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Abstract. Motivated by the concepts of extended b-metric and suprametric space, we define the concepts of
extended 0-metric and extended (6, p)-metric spaces. We also show some fixed point theorems for self-mappings
defined on such spaces. Our results extend the results in [1] and [2]. Further some examples are given.
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1. INTRODUCTION AND PRELIMINARIES

The generalisation of metric spaces to more abstract spaces comes from the relaxation of the
triangular inequality to a distance functions such as partial metric space and b-metric spaces.
The partial metric space was defined by Matthews in [3]. Since then, further research has been
carried out to explore the usefulness of this distance function, see for example [4, 5, 6, 7].

The b-metric space was introduced by Czerwik [8, 9]. Furthermore, a fixed point theorem for
this space was also established. Because of the importance of this distance function, it has been
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spread in different ways and has been the subject of a number of enhancements and adaptations
for extensive applications, such as [10, 11, 12, 13].

The concept of rectangular distance was first introduced by Branciari [14]. Subsequently,
several fixed point results have been established in spaces equipped with a rectangular distance
function, as illustrated in [15, 16, 17, 18].

Several new distance functions have been developed by combining, relaxing, or extending
certain axioms of existing distance functions. In addition, numerous fixed-point results have
been obtained in sets endowed with these generalized distances [19, 20, 21, 22, 23].

Recently, a new weaken triangular inequalities has appeared, named by suprametric, and the
extended b-metric. These were introduced by the authors in [1] and [24].

In this paper, we generalize these two concepts by introducing the extended 6-metric and
extended (8, p)-metric spaces. Finally, we establish some fixed point theorems for mappings
satisfying nonlinear contractions, moreover we extend theorem 3.2 in [2] to the extended 6-

metric.

Definition 1.1. Let X be a non empty set and 6 : X x X — [1,e). A function dy is called an
extended b-metric ([1]) if for all x,y,z € X it satisfies:

(dy) dg(x,y) =0if and only if x =y,

(d2) do(x,y) = dg(y,x)

(d3) do(x,y) < 0(x,y)(de(x,2) +dp(2,y))

The pair (X,dp) is called an extended b-metric space.
The suprametric space introduced in [24] as follows.

Definition 1.2. Let X be a non empty set and 6 : X x X — [1,00), p € RT. A function dj is
called a suprametric if for all x,y,z € X it satisfies:

(dy) dg(x,y) =0ifand only if x =y

(d2) do(x,y) =dg(,x)

(d3) dg(x,y) < dg(x,2)+do(z,y) + pde(x,2)de(2,y)

The pair (X, dg) is called a suprametric space.
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Let us recall a example of such spaces see e.g [2, 1]:

Example 1.3. Let y > 0, and d : R x R — [0, ) a function given by:
d(x,y) = 7’(€‘x_y| —1) for all x,yeR

Then (X,d) is an suprametric space with p = 71,

Example 1.4. Let X = C([a,b],R), and d(x,y) = sup;¢c, 5 () —y(®)?
Then (X,d) is an extended b-metric space with 0 (x,y) = |x(¢)| + |y(t)| + 2, where 6 : X X X —
[1,00).

Denote by M the set of matkowski functions [25], w : RT — R that satisfy:
e v is increasing on R
e lim, ... y"(t) =0forallz > 0.

Denote by M, (b > 1) the set of functions of M that satisfy:

) l//"+1(t)
lim -,
el oy b

for all t>0

Recall next the result of Czerwik [8] and the result in [2]:

Theorem 1.5. Let (X,dy) be a complete b-metric space such that dg is a continuous functional,

and T : X — X be a mapping, Assume there exists Yy € M such that:
(D d9<Tx,Ty) < l[/(dg(X,y)) forall x,yeX
Then, T has precisely one fixed point . Moreover for eachy € X, T"y — &.

Theorem 1.6. Let (X,dg) be a complete b-suprametric space such that dg is a continuous

functional, and T : X — X be a mapping, Assume there exists Y € M, such that:
() d@(Tx7TY) < W(de(xvy)) forall x,yeX

Then, T has precisely one fixed point &. Moreover for eachy € X, T"y — €.

Now we introduce the concept of extended 6-metric space.
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Definition 1.7. Let X be a non empty set and 0 : X x X — [1,00), p € RT. A function dj is
called a extended 0-metric if for all x,y,z € X it satisfies:

(d1) dg(x,y) =0if and only if x =y,

(d2) do(x,y) =do(y,x)

(d3) do(x,y) < 6(x,y)(de(x,2) +do(z,y)) +pde(x,2)ds(2,y)

The pair (X,dp) is called a extended 6-metric space.

Example 1.8. Let X = [0,00[, define d : X x X — [0, ) by:

o

ifx=y
d(x,y) =
s+y+1)2 ifx#y,

and 6 : X X X — [1,00) by 0(x,y) = xify“l ,p =4. Then (X,d,p) is an extend 6-metric space.

Proof. Clearly, conditions (d;) and (d;) holds.
Let x, yandz € X,
Case 1: x #y, y # z and x # z .For x # y we have:

1 1 1 1\?

S (UL SN +12
A G R L A S

2

1 2 1 2

< SOzt )T Sty D)7+ (bt Dz +y+1)
d

(x,2) +d(z,y)+4(%(z+y—|— 1)2> (%(z+x+ 1)2>

<d(x,z)+d(z,y) +4d(x,2)d(z,y)

< x+y+1

P (d(x,2) +d(z,)) +4d(x,2)d(z,y)

Case 2: x #y, x = z, the inequality is verified because 6 (x,y) > 1.
Case 3: x =y the inequality is verified because 0 (x,y) > 1.

Therefore

d(x,y) < 0(x,y)(d(x,2) +d(z,y)) + pd(x,2)d(z,y), forallx, yandz € X.
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Hence (X,d,p) is an extended 0-metric space. but not extended b-metric,

for
x=4,y=5andz=1
we have
d(x,y) = ?, d(x,2) = 3—26 d(y,2) = % and 0(x,y) = g ,
s0:
d(ey) = 10 > 6(x,))(d(x,2) +d(r.0) = ‘o

O

Example 1.9. Let X = R, define d : X x X — [0,00) by: d(x,y) = y(eF ™ —1) where 0 < y <
@andO:XxX%[l,oo)by 0(x,y) = y(x>+y*)+1 , pzjl/.

Then (X,d,p) is an extend 0- metric space.

Proof. Clearly, conditions (d}) and (d;) holds .
Letx,yandz€ X,
We have:

d(x,y) = Yeh = 1) = e )
< (e 1) = el = 1) (e = 1) 4y = D (= 1)
< (4 1) (= D= ) ) (e el )
Therefore
d(x,y) < 0(x,y)(d(x,z) +d(z,y)) +pd(x,2)d(z,y) , forallx, yand,z € X .
Hence (X,d,p) is an extended 6-metric space. O
Remark 1.10. (X,d,p) in example 1.9 is not an extended b-metric.

Proof. For

1
X y y an Z D)

We have:

1

d(xy)=ve'=1), dx2)=y(e2—1), d(y2)=y(?—1) and O(xy)=y+]1
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so:
d(x,y) = (' —1) > 8(x,y)(d(x,2) +d(y.2) = (y+1)1(2e7 —2)
wich equivalent to:
(' —1) > (y+1)(2e2 —2)
e—2(y+1)e? +2y+1>0
The discriminant of this inequality: A = 4(y+1)> —4(2y+ 1) = 4y?> > 0. Then the polynomial
x*> —2(y+ 1)x+2y+ 1 have two roote 1 and 2y -+ 1, however y < @ therfore 2y+1 < /e

thus e —2(y+ l)e% +2y+ 1> 0is verified, the proof is completed.
(]

The concepts of convergence, Cauchy sequence and completeness can easily be extended to

the case of an extended 0-metric space [26].

Definition 1.11. Let (X,dg) be a extended 6-metric space.

e A sequence {x,} in X is said to converge to x € X, if for every € > 0 there exists
N = N(¢) € N such that d(x,,x) < €, for all n > N. In this case, we write lim,_,c0 X, = X.
e A sequence {x,} in X is said to be cauchy, if for every € > 0 there exists N =N(g) € N

such that d(x,,x,,) < €, for all n,m > N.

Definition 1.12. An extended 6-metric space (X,dg) is complete if every Cauchy sequence in

X 1s convergent.

Remark 1.13. Assume that (X,dg) is an extended 0-metric space. If dg is continuous, then

every convergent sequence has a unique limit.

2. MAIN RESULTS

The first main result is the following theorem.

Theorem 2.1. Let (X,dg) be a complete extended 0-metric space such that dg is a continuous

functional, and T : X — X be a mapping, Assume there exists K € [0, 1) such that:

(3) dg(TX, Ty) < Kde(xvy) forall x,yeX
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where K € [0, 1) such that for each xy € X,
limy, 500 KO (X, X ) (0 (Xpt1,Xm) + pK"d (x0,x1)) <1, wherex, =T"xy, n=1,2,3,...,,
Then, T has precisely one fixed point &. Moreover for eachy € X, T"y — €.

Proof. We choose any xo € X be arbitrary, define the iterative sequence {x,} by:
x0, x1=Txo, xp=Tx; ..., x,=T"x9
By triangular inequality and, for m > n we have:
dg (X, Xm) < 0 (X, xm)dg (X, Xnt1) + 0 (X, X )d (X1, %m) + Pdg (X, Xn+1)d (X1, Xm)
< 0 (X0, X )d (Xns Xn-41) + (0 (X Xin) + P (X, Xn1) ) (X1, Xim )
Similarly,
do (Xn-+1,%m) < 0 (Xn41,Xm)dg (Xni1,%n42) + 0 (Xn, X )d (X2, Xm) + P (Xn+1,Xn+2)d (Xn12,%m)
< O (Xnt1,%m)do (Xnt1,Xn42) + (0 (Xnt1,%m) + Pdo (Xnt1,%n42) ) d (Xnt25Xm)
then:
d (X, Xm) < 0 (%, %) K" dg (x0,x1) + (0 (X, %) + PK"dg (x0,%1)) 0 (Xt 1, %) K"l (x50, x1)
+(8(xn, Xm) + PK"dg (x0,%1)) (8 (g 1,%m) + PK™ ™ dg (x0,%1) ) dp (X2, %)
And by induction we obtain:

do (Xp,xm) < G(xn,xm)K”d(xo,xl)

—n— i—1
+K" de anxl Z xn—H xm ZH(G(xn—i-n,xm) +pKn+nd6(x07xl))
i=1 n=0

since K € [0, 1), it follows that:

d@ (xnaxm) < e(xn7xm)Knd(x07xl)

—n— i—1
+K" de xo,xl Z xn+zaxm K' H(G(xn—i-nvxm) +PKnd9(x0,x1))
i=1 n=0

Let:

o1
U; = 0 (xy1i,%m)K H (0 (Xntn,xm) +PKdg(x0,x1)) and Uy = 0(x,,Xm)K"d(x0,x1)
=0
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By Ratio test }:~  U; is converges, since

S limKe(er-H—l7xm)(9(-xn+l'7-xm) +pKid(-x07-xl>) <1

. Ui
lim ‘ s ]
[—roo

[—>o0

i
we can deduce that, dg(x,,X,,) tends to zero as n,m tend to infinity, that suggests the sequence
{xn} is Cauchy. Therefore by completeness of X, as a result of this {x,} converges to some
xeX.

We have:
d(Tx,, Tx) < Kd(x,,x)

Therefore as n — oo, thus , we conclude x = T'x.

To prove uniqueness, let us assume x, and x; are two fixed points of 7',
d(xg,xp) = d(Txq,Txp)
< Kd(xq,xp)
< d(xq4,Xp), a contadiction

Hence x, = x;,, This completes the proof of the theorem.

Lemma 2.2. For all x € [0,0) , we have : (el3-3l—1) < %(e‘)‘*y| —1)

Proof. Consider the function: f: [0,00) — R defined by:
1 1 x

flx)= gex—g—eﬁ—l—l
We have:
/ 1 1 X
fx)= gex — §e§
1 x
= 3le—eh)

since ¢ —e3 >0 forall x > 0 then f is a increasing function. Therefore f(x) > f(0) for all
x>0, but £(0) =0. Hence f(x) > f(0) forall x >0
(ie) (€3 —1) < L(ef—1)forallx >0 O
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Example 2.3. Let X = [0, 1], define d : X x X — [0,00) by: d(x,y) = (eI —1) and 6 :
X xX — [1,0) by 0(x,y) = 1(x* +)?) + 1, and p = 4. Then (X,d) be a complete extended
0-metric space.

Define 7' : X — X by Tx = 5. We have:

1, x_y
d(Tx,Ty) = — (/3751 = 1)

4

< ()
<My
< %d(x,y)

Note that for eachx € X, T"x — 3)‘—,, Then we obtain:

2

1 2
im0 (X, xm) = (o + -

o _Z(32_m+32n)+1_1

therefore:

1 1
= 1L[1+0]=5<1

lim KG(xn,xm)[e(xn+1,xm) +pKnd(x07 (Xl)] = 3

,M—$00 3

Therefore, all conditions of Theorem 2.1 are satisfied hence 7 has a unique fixed point .

We introduce a new type of generalized metric space, which we call as an extended (0, p)-

metric space.

Definition 2.4. Let X be a non empty setand 0 : X x X — [1,00), p : X x X — [1,0). A function
dy is called an extended (60, p)-metric if for all x,y,z € X it satisfies:

(d1) dg(x,y) =0if and only if x =y,

(d2) do(x,y) = dg(,x)

(d3) do(x,y) < 6(x,y)(do(x,2) +do(z,y)) +p(x,y)de(x,2)ds(2,y)

The pair (X, dg) is called an extended (6, p)-metric.

Remark 2.5. if (x,y) = 1,and p(x,y) = s forsome s > 1 then we obtain the definition of a

suprametric metric space.

Remark 2.6. if p(x,y) = 0, then we obtain the definition of a extended b-metric space.
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Remark 2.7. if p(x,y) = s forsome s > 1, then we obtain the definition of a extended 0-metric

space.
Example 2.8. Let X = [1,00[ , define d : X x X — [0,0) by:

0 ifx=y
d(x,y) =
s(e+y)? ifx#y,

,0: XXX —[l,00) by 0(x,y) = xl‘fyrl and p : X X X — [1,00) by p(x,y) = 4xy+ 1 .Then

(X,d) is an extended (0, p)-metric space.

Lemma 2.9. Let (X,dy) be an extended (0, p)-metric space, T : X — X be a mapping , Assume

there exists K € [0,1) such that:
@ do(Tx,Ty) < Kdg(x,y)  forall x,yeX

and for each xo € X , define the sequence x, by x, =T"xqy, foralln € N.

Then for all m,n € N,withm > n:

do (xp,xm) < G(xn,xm)K”d(xo,xl)

—n— i—1
+K" de anxl Z xn—H xm lH(G(xn—i-n,xm) +pKn+nd6(x07xl))
i=1 n=0

Proof. By induction:
If:

d;ln:d(xn,xm) Y er’ln:e(-xn?xm) ) pr’ln:p(xn,xm)

then it is natural to put
=0"K"dy and Al'=06)+p,K"dy foralln<m
Then let’s show by induction on k = m —n+ 1 that:

dy < B +AVB)  +AJA By, + . +AVALL AL B

m—1
Fork=0 (i.e) j=m—1 we have:

dg (xm—l >xm) =d,

m—

1 S Kmfldo
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< 0(xm—1,Xm)K" " 'do =Bj_,
then it is clear that the inequality is verified for k = 0.
Assume yhat this inequality holds for any 1 < k < m —n and and show that the inequality is
verified fork=m—n+1
By hypothesis,

m 1 m m m m mn m m m m
m—tk1 < B i1 T Ak 1Bm—ki2 TAm_kt1Am—kr2Bm—ikr3 - T Ak 1Am—ks2---Am—2Bm—_1

forany 1 <k<m—n

then:
an < BY 4 AT,
< By A (Bl + AT B o T A LAY B st T AT AT A 0B )
< B, +AYB +ASAL B +AVAY AL OB 5+ AVAY A o AL 0By

Finally the inequality is verified fork =m —n+ 1.
O

Our second theorem is an analogue of Banach contraction principle in the setting of extended

(6, p)-metric space.

Theorem 2.10. Let (X,dy) be a complete extended (0, p)-metric space such that dg is a con-

tinuous functional, and T : X — X be a mapping. Assume there exists K € [0,1) such that:

(5) dg(Tx,Ty) < Kdg(x,y) forall x,yeX
where K € [0, 1) such that for each xo € X,

n}1i1r_1>1001(9(xn,xm)9(xn+1,xm)p(xn,xm) <1,
where x,, = T"xg, n=1,2,3,....

Then, T has precisely one fixed point &. Moreover for eachy € X, T"y — €.

Proof. We choose any xo € X be arbitrary, define the iterative sequence {x,} by:

x0, x1=Txq, x=Tx; ,..., xp=T"x
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By triangular inequality and, for m > n we have:
do(xn,Xm)
< 0 (xn, Xm ) d (Xns Xn1) + 0 (Xn, X )dg (Xnt1,Xm) + P (Xn, Xm ) do (Xn, Xnt1)do (Xn+1,%m)
< 0 (o, Xm)do (Xn, Xp41) + (0 (Xn, Xm) + P (6n, Xim ) do (X, Xn1) ) (X415 Xm)
Similarly,
do (Xn+1,%m)
< 0(Xnt1,%m)do (Xnt1,Xn+2)
+ 0 (X1, Xm)d (X425 Xm) + P (Xt 15 %m)do (X1, %n42)d (Xn12,%m)
< 0(Xnt1,%m)do (Xnt1,Xn42) + (0 (Xn+1,%m) + P (X1, %m)do (Xnt1,%n+2) )d (Xn+2, Xm )
then:
do (xn,xm) < 0(xp, %) K"dg(x0,x1)
+ (6 (X, Xm) + 0 (X, X )K" dg (X0, %1)) 0 (X4 1,%m) K" d (x0,x1)
+ (0 (X, %) + P (X, %) K" dg (x0,x1) ) (0 (X1, Xim)
+ P (ng 1, %m) K™ dg (x0,x1) ) do (X2, %m)
by lemma 2.9 we obtain:

dg (xn:xm) < O(xn,xm)K”dg (x();xl)

m—n—1 i—1
+ K"dg (x0,x1) Z 0 (X115 Xm)K' H (e(anrnaxm) +p(xn+n7xm)Kn+nd6(x0axl))
i=1 n=0

since K € [0, 1), it follows that:

do(Xn,xm) < 0 (xp,x,)K"dg (xo,xl)

—n— i—1
+K" d@ anxl Z xn—H xm K' H (G(Xn—l—naxm) +p(xn+naxm)Knd9(x0axl>)
i=1 n=0
Let:

i—1
Ui= e(xnﬂ',xm)Kl H (e(xn+naxm) +p(xn+n7xm)Knd9(x0axl)) and Uy= G(Xnyxm)Knd(XOaxl)
n=0
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By Ratio test }:”  U; is converges, since

< iligoKG(anH Xm) (8 (X1, %m) + P (i X ) K (30, 1)) < 1

U.
.lim ) i+1
i—o0

i
in fact , if

Hm K6 (xp, %) 0 (Xn11,%m) P (Xn, Xm) < 1

n,m—yco

then
}L%Ke(xn—o—i—i—l ;xm)p(anriaxm)Kid(anxl) =0

it follows that:

.U
i—o0 U,'

< Hm KO (X i1, %m) (0 (Xntis Xm) + P (Xnis Xm)K'd (x0,x1))

[—o0

= lim KO (xy,X%n)0 (Xn+1,%m)
n,m—soo

< lim KO (x,Xm)0 (Xpt1,%m) P (X0, Xm)

n,m—oo

<1

We can deduce that, dg (x,,x,,) tends to zero as n,m tend to infinity, that suggests the sequence
{xn} is Cauchy. Therefore by completeness of X, as a result of this {x,} converges to some
xeX.

We have:

d(Tx,,Tx) < Kd(x,,x)

Therefore as n — oo, thus, we conclude x = T'x.

To prove uniqueness, let us assume x, and x; are two fixed points of 7',

d(xg,xp) = d(Txq,Txp)
< Kd(xaaxb)

< d(xg,xp), acontradiction

Hence x, = x;, This completes the proof of the theorem.
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Example 2.11. Let X = [0, 1], define: d : X x X — [0,00) by:

d(x,y) =1 —1)and 0 : X xX — [I,») by O(x,y)=1(>+y?)+1,andp: X xX —
[1,00) by p(x,y) =4xy+ 1. Then (X,d) be a complete extended (6, p)-metric space .

Define 7:X —+ X by Tx= 3. We have:

1,z
d(Tx,Ty) = Z (731 -1)

4
1

< \X*)’|_1

<le )
11

< - (efl

<33 )

<1d( )
—alX

< zdxy

Note that foreachx e X , T"x = 3"—n Then we obtain:

. 1, x? X2
i, 8(sn50) = 3 (55 + 535) +1=1

Hm (X, xm) =4+ 1= 1

n,m—»oo 3n°3m
therefore:
1 1
Hm K6 (X, %) 0 (Xn11,%m) P (Xn, xm) = z.1.1.1 = = < 1

n,m—yoo 3 3

Therefore, all conditions of Theorem 2.10 are satisfied hence 7 has a unique fixed point.
We immediately derive the following corollary:

Corollary 2.12. Let (X,dg) be a complete extended (0,p)-metric space such that dg is a con-

tinuous functional, and T : X — X be a mapping, Assume there exists ¥ € M, such that:
(6) do(Tx,Ty) < y(dg(x,y)) forall x,yeX
such that for each xy € X
n}}f_l}oo 6 (X, %m) 0 (Xn4-1,Xm) P (X, Xm ) W™ (do) < b
, where x, = T"xy, n=1,2,3,....

Then, T has precisely one fixed point . Moreover for eachy € X, T"y — & .

Proof. The same as for the previous theorem, modifying K by y(dp). U
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If v € M, then we can drive this results as in [2]:

Theorem 2.13. Let (X,dg) be a complete extended 0-metric space such that dg is a continuous

functional, and T : X — X be a mapping, Assume there exists Yy € M, such that:
(N do(Tx,Ty) < y(dg(x,y))  forall x,yeX

such that, limsup 0 (x;41,%p)0 (x;,xn) <b forallmeN
i—>oo

Then, T has precisely one fixed point . Moreover for eachy € X, T"y — &.

Proof. We choose any xo € X be arbitrary, define the iterative sequence {x,} by:
x0, x1=Txo, x2=Tx1 ,..., x,=T"xg
By triangular inequality and, for m > n we have:
do (Xn,Xm) < 8 (X, Xm)de (X, Xn1) + O (X, Xim ) d (X1, Xm)
+ pdo (Xn, Xp41)d (Xn11,%m)

< e(xmxm)dG (xn;anrl) + (e(xn;xm) +Pd9 (xnaxn+1))d(xn+laxm>

Similarly,
do (Xn+1,%m) < 0 (Xnt1,%m)do (Xnt1,%n+2) + 0 (X, X )d (Xp 125 Xm)
+pdo (Xni1,%n+2)d (X2, %m)
< 0 (Xn+1,Xm)do (Xnt1,%n+2)
+ (8 (Xn+1,%m) + pdo (Xn+1,%n+2) )d (Xn+2,%m)
then:

dg (Xn, Xm) < 0(xn,%m) Y (do(x0,%1))
+ (6 (¥, Xm) + P Y (do (x0,1))) 0 (Xn 1, %m) W' (d (x0,x1))
+ <0<xn7xm) +P1I/"(d9 (XO,Xl))>(9(xn+1,xm)

+py" (o (x0,x1)))do (Xn+2,Xm)

Performing this process repeatedly we obtain:
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m i—1
do (Xn,Xm) < Z, 0 (xi,xm) W' (do (x0,x1)) H(G(xj,xm) +p ! (dg(x0,x1)))

Let: U; = 6/(xi, %) W' (do (x0,%1)) [T/, (6 (xj,xm) + ¥ (do (x0,%1)))

To this end, observe that from w'*!(dy) — 0 as i — oo, we obtain

. . i+1 . i
Jim Y1 Slimsup(?(xz+1,xm)llf (do)(e(xz,xm)+PlV(d(Xval))) <1
i—+oo U i—y-oo l//l(do)

which implies that the series ) u; converges, so d, ;, tends to zero as n,m tend to infinity.
i=0
Hence, the sequence {x,} is Cauchy, and by completeness of (X,d) we conclude that {x,}

converges to some x € X. We next show that x is a fixed point of T
d (e, f22) < 0 (e, f20:) (d (X, a1 1) + d (g 1, f2)) + P (0, X 1)d (g 1, %)
= 0(xs, for ) (d (e, Xpe1) +d(fxi, fxi)) + pd (e, fx1)d (X, [x)
< Q(X*vfx*)d(x*akarl) + Q(X*,fx*)W(d(Xk,X*)) +pd(x*,ka)l//(d(xk,x*))

< O (x, fr)d (v Xer 1) 4 0 (v, fr)d (e, x4) + pd (s, f23)d (X, x:)

Thus, as k tends to infinity, we deduce that x, = Tx,. Finally, the uniqueness of the fixed point

follows immediately 0

Immediatly we have the following corollary:

Corollary 2.14. Let (X,dg) be a complete extended b-metric space such that dg is a continuous

functional, and T : X — X be a mapping, Assume there exists W € M, such that:
(®) d@(TX,Ty) < l[/(d@(X,y)) forall x,yeX

such that, limsup 0 (x;,x,,) <b forallm e N
i—oo

Then, T has precisely one fixed point &. Moreover for eachy € X, T"y — €.

Proof. The same as for the previous theorem, modifying K by y(dp) and using the same tech-

nique as for the theorem 2 in [1]. O

As immediate consequences, we obtain the following propositions.
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Proposition 2.15. Theorem 2.12 generalizes Theorem 2.1 and Theorem 1.5.

Proposition 2.16. Theorem 2.10 generalizes Theorem 2.1.
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