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1. INTRODUCTION

In recent decades, nonlinear functional analysis—particularly fixed point theory—has been
extended to a variety of abstract spaces [1, 2, 3, 4]. It has been widely applied to numerous
scientific problems, bridging both applied and pure mathematical methods, especially in relation
to computational issues [5, 6, 7, 8]. Fixed point theory has played a key role in modeling
and analyzing a broad range of real-world phenomena and applications, including the study of
differential and integral equations, as well as problems in physics, engineering, biology, and the
social sciences [9, 10, 11, 12, 13, 14, 15, 16, 17, 18].

In 1992, one of the most influential and foundational results in this area, known as the Banach
contraction mapping theorem (see [19]), was established by the Polish mathematician Stefan
Banach. Since then, the field of fixed point theory has witnessed significant developments and
wide-ranging applications.

In some developments in non-convex analysis, an ordering on the space was introduced via
a cone. In [20], Huang and Zhang introduced the notion of a cone metric space as a general-
ization of conventional metric spaces. Within that framework, several fixed point theorems for
contractive mappings were established, thereby extending classical results from standard metric
spaces to cone metric spaces.

Notably, Hussain and Shah [21] introduced the concept of cone b-metric spaces, which pro-
vide a broader structure generalizing b-metric spaces. Several corresponding fixed point results
were developed within this setting, as reported in [22]-[23]. Subsequently, Khamsi [24] and
Khamsi and Hussain [25] revisited these ideas and introduced the concept of metric-type spaces,
further enriching the theory and expanding its applicability. On the other hand, Filipovi¢ and
Kukic investigated certain classical contraction principles of Hardy—Rogers [26] in the context
of b-metric spaces, without assuming continuity of the underlying metric.

In recent years, the stability of fixed point iteration methods has attracted significant research
interest across various branches of mathematics. Numerous studies have been conducted on the
stability of iterative procedures in different types of spaces. Among these, Picard’s iteration
stands out as one of the most fundamental methods, and its stability plays a crucial role in many

fields.
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The concept of Y-stability for iterative procedures has also been investigated within cone
metric spaces, particularly by Asadi [27] and Yousefi [28] (see also [29] for more on the Y-
stability of Picard’s iteration). More recently, in 2023, we introduced the concept of cone ;-
metric spaces [30], establishing several properties related to cones with empty interior that
contain semi-interior points. Within this framework, we demonstrated the validity of several
classical fixed point results—such as those by Banach, Kannan, and Chatterjea—even in the
presence of cones that are neither solid nor normal.

This article investigates classical contraction principles of Hardy—Rogers in the framework of
cone Yp-metric spaces, with particular emphasis on settings involving non-solid and non-normal
cones. In addition, we explore the Y-stability of various iterative schemes used to approxi-
mate fixed points of mappings that satisfy the Hardy—Rogers contraction condition, specifically
within e-complete cone );,-metric spaces. As an application, we establish a result concerning
the existence and uniqueness of solutions to a nonlinear integral equation. Illustrative examples

are also provided to support and validate the theoretical findings.

Definition 1. [19] Let x be a vector space over R, and let 0, denote the zero element in x. A
nonempty closed convex subset ¥ C x is said to be a cone if it satisfies the following condi-

tions:

(1) Forevery k € ¥ and 6 > 0, it holds that ok € X ™;

(2) Ifx € x* and —x € T, then k = 0,,.

Definition 2. [20] Let y be a real normed space and ¥ a positive cone in ¥. A relation < is

called a partial ordering on x if
K,p € xand k < p ifand onlyifp —x € x*.

It follows directly that

k € xt ifand only if0y 2 k.

Consistent with the work of Huang and Zhang [20], the following definitions and results are

necessary for the subsequent development.
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Definition 3. [20] Let x be a vector space over R equipped with a partial order relation “=".

We say that ¥ is an ordered space if the following conditions hold:

e Forall k,w,0 € x, if Kk <w, thenk+0 <w+0;

e Forall 6 € RY and x € y with k = 0y, it holds that 5k = 0.
Furthermore, if y is equipped with a norm ||-||, then it is called a normed ordered space.

Definition 4. [20] Let )y be a normed ordered space. Then

(1) The cone X is said to be solid if int(y ) # @;

(2) The cone is said to be normal if there exists a constant 1 > 0 such that
X
0, 2k=<p = x| <t|pl,

forall x,p € x. The smallest such constant 1 is called the normality constant of y .
(3) The cone X is said to be regular if every increasing sequence bounded above is con-

vergent. That is, if a sequence {p,},~, satisfies
PP = =p,=X---=a, forsomeacy”,
then there exists p € X such that

lpn—pl| =0 asn— oo

It is evident that every regular cone is also normal. We now proceed to define cone metric

and b-metric spaces.

Definition 5. [20] Let 2 be a non-empty set, and let ¥ be a partially ordered vector space with
respect to the positive cone ¥ . A mapping d : 2° x Z — ¥ is called a cone metric if it satisfies

the following conditions for all x,p,w € Z:
(1) 04 2d(x,p) and d(x,p) = 0y if and only if K = p;

(2) d(Kvp) = d(pa K);
(3) d(x,p) < d(x,w)+d(w,p).

Then, d is called a cone metric on 2, and the pair (2,d) is referred to as a cone metric

space.
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Example 1. [31] Let y = R3 and define the cone ¥ = {(zl,ZZ,z3) e R3 121,220,723 > O}. Let
% =R. Define the mapping d* : % x & — x by

d%(Kap): (Zl|K—P|722|K—p|,Z3’K—p|),

where z1,22,23 > 0. Then, (Z°,d*) is a cone metric space. Consequently, the cone X is normal

with a normality constant z7 = 1.

Definition 6. [32] Let Z be a non-empty set and let d : Z x 2 — R*. Then d is called a
b-metric on % if there exists a constant b > 1 such that for all x,p,w € %, the following
conditions are satisfied:

(1) d(x,p) =0ifand only if K = p;

(2) d(x,p) = d(p,K);

(3) d(k,p) < bld(k,w)+d(w,p)].

Under these conditions, the pair (Z,d) is called a b-metric space.

2. THE CONE );,-METRIC SPACE

Let x be an ordered normed space. We denote its zero element by 0, and its positive cone by
2. LetZZ ={x € x : ||x|| < 1} denote the closed unit ball in , and let %, = % Ny denote

the positive part of the unit ball.

Definition 7. A point ky € ¥ is said to be a semi-interior point of x* if there exists a real
number z > 0 such that

Ko— 2%y Cx .

Throughout this work, we denote by ( x+)® the set of all semi-interior points of y*. It is
important to note that every interior point of ¥ is also a semi-interior point. However, the

converse does not hold, as demonstrated by the following example (Example 2.5 in [33]).

Example 2. Let y; = R? be ordered pointwise and endowed with the norm |-

v Where

x|+ 1pl, if kp >0,
(e, )l = k—1
max{[x], |p|} — ——min{[x],|pl}, ifxp <O
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We designate D; as the unit ball of y;, which corresponds to the polygon with vertices:

(—i,i), (=1,0), (0,—1), (i,—i), (1,0), (0,1).

Let

k= (K)ien, K = (k!,k?) € xi such that
| xil|; < mk, where my > 0 depends on k
Assume that ¥ is ordered using ¥ = {p =(pi)ex:pi€ ]R%r for all i}, and is equipped with

the norm

1Pl = sup [ pil];-
ieN
Let Z = x" — x™ be the subspace of ) generated by x ™, ordered by 2 = x ™. Now, define
1= (p;) € x by p; = (1,1) for every i. Then, 1 is not an interior point of Z . Indeed, for any
positive integer m, define x = (k;) in % such that K, = (—2,2) and x; = (0,0) for all i # m. It

is easy to verify that

2
k|, ==, but 1+x¢yx".
m

Therefore, 1+ A%, ¢ x* for any A > 0, and hence 1 is not an interior point of . However,

in the same way, it can be shown that int(x ") = &, while the point 1 = (p;) is a semi-interior

point of x .

Now, let ¥ be a normed space equipped with the order induced by its positive cone . For

K,p € x T, we write k << p if and only if p — k € (%+)@- It is easy to verify that
K€ (}(+)@ if and only if 0, K k.

The following outlines the topological properties associated with semi-interior points in -

metric spaces, as defined in [34].

Definition 8. A sequence {p,} in x* is said to be an e-sequence if for each 0y << e, there

exists a natural number k such that p,, << e for all n > k.
It is straightforward to observe that (p,) is an e-sequence if p, — 0y as n — oo,

Proposition 1. If k,p € y and p K K, then p X K.
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Proposition 2. If the condition 0, < u << e holds for every e € (X +)® , then it can be concluded

that u = 0,.
Proposition 3. Let 0 < A < 1 be a constant, and let u € x such that u < Au. Then u = 0,.
Lemma 1. If p << K+ ¢ holds for every e € (), then p << .

We now introduce the concept of the e-sequence in E-metric spaces as defined in [34].

Proposition 4. Let {k, } and {p,} be two e-sequences in ). For constants y,v > 0, the sequence

{yK,+ vp,} is also an e-sequence.

Proposition 5. Let {k,} be a sequence in X such that K, — 0, as n — oo. Then {x,} is an

e-sequence.

Proposition 6. Ler {K,} and {p,} be two sequences in X satisfying K, = p, and p, — 0y as

n — oo. Then {K,} is an e-sequence.

Remark 1. Let {x,} and {p,} be two sequences in ) such that K, < p,. Then {K,} is an

e-sequence provided that {p, } is an e-sequence.

Proposition 7. Let 0 < A < 1 be a constant, and let {x,} and {p,} be sequences in x* satis-
Jying
ey Knt1 = A Ky =+ P

Then {x,} is an e-sequence if {p,} is an e-sequence.
We now state the following definition of cone J;-metric space.

Definition 9 ([30]). Let 2 be a non-empty set and let b > 1 be a real number. Let ¥ denote
the positive cone of the ordered space ), with (%+)@ £ 0. A function d¥ : ' x Z — x " is
called a cone yp,-metric if it satisfies the following conditions for all k,p,A € Z:

(a): dX(x,p) =0ifand only if K = p;

(b): d%(x,p) = d%(p,K);

(c): dX(k,p) 2 b[d¥*(k,A)+d*(A,p)].
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Additionally, (Z,d”*) is called a cone )-metric space.

Example 3 ([30]). Let LP([0,1]), with 0 < p < 1, be the space of all real-valued functions h
such that

/01 Ih(7)|P d < oo,
We consider 2 = LP(]0,1]), x = R?, and define the positive cone x* = {(s,7) € x | s,7 >0} C
R?. Define the function d* : % x % — x by

a (A, —(zl ([ 1am |Pdr) ([ 1ne >1Pdr)’]’>,

where 71,20 > 0 are constants. Therefore, (2 ,d*) forms a cone Xp-metric space with a normal

1_
and solid cone, characterized by the coefficient b = 2r :

In this context, we aim to explore the concepts of e-convergence and e-completeness within

the framework of a cone )j-metric space.

Definition 10 ([30]). Let x be an ordered normed space such that ( x+)® is non-empty. Assume
that (2,d%*) is a cone xp-metric space. Additionally, let (r,) be a sequence in % and letr € % .
Then:

(i) The sequence (ry,) is said to be e-convergent to r if for every 0, << e, there exists an
index ng € N such that

d*(ry,r) e, foralln>ny.

In this case, we write lim r, =r or r, S
n—soo
(ii) The sequence (ry) is called an e-Cauchy sequence if for every 0, << e, there exists an

integer ny € N such that
d* (ry,rm) K e, forall n,m > ny.

(iii) The space (Z,d*) is said to be e-complete if every e-Cauchy sequence in % is e-

convergent.
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3. FIXED POINT THEOREMS IN CONE ),-METRIC SPACE

In this section, we recall a well-known definition and establish several theorems. We then
present a number of applications of fixed point theory concerning Hardy-Rogers type mappings

within the framework of cone );-metric spaces.

Definition 11. Ler (2°,d*) be a cone yj,-metric space with closed positive cone ™ such that

(Xﬂ@ #0. Amapping Y : Z — Z is said to be of Hardy-Rogers type if it satisfies
2) d*(Yx,Yp) =< 81d*(x,p) + 6:d* (x,Yk) + 83d* (p,Yp)
+ O4d* (K, Yp) + 85d* (p, Yk),
forall x,p € %, where &; > 0 fori=1,2,3,4,5, and the condition
5
Z 51' <1
i=1

is satisfied.

We now proceed to present the following lemma, which serves as an essential component in

the continuation of our analysis.

Lemma 2. Let (Z,d*) be an e-complete cone X),-metric space with closed positive cone x*

such that () # 0. Let {Kk,} be a sequence in Z satisfying
3) d* (K, Kpi1) 2 0d*(Ky—1,Ky) foralln=1,2,...,
where 0 < 6 < % is a constant. Then, the sequence {k,} is an e-Cauchy sequence in Z.

Proof. Assume that {k;,} is a contractive sequence in 2. This implies that there exists a real

number 6 € (07 %) such that
d* (K, Kns1) = 8dX (K1, %) < 8% A% (Ky-2, K1) < -+ =< 8"d¥ (Ko, K1).
Now, for n > m, we can express:
d* (K, K1) 2 b (d* (K, K1) +d* (K1, %))

= bdX(Kma Km—H) +b2 (dx(Km—H ) K'm—i—Z) +dx<Km+27 Kn))
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2 —m—1
2 bd* (K, Kini1) + b7 d* (K1, Kn2) -+ D" d* (K2, K1)

+b""dX (K1, K-
Now, from (3) and the condition b0 < 1, it follows that

d* (K, k) =< (BS™ + 2™ - 4 b5 1) dX (K1, Kp)

=55 8™ (1+b5 + (b8)* + -+ (b8)" ™ 1) d¥ (k1 ko)

| b8" (1 (b8)"™)
= - b5

dx(’(l?KO)'

Let 0, < e be given. Choose p > 0 such thate — p B, C ¥, and select k; € N such that

b8 (1 — (bS)"~™)

4% (K, K) € %B+ for all m,n > k;.

1-b6
Therefore, we have
bé™ (1 — (bS) ™
e — (1_(b5) )dx(K17K0)—gB+ge_pB+gx+.

Hence, we have

b8 (1 — (b8)"™)
1— b

d* (K, Kn) = d* (K1, %) < e, foralln,m > k.

As a result, the sequence (k;) is demonstrated to be an e-Cauchy sequence under the given

conditions.

Subsequently, we examine several applications in fixed point theory, focusing specifically on

Hardy—Rogers type mappings within the framework of e-complete cone yj,-metric spaces.

Theorem 1. Let (2°,d*) be an e-complete cone )Y,-metric space with closed positive cone

x " such that (X+)@ #0. Let X : & — Z be a mapping defined on Z. Assume there exist

nonnegative coefficients &; fori =1,...,5 such that

1
4) 8 +86+8+b(64+8)<1 and 62+55<ﬁ,
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and for all x,p € %,
d*(Yx,Yp) = 81d*(k,p) + &d* (x,YK) + 63d%(p,Yp)

(5) + 84d* (k,Yp) + 85d* (p, Yk).

Then Y has a unique fixed point in %, and for each x € %, the iterative sequence {Y”K}nzo

e-converges to this fixed point.

5

Note that condition (4) is satisfied, for example, when Y 6; < 1. Notably, when b = 1,
i=1

inequality (4) reduces to the classical Hardy—Rogers condition defined in the context of cone

X -metric spaces.

Proof. Let xy € Z be chosen, and consider the iterative sequence
Kol = Yk, =Yg, forn>1.
By applying condition (5), we obtain

d* (K, K1) = d* (Yiu-1, T )

= 81d* (K1, %) + G2d”* (K1, Yoo 1) + 83d% (61, Y6,
+ 84d* (K1, Yi,) + O5d% (K, YKy 1)

=< (814 82)d* (Ky—1, k) + 83d* (K, Knpi-1) + Oad* (Ky—1, Kt 1)
+ 85d* (K, &)

= (61 + 62)d* (K1, Kn) + 83d* (K, K1) + 84d* (Kn—1, K1)

= (01 + &)d* (Ky—1, Kn) + 83d* (K, K1)
+ b0y [d¥ (K1, ) +d* (K, K1)

(6) = (81 + 8+ bd4)d* (1,1, Kn) + (83 + b6y )d* (K, Ky 1)-

On the other hand, it follows that

dx(Knv Kn-i—l) = dx(TKn—hTKn)

= Sldx(Kna Kn—l) + 52dx(Kn;TKn) + 53dx(Kn—laYKn—1)
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+ 64d” (K, YK 1) + O5d% (K1, YK
= (814 03)d* (K1, Kn) + G2d* (K, K1) + 84d* (K, Kn)
+b0s [d¥ (K1, Kn) +d* (K, K1)

(7 = (81 + 83+ b0s)d* (K,—1, %) + (62 + s )d* (K, Knt1)-
Adding up (6) and (7) yields
2d* (K, K1) < (281 + 02+ 83+ b(04 + 85)) d¥ (K- 1, Ky
+ (8 + 83+ b(84 + 85)) d* (K, Kns1),

Hence,

261+ 02+ 83+ b(04+ 65)
2— (648 +b(84+55))

(8) dx(KannJrl) j dx<Kn71aKn)~

3
Since 0 < Y. 8;+b(84+ 5) < 1, we have
i=1

_ 261+ 8,+ 83+ b(84+65)

0 2—(8+63+b(04+5))

< 1.

From equation (8) and Lemma 2, we deduce that {x;,} is an e-Cauchy sequence in 2. Since
(Z,d%) is assumed to be e-complete, there exists an element k € 2 such that {x,, } e-converges

to k. In the subsequent analysis, we prove that x is a fixed point of Y. Indeed, using (5), we

have
d*(Yx,x) 2 b(d* (YK, K,) +d* (K, K))
~ b(éldx(ic, K1) + 82d% (i, YK) -+ 83d% (Ky_1, Yu_1)
+ 84d% (K, YKyt +55d%(1<n,1,m<)+d%<;<n,x)>
or

dX(Yk, k) < b(sld%(x, K1) + 82d% (K, YK) -+ b3 [d* (K1, K) +d% (5, Thip_1)]
B4 (1 1) + b5 [ (16,1, 1) + X (1, X)) + ¥ (K, ) )

< (b1 +b*83+b*85) d* (ky—1, k) + (b& +b*85) d* (Y, k)
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+ (b+ b8 +bds) d¥ (K, ).

This means that

b8 + b*83 + b2 55 b+ b8+ by
9 a*(Y < d* (K, — d* =
bd; 4 b* 83+ b*6 b+ b*83+ bé
where k; = 1]—+b2 ( 62——:: 55)5 and ky = 1 j— b2(5§;—_|— 654) are positive numbers. Since {k;,} e-

converges to k, it follows that {d*(x;, k)} e-converges to 0,. Thus, {f,} also e-converges to
0,. Hence, by applying result (9), for any e >> 0,, there exists an integer n; such that for all

n > nj, we have
(10) d*(Yx, k) K e.

According to Proposition 2, d* (Yk, k) = Oz, i.e., K is identified as a fixed point of Y. To
establish the uniqueness of the fixed point, assume p is another fixed point of Y. By utilizing

(5), it follows that
d*(k,p) = d*(Yx,Yp)
< 81d* (k,p)+ &d* (p,Yp)+ 83d* (k,YK)
+64d% (p,YK) + 85d* (k,Yp)

= (61+04+05)d* (x,p),

As0< 8 +04+ 05 < il 0i+b (844 0s5) < 1, it follows from Lemma 2 that
i=
d* (x,p) =0y.

Therefore, we conclude that Kk = p. O
Example 4. Analogous to Example 2, we define the mapping d* : % x % — x by

d* (x1,%2) = (ll1 — 12|, |1 — %2][..) -

This means that d* (xy,%>) = {d, }, where d,, = (||x1 — K2]|.., || K1 — K2]|..) for all n € N. Now,

consider a mapping Y : Z — Z such that Yx = §.

d* (Yx1,Yi0) = (|[¥k; — Y|, [[Yk1 — Y3 ||..), for each i,k € Z.
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But, we have

1 1
Tk — Tk = ||=K1 —=K
(RES! 2o H5 1-5%)
|
1 1 1
< ik =Ykl + 2 [k = Yol + 2 [[ Y51 — YR2 |,
5 5 5
1
< Z(llKl—YK1||w+HKz—YK2||W)-

So, we get
d* (Y, Yro) = — (k1 =Yk, + 12 = Y|, [0 = Y1 o + |12 — Y2,

[l =Yxr]loo s 110 = Y [l o) + (%2 = T2 oo s 112 = Y2 [ )]

— A= K=

1
= de (K'l,YK'l) + de (Kz,YKz)
= 5261% (K’],TK]) + 53d75 (Kz,YKz) ,
where & = & = % and 6; = 04 = 05 = 0. Therefore, all the conditions of Theorem 1 are

satisfied, and thus Y has a unique fixed point.

Theorem 2. Let (% ,d*) be an e-complete cone ),-metric space with a closed positive cone x+
such that x+ # 0. Assume that X is a self-mapping on & . If there exist nonnegative coefficients
0, i=1,...,5, such that

O1+b(8+8)+04+ 65 <1,

and for all x,p € &,
(11) d*(Yx,Xp) = 8id* (x,p)+ &d* (k,Yx) + 8d* (p,Xp)
+84d* (k,Yp) + 85d% (p,Yk),

then the Picard iteration is Y-stable.

Proof. Let p be an arbitrary fixed point of Y. Consider a sequence {k,} in 2 such that the

sequence {dX (Kk,+1,Yk;,)} is e-convergent. Referring to condition (11), we obtain

d% (YKi’lap) = d% (YKnaYp)
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=

PN

=

81d% (K, p) + &2d* (%6, Yi,) + 03d* (p, Yp)
+64d” (16, Xp) + 85d* (p, Yk,)

81d* (Kn, p) + 82d* (K, K1) + 83d* (p, p)

+04d% (K, p) + 5% (P, K41)

(81 + 84) d* (K, p) + b&2 [d* (K, p) +d% (P, K1)
+85d* (p, %011)

(81 + b8y + 84) d% (i, p) + (b8 + 85) d% (P, K1) -

From another perspective, we observe that

d* (Ykn,p) =

(13)

=

d* (p,Yx,) =d* (Yp,Yxy,)

51dl (P; Kn) + 62d% (P,YP) + 63dx (KnaYKn>

+84d* (p,YK;,) + O5d* (K, XP)

81d% (K, p) + S2d% (p,p) + 3% (K, K1)

+84d* (p, K 11) + O5d* (K, p)

81d* (Kn,p) + &2d* (p,p) +b&3 [d* (K, p) +d* (P, Kn11)]

+84d* (P, Kpi1) + 05d% (K, P)

(81 + b3 + 85) d* (K, p) + (bS5 + 0a) d* (P, K1) -

We add up inequalities (12) and (13), which yields

This implies that

Now, since

2d* (Yx,,p) = (261 +bO+ b33+ 84+ 85) d* (K, p)

d* (Y, p) =

+ (b8 +b83+ 84+ 5)d¥ (p, K1) -

281 +b(6+ 83)+ 84+ 05
T 2—(b(%+ &)+ 64+ 55)

d* (k,,p) -

0<61+b(6+683)+ 8+ 05 <1,

15
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we have
5 201+0(8+8)+ 84+
2—(b(82+ 63) + 04+ 05)

<1,

and

d* (Yx,,p) = 6d* (k,,p).

By defining 1, = d* (k,,p) and ¥, = d* (K,+1, Yk;,), we obtain

M1 = d*(Kur1,P)

IA

b (d% (Kn—i-l;YKn) _|_dX (TKI’MP))

IA

b(d* (K,+1,Yk,) +d* (Yx,,Yp))

PN

by, +06bn,

= b(8MNu+T)-

Since {y,} is an e-sequence, by applying Proposition 7, we deduce that {n,} is also an e-
sequence. Therefore, {k;,} converges to p as n — oo. This implies that the Picard iteration is

Y-stable. 0

Theorem 3. Let (2 ,d*) be an e-complete cone )p,-metric space with a closed positive cone
xt such that (%+)@ # 0. Let Y be a mapping on Z. Assume that there exist nonnegative
coefficients 0;, i = 1,...,5, such that
1
20281 +2b (8 +83) +2b° (84 + 85) <2 and &+ 84+ 85 < 5
and for all x,p € %,

dX(Yx,Yp) =< &1d% (k,p)+8:d” (i, YK) + &d% (p,Yp)

+64d* (x,Yp) + 85d* (p, YK).

Then, the sequence {d* (k,,Yk,)} is an e-sequence if and only if the sequence {d* (K,+1,YK;,)}

is also an e-sequence.

Proof. Suppose that {k;,} is a sequence in 2. Define

o, = d* (k,,Yk,) and 10, =d* (K,11,VK,).
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If {®,} is an e-sequence, then

M = d* (K41, YK,)

IA

b (dx (Kn+1 ,YK,H_l) +dx (YK,,H_] ,YKn))

IA

b(dx (Kn+17YKn+l) + Sldx (Kn+17 Kn) =+ 52dx (Kn—i-laYKn—i-l)

1837 (16, Y) + Sad® (s, Y) + Ssd® (Kn,YKn+1))

PN

b(d% (K1, Yo 1) + 581 [d% (g1, Y) +d% (160, Y,) |
+82d% (Kn+1aYKn+1) + 63d% (KmYKn) + 5451% (Kn+17TKn)
+b8s [d* (K, YK,) + b (d* (YK, K1) +d% (K1, Yinp1) )])

= (b+b&+b85) Byy1 + (678 + bS5+ b*85) @, + (b1 + b8 + b 55) M.

It is clear that

. b+b& +b358s — b28, + bSy + b3 85 o
M = 1—b261—b54—b355 ntl 1—b251—b54—b355 "
b+b8,+b*8s — b281 + bds + b 85 &, 2y
= I8 +6+85) NI —b3(6 484 +05) 1™
b+b& + b38s b%8) + bSy + b3 S5

where k3 =

and kg =

are positive constants.Since
1 53(81 + 01+ 85) 1038+ oyt 05 o P
{@,} is an e-sequence, it follows that (@),,) e-converges to 0, and hence () also e-converges to
0,. Consequently, for any given e >> 0, there exists k¥ > 0 such that 1, < ¥, < e. Therefore,
the sequence (J,) e-converges to 0,, and {1, } is an e-sequence.

In contrast, assume that {7, } is an e-sequence. Then, among other implications, we deduce

that:

o, = d*(x,,YK,) <b(d* (K, Yi,_1)+d* (YK,_1,YKy))
j b(dx(KmYanl)+31dx(Kn;anl)‘i‘SZd%(KmYKn)+53dx(Kn717TKn71)

+84d” (K, Yy 1) + 85d* (K—1,YK;,) )

A

b (d" (K, ) + D01 [d% (K0, Yiu—1) +d* (Y -1, Kn—1)] + G2d% (K, K1)



18 DJEDID, BATIHA, ALSHARIF, ABU-GHURRA, ALJAZZAZI, JAWDAT

_|_53d7( (Kn—l ) Kn) + 54dx (Km Kn) +b55 d* (Kn—l ,YKn—l)

+b (d* (Yy—1, ) +d* (Kn,m))] >

= (b&+Db85) d* (K, Kny1) + (b*81 +b83 4 b*8s) d* (K1, )
+ (b+b%8) + b8y + b 85) d* (K, Ky

= (b8 +b85) B, + (b8 + b8+ b*55) @1 + (b+b*8) + b8y + b 55) 8,1,

which implies that

(14)  (1-b&—b85) @y = (b*81 +b83+b°85) @y + (D+ 578 + b8y +b°85) 5,1
In addition, we observe that
O, = d* (x,,Yx,) = b(d* (x3,Yxp_1) +d* (Yx,_1,Yxp))
=< b(d% (%0 Yotn—1) + 81d% (Xn—1,%n) + G2 (xp_1, Y1)
83X (X, Yn) + B4 (1, Yx) + S5l (mexn_l))
< b (7 (0,50) 58 [ (501, V1) + % (Cxy1,%0)] + S5 (01,3)

+83d* (xp,Xp11) + 064 [d* (X1, Yxp—1) + b (d* (Yxp_1,%n) +d* (x, Yx,))]

+85d* (xn,xn)>

or

@, < (b8 +b78) d* (xu,xns1) + (b*8) +b& +b*84) d* (x,-1,%n)
+ (b+ b8 + b 84 + bSs) d¥ (xn, Xn)

= (b&+b84) B+ (b*81 + b +b*8s) @yt + (b + b8 + 584+ bSs) N1,
which implies
(15  (1-b8—b'8y) @, < (b°8) + b8 +b°84) @y 1 + (b+ D81 + 184+ b85) Ny 1.

Adding (14) and (15), we obtain
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20281 +b(8+ 8) +b* (84 + 5s) +ﬂwaw&+m&+&mw%&+&)
" 2-b(&+5) b (8 +85) 2 b5+ 8) b (G +d)

Given that

2 3
0<5= L8 tb(E &) +DE+E)
2—b(8+03) — b (04 + &)

by applying Proposition 7, it follows that the sequence {®),} is an e-sequence. 0

Theorem 4. Let (2, p*) be an e-complete y,-metric space equipped with a closed positive

cone x such that (x )" # 0. If the mapping Y : & — % satisfies
pX (Yx,Xp) < 6 p*(x,p), forallk,p € % andsome $ € [0,1),

then Y has a unique fixed point in %, and the iterative sequence (Y"«),~ e-converges to this

unique fixed point for any initial point x € Z.

Proof. The result follows directly from the previous theorem by setting & = 03 = 84 = 05 =
0. O

Remark 2. If we consider the case where 8; = 04 = 05 =0 and & = 03 € [0, %) (resp., &) =
O=0=0and b, =05 € [O, %) ) in the previous definition, then the inequality (5) corresponds
to the Kannan fixed point theorem (resp., Chatterjea fixed point theorem). Also, if 04 = 05 =0

and 8 = 8 = 8 # 0 in (5), the condition is said to represent the Riech fixed point theorem.

4. APPLICATIONS

In this section, without assuming the solidness of the underlying cone, we present several ex-
amples to demonstrate that the main results serve as effective tools for verifying the uniqueness

of solutions to fixed point equations.

Problem 1. Let 2 = L[0, 1] denote the set of all real-valued Lebesgue integrable functions

defined on the interval [0, 1]. Consider the following nonlinear integral equation:

(16) /OIA(‘L',h(s)) ds = h(7),
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where A : [0,1] x R — R is a real-valued Lebesgue measurable function. Suppose there exists

a function A : [0,1] — R such that
1
0< / A(s)ds < 1,
0
and for almost every v € [0,1] and all yy,y, € R, the following Lipschitz-type condition holds:
A, y1) = AW, y2)| SAW) [y1 =2l

Then equation (16) admits a unique non-negative solution in L[0, 1].

Proof. We now verify that all the conditions of Theorem 1 are satisfied. Define the operator

Y:L[0,1] - L[0,1] by
1
Yo (7) = /0 A(r h(s)) ds.

Moreover, let the cone ¥ be defined as
X" ={keL[0,1]:k(t)>0forae.tc[0,1]}.
Define the function d¥ : 2 x 2 — x* by
@) =¢ ([ o0 -owlar).

It is clear that (Z,d*) is an e-complete cone )j-metric space. Now we verify that all the

conditions of Theorem 1 are satisfied. We observe

1
dYo,Yp) = € ( Yo (r)—Yo(r)| dr)

IN
N

[\
Ay
7 N N 7N N
<) B_‘
h
=<
=
Q
—~
5]
S—
|
<
—
NP
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[*5)
QL
SN
~_
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where 0 = fol A(r)dr < 1. Hence, the inequality takes the form:

d(Y®,Yp) = 61d (@,9) + 6d (B, YD) + 6:d (¢,Y¢) + 4d (@, Y¢) + 65d (Y@, @),

with parameters 8; = 8, and 8, = 63 = 04 = 85 = 0. Given that b = 1, it follows that

1
01+ 6 +8+b(0s+05)<1 and &+05< — 5%

As a result, all the conditions of Theorem 11 are satisfied. Hence, the mapping Y has a unique
fixed point. In other words, equation (16) admits a unique solution. ([l

Problem 2. Let L[0, 1] denote the space of real-valued functions @ () such that

1
/ @ (1)] dT < +oo.
0

Define & = L|0,1], and let

t={@cL0,1]:®(t) >0forae t[0,1]}.

Define the function d* : Z x & — x+ by

1 1
dx(w,a)):(lc/ |w—a)|d7:,p/ \w—a)\dr),
0 0

where k,p > 0 are constants. Then (% ,d*) is a non-solid cone Xj-metric space. Define the

mapping Y : & — Z by
1
Yo(7) :Zln(1+|03(r)|).

Proof. Consider the well-known inequality 0 < In(1 + 1)

1
d%(m,m):(x/ Z
o |4

< 7 for all 7 > 0. Then we compute

ln(1+|w(r)|)—%ln(l—l—|a)(r)|) dt,

n(1+ |@( r)\)—lln(lﬂco(f)\)

4
m( )|

()

1

dr)
)
NORLGIRETGI
11<1 )‘dr

i(<f
~(<f

?)

(o)1)
o)

.
()
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<L (1420010
dr)

1+]o(7)]

@(1)— (1)
1“(” ] )

1

where 8, = % and & = &3 = 04 = 05 = 0. As a result, since all the conditions outlined in

Theorem 1 are satisfied, the mapping Y has a unique fixed point in 2. U
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