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condition (B)’ in partial metric spaces.

2000 AMS Subject Classification: 47H17; 47H05; 47H09

1. Introduction and preliminaries

The concept of weakly compatible of two self mappings was introduced by Jungck [6].
Abass, Babu and Alemayehu [1] proved the existence of common fixed points of two
weakly compatible mappings satisfying a generalized condition (B)’ in metric spaces. In
this paper some theorems in [1] were generalized by using partial metric spaces which was

introduced by Mathews in 1994.

Definition 1.1. [8,9] A partial metric on a nonempty set X is a function p : X x X — R*
such that for all x,y, z € X;

(a) z =y & p(z,r) = p(z,y) = p(y,y);
(b) p(x,x) < p(,y);
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(¢) plz,y) = ply, 2);
(d) plz, 2) < p(z,y) +p(y, 2) = p(y, y)-

A pair (X, p) is called a partial metric space, where X is a nonempty set and p is a
partial metric on X.

Each partial metric p on X generates a T topology 7, on X which has as a base the
family of open p—balls {B,(z,¢) : € X and € > 0}, where B,(z,¢) = {y € X : p(z,y) <
p(z,z) + e} for all z € X and € > 0.

It is easily to show that if p is a partial metric on X, then the function p* : X x X — R*
defined by

p’(z,y) = 2p(z,y) — p(z,2) — py,y) (1.1)

is a usual metric on X.

We recall some definitions and known results.
Definitionl.2. [5,8,9]

(a) A sequence {z,} in a partial metric space (X, p) is said to be convergent to a point
z € X if and only if p(z, z) = Jg%p(z,mn)

(b) A sequence {x,} in a partial metric space (X, p) is said to be a Cauchy sequence
if mlTiLrEOOp(xn, T,) exists and is finite.

(c) A partial metric space (X, p) is said to be complete if every Cauchy sequence {z,}

in X converges with respect to 7, to a point z € X such that

p(z,2) = lim p(x,, ).

n,Mm—00

Lemma 1.3. [5,8,9] Let (X, p) be a partial metric space,

a) A sequence {z,}°°, in a partial metric space is a Cauchy sequence if and only if
it is a Cauchy sequence in the metric space (X, p®).

b) A partial metric space (X, p) is complete if and only if the metric space (X, p®)
is complete. Moreover Jirgops(z,xn) = 0 iff nli_)rlolop(z,xn) = n})igloop(:cn,xm) =
p(z,2).

The following Lemmas will be used in the proof of main result.
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Lemma 1.4. 2] Let (X, p) be a partial metric space. Then
(a) If p(z,y) =0, then z =y,
(b) If z # y, then p(x,y) > 0.

Definition 1.5. [2] Let f and g be two selfmappings defined on a set X. A point x € X
is said to be coincidence point of f and g if fxr = gxr = y, where y € X is called a point

of coincidence of f and g.

Definition 1.6. [2] Two selfmappings f and g are said to be weakly compatible if f and

g commute at their coincidence point, i.e. fgr = gfx, x € X, whenever fr = gx.

Definition 1.7. [1] Let (X, p) be a partial metric space and f, g be two selfmappings
on X such that f(X) C ¢g(X). For any zy € X construct a sequence {z,}>, in X such
that gx,.1 = fx,, n = 0,1,2,.... The sequence {gz,}>2, is called an f-sequence with
initial point xg.

In order to prove theorems and corollaries in this paper, generalized condition (B)’ is

used by taking 6, L > 0, and 6 + 2L < 1.

Definition 1.8. [1] A mapping f: X — X on a partial metric space X is said to satisfy
generalized condition (B)’ associated with a mapping ¢g : X — X if there exists 0, L > 0,
and d + 2L < 1 such that

p (fz, fy) < M(z,y) + Lmin{p(gz, fz),p(gy, fy),p(gz, fy), p(g9y, fz)} (1.2)

for every z,y € X, where,
M(z,y) = max{p(gz, gy), p(g97, fz),p(g9y, fy), %[p(gm fy) +plgy, fo)]}.

Lemma 1.9. [2] Let f and g be two selfmappings on a nonempty set X, which have a
unique point of coincidence y in X. If f and g are weakly compatible, then y is the unique

common fixed point of f and g.
2. Main results

The proof of the following theorem has been taken from [1]
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Theorem 2.1. Let (X,p) be a partial metric space, and f,g be two selfmappings on
X such that f(X) C g(X). Assume that [ satisfied generalized condition (B)’ associated
with g. If either f(X) or g(X) is a complete subspace of X, then f and g have a unique
point of coincidence. Furthermore if f and g are weakly compatible, then f and g have a

unique common fized point in X.

Proof. Pick zy € X. Let {gz,} be an f—sequence with initial point z5. Now compute

the following;:

M(xn7 mnfl) = max{p(g:cn, gxnfl)ap(gmm fxn)ap(gmnfh fxnfl)a

1

(g, fn-1) + plgza-s, fan)]}

= max{p(g2n, 9Tn—1), P(9Zn, 9Tnt1), P(GTn-1, 9Zn),

1

5[}?(9%, 9xn) + p(9Tn_1, 9Tns1)]}

IA

max{p(gzn, 9Tn-1), P(9Tn, 9Tn11),

1
_[p<gxn717 gxn) + p(ana gxn+1)]}

2
< max{p(9Zn_1, 92n), P(9Tn, 9Tnt1)}.

The second part of right-hand side of (1.2) is computed as follows:

min{p(gn, fn), P(9Zn-1, fTn1), P(gTn, f2n-1), P(gTn-1, fTn)}

= min{p(gan, 9Tn+1), P(9Tn-1, 9%n), P(9Tn, 92n), P(9Tn—1, 9Tn+1) }

= min{p(gn, g2n), P(9Tn-1, 9Tn11)} (2.1)
Now apply generalzied condition (B)’ for z,, and x,_;, it follows that

P(frn, fan) < dmax{p(gan-1,9n), P(gTn, gni1)} +
Lmin{p(gz,, gz,), p(92n—1, gTni1)}-
This implies that
P(9Zn+1, 9n) < O max{p(g2n-1, 9n), P(9Tn; 9Tni1) }+ L min{p(grn, 90), P(9Tn-1, 9Tni1)}.

We have four cases,
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(a) It maX{p(gxn—h gmn)vp(gxnv gxn+1)} = p(gl’n—la gmn)v and mln{p(gmn, gxn)vp(gxn—la gl‘n-ﬁ-l)} =
p(9xy, gr,) then

(9%, gTni1) < OD(9Tn-1, gTn) + Lp(9y, g2n)

< 0p(9Tn—1, 92n) + Lp(g2n, 9Tni1)
= —— p(grp_1,9%,)

< (E)z P(9Tn—2, gTn-1)

J

(ﬁ)np(gl‘o, gz1)

= 07 p(9xo, g21). (2.2)

IA

Where §; = % < 1.
b) If max{p(gzn—1,9%n), P(9Tn, §Tn+1)} = P(9Tn-1, gTn), and min{p(gz,, 90 ), P(9Tn-1, gTp+1)} =

P(gTn—1,9%n41), then

P(9Tn; gTni1) < OP(9Tn-1, 9Tn) + Lp(gn_1, gTn 1)
S 6p(g$n—1a g'rn) + Lp(g'rn—ly gxn) + Lp(gxn, gxn+1) - Lp<gxm gxn)

< Op(9Tn—1,9%n) + Lp(9Tn_1, 9Tn) + Lp(92n, gTn+1)

_otL, )
= 7 P9%u-1, 920
0+ L

< (E)Zp(gxn,g, 9Tn-1)

< (ﬁ)np(gx079x1>

= 53 P(giUo, 91’1) (2-3>

_ 0+L

where 6§
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C) Ifmax{p(gxn—h gmn)vp(gxnv gxn+1)} = p(QIna gl‘n-‘rl)? and mln{p(gmn, gxn)vp(gxn—la gl‘n-{-l)} =

p(9xn, gr,), then

p(9Zn, 9Tnt1) < 6p(9Tn, 9Tni1) + Lp(gn, gzn)

L

where (53 =13

1

< 6p(9Tn, 9Tny1) + Lp(9Tn—1, g74)

L

= 1—_(5]3(95%—1, 9Ty)

L
< (m)Qp(gﬂUn—% GTp_1)

L
< (1—_6)np(9$0>9331)

= 4§03 p(gzo, gr1) (2.4)

< 1.

d) If max{p(gzn—1,97n), P(9Tn, gTn11)} = P(9Tn, 9Tn+1), and min{p(gz,, 92,), p(9Tn-1, gTni1)} =

p(gxn—h g$n+1)7 then7

(920, gTni1) < 0p(9Tn, 9Tni1) + Lp(g2n—1, 9Tpi1)

where 64 = i

_ L
5+1L)

< 6p(gn, 9xn1) + Lp(9Tn—1, 9Ts) + Lp(9Zn, gTni1)
— Lp(gxn, gxn)

< 0p(9n, §Tni1) + Lp(gTn—1, gxn) + Lp(9y, gTni1)
L

= m P(gTn-1, gTn)

< () plgn2: 9701)

M —(6+1L) e

<

< (ﬁ)n p(go, g21)

= & (g0, gz1) (2.5)

< 1.
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Put 0 = max{dy, d2,d3,04}. Then 0 < § < 1.From (2.2), (2.3), (2.4) and (2.5), we have

(g0, gTni1) < 8" plgTo, g1). (2.6)

For any positive integers m and n with m > n, we have from (2.6),

P(9Tm, 92n) < P9, 9Tny1) + P(9Tns1, 9Tng2) + oo + P(9Tm—1, 9Tim)
— (9041, 9Tnt1) + P(9Znt2, GTni2) + .. + P(GTm—1, 9Tm—1)]
S p(gxna gxn+1) + p(ganrl? g$n+2) + ...+ p(mefla gxm)

< [0"+ 6™ + .+ 0™ p(gxo, ga1)
57’1

<
1 —

5 p(gxo, gx1). (2.7)
This implies that

lim p(gm, g,) = 0. (2.8)
m—ro0

n,

By using (1.1), we get that,

P (9Tm, 9Tn) = 20(9Tm, 9%0n) — D(9Tm, 9Tm) — P(GTn, 9T5)

< 2p(gim, 9Ty). (2.9)

By using (2.8), we have lim p*(gx,,, gx,) = 0.This implies that {gx,} is a Cauchy
n,Mm—00

sequence in (g(X),p®). Now if (g(X),p) is complete, then by Lemma 1.3 (¢(X),p®) is

complete and so the sequence {gx,} converges to z € g(X). Hence we can find u in X

such that gu = z. Again by Lemma 1.3, we have

p(z,2) = limp(gx,, z) = lim p(gzm, gx,). (2.10)
n—00 n,M—00
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From (2.8) and (2.10), we have p(z,z) = 0. Now

])(Z, fu> S p<27 ganrl) + p(ganrlv f’LL) - p(.gxn+17 gIn+1)

IN

p(Z, gmn—i-l) + p(fl’n, fu)

IN

p(2, gxns1) + d max{p(gzy, gu), p(gTn, f2n), plgu, fu),
1

5 P(gn, fu) + p(gu, fra)]} +

+Lmin{p(gzn, f,), p(gu, fu), p(gn, fu), pgu, fr,)}

= p(’Z? gxn—i-l) + 5max{p(gxn, Z),p(g]?n, gl’n+1),p(2, fu)7

1

5[}3(917“, fu) +p(za gxn-&-l)} +

+L mln{p(g$n7 g$n+1)7p(za fu>7p(g$n7 fu)ap(zv gxn-i—l)}

IN

P(% ganrl) + 5 max{p(gxn, Z)ap(g$n7 Z) + p(z, ganrl) - p(Z, Z)ap(za fu)a
Slplg2a, )+ Bz, fu) = D5, )+ Bz, )]} +
+ L min{p(gxm Z) =+ p(Z, gxn—l—l) - p(Z, Z)}7

p(z,fu),p(g:vn, Z) +p(Za fu) —p(Z,Z),p(Z,g:L‘n+1)}

IA

p(Z, gxn-i-l) + (5max{p(g:z:n, Z) +p(za gxn-&-l)?p(Z» fu)>

L (g 2) + 9z, fu) + ples grnp)]} +

2
+Lmin{p(g2n, 2) + P2 gns1), P(2, 1), p(gn, ) +

+p(z,fu),p(z,gxn+1)}
Letting n — oo, by (2.8) and (2.10) we have
p(z, fu) < 0p(z, fu) + L p(z, fu),
< (04 L)p(z, fu),

< pl(z, fu).

It follows that p(z, fu) = 0. Hence By Lemma 1.4, fu = gu = z, i.e z is a point of

coincidence of f and g.
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On the other hand, if (f(X),p) is complete, then by Lemma 1.3 (f(X), p°) is complete
and thus the sequence {gz, 11} = {fx,} converges to w € f(X). Hence we can find v in

X such that fv =w. By Lemma 1.3,

p(w,w) = lim p(fon,2) = lim p(fem, fon). (2.11)

n—oo

Since p(fxm, fr,) = p(gTmi1, gTni1) from (2.8), we have

lim p(fzm,, fr,) =0.
n,Mm—00

This implies that p(w,w) = 0.
Using the same above arguments, we get that w is a point of coincidence.
Finally, we prove the uniqueness of point of coincidence. Assume that there are z;and

2z in X such that z; = fu; = guy, and 25 = fus = gus for some uq, us in X.

M(uy,up) = maX{p(gul,guz)yp(gul,ful),p(gu%fuz),%[p(gul,fw)+p(QU2,fu1)]}
= maX{p(Zl,22),])(21,21),]9(22,22),%[p(zl,ZQ)—|—p(227z1)]}

= p(21, 22)'
It is obvious that min{p(gu1, fu1), p(gua, fus), p(guy, fus), p(gus, fui)} = 0. Using (1.2),

p(21,22) = p(fur, fua)
< Op(21,22)
< p(21,22).
This implies that p(z1,22) = 0. By Lemma 1.4, we have z; = 2. Since the point of

coincidence is unique, by Lemma 1.9 z is the unique common fixed point of f and g.

The next corollary was taken from [1].

Corollary 2.2. Let (X,p) be a partial metric space and f, g be selfmappings on X such
that  f(X) C g(X). Assume that there exists §, L > 0 and 6 + 2L < 1 such that

p(fz, fy) < M(x,y) + Lmin{p(gz, fx),p(gy, fy),p(9z, fy), p(9y, fx)}, (2.12)
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for all x,y € X, where

M(z,y) = max{p(gz, gy), %[p(gm, fx) +plgy, fy)], %[p(gy, fx) + plgz, fy)l}.

If either f(X) or g(X) is a complete subspace of X, then f, g have a point of coincidence.

Furthermore if f and g are weakly compatible, then f, g have a unique common fixed point.

Proof. Pick zg € X. Let {gz,} be an f—sequence with initial point zy. Now compute

the following:

M<:Un7 :Unfl) =

IN

<

1
max{p(gxn, gmn*l)> §[p(gxn, fxn> + p(gxnfb fxnfl)L

%[p(g]jm fxn_l) + p(gIn—b fxn)]}

1
ma‘X{p(g"L‘na gxn—1)7 §[p(gxn7 gl‘n-ﬁ-l) + p(gl‘n—la gxn)]a

1
3 [p(9n, g20) + P(9Tn—1, gTni1)]}

1
max{p(g,, §Tn_1), 3 [p(9%n, gTni1) + P(9Tn-1, 92n)],

1
3 [p(92n, 92n) + P(9Tn—1, 9T0) + P(9Tn, GTns1) — (9Tn, g20)]},

1
max{p(g,, §Tn_1), 3 [p(92n, 9Tni1) + P(gTn_1, gn)]}

From (2.1) and (2.12), we get

p(fxn7 fxn—l)

Now we consider four cases. The first and second ones are similar to a) and b) in

1
< dmax{p(gTn_1, 9T,), 3 [P(gn, gTns1) + D(9Tn—1, 92n)]}

+L min{p(gg:m gxn)ap(gzn—la gxn-i—l)}'

Theorem 2.1. For the third and fourth cases suppose that

1

M (2, Ty 1) = 3 [P(92n, 9Tns1) + P(gTn-1, g2n)].

Then we have the following:
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If min{p(gn, g4), p(9Tn-1, 9%n11)} = P(gTn, gn), then,

P(9Zn, 97n11) < 5 [P(9T0-1, 970) + P(970, gTni1)] + Lp(970, g7)

|

)
_[p(gl'n_l, gxn) +p(gxm gxn-i—l)] + Lp(g$n—1a gxn)
2

0+2L 0+2L
< <. <
< S plgman,gma) € o S (5

= k7 p(gxo, gz1), (2.13)

)" (920, g1)

0+2L

where ky = 5=

It min{p(.gxm gxn>ap(g$n—la gxn-i—l)} = p(gxn—h gxn—i—l)a then

P(9%n, 9Tpi1) < =[P(92Tn-1, 92n) + (90, 9Tni1)] + Lp(92Tn—1, 9Zn+1)

< Z[p(g2n-1, 9%n) + P(gTn, gTn1)]+

L{p(97n—1, g20) + p(9Tn, 9Tni1) — p(gTn, g21)]

< 0[p(97n-1, 9Tn) + (970, 9Tni1)] + Lp(gTn-1, 9Tn) + P(9Tn; 9Tn11)]
§+2L §+2L

< T Lgry) < < (——

= k& p(gzo, gx1), (2.14)

)" p(gzo, g1)

where ky = 2253;1: Put k£ = max{ky, k2}. Then k € (0,1). From (2.13) and (2.14) we get
that

P(9%n, gTny1) < k" p(gxo, g1).

To complete the proof follow the the same arguments of the proof of Theorem 2.1.

We can get the following corollary as in [1] by letting g = Ix in the previous theorem.

Corollary 2.3. Let (X,p) be a partial metric space,and f: X — X . Assume that f
satisfies generalized condition (B)’. If f(X) is a complete subspace of X, then [ has a

unique fized point.

Theorem 2.4. Let (X,p) be a partial metric space, and f,g be two selfmappings on X
such that f(X) C g(X). Assume that there ezists a constant §,L > 0, and 6 + 2L < 1
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such that

p(fz, fy) < om(z,y) + Lmin{p(gz, fz),p(9y, fy), p(9z, fy).p(gy, fx)} (2.15)

for every x,y € X, where

M(z,y) = max{p(gz, gy), p(g97, fx),p(9y, fy), (97, fy), p(gy, fr)}.

If either f(X) or g(X) is a complete subspace of X, then f and g have a unique point of
coincidence. Furthermore, if f and g are weakly compatible, then f and g have a unique

common fized point.

Proof. Let zq € X, and {gz,} be an f—sequence with initial point z5. Now we find
M(z,y)

M(x, Tn-1) = max{p(g2n, 9Tn-1), P(9Tn, [Tn), P(gTn-1, fTpn-1),
P(9%n, fTn-1),P(9Tn—1, fTn)}
= max{p(gTn, gTn-1), P(9Tn, 9Tn+1), P(9Tn—1, 9Tn),
P(9Tn; 9T0), P(9Tn-1, gTns1)}
= max{p(g=n, gTn-1), P(9Tn, 9Tn+1), P(9Tn—1, 9Tn11)}
< max{p(9n, 9Tn-1), P(9Tn; 9Tn11), P(9Tn-1, 9T0) + P(GTn; 9Tn11)}

:p(gxnflagxn> +P(g$n79$n+1)- (216)

Using (2.1), (2.15) and (2.16), we get

P(9Zn, 97n11) < O[P(9Tn-1, 970) + P(9Tn, gTni1)] + Lmin{p(gr,, 9Tn), P(9Tn—1, 9Tni1) }-

To complete the proof of the theorem follow the same argument of the proof of the
previous corollary.

We need the following definition to prove the next theorem.

Definition 2.5. Let (X, p) be a partial metric space. A mapping f : X — X is said to

be continuous at z € X if for every sequence {x,} in X converges to z, then the sequence
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{fx,} converges to fz, i.e

lim p(an, 2) = p(z,2) = lim p(fan, f2) = p(fz, f2).

n—oo

Theorem 2.6. [1] Let (X, p) be a partial metric space,and f a selfmapping on X satisfy
generalized condition (B) associated with a selfmapping g on X. If the set F(f,g) ={z €
X : fz=gz=2zp(z2) =0} of all common fized points of f and g are nonempty , then

f is continuous at z € F(f,g) whenever g is continuous at z.

Proof. Let z € F(f,g) and {z,,} be a sequence in X converges to z. Applying (1.2) for

z and z,,, then

p(fz, fon) < OM(z,x,) + Lmin{p(gz, f2), p(9n, f2n), D(92, f2n), (970, f2)}

where

M(z,2,) = max{plgz, 92.),p(g7, £2), p(9, f72). 5lp(97 Foe) + plza, £2))

It follows that

p(fz fr,) < dmax{p(gz, gx,), p(2, 2), p(g2n, frn), 5 [(f2, f1n) + (920, 92)} +

1
2
+Lmin{p(z, 2), p(gan, frn), p(f2, f2n), P(9Tn, 92)}

Smas{p(92, g20). p(920,92) + B2 fn) = P2, 2) 5 0(f2, ) + plza, 92)}

IA

Smax{p(92, 970), p(970,9) + (2, F12), 5[0(F2, ) + plora, 92)}

IA

= 0[p(g2n, 92) + p(fz, frn)]
It follows that
5
p(fz, fon) < 13 p(9n, g2) (2.17)

Since g¢ is continuous, lim p(gz,,gz) = p(z,z) = 0. By using (2.17), and the continuity
n—oo

of g we conclude that lim p(fx,, fz) = p(z,z) = 0.
n—oo
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