP of §.
Suppose there are two FPs @ = f(®@) and p = F(p). Then, from the contraction condition,

we have

Ot (B, ) = 8y (§(@), 5 (P))

Sding (o, o -, ) [8300(B.5(@))+8,.(p,F(P)),

this implies 6.« (@, p) = 0. Hence @ = p, and the FP k of § is unique. O

Theorem 3.6. ( Chatterjee Type) Suppose that (2 ,R@d,(S »d4) is a complete generalized

R
metric space endowed with the direct sum and §: 2 — 2 is a mapping satisfying the
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following condition
(3.2)
6R®d (g(w%S(p)) r_\<./ dlag <a17 o, -, ad) [5R®d (S(&)’),p) + 5R®d (%(p)7 a)-)]7

for o € (O,%)foralliz 1,2,---.d, and for each @,p € Z . Then § has a unique FP in Z .

Proof. Let @y be any point in 2", that is @y € Z". Let us define a sequence {®,} in 2 as

given below.
@1 = (@) =3 (@) ¥V n>0.
We have

6R(J>d (@, py1) = S]R\T;-d (S(@p-1), (@)

3 diag (o, @ o ay) Sy (B(@n1). @) + 8y (3(@,). @)
— diag(al, o, -, 06d> wid (@, @p) + 8pd (D1, Dp—1)]
= diag<oc1, o, -, ocd> O (§(Dn), F(By—2))
3 diag(al, o, -, ocd> [SR%d —1))+5R@d(5(wn—l)73(wn—2))]
= diag (Oﬁ, o, -, ad) [%w (@1, Dn) +6R$d(a5n,wn,1)]
Thus,
Sped (D, Wpt1) 3 diag((]f‘le), (13%52)7 . (lf_éd))BR%d(wn_l,wn),

To simplify, we put ( ) = A; and the inequality becomes

5R@d (CUm wa—l) = diag(2'131'27 e 7)'d) SR@J (a).n—hwn)

A

dlag(a’lzaana t 7A’d2) SR@LI (wn—Za wn—])

j dlag<a’137ﬁ'237 e 72’3) SR@d (wn—fia CO-n—Z)

A

iag(Af!, M.+ A8, (@0, @),
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Let us prove that {@, } is a Cauchy sequence. Suppose that n > m that from (3.2) and triangle

inequality property, we can write as:

6Red ((D’m, (D'n) j [5Raad (wma wm+1) + SR@d (wm+1 ) (D'n)]

A

5Red ((D’m, wm+1) + [SReBd (merl ) wm+2) + SR@CI (wm+2a m—n)}

A

st (@s @ 1) + 8 (@1, s2) + | 8t (B2, D) + Sy (@3, @)

A

g (B, Ont1) + Oped (Bmt1, Opt2) + O (B2, Omy3) + -+ + O (By—1, @)

— diag(A]", A3+, AJ)8 0 (@, @)+ diag(A T, A2 oo AT (@, @)

+diag()“fn+27lzm+zv Tt 7)“5“_2)5]1{@‘1 (a).Oa wl) +ee

+diag<z’1n_l7lgl_l7' o 71:;_1)61[{@’1(&;0’&;1)

= ((z;"m;"“+---+/1;1—1)5R®d(w0,w1),(wmgﬂ“+---+A;—1)5Rod(wo,wl)

e 7()L€’l’1+)tc’i’1+l +---+)L§‘_1)3R$d(050,051)>

= diag Z l Rd (®y, @), Z 12 R (o, @), Z ;Ld R Gf(),('D']))

j=m

n—1  n—1
= diag Zl{,lej, . Z)L) Rod (o, @)
j=m j=m

n—m—1

n—m—1 n—m—1 .
= diag A{n Z A]]722"1 Z Azjaa)tlm Z )Ld]> SRed(w()awl)
j=0 j=0

j=0

A

diag (/1{" zbz{, A z‘bxg, A Z z;)%d @o, @1 )
j= j=

- g ] o [ e

. m qm m\ q: 1 1 1
asatir g ([ 5] [ o [ ] @ o

A
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. o , od
as n,m — 0. Since 0 < diag(A{, 4], -- ,lé) < Iflfd and S]R%d (my, @) ) are fixed, it is evident
that by selecting m sufficiently large (with n > m), we can make 5]1{{@" (o,,®,,) arbitrarily

Od) 8

d
’TR

small. This shows that {®@,} is a Cauchy sequence. Finally, because (2" ,R?
complete, there exists some kK € 2 such that @, — K.
To show that k is a FIP, we consider the distance 8,4 (k,§(k)). From the triangle inequality

and contraction condition, we get

Opa (16,8 (K)) T Opea (K, @p) + Bpea (O, F(K))

= 8ua (K, ) + 8t (§(Ba-1), (k)

N 5R®d(7<7wn)+diag (ala 0, -, O‘d) (5R9d(3((2)'n_1),K)—|—5R®d(§(1<),w,,_1))
= diag <1+(X1, 1+0p, ---, 1+05d> SR@d(mﬂvK)
+dlag ((Xl’ o, -+, (Xd> 6R®d (S(K% wnfl)a

and since @, — K it is clear that

6R<Dd<Kvg(K)) =0 :S(K) =K,

so® <€ 2 isalFP of §.

Suppose there are two FPs @ = f(®@) and p = §(p). Then from contraction condition we

have
Oped (@, P) = S0 (§(@),F(p))
3 diag (@, o, -, 0y) 1830 (3(@),0) + 8, (@, p)
+8554 (F(P); p) + Spea (P, B)]
— 2diag(or, 00, ,0g) 8ya () < ,.0(@,p),
this implies 8.« (@, p) = 0. Hence @ = p, and the FI* 2" of § is unique. O

Theorem 3.7. Suppose that (2", R@d, 5R@d) is a complete generalized metric space endowed

with the direct sum and §: 2 — 2 is a mapping satisfying the following condition
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SR@d(vagp) N diag(al, op, ---, ad) 6R$d(w,p)

tdiag (1, B . ) 185 (@ F(@)+ 8500 (0.5 (P))].

for oy, Bi € RL and a; +2B; € [0,1), i=1,2,--- ,d for each @,p € Z". Then § has a unique
FPin Z .

Proof. Let @ be any point in X, that is @y € 2. Let us define a sequence {@, } in X as given

below.
Opi1 =3(@,) =" (@) ¥V n>0.
We have
et (@0, B 1) = 8, (3(@1), 3(0))
:j diag(al, o, ---, (Xd> 6Red(wn—lawn)
+diag (B, Bo - Ba) [t (@1, 3@ 1)) + 80 (33, F(@0)]
= diag(al, o, -, (xd> SRgd(wn,l,w,,)
+diag<ﬁ17 ﬁ27 B ﬁd) [SRed(wﬂ—lvwn>+6Raad(wnvwn+l)]
= diag (@ +B), (a+B2) - (Ga+Ba)) St (B(@02), 5@ 1)
+diag<ﬁl ﬁz, R ,Bd> aRed(wnuwa—l)'
Thus,
diag<(1_[31), (1=B), -, (l—ﬁd)> St (Bn, Wy1)
N diag((al—Fﬁl), (+pB), -, (%H'ﬁd))5R@d(3(a7n—2)73(wn—1))'

This implies that

8ot (B Boi1) 3 diag<(a1+ﬁl) (o + B2) <ad+ﬁd>>

(=p) (=B " (1-py ) % O2)5(@0))
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weuse/li:Olci—i_giE(O,l),i:1,2,---,dweobtain
—pi
O (B, Bpt1) 3 diag(),l, Aoy oo ld) Oped (@, Dp—1)-
So
8t (@0, @uin) 3 ding (A, oy o, Ag) St (@01, @)
=3 diag()le, A3, e )ﬁ) Opsd (Bn—2,Bp—1)
3 ding (23, 43 e, 2]) 8(@r5,0)
(3.3) N diag()tf, Al lg) Sped (B0, 0 ).

Let us prove that {®,} is a Cauchy sequence. Suppose that m < n, then from (3.3) and the

triangle inequality property, we can write as:

SReed ((D'm, wn) j 5Red (wnm wm+l) + SR@EI (wmﬂawn)

A

Spd (B, Ont1) + | Opd (Bnr1, Omy2) + Ogaa (Bt Bn)

1N

SRead ((D’m, me) + 5R@d (me ) merZ) + [5Raad (wm+27 wm+3> + 5]Ra>d ((ﬁm+3, 0)',,)]

1N

8y (@, By 1) + 8t (B 1, B 12) + St (B2, B 3) + -+ 8 (B 1, By,)
— diag(,un, A )Lc;n)sm@d(w()?wl)

+diag</ll’”+1, A l;”“)‘smf’(“()ﬂ’l)
+diag<l{"+2, A2 151+2>6R@d(a)'0,a71)+...

—|—diag<)tf1—1, At )L;—]>5R@d(wo,wl)

= <(/l{”+/ll’”+'+---+/l{l_1)6Red((ﬂo,w1),(12’"+/I§"+]+---+7L§_1)5R$d(w0,661)
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AR 4 2 (@0, @) )

R
= diag (2120 AJ8,.0(@0, @), Xk Mo (@0. @), . LI A18,.(w0.00))
— diag(g;.;,;/l{, B E R z;%;,;lj) Spua (W0, D)
= dlag(;qnzn m— 17Lj AFEm IAJ SIVELD N 1/11) Spa (B0, 1)

3 ding (AT oA AT M, ) AP K] Oaua (@0,00)
NN I U I T
= dlag(l { —7L:| A {1_2‘2} A [1—1})51@69[1(60761)

1 1 1
< 1 m ym . m 1 R
3 ding (27,2 =’“d>dlag<{1—xl}’[1_xz]’ ’ll—de(SR@d(wo’leo’

as n,m — oo, Since A; € (0,1) foralli=1,2,---,d and 5R$d(wo,wl) are fixed, it is evident

that by selecting m sufficiently large (with n > m), we can make 8.4 (@, D) arbitrarily
small. This shows that {@,} is a Cauchy sequence. Finally, because (2°,R% SR@[;)
complete, there exists some k € 2~ such that @, — .

To show that k is a FIP, we consider the distance 8.4 (k,§(k)). From the triangle inequality

and contraction condition, we get
Opesa (K, §(K)) T O ea (K, Bp) + B (@, F ()

= 6R$d(K’ (Dn) + SR@d (S(wn—l)7g(7<))

3 8 (6,@,) + ding (0, -+, 0y ) s (@, 1,%)
tdiag (B, . Ba) (S0 @01, F(@0) + 8y (k5 (0))].
therefore
(1=B1 o 1=Bu) 8pa (%,3(0)) 3 8, 0) g (e, -, at) e (@r1,5)
+ diag (51, ﬁd> [5R$d(wn,1,g<wnf1))} -0,

since @, — K it is clear that

SR@d(Kvg(K)) =0 = S(K) =K,



NATURAL EXTENSION OF BANACH FIXED POINT THEOREM 19

sok € Z isalFP of §.

Suppose there are two FPs @ = f(®@) and p = §(p). Then from contraction condition we

have

5..0(@.p) = 6,.4(3(@),3(p))

=< diag (al, 0, -, ad) 5Red((i)',p)
vaing (B, oy o) Ba) 180(®.5(@) +8,.0(0.5(0)]
= diag (al, o, -, ad) SR@d(w,p) =< SRed(@',p)7
this implies 8.« (@, p) = 0. Hence @ = p, and the FIP x of § is unique. O

Theorem 3.8. Suppose that (2, R@d, SR@d) is a complete generalized metric space endowed

with the direct sum and §: X — X is mapping satisfying the following condition

Opea (Bx,5p) < diag (051, O, -, OCd) Op0a (B, P)
tdiag (B, Bo, -+ Bu) [0t (@, F(@)) + 8,0(p.F(p))]
(34) +diag <'}’1, Y2, -, Yd) [SRfDd (w7%<p)) + SROd (p,S(GJ))],

forog, Bi, i €Ry Vi=1,2,3,--- dand 0 +2(Bi+ %) € [0,1), for each @,p € 2. Then
§ has a unique FP in 2.

Proof. Let @y be any point in 2", that is @y € 2. Let us define a sequence {®@,} in 2" as

given below.
Opi1 =3(@,)=F" (@) ¥V n>0.

We have
6Red (wﬂ, wn—i—l) = SR@d (5(wn—l)>g(wn))
f_j (ala 0, ---, ad) SR%d (wn*haj”l)

+diag(ﬁ1, By, -, Bd) [Oged (@n—1, 8 (@n—1)) + S0 (D, T(@n))]
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rdiag (1, 1, 0 W) Bt (@1, (@) + 8 (@ F(@ 1))
= diag(al, O, -, Otd>5R@d(wn—lawn)
—|—diag<[317 B, -, ﬁd> [0pd (Bn—1,@n) + Sped (Bn, By1)]
t+diag (1, 7, . %) [Oged (@1, @)
3 diag(a|+l31, on+pB, -, ad—f-ﬁd)SRed(wn—lvwn)
+diag<ﬁ1, B, ---, ﬁd) 3R@d(wnywn+l>
+diag (1, 1o, - %) Ot (B 1, 00) + 8y (B, D))
= diag(a1+ﬁ1+y1, n+h+n, -, O¢d+ﬂd+7d>6R@d(wn*1awn)
+diag<ﬁ1+?’1, Btr, -, ﬁd+7d> Ot (B, Dy1)-
Thus,
diag((l—(ﬁ1+'}’l))» (I=(B+nr)), -, (1—(ﬁd-l‘?’d)))%@d(w”’w"“)
= diag<a1+ﬁ1+%, w+h+rn, -, ad+ﬁd+}’d)5Rod(wn*hw">'

This implies that

oo N s e
we use A; = w € (0,1) foralli=1,2,---,d, we obtain
1= (Bi+n)
Opad (On, @y+1) 3 diag <7L17 Ay, oo, 7Ld> Spad (Bn—1,0n).
So
Sped (@, Wpy1) 3 diag (M, Aoy e, )Ld> Sped (Dp—1,Bn)
3 diag (22, A2, -, 23) (@0, @)

= diag<1137 /123, e lj) 6R@d(wn—3;wn—2>
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(3.5) N diag()q’, AR A;;) St (o, By ).

Let us prove that {@,} is a Cauchy sequence. Suppose that m < n then from (3.5) and the

triangle inequality property, we can write as:

6Red(wn%wn) :5./ {SR@d<wma m+1)+5 ( 'm+1, wn)]
3 Bt (@ 1)+ |t (@1, B2) + 80 (@2, @) |

3 Bt (@ B 1) + S (@1, B 2) + | St (B2, D) + 80 (B3, )|

:j 5R9d(wmvwm+l)+5 ( m+1, m+2)+5 ( m+2 m+3)+ +6 ( n— 176)

= diag (’Wv VIR AZJ") Sped (Mo, 1)
+ diag (),{"“, lﬁ"“, . A;ﬂﬂ) SR@d(af()mﬁ)
+ diag (A{’I’H‘Z’ A2 151+2> Spad (B0, D)
+---+diag ()biz—l’ At Ag*) et (@0, 1)

- diag<(/1{"+kl’"“+---+/lfl1),(/15"+/15"“+“'+/1§1),
.7(;Lgn+g§n+1+...+xg—1)> St (@0, @)
n—1  n—1
= diag Z Al Z QLJ, Z 7L R@d (my, @)
j=m j=m

n—m—1 n—m—1 n—m—1
= diag (l{" Z Al A Z A A Z 7%) SR@d (o, )
j=0 j=0 j=0
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3 diag (A" Z{)A{, A Z()A{} . z{"ZA) 0 (@0, @)

J= J=
— di (/1 m w1 N6 (@@
- 1ag 1 _ AQ 1_12 Tty Mg 1_A’d )R@d( () 1)
< diag(A", A, o, AM)di : : L Ns. (.o
~ 1ag(Ay, ) y M 128 1_11 ) 1_12 ) 1_)%{ Rg};d 05 1)
— 0,

as n,m — oo. Since 4; € (0,1) Viand 8.4 (@, ®1) are fixed, it is evident that by selecting m
sufficiently large (with n > m), we can make &g, ((D,,, o,,) arbitrarily small. This shows that
{®,} is a Cauchy sequence. Finally, because (2",R® SRQ[{> is complete, there exists some
K € Z such that @, — K.

To show that k is a FIP, we consider the distance 8.4 (k,§(k)). From the triangle inequality

and contraction condition, we get

SR ad (x,8(x)) 2 6R(Dd (K, @) + 6R<Dd (@, §(K))

= Bpea (K, @) + 80a (F(@01),T(x))

N SR@d(Kvwn)JFdiag(au 0, -, OCd) Oped (Bn—1,K)
tdiag (Bi, B vy Ba) Bt (@1, T @y 1)) + S (i, F(5))]
+diag(yl, Y, -, yd> [8psd (Bn—1,8(K)) + Opea (K, F(@n-1))]
= diag(lJr}q, I+, -, 1+Yd>5R@d(’<>wn)+diag(061, 0, -, ad)
St (@r1,1) +ding (B, Bo, -, Bo) [ (@1, @) + 8 (6,5 06))
—I—diag<y1, Yo, -, yd> Sped (Bn-1,8(K)),
hence

diag<1+ﬁ1, | 1+ﬁd) 8pea (K, (K))
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jdiag(l +1, 1+p, -, 1+yd) Opd (1, )

+ diag (Otl, o, -, ad> 5R@d(wn—1,’f)
+dlag (ﬁla BZ? R Bd> S]R@d(wnihwn)

+ diag <7’1, Yo, Yd) Opsa (§(Dn—2), 8 (x)),

and since @, — K it is clear that
SReBd(Kv%’(K)) =0 = 5('(') =K,

sok € 2 isalFP of §.

Suppose there are two FPs @ = §(®) and p = F(p). Then from contraction condition we

have
85t (@.9) = 8,0 (3(®@),5(p)) S diag (1, a2, -, 0) et (@,p)
wdiag (B, B . Pa) (850 (@ (@) +8,0(p.5(p))
tdiag (11, . s W) [0 (@,5(0)) + 8 (0,5(@))]
= diag (061, 0, -, OCd) Opa (B, P)
+diag(2yl, 2%, -, 2%1) Opea (B,P)
= diag(a1+ 27, 0+2p, -, ad+2}/d>5R@d(waP)
< Opea(@,p),
this implies 6.« (@, p) = 0. Hence @ = p, and the FP x of § is unique. O
CONCLUSION

In this work, we have designed new extensions of the Banach fixed-point theorem within
the framework of generalized metric spaces equipped with a direct sum structure. By using a

diagonal matrix A € R*? and showing developed contraction conditions, we have improved
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the applicability and power of FIP results in this setting. Notably, our method removes the
restrictive condition that the matrix A must converge to zero, thereby showing a considerable
improvement over classical results such as Perov’s theorem. The creative refinements were
further supported by exploring the existence and uniqueness of solutions to a system of ma-
trix equations, displaying the broader utility of the suggested method. Through illustrative

examples and applications, we have confirmed the usefulness of our results.
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