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Abstract. In this paper, we prove common fixed point theorems for weakly commuting mappings satisfying a
generalized ¢-weak contraction condition that involves distance function of a complete metric space and generalize
the results of Murthy and Prasad [5] and Jain et al. [4]. We also provide an example in support of our result.
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1. INTRODUCTION AND PRELIMINARIES

In 1922, the Polish mathematician, Banach proved a fixed point theorem, which is the basic
tool to show the existence and uniqueness of a fixed point under appropriate conditions. This
result is known as Banach contraction principle, which states that

Let (X,d) be a complete metric space. If ¢ satisfies d(#h, % ) < kd(h,9) for each
n,¥ € X, where 0 < k < 1, then " has a unique fixed point in X.
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This theorem provides a technique for solving a variety of applied problems in mathemat-
ical sciences and engineering. The generalisations of Banach contraction principle gave new
direction to researchers in the field of fixed point theory.

In 1969, Boyd and Wong [2] replaced the constant k in Banach contractive condition by an
upper semi-continuous function y as follows:

Let (X,d) be a complete metric space and % be a self map on X satisfying the following:

d(A ) < yd(h,9)

for all i, € X, where, y: [0,00) — [0,0) be upper semi continuous from the right such that
0 <y <tforallt > 0. Then . has a unique fixed point i € X and {#"(h)} converges to 7
forall h € X.

In 1997, Alber and Gueree-Delabriere [1] introduced the concept of weak contraction in
Hilbert spaces.

Later on, Rhoades [6] had shown that the results of Alber and Gueree-Delabriere [1] equally
hold good in complete metric spaces.

A map % : X — X is said to be weak contraction if for each 7, ¥ € X, there exists a function

¢ : [0,00) — [0,00), ¢(z) > O for all # > 0 and ¢(0) = 0 such that

d(Hh, D) <d(h,0) — ¢(d(h,D)).

In 2013, Murthy and Prasad [5] introduced a new type of inequality involving cubic terms of
d(h, ) that extended and generalized the results of Alber and Gueree-Delabriere [1] and others
cited in the literature of fixed point theory.

In this paper, we generalize the results of Murthy and Prasad [S5] and Jain et al. [4] for pairs
of weakly commuting mappings satisfying generalized weak contractive condition involving

various combinations of metric functions.

2. MAIN RESULTS

In this section, first, we give some basic definitions and results that are useful for proving our

main results.
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The notion of commutative mappings in fixed point theory was used by Jungck [3] to obtain
a generalization of Banach’s fixed point theorem for a pair of mappings. This result was further

generalized, extended and unified by using various types of minimal commutative mappings.

Definition 2.1. [3] Two self mappings f and g of a metric space (X,d) are said to be commuting
if fgh=gfhforallheX.
The first ever attempt to relax the commutativity of mappings to weak commutative was

initiated by Sessa [7] as follows:

Definition 2.2. [7] Two self mappings f and g of a metric space (X,d) are said to be weakly
commuting if d(fgh,gfh) < d(gh, fh) forall h € X.

Remark 2.3. Commutative mappings are weak commutative mappings, but the converse may
not be true.

In 2013, Murthy and Prasad [5] proved the following result:

Theorem 2.4. [5, Theorem 3] Let ¥ be a self-map of a complete metric space (X,d) satis-
fying the following:

[1+ pd(h, ®)]d*(H 1, B) <
pmax{% [dz(h,%h)d(ﬁ,%ﬁ) +d(h,<}£/h)d2(19,<%/19)} ,
d(h,%h)d(h,%ﬁ)d(ﬁ,Ji/h),d(h,%ﬂ)d(ﬁ,%h)d(ﬁ,%ﬁ)}+
(D) m(h, 8) — ¢(m(h,8)),

where

d*(n,®),d(h,# h)d(S, X O),d(h, # 9)d(S, H h),
(2) m(h, ) = max ,
Hd(h, o h)d(h, 2 0) +d(S, A h)d(S, D)
p > 0is a real number and @ : [0,00) — [0,00) is a continuous function with ¢(t) =0<=1t =0

and ¢(t) > 0 for eacht > 0.

Then £ has a unique fixed point in X .
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Now, we extend and generalize Theorem 2.4 for a pair of weakly commuting mappings as

follows:

Theorem 2.5. Let S and % be mappings of a complete metric space (X ,d) into itself satis-
fying the following conditions:

(C1) A(X) C &(X),

(C2) & is continuous,
[1+ pd(Sh,&8)]d*(H h, H D) <
pmax { % [d*(&h, # h)d(&Y, 4 O) +d(Sh, # h)d* (&Y, 7 V),

d(6h,Jifh)d(Gh,%ﬁ)d(@ﬁ,%h),d(@h,%ﬁ)d(@ﬁ,%h)d(@ﬁ,%fﬁ)}+

3) m(6h,&8) — ¢ (m(Sh,59)),
where
d*(Gh,60),d(Gh, X h)d(GY,. 7 9),
@) m(6h,60) = max d(Sh, A 9)d(&, A h),
3 |d(&h, ' h)d(Sh,  ©¥)+d (69, % h)d(&Y, .4 V)

p> % is a real number and ¢ : [0,00) — [0,0) is a continuous function with ¢(t) =01 =0
and ¢(t) > 0 for eacht > 0.
Then S and % have a unique common fixed point in X provided G and & weakly commute

onX.

Proof. Let hy € X be an arbitrary point. From (Cj), we can find 7i; such that S(%i;) = ¢ (ho).
For this 7, we can find 7, € X such that S(%i,) = 2 (%). In general, one can choose {7, }

in X such that
&) S(hpt1) = A (hy), n=0,1,2...

First we will prove that {S(fi,)} is a Cauchy sequence in X. We may assume that &(f,) #
S(hyy1) ¥V n. If 3 n such that
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G(hn) - 6(hn+1>7

then &(f,) = &(hyy1) = H# (hy), yields & and % have a fixed point.
We write ¥, = d(Ghy,, Shy,4 ).
Firstly we prove that {7, } is non increasing sequence and converges to 0.

If n is even, taking 2 = hy, and ¥ = fip,,41 in (3), we get
[1+ pd(Shan, Shap1)|d*(H o, H hiai1) <

1
pmax {5 |:d2(6h2nat%/h2n>d(6h2n+l;f%/th—H)‘F

d(GTop, H Top)d* (Ghoys 1, Tani1) |,

d(Shyy, A hop)d(Shop, H Tiopy1)d(Shoy i1, K hay),
d(6h2n,%hznﬂ)d(@hznﬂ,%hzn)d(GthH,%han)}+
m(Shyy,, Shopi1) — ¢ (m(Shoy, Shiznyt)),

where

d*(Shyy, Shap1),
d(Ghay, H Top)d(Shop i1, H hanst),
m(Ghap, Shons 1) = max d(Shop, H hopy1)d(Shopy 1, hay),
5 | d(Shou, A han)d(Shon, H Toni1)+

d(6h2n+1 5 %h2n>d(6h2n+l 5 %h2n+l)

\ J

Using (5), we get
[1+ pd(Shap, Shapy1)]d* (Shops1, Shonya) <
pmax {% {dz(Ghzn, Ghizys1)d(Shopi 1, Shopin)+
d(Shon, Shypi1)d” (Shons1, Shont2) |

d(Shyy, Shyyy1)d(Shoy, Ghoyi2)d(Shopy1, Shiopt),
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d(Shop, Ghop12)d(Shop i1, Shoni1)d(Shopt1, Shiani2) }+
m(Ghyy,, Shopi1) — ¢ (m(Shoy, Glizyyy)),

where

d*(Ghoy, Ghayy ),

d(Shap, Ghoyt1)d(Shopt1,Shoni2),

(
m(Ghoy, Sligpr1) = max{  4(SNon, Shons2)d(Shop1, Shigyrr),
3| d(Ghoy, Ghoyi1)d(Shoy, Ghoyin)+

/

d(Ghypi1,6Nh,41)d(Ghoyyy, 6h2n+2)}

\

Now consider Y, = d(Shy,, Sho,y 1), then we have

1
(6) [1 +p7/2n]722n+1 < pmaX{E[YZZnYZn-i-l + YZn722n+1]7070}+
m(Shyy,, Shopy1) — ¢ (m(Shyy, Shigpyt)),

where

m(&hoy, Shyyy1) = max {72271? Yon'Von+1,0, %[and(ghzm Shont2) +0] },
and the use of triangle inequality in the right side of the above, gives
d(Shap, Ghoyir) < d(Ghyy, Shypy1 +d(SGhopt1, Shoyin)
= Yon t Vn+1-

Thus,
1
m(6h2n7 6h2n+1) < max {Yzznv y2n72n+1707 E[YZnO/Zn + ’}/Zn—i—l) + O] }
If Y5 < Yan+1, then (6) reduces to

py22n+1 < pYZszrl - ¢(Y22n+1)7

which is a contradiction.
Therefore, yzzn 1 < }/22n implies that po,+1 < Y.

In a similar way, if n is odd, then we can obtain Y5, 12 < Yopt1-
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It follows that the sequence {¥;,} is decreasing.

Let lim ¥, = r, for some r > 0. Suppose r > 0; then from inequality (3), we have
n—soo

[1+ pd(Shy, Sy 1)|d* (H Ton, H Pipy1) <
pmax{% [dz(Ghn,J{hn)d(Ghn+1,%/hn+1)+
d(ehn,%hn)d%hm,%hnm} :
d(Shy, H hy)d(Shy, K hyy1)d(Shyy1, K hy),
d(Ghy, H hyi1)d (Sl 1, H Tiy)d(Shyy 1, A hipy )}+

m(Shy, Shyi1) — ¢ (m(Shy, Shyyy)),

where
( )
d*(&hy, Sl 1),d(Shy, K hp)d(Shy 1, H hiny1),

d(Shy, H Tyi1)d(Ghy 1, Ry,
h h =
m(Shy,Shyy 1) = max % d(Shy, H hy)d(Shy, H hyiq)+

~—~~

d(Ghn—H s %hn)d(6hn+l ) %hn—ﬁ—l)

Now using (5) we get,
[1+ pd (S, &1y 1)]d* (STt 1, Glins2) <
pmax {% [dz(Ghn, Glipy1)d (Sl 1, Shyyn)+
d(&hy, GhnH)dz(GhnH,Ghm)} :
d(&hy, Shyy1)d(Shy, Shipi2)d(Shipy 1, Shyy),
d(Ghy, Shyy2)d(SGhyy g, 6hn+1)d(6hn+1,6hn+2)}+

m(&Ty, Shy1) — @ (m(Shy, Sy 1)),

where
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d2(6hn,6hn+l)7d(
d(
( +1) % d(Shy, Shyi1)d(Shy, Shyia)+

d(STyi1, M1 )d(Shys 1, Slpy2)

\ Ve

Using triangular inequality and property of ¢ and taking limits n — oo, we get
[1+pr]r? < prisr® —9(r?)
Then ¢)(r2) < 0, since 1 is positive, then by property of ¢, we get r = 0, we conclude that

) lim 1, = lim d(Ghy, Ghypy) = r=0.
n—soo

n—yo0
Now we show that { &7, } is a Cauchy sequence. For given € > 0 we can find two sequences of

positive integers {m(k)} and {n(k)} such that
®) d(STiyk), Olyiy) > €, d(Shyys), Sly—1)) < €

and n(k) > m(k) > k.
Now
9) € < d(Shypy, Shyy < d(Shyiy, Shy(r—1)) + d (ST (s 1), STy i)-
Letting kK — oo, we get
(10) ,}ggod<6hm(k)76hn(k)) = €.

Now from the triangular inequality, we have
(11D |d(6hn(k)76hm(k)+l - d(Ghm(k)vehn(k)” < d(Ghn(k)>6hm(k)+l)'
Taking limits as k — oo and using (7) and (10) we have,

(12) lim d(Ghn(k),6hm(k)+1) =E.

k—soo

Again from triangular inequality, we have

(13) |d(STipk)s Sy 1) — A(STiy () s STy | < d(Shiyiy, Sl 11)-
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Taking limits as k — o and using (7) and (10) we have,

(14) lim d(Ghm(k),ghn(k)Jrl) =E.

k—>oo

Similarly on using triangular inequality, we have
|d(6hm(k) ) Ghn(k)—H ) - d(Ghm(k) ) Ghn(k)) | < d(Ghm(k) ) 6hm(k)-l—l )

(15) +d(6hn(k)76hn(k)+l) .
Taking limits as k — oo in the above inequality and using (7) and (10) we have,

lim d(&hy k) 11, Shyiy 1) = €.

k—soo
On putting /i = i,y and & = F, () in (3), we get
(14 pd (ST 1y, Shy(a)) | d* (K Ty, H Frpry) <
pmax{% [dz(Ghm(k),%/hm(k))d(Ghn(k),%/hn(k))—f—
d(Ghm(k)a’%/hm(k))dz(ehn(k)v%/hn(k))} :
d(STuyy (1) s H T (1)) A (S i) s H Ti 1)) A (ST iy, H Piicy)
d(Ghm(k),%hn(k))d(Ghn(k),%hm(k))d((‘Shn(k),%/hn(k))}+

m(Ghm(k) ) Ghn(k)) —¢ (m(Ghm(k) ) 6hn(k)))7
where

d* (S Py (s, STy (s,
d(STy(k)s K Po(icy)A(Sy(iy s H Trn())
d(Shy(ys K T ) A (ST iys H Ti())

Y

M( Sy (1) STty () ) = max
5| (ST, H Py ) A (ST, H Py())+

d(Shy iy, H T ) A (S iy, H Ta 1))

\ Ve

Now using (5) we obtain,

[1 + pd(Ghm(k) ) Ghn(k))] d2(6hm(k)+l ) Ghn(k)-i-l) <
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pmax {% [dz(Ghm(k)aGFlm(k)H )d(STip(iy, STip(iy 1)+
A (&1, Shy(y1)d> (Shy (e, STy 1) |
d(Shp(k)s ST() 1) (S Ty Sy 1) A (ST 1)y STy 41)
d(S k), STi(s)11)d (ST (), ST (1) 11)d (ST (), Sl 1) }+
(ST (), STy (1)) — @ (M (SThyyt), ST i),

where

d* (S (), Sl i),
d(Shy sy, Sl ()4+1)d (ST (), STip(i)41),

d(Shy 1y, Sl (i)+1)d (S k), STy 1)
31 d(Shya), STy 11)d (S, Sy 1)+

+1

Y

m(Ghm(k) y Ghn(k)) = max

d(Shy (k) STy(i)+1)d (Sl k), STy 41)

\ Vs

Letting k — oo, we get
2 1 2 2
[1+ pele §pmax{§[0+0],0,0}+£ —@(g%)
:82_¢(82>7

which is a contradiction. Thus {&#, } is a Cauchy sequence in X.

Since (X,d) is a complete metric space, therefore, {G&h,} converges to a point 1 and
S(hy41) = A (hy) also converges to the same point 7.

Now {&Fi, } converges to a point 77, therefore { &S, } converges to &7 as & is continuous.
Also {# I, } converges to 1 implies that {&.# 1, } converges to Sn as & is continuous.

However, since G and %" are weakly commuting on X therefore,
d(S K hy, H &hy) < d(H hy,Shy).
Taking limit, we have

im d(S hy, A Shy) < lim d(H By, Shy) =d(n,m) =0.

n—oo n—oo
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It follows that {.# &, } also converges to &1.
Now we show that &(n) = .%#'(n).

Let us take
[1+ pd(&&Hhy,,&N)|d*(H Shy, M) <

pmax{% [dz(GGhn,XGFLn)d(Gn,%n)—k

d(@@hn,yithn)dZ(Gn,%n)] :

d(&Ghy,, # &h,)d(SGhy,, . # n)d(6n,. % &hy,),
d(SGh,, ' 0)d(Sn, X Shy)d(Sn, X n)}+
m(&&rhy, &1) — ¢ (m(&Shy, 1)),

where
[ 2(S6h,61),d(SCh,, A Shy)d(S1,.41), )
d(&&hy, £ N)d(6n, X Shy),

m(&6h,,Sn) = max 3 |d(66hy, H &hy)d(SGhy, 4 N)+

d(&n, # &hy,)d(&n, #n)

\ /

Letting n — oo, we have
m(&6h,,6n) = max{0,0,0} = 0.
Also we get
[1+pd(&n,6n)]d*(6n, 1) < pmax{0,0,0} +0— ¢(0).

Therefore,
d*(&n,.4n) <0
and hence &1 = 1. Moreover, 5&(n) = 8.7 (n).
Now put = Gn and ¥ = 1 in (3) we get

[1+pd(66n,6n)]d* (£ &n,.2n) <
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pmax{% [d2(66n,yif6n)d(6n,%n)+
d(GGmJi”Gn)dZ(Gn,%n)],
d(66n, .2 61)d(66n, .2 n)d(Sn, 2 &1),
a(En, A m)d(Sn, TEN)A(SN. A1) b+
m(6&n,6n) — ¢(m(66n,6n)),

where

[ 2(e6n,6n),dE6n, 2 6n)d(Sn, 4 n), |

d(&6n,£n)d(6n,.t &n),

m(6&6n,61n) = max
(66n,6n) 3 |d(&6n, 2 &n)d(&6n, )+

d(6n, £ 6n)d(&n,2'n)
\ Vs
Now by using S6n = &% = 2 6n and &n = %10, we have
1+ pd(66n,6n)]d*(66n,.# 1) < pmax{0,0,0} +m(&6n,&n) — ¢ (m(&6n,&n)),

ie.,d*(G6n,6n)=0and 561N = &1. So, we have G = G6n =S4 N =4 6.
Therefore, S is a common fixed point of S and .%".

Uniqueness:
Suppose 71 # ¥ be two fixed point of G and #". Therefore i = Gh = % hand O = &Y = 7 0.

From (3) we have
[14 pd(h, ®)]d* (R, ®) < pmax{0,0,0} +m(h, ) — ¢ (m(h, D))

ie.,d*(h,0) <0 ie.,d?*(h,3¥)=0. Therefore, i = ¥. This completes the proof.

If we put p = 0 in Theorem 2.5 we have the required result of Rhoades [6].

Corollary 2.6. Let S and ¢ be mappings of a complete metric space (X,d) into itself
satisfying (Cy), (C2) and the following conditions:

d* (1, K 8) < m(Sh,&0) — ¢ (m(Sh,&9)),
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where

[ 2(6h,69),d(Sh, A R)d(SD, 4 9), )
d(Sh, 4 0)d(SD, 4 ),
(16) m(Sh, &8) = max U d(&h, A h)d(Sh, # 0)+ [

d(&V, A h)d(SV, 4 )

\ Ve

I, € X and ¢ : [0,00) — [0, 0) is a continuous function with ¢ (t) =0 <t =0and §(t) > 0 for

eacht > 0. Then G and & have a unique common fixed point in X provided G and # weakly

commute on X.

Remark 2.7. On putting G = I (Identity map) in Theorem 2.5, we get the result of Murthy and
Prasad [5, Theorem 3] and since commutative mappings are weak commutative mappings but

not conversely, our result generalize the result of Jain et al. [4, Theorem 2.2].

Example 2.8. Let X = {0,1,2,3} with usual metric space d(h,¥) = |h — ©¥| and define
H,6:X — X by

2, h=0o0r3
S(h)=192, h=1or2 and H(h)=

1, h=1 or2

3, h=3,
\
and define ¢ : [0,00) — [0,00) by ¢(t) = £. For value of p > 1 and 7, € X, it is easy to

verify the inequality (3). Hence the Theorem 2.5 holds well.
We further generalize the above result for two pairs of weakly commuting mappings:

Theorem 2.9. Let (X,d) be a complete metric space. Let S, %, & and 2 be four mappings
of a complete metric space (X ,d) into itself satisfying the following conditions:
G
Cy
Cs
Ce

S(X) Cc 2(X), # (X) c Z(X);
The pairs (£,S) and (2,.%") are weakly commuting;

(G3)
(Cs)
(Cs) One of 6, &, & and 2 is continuous;
(Co)
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[1 + pd(Ph, 20)]d*(Sh, # ©) <
pmax{% [dz(@h,Gh)d(Qﬁ,%/ﬁ) +d(<@h,6h)d2(£2197%19)] ,
d(@h,Gh)d(@h,%ﬁ)d(Qﬁ,Gh),d(@h,%ﬁ)d(fzﬁ,6h)d(£19,%19)}+
(17) m(Ph, 29) — ¢(m(£h, 29)),

where

d*(Ph, 20),d(Ph,&h)d(2, 4 V),

(18)  m(Ph, 20) = max d(Zh, X 9)d(29,6h),
3d(Ph,&h)d(Ph, H O) +d(20,6h)d (29,4 9)

p € (0,%] is a real number and ¢ : [0,00) — [0,0) is a continuous function with §(t) =0 <t =0
and ¢(t) > 0 for eacht > 0.
Then G, %, & and 2 have a unique point in X .

Proof. Let hy € X be an arbitrary point. From (C3) we can find 7; such that &(f) = 2(h) =
. For this 71;, we can find /i, € X such that Z () = & (hy) = Y. Continuing in this way,

one can construct a sequence such that

(19) 19'2/1 - 6(h2n) = Q(h2n+l>7 192n—0—1 - e%/(thH—l) = c@(}"-12r1—|—2)7 fOl’ each n > 0.

For brevity, we write ¥, = d (¥, %y+1).
Firstly we prove that {7,} is non increasing sequence and converges to zero.

If n is even, taking i = hp, and ¥ = fip,41 in (Cg), we get
(14 pd(Phan, Dhoyi1)|d” (Shon, H Ton 1) <
pmax {% [dz(@hzm Ghon)d(Lhopi1, H o)+
d(Phap, Shay),d*(Lhy i1, hapi1) |
d(Phop, Shop)d( Phon, K hopi1)d(Lhony 1, Shoy),

d(Phoy, K hons1)d(Lhons1, Shop)d(Lhops1, K hops1) }+
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m(Phay, Lhopi1) — O (m(Phoy, Lhoni1)),

where

;

gzh2n;6h2n)d(°@h2n+lat%/thH-l),
Phon, K hopy1)d(Lhoni1,Shp),
% d(tgthna6h2n)d(gzh2m%/h2n+l)+

d2(9h2n7°@h2n+l)ad(
d(

m(Phyy, Qhop1) = max |

d(2hony1,6nhp,)d(Lhony1, X hony1)

\ Ve

Using (19), we have

[14 pd (D21, 92))d> (B, Ban1) <
pmax {% {d%‘}zn_] , B2n)d (B2, Ban 1)
+d(ﬁ2n_1,ﬁzn>d2(mn,ﬁzn+l)],
d(O20-1,920)d (D201, V2041)d (D2, D2n),
(B 1,020 (D2, O B20) -+

m(ﬁZn—ly'aQn) - (p(m(ﬁ?n—la 192n>)a
where

[ 2(9on 1 B2n), (Bt , Do) By Donr1); |
d(192n—1 3 7-92n+1)d(192n7 7-9271),

m(ﬁZn—l7192n) = max % |:d(192n_1,l9'2n)d(7—92n—17l92n+1)+

d(ﬁzn,ﬂzn>d<ﬁzn,oznm]

\ Vs

On using Y2, = d(192n7 7-92n+1)7 we have

1
(20) (14 ppn_i1]ra, < pmax {5 {y%nlmwzn_w%n} ,0,0}+

m(ﬁ2n717 7-92n) - ¢(m(7-92n7177~92n))7
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where
21 m(Vap—1,V2n) = max {YzznbYZn—len,Oé Yon—1d(B2n-1, B2n11) +0} }
By the triangular inequality, we get
d(Van—1,V2n+1) < d(D2n—1,B20) +d(O2n, B2p41)
= Y2n—-1+%on
and putting in (21), we have
(D01, 020) < (A, 0) = max {1 Fon 19,0, 3 [ 1 (1 +700),0] )
If Y5,—1 < P, then (20) reduces to

pYZZn <p722n_¢722n7

which is a contradiction.
Therefore, yzzn < 722;1—1 implies that y», < Y5,—1.
In a similar way, if n is odd, then we obtain 5,11 < Y5,.
It follows that the sequence {7, } is decreasing.
Let ,}1_{130 Yon = r, for some r > 0.

Suppose r > 0; then from inequality (Cs), we have
[1+ pd(Phon, Phoys1)|d* (Shay, H Toys1) <
pmax{% {cﬂ(@hz,,, Ghion)d(2Lhani1, H hani1)+
d(Phoy, Shon)d*(Lhop1, H Monsr) |
d(Phan, Shop)d( Phon, K hopi1)d(Lhop i1, Ghop),
d(f@h2n;%h2n+l)d(e@h2n+l;Gth)d<Qh2n+17%h2n+l)}+
m(Phan, Lhoni1) — ¢ (m(Phop, Lhon 1)),

where
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(

Phon, Shoy)d(Lhops1, K hopsi),
Phon, K hopi1)d(Lhoyt1, Ghyy),

dz(f@th Qth—O—l)ad
d

—~~

m(Phay, Qhopy1) = max % (P oy, Sl )l Py, H Ty 1)+

\ d(2hopi1,6h,)d(Lhopy1, K honst) J

By using (19), triangular inequality, property of ¢ and taking limits n — oo, we get
[1+prlr? < pr 4+ — o (7).

Then ¢)(r2) < 0, since 1 is positive, then by property of ¢, we get r = 0, we conclude that

(22) 1im 33, = lim d(®, B0s1) =7 =0.

Claim: {9,} is a Cauchy sequence.
Let {0, } be not a Cauchy sequence. For given € > 0, we can find two sequences of positive

integers {m(k)} and {n(k)} such that for all positive integers k, n(k) > m(k) > k, such that
d(O(k), On(iy) = € d(Dniiy, Bnay)—1)) < €
Now
€ < d(Oky V(i) < d(Okys On(i)—1)) +d(Bn(i)—1), Buiiy)-
Letting kK — oo, we get
(23) lim d (S 1), D) = €-

n—soo

Now from the triangular inequality we have,

’d(ﬁn(k% ﬁm(k)—i—l) - d(ﬁm(k)v ﬁn(k))| < d<ﬁm(k)7 ﬁm(k)—H )

Taking limits as kK — oo and using (22) and (23), we have

(24) lim d(ym(k)a ﬁm(k)-f—l) =é&.

n—oo

Again from the triangular inequality, we have

(D) s Ony+1) — d(Omir) s D))l < d By s Oniy+1)-
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Taking limits as k — o and using (22) and (23), we have
(25) lim d(ﬁm(k)v 19'n(k)+1) =é&.

n—oo

Similarly using triangular inequality, we have
| (Bnky115 Bnky+1) — d( Bty s Buii))| < d(Bmiiys Oy 1) +d(Bniiys Dy 41)-

Taking limits as k — oo in the above inequality and using (22) and (23), we have

(26) r}l_[}lolod(ﬁ()_._l,ﬁ ()+1) = €.

On putting /i = i,y and ¥ = R, in inequality (Ce), we get

(14 pd( Phyay Lo | d* (Shyyay, H Tray) <

pmax {% [dz(gzhm(k),Ghm(k))d(e@hn(k) I y))+
d(gzhm(k)a6hm(k))d2(@@hn(k)a’%/hn(k))} :
d(Plu(ie)s STy (1)) A( P Ty s K Tin(1) ) A (Ll 1) STy )
d(@hm(k),%hn(k))d(ghn(k),6hm(k))d(o@hn(k)7%hn(k))}+

(Pl iy Lhiy) — O (M Phyyiey, Lhiy))s

where
' dZ(@hm ©) |
d(Phy (), ())d(Qh )
M Pl (1), Llin(r)) = max Ad( P Py k)) (£ (k)
3 (P gy, Sy Jd( Py, H iy >>+
\ d( Ly () s STy(r) ) A (Ll i)y H Ta1)) )

Now using (19) we obtain,
[1 +pd<l9m(k)—l ) ﬁn(k)—l)] dz(ﬁm(k), ﬁn(k)) <

pmax{ {dz(ﬁ 1) —1> Bm())d By~ 15 (i) )+
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A (D)1 O ) A (B i1 ﬁn(k))} ,
d(Bn(k)—15 Om(r) )4 (i) —15 B (i) 4 (D (i)—15 Omi) )
d(Bn(i)=15 On(k))d (D) =15 Omi) )4 (i) —15 D)) }+
(P huiys Lhni)) — O (M PRy, Lhni)))

where

d*(O(i)—1> On(i)—1)
d(Bm(t) -1 Om() )4 (Bn(r)—15 D))
(P> L) = max A(On(1) -1 Br(r) )4 (D) -1 Brnihy)
3 4B —15 O ) (Bom(a -1 B+

d(Bni)—15 Om() )4 (Bni)—15 Onr))

\ Ve

Y

Y

Letting kK — oo, we get
2 1 2 2
[1+ peje” < pmax{7[0+0],0,0} +&" — ¢ (e7)
:82_¢(82)7

a contradiction. Thus {®,} is a Cauchy sequence in X. Since (X,d) is a complete metric
space. Therefore, {1,} converges to a point  as n — o. Consequently the subsequences
{Ghon},{ Phon},{H# hops1} and { 2,11} also converges to the same point 7.

Casel. Suppose that & is continuous. Then { & Ph,,} and { P Shy, } converges to 1 as

n — co. Since the mappings & and G are weakly commuting on X, then
d(&Phyy, P Shyy) = d(PShyy, S Phyy,) < d(Shay, Phigy).

Let n — oo, we get 1i_r>n d(6 Phon, 1) <d(n,n) =0,i.e., lgn S Phyy = 1.
n—oo n—oo
Now we prove that 1 = &?1. On putting i = Phy, and © = fip, 41 in (Ce),

we get
(14 pd(P Phap, Lhyni1)]|d*(& Phop, K Tiopi1) <

1
pmax {5 {dz(yyhzn,Gg@hzn)d(ghszrl,%hz,ﬁl)—F
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d(P Phiyy, S Phoy)d*(Lhopi1, H hopi1) |
d(P Phay, S Phoy)d( P Phon, K ions1)d(Lhons1,S Phay),
d(ygh2na%h2n+l)d(gh2n+laGQth)d(thn—kh%th—i-l)}"}_

m(P Phon, Lhoni1) — @ (m(P Phon, Lhont1)),

where

( 3\

dz(gzgh%agh%t—i-l)a
d(@;@hzn,6:@?12”)61'(9@712”4_1,%/752"4_]),
)

(P P, Dhigs1) = max d(P Phon, X hont1)d(Lhont1,6 Phan),
3d(P Py, & Phoy)d( P Phoy, H onsr)+

d(2hy 41,6 Phoy)d(Lhoyi, H hopgt)

\ /

Letting n — oo, we get
1
[1+ pd(2n,m)|d*(2n,1) < pmax{§[0+0],0,0}+d2(32’n,n) — ¢d*(2n,7)
=d*(Pn,n)—¢d*(#n,n)

Thus we get d>(#?1,1) = 0 and hence &1 = 1.
Next we will show that &1 = 1. On putting =1 and ¥ = fp,,41 in (Cg),

[1+ pd(P1, Dhyp 1)) d* (&0, H Fioy 1) <
pax { 3| . ematn.n) +a(7n en(n.m)|
(0, Sn)d(Fn, n)a(n.Sm).d(Fn,n)a(n.Smdn.n) b+
m(Zn,n) —¢(m(£n,n)),

where

d*(2n,1),d(2n,6n)d(n,n),d(Pn,1)d(n,6n),
m(Zn,n) = max | —o.
31d(2n,6v)d(Zn,n)+d(n,6n)d(n,n)
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Therefore, by letting n — oo
1
[1+pd(n,m)ld*(6n,n) < pmax{5[0+0],0,0} +0—(0).

Thus d?(&n,n) = 0 giving &1 = 1. Since &(X) C 2(X), there exists a point # € X such that
N = SN = Qu. Now we show that 1 = ¢ u. Taking i =1 and ¥ = u in (Cg), we get

[1+ pd(2,2u)]d*(&n, K 1) <

pmax{% [dz(@n,Gn)d(Qu,%u) +d(g@n,6n),d2(o@u,%/u)] ,
d(;@n,Gn)d(@n,%u}d(gu,Gn),d(:@n,%u)d(c@u,Gn)d(c@u,%u)}nt
m(2n, 2u) — ¢ (m(Fn, 2u)),

where
(

d*(2n, 2u),
d(2n,6n)d(2u, # u),d(Zn, % u)d(2u,En),

m(n,2u) = max
: [d(@n,@n)d(@n,%u) +d(2u, Gn)d(o@u,%u)}

\

(

d*(n,n),d(m,n)d(n,x u),
dn,#udn,m), »=0.

%{d(nm)d(?]’n,%u)+d(n,n)d(n,xu)}

= max

\

On solving, we get

(14 pd(n,n)]d*(n,# u) <

1
pmax {5 [dz(n,md(n,%”M) +d(n,n),d2(n,%u)] !
(. ), n).d(n. H (. m)d(n, ) {0 9(0).
This implies that 1 = .Zu. Since the pair (2, %) is weak commutative, then

d(2n,xn)=d( 2% u,* 2u) <d(Qu, #u)=dn,n)=0.

So In =2n.
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Also we have
[1+pd(2n,20)|d*(&n, 4 1n) <

1
pmax {5 [dz(ﬁn,Gn)d(Qn,%n) +d(9n,6n)d2(o@n,%n)] ,

d(@n,Gn)d(@n,%n>d(3n,6n),d(9n,%n)d(£n,Gn)d(o@n,%n)}+

where

( )
d*(2n,2n),d(2n,6n)d(2n,.4n),

d(Zn, A n)d(2n,xn),

m(#n,2n) = max =d*(n,#n).
. 2| d(Pn,&n)d(Pn, A )+ A

d(2n,6n)d(2n,%n)

\ /

Therefore, we get
1
(1 +pd(n, 2 n))d*(n,4n) < pmax{5[0+0],0,0} +d*(n,.£n) — ¢ (d*(n, 2 n)).

This implies that n = 2 n.
Case 2. Suppose that 2 is continuous, we can obtain the same result by the way of Case 1.
Case 3. Suppose that S is continuous. Then {&Shi,,} and {S PFiy,} converges to &N as

n — oo, Since the mappings & and G are weakly commuting on X, then
d(PShyy, & Phyy) < d(Ghyy, Phay).

Let n — oo, we get li_r>n d(PShy,,61n) <d(n,n) =0, 1ie., lgn P Shy, = 6.
n—oo n—oo
Now we prove that 1 = &1). For this put i = &fip, and ¥ = fip,1 in inequality (Cg), we get

[1 +pd(=@6h2nagh2n+l)}d2(66h2n7f%/h2n+1) S
1
pmax{i {dz(t@Ghzn,Gghzn)d(gh2n+1,e%/h2n+1>+
d( P Shyy, &Ghyy),d*(Lhopsr, H hani1) |

d( P Sy, &Gl )d( P Sy, H Troi1 )d( Lhiops 1, S Gy,
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d(thGth; f%/th—H )d(e@h2n+1 ’ GGth)d(QFQn—H w%/th—i—l ) } +

m( P Shyy, Lhopy1) — O(PShop, Lhoyt1),

where
)
d*(PShoy, Lhoni1),d( P Shoy, SShoy)d(Lhop i1, K hani1),
d(PShop, H Topi1)d(Lhons1, EGMay),

(P Sz, Zhoa1) = max L\ d( P Sy, &Sy )d( P Sl H s 1)+

NS}

d<o@h2n+l766h211)d(°@h2n+1;<%/h2n+1):|

Letting n — oo, we get

d*(&n,1),d(&n,1m)d(n,1),d(&n,n)d(n,&n),

=d*(6n,7n).
% d(Gna6n)d(6n,n)+d(n,6n)d(n,n>} (6n,n)

m(61n, 1) = max

Therefore, we get
[1+ pd(&n,n)]d*(Sn,n) < pmax{%[0+0],0,0}+d2(6n,n) — ¢(d*(Sn,7))
=d*(&n,m) - ¢(d*(&n,1)).

Thus we get d*(&n,n) = 0 implies that &1 = 1. Since &(X) C 2(X) and hence there exists
apoint v € X such that n = 6n = 2v.
We claim that n = J'v.

For this we put i = Gy, and ¥ = v in (Cg) we get
[1+ pd(PShapy, 2v)]d* (GG, H'v) <
pmax {% [dz(QZGhzn, &Gy )d(2Qv, H v)+
d(PShy,, 5Ghy,)d* (2, Ji/v)} :
d( P Shyy, GGy )d( P Ghyy, H# v)d(2v, 56y,
d(PGhyy,, # v)d(2v,5Ghy,)d(Dv, va)}Jr

m(PShyy,, 2v) — 9( P Shyy, 2v),
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where
d*(PShy,, Bv),d( P Shy,, SGhy,)d(2Dv, # V),
d(@@hzn, r%/\/)d(‘,@v, 66?12,0,

m(PShyy,, 2v) = max L d( P Shap, SShyy)d( P Shyy, H v)+

S]]

d(2v,66hy,)d( 2y, Ji/v)}

Vs

Letting n — oo, we get

d*(n,n),d(m,n)d(n,x#v),d(n, 2 v)d(n,n),

=0.
3 {d(n,n)d(n,%v) +d(n,n)d(n7%v)}

m(n,2v) = max

Therefore, on solving

[1+ pd(n,n)ld*(n, . v) < pmax{% [dz(n,md(n,%v) +d(n,n)d2(n,%v>} :

d(n,n)d(n,%wd(n,n)ﬂ(n%v)d(n,n)d(n,%v)} 10— 9(0).

This implies that 1 = J#'v. Since the pair (2,.%") is weakly commuting on X, then
d(H 2K v)<d(Hv,2v)=d(n,n)=0.

So In =7n.
Now put i = i, and ¥ = 1 in (C)
1+ (P, ) (S, ) < prva { 3| (P Sy 20,8 )
Fd( P G2, M),
d(Phon, Ghoy)d( Phion, X M)d (2N, Shap),
d(ﬁ’hzn,%n)d(ﬁn,6h2n>d(£2n,%’n)}

+m(‘@h2n7°@n) - (P(m(t@thyo@n)),
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where
( d*(Phan, 210),d(Phoy,, Ghy,)d (20,4 7), ]
d(ghb’u‘%/n)d("@na@hbl):

_ )
m(Phon, 21N) = max V(P s o) d( P, )+ =d*(n,2'n).

d(2n,6hy,)d(2n,%1n)

\ V

Therefore, we get
1
[1+ pd(n,#n)]d*(n,#n) < pmaX{E[O,O],O,HdZ(n,%/n) —¢(d*(n,#n)).

This gives n = J#v. Since % (X) C Z(X) and hence there exists a point w € X such that
n=xn=>w.
We claim that N = Gw.

For this we put i=w and ¥ = 1 in (Cg) we get
[14 pd(Pw, 2n)|d*(Sw, . 1)
< pmax{% {dz(@w,ew)d(gn,%n) +d(33w,6w)d2(,@n,,%/n)} ,
AP0, SW)d( P, A M)(20,S0).d( P A (20, S 2,4 m) |
+m(Pw, 2n) — ¢ (m(Pw, 21)),

where

( 3
d*(Pw,21n),d(Pw,6w)d(2n, %),

d(Pw, A n)d(2n,6w),

m(Pw, 2m) = max %[d(@w,GW)d(@W,%n)"“

J

d(2n,6w)d(2n, % n)]

([ @(n,n),d(n,6wyd(xn,x7), |
d(n,n)d(n,6w),
%[d<n,6w)d(n,n)+

d(n,emd(%nwm]

= max

Vs
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Therefore, we obtain
1+ pdln, )l (@wen) < prax{ 3 |a(n. Sw)a(n. )+ dGz. Sw(n.m)|.
a(n.Sw)d(n md(n.&w).d(n.m)d(n. Sw)d(n.m) |
+0—¢(0).
This implies that Gw = 7. Since the pair (&, &) is weakly commuting on X,
d(P6w,6Pw) <d(6w,Pw)=d(n,n) =0.

So, 1 =Gn.

That is, n = &N = 6n = 2n = 1. Therefore, 1 is a common fixed point of &, %", &
and 2.

Case 4. Suppose that %" is continuous, we can obtain the same way of case 3.

Uniqueness: Suppose 1) # w be two common fixed points of &, %", & and 2.

Put i=mn and ¥ = win (Cg), we get

(14 pd(21, 2w)|d* (&1, w) < pmax{0,0,0} + m(Fn, 2w) — pm(Fn, 2w)

[1+ pd(2n, 2w)]d* (61, # w) < pmax{0,0,0} +d>(&n, 2 w) — ¢d* (SN, # w)

— d’M,w)=0 = n=w.
This completes the proof.
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