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Abstract: This article explores the concept of generalized twisted(ct, B)-¢-contractive type mappings and estab-
lishes fixed point theorems for these mappings within complete C*-algebra valued S,-metric spaces. We introduce
twisted (o, )-admissible mappings and demonstrate their utility in finding fixed points. Our results extend and
enhance previous theorems in the literature. Additionally, we provide examples and applications related to integral
equations and homotopy to highlight the key findings and innovations of our work.
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1. INTRODUCTION

A metric space (MS) is ideal for individuals engaged in analysis, mathematical physics, and
applied sciences. Numerous extensions of MS have been investigated, leading to various results
concerning the existence of fixed points (FP) (see [1]-[18]).
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In 2023, Razavi et al.[12] introduced the concept of C*-algebra valued Sj,-metric spaces
(¢7*-/'V-S,-MS), and they established several common fixed point results in this context [13].
Subsequently, N. Narsimha et al. [14] successfully derived unique common fixed point theo-
rems within ¢*-.o/'V-S;,-MS.

This study aims to establish fixed point theorems (FPT) using generalized twisted (o, 3)-¢-
type contraction mappings through twisted (a, )-admissible mappings within the framework
of €*-2/V-S,-MS. Additionally, we will provide examples that are pertinent and applicable to
both integral equations and homotopy.

What follows is in our subsequent conversations, we compile a few suitable definitions.

2. PRELIMINARIES

This section provides a brief introduction to some fundamental aspects of C*-algebra theory
[19]. Let <7 be a unital C*-algebra with the unit element 1,,. Define o7, = {e € & : ¢ = ¢*}.
An element ¢ € 7 is considered positive, denoted as ¢ = 0, if ¢ = ¢* and its spectrum

n(e) € [0,o0). Here, 0,/ in o7 represents the zero element in <7, and 1 (¢) denotes the spectrum
of ¢ . On .7, a natural partial ordering is defined by s < v if and only if v —s > 0,,. We denote
Ay ={eed:e=0y}and &' ={e€ o :e0=0eV0E F}.

Definition 2.1:([12]) Given ¢ € & and ||g|| > 1, let £ # 0. Assume that there is a mapping

pe: £3 — of that meets the requirements listed below:

(Sp,) pc(s,0,¢) =0 forall 5,0,¢ € £,

(Sp,) pc(s,0,e) =0y Ss=0=c¢,

(Sby) Pe(s,0,¢) 2 6(pc(s,5,0)+pc(v,0,0)+pc(e,e,0)) forall s,v,¢,0 € £,
Then the function p. is called a C*-algebra valued Sj-metric on £ and the pair (£,47,p¢) is
called a "*-.2/'V-S;,-MS with a coefficient g.
Definition 2.2:([12]) Let (£,.%7,p;) be a €*-2/V-S,-MS and {¢,} be a sequence in £:

(1) Ifforall v € N, |[pc(€atv;Catv,ea)|| = 0, where a — oo, then {e,} is a Cauchy sequence
(CS) in £.
(2) If ||pg(€aseare)|| = O, where a — oo, then {¢,} converges to ¢, and we present it with

lime, =e.
a—oo
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(3) If every CSis convergent in £, then (£,.27,p.) is a complete €*-2/'V-S),-MS.
Definition 2.3:([12]) Suppose that (£1,.27,p.,) and (£2, 9%, p¢,) are € *-2/'V-S;,-MS, and let
I': (£1,91,p¢,) — (£2,94,p¢,) be a function. Then, I' is continuous at a point 5 € £ if, for
every sequence, {sq} in £1 , pc(Sq4,54,5) — 047, (a — o) implies pc(I'(s4),I(54),T°(s)) = 04
where a — 0. A function I" is continuous at £; iff it is continuous at all s € £; .
Definition 2.4:([17]) Let£#0,T: £ — fand o, B : £ x £ — &7, be a functions. We say that

I"is a twisted (¢, B)-admissible mappings, if for all 5,¢ € £

os,e) = 1y o(I's,T'e) = 1,

B(s,e) = 1 - B(I's,T'e) = 1
Lemma 2.5:([20]) Suppose that o7 is a unital C*-algebra with a unit 1 ,,:
1) If {sq}5 | € &7 and C}ggsa = 0,y, then for any s € o7, ali_r)rgos*ﬁaﬁ =0y
2
3

Ifs,¢e € o and s € o7 then s < ¢ yields ss < se in which &7] = &/, N.&/’.

(1)
(2)
(3) If s € o7, with ||s|| < J then 1,/ —s is invertible,and ||s(1, —5)~!|| < L.
(4) If s,e € &7, such that se = ¢s, then se > 0.

Now we prove our main result.

3. MAIN RESULTS

The concepts of a twisted (a, 8)-¢-contractive type mapping and a twisted (¢, f)-adm are
introduced at the beginning of this section, after which we establish our main result.

In this manuscript we indicate:

o ¢ : oy — </, /@ is non-decreasing, continuous and
¢(a) <aforalla >0, and ¢(a) =0, <= a=0y

Definition 3.1: Let (£,47, pc) be a complete -/ V-S,-MS,I": £ = £and &, B : £3 — of, be
a functions then I is called a twisted (@, 8)-adm, if for all 5,¢ € £

o(s,8,¢) = 1y o(Ts,Ts,Te) = 1,

[3(5,5,2) = 1y ﬁ(Fs,Fs,Fe) =1y
Definition 3.2: Let (£,47,p;) be a €*-o/'V-S,-MS with ||g|| > 1, T": £ — £ be a continuous

generalized twisted (o, )-¢-contractive mapping of type (i) or (ii) or (iii), if there exist two
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functions o, B : £ X £ x £ — o/, and @ € Q such that forall s,e € £,i=1,2,3,4,5.
(A) Generalized twisted (¢, B)-¢-contractive mapping of type (i), if there exist

a € of with ||a|| < 1 such that

1 .
?(p (a*MZ(s, e)a)

(B) Generalized twisted (@, B)-¢-contractive mapping of type (ii), if there exist a,b € o with

a(5757e)ﬁ(5755 Q)Pg(rﬁaF%FQ) j

|la[| < 1and 0 < [[b|| < 1 such that
(i
(a(s,s,e)B(s,s,¢) +b)pg(rs,rs,re) < (1, +b)% (a*Mi(s,¢)a)

(C) Generalized twisted (o, B)-¢-contractive mapping of type (iif), if there exist a,b € &7 with
|la|| < 1 and ||b|| > 1 such that

1 *NATE
(pg(rs,l“s,l“e) +b)a(s7s,e)ﬁ(s,s,e) < ?(p (a Mb(s,e)a) +b
where

M, (s, ¢) = p¢(s,5,¢)

Mb s, e = max (5,5,s)+p¢(e,e.le) : }

P;
pg 5se 2
p

c(5,5,'s)+pc(e,e,le)

2¢4

pc (s,5,¢),pc (s,5,Ts),

pc(s.5.¢)+pc(e,e,ls)
264

M3se = max
M45e = max

pg(s,5,¢) ot ,
Pc 55Fe)+pg(e ¢,I's)

pe (e e,I'e),

pc(s,5,I's).pc(ee,l'e)
M (s, ¢) = max pc (s,5,¢),pc (s5,5,1's),pc (e,¢,Te), (e
b pg(svsyrﬁ)pg(5757Fe)+p§(27251—‘5)’){5(2&71—‘2)

26*(pg(e,e.Ts)+pg(s,5.0¢) )

We start our work by proving the following one crucial Lemma.

Lemma 3.3: In a ¢€*-o/V-S,-MS, we have
p€(5757 9) j gpg(ea 2,5) and p€<e7 2,5) j ng(5a5a 2) vsa e € £
Proof Using condition (Sp,) of Definition-2.1, we have

Pg(575ae> j S (2p€(57575) +pg(€,€,5)) j ng(eae,ﬁ)
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and similarly
pele,e,5) < (2pc(e,e,¢) +pc(s,5,¢)) < gpc(s,s,e)
Lemma 3.4: Let (£,.47,p;) be a €*-2/'V-5,-MS with ||g|| > 1, then we have
Pe(5,5,¢) < 26pc(5,5,0) +62pc(v,0,¢) V5,e,0 € £
Proof Using condition (Sp,) of Definition-2.1 and Lemma-3.3, we have

Pg(ﬁaﬁve) j G<p€(57570)+p§(57570)+p§(e>870))
< 26p¢(s,5,0) +¢*pg(v,0,¢)

Lemma 3.5: If (£,.97, p.) be a €*-2/V-S,-MS with ||g|| > 1 and suppose that {¢;} is a C*-AV-
Sp-convergent to s, then we have
2P¢(0,0,5) X lim inf pc(v,0,¢5) < lim suppg(v,0,¢;) = 26p¢(0,0,5)
for all v € £. In particular, if s = v, then we have 1i_>m Pc(5;,55,0) =04.
5 (o]

Proof Using condition (Sp,) of Definition-2.1, we have

Pg(v,0,¢5) X26pc(0,0,5) +Gpg(e;,¢5,5)

and

P (0,0,5) 2 26pc(v,0,¢;) +6pc (5,5, ¢;).

We reach the required conclusion by taking the upper limit in the first inequality as 3 — o and
the lower limit in the second inequality as j — oo.

Theorem 3.6: Let (£,.97,p.) be a complete € *-2/'V-S;,-MS with ||¢|| > 1 and suppose

I': £ — £ be a continuous generalized twisted (a, B)-¢-contractive mapping of type (i) or (ii)
or (iii) with i = 5. If there exists eg € £ such that o (e, ¢p,I'eg) = 1. and B (eg,e0,Ie0) = 14/,

then I has a FP in £.

Proof Let ¢y € £ such that a(eg,eq,Ieg) > 1., B(eo,e0,Ieg) > 1,. We construct a se-
quence {e,} by setting ¢, = T'e,_; =I"eg V v € N. Since I' is a twisted (a,)-adm, then
o(ep,ep,¢1) = a(ep,ep,l'eg) = 1, then (e, ep,e;) = o(l'ey, ey, I'eg) > 1, which implies

that oc(ep,ep,¢3) = a¢(Ley,I'ey, [ep) = 1.
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By repeating similar process, we obtain o (ey, ey, ep11) = Lo/, 0(ey,ep,ep—1) = 1oy Vo EN.
Similarly, we have f(ey, ¢y, e0+1) = 1o/, B(ev,ep,¢0-1) = 1oy VO EN.

Now, we distinguish the following cases:

Case(i): Let I" be a mapping of type (i). Then by condition (A) in definition (3.2), we have

Pc(Cor1sCor1s042) = Ofey,en,ept1)B (e, e, eor1)Pc(Tep, Iey,Tepir)

1 *
() < 0 (@M (e eori)a)
Now, by simple computations, we have

Pg (ebv o, eU—H) 7Pg (807 ebarev) 7p€ (eU—H ’ eU—H?FeU—H) )
Pc(ev,eo,len).Pc(Cot1,Cor1,Teor1)
2g4pg(env%:eu+l) !
P (ev,e0,len)pe(en,e0,lent1)+Pg(Cot1,60+1,0¢0)Pg(eot1,e0+1,C0+1)
2€4(Pg(%+172u+1>r€n)+Pg(%>%7r%+1))

M2(60,60+1) = max

= max{ Pg (eo,e05e0+1) 5P (Cot1,C041,C042) }

From Eq. (1) and taking in consideration that ¢ is a nondecreasing function, we get

1 « Pg (emetl;et)-i-l);
?q) a* max a

Pc (€041, C041,C042)

() Pc(Cot1,Cor1,042) =

Cp,Cp, Cp+1 . .
If we take max Ps (e 0, €ov1), = Pc (€o+1,C0+1,ep+2), since ||a|| < 1 then (2) gives

Pc (Co15C041,C042)
a contradiction. Thus, we obtain

1,
pg(eU+lveU+17eU+2) = ?a pg(eu,en,en+1)a
1 *
= (gz)z(a )Zpg(enflaenflaen)(a)z
1 *\0+1 v+1
= (gz)u_H (a ) p€<20720721)(a)

For each v € N, we may see the following by keeping in mind the property where if a,b € <7,

then a < b gives u*au = u*bu.

1
3) Pg (v, eo,ep11) = (€2>U(a*)“pg(eo,eo,el)(a)"
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Case(ii): Let I" be a mapping of type (ii). Then by condition (B) in definition (3.2), we have

(1%+b)Pg(en+l7eu+l,€n+2) = (a(emen,en+1)[3(en7en,en+1)+b)p€(re°’remr%+l)

~ (1'52{ +b)g%¢(a*MZ(enveU+l)a)

Then we have

1
Pg(€n+1aen+1,%+2) = ?qo (a*MZ(en,eu+1)a).

For all v € N, we can deduce by induction from Eq. (1) and Eq. (2), we get

@) P (v, eo,e011) < ( (a*)"pg(co,e0,1)(a)”

2y
Case(iii): Let I" be a mapping of type (iii). Then by condition (C) in definition (3.2), we have
(ey,en,e0+1)B(ev,e0,e0+1)
pg(eb+17eﬁ+17e0+2)+b j (pg(r%yr%ar%+l)+b)
1
< 0 (aMer,co)a) +b

Then we have

1
pg(eb+l7eb+laev+2) = ?qo <61*M159(%,%+1)a>-

For all v € N, we can deduce by induction from Eq. (1) and Eq. (2), we get

1
G2)v

v

(5) Pg(emem%—i—l) = ( (a*)npg(907907e1)(a)

From Eq.(3), (4) and Eq.(5) we get that

[P
Pg(%»ena%H) = (g2>n (Cl )UPQ(90730731)(‘I)U — 0,!?7 as p— oo

Let pc(eo, eo,e1) = Xo for some Xy € 27, . For any 3 € N, we achieve

Pg(Cots5 80455 ¢0) = Q(Pg(%+3,en+37%+rl)+Pg<%+gaen+3a%+gfl)+Pg(%7%7%+371))

= 26Pc(eots, 045, C043-1) + SPc(Cvsen,C015-1)
=< 26Ppc(pty, oy, ¢ )+ ¢%p (e ¢ ¢y)
S 2G6P¢(Cv+3; 80455 80+3—1) T G PclCot3—1,C0+3—1,C0
3
= 26Pg(Co+55 o435 C0+5—1) T 267 Pg (Cot5—15 o515 Co5—2)

4
+¢ pg(en+3727 Co+3—2; ¢o)
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PN

3
26Pg (€o+55 o-+35 €0+5—1) 267 Pg (Cot5—15 o515 Co5-2)

+2g5pg(en+3,2, Cot3-25C045-3) oot 2€23_1

2 N B _
e (@) pe (e, eg, €1) (@)

Pg(%ﬂa%ﬂa%)

PN

ez (@) e (e 0. e1) (@)

(@) 3 p(eo,e0,e1) (@) 3 4

PN

4 .
€2 n+3 1Z€l )T lpg(e()?e()?el)(a)nﬂ l

_ 4 n+ o+3—i
- 2g2n+“2c’ " Xo(a)"

I A
o
< o

TN
i

-
o

O o=

(VY

&

o

~

Q

(=1
J’_
5
~
*
N
2
D=
(VY
&

(3]

&~

SN—r

o
+

(5%

~

AN
\®)
(T
LY
|
.Mm
>
=W
o
~
j=3
+
=)
o

26 5 i i
”<g—z>wﬂ||||Xo||):||a||2<°+ﬁ NIl 1.,
i=1

||a| |2n+3

< P
< gt lIboll g

IN

1y —0asv,3— oo,

in which 1, is the unit element in 7. As {¢,} is a CS in £, and £ is complete, there exists

¢ € £ such that lim ¢y, = ¢ = hm N €yt and
p—>oo

(6) lim Pg(%,em ) = Pg(e,eae) = Dllig’mpg(em%veg) =0.

D—oo
We will now demonstrate that I'e = e. Assuming I" is continuous via hypotheses,, then using

(6), we have

ggrgopg(en+1, Cpt1,¢) = Ull_r&pg(l“eu,l“en, ¢) =pc(Te,Te,e) =0.
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This implies that I'e = ¢. Hence, " has aFP ¢ € £.

Similarly, by eliminating the continuity requirement on I" and using an adjunctive condition
on £, we can arrive at the same result under a different premise in the subsequent theorem.
Theorem 3.7: Let (£,.97,p.) be a complete € *-2/'V-S;,-MS with ||¢|| > 1 and suppose
[": £ — £ be a generalized twisted (o, B)-¢-contractive mapping of type (i) or (ii) or (iii) with
i = 5. Also, suppose that the following conditions hold:

(i) if 3 eg € £ such that o (eg,e0,'eg) = 1, and B (eg,e0,'e) = 1.;

(ii) if {ey} is a sequence in £ such that o (ey,ey,ey+1) = 1, and B (ey,ep,ep4+1) = 1 for
all p e NU{0} and ¢, — ¢ as p — oo then o (ey, ¢y, ¢) = 1, and B (ey,ey,¢) = 1, for
all p e NU{0}.

Then I" has a fixed point in £.

Proof Let ¢g € £ such that a (eg,ep,I¢g) = 1., and B (eg,e9,le0) = 1.,. Proceeding as in the
proof of Theorem 3.6, we know that there is ¢ € £ such that ¢, — ¢ as p — oo,

o (ey, v, e0+1) = 17 and B (ey, ep,e041) = 1.

Now, we shall prove that I'e = ¢

Assume to the contrary that I'e # ¢. From (ii), we have @ (¢y, ¢y, ¢) = 1, and B (ep, ey, ¢) = 1
for all p € NU{0}. Now, we distinguish the following cases:

Case(i): Let I" be a mapping of type (I). Then by (A), in definition (3.2), we have

1
(7) pe(Teo, ey, Te) < at(ey, ey, ¢)B (c0, eo, ¢)pe (Tey, Ten, I'e) = a9 (a*MZ(en,e)a>

Pc(en,en,ley).pc(e,e,le)
pg (eth o, 2) vpg (eth €U7F€n) 7p§ (2, Q,Fe) ) > 2g4pg(en,ej,e) ’
pg(Eu-,%I%)Pg(em%yre)‘f‘pg(@@FQU)PQ(E&FQ)

264 (pg(e,e,Feu)erg(en,en,Fe))
Case(ii): Let I be a mapping of type (ii). Then by condition (B) in definition (3.2), we have

where M (ey, ¢) = max

(1%+b)pg(l“eml"eu,l“e) < (a(ebjen,e)[g(ememe)_f_b)Pg(FemFen,Fe)

X (Ly+b)@ Pl ))

Then we have

1
8) pc(Tep, ey, I'e) =< ?(p (a*Mg(eU,e)a>.
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Case(iii): Let I" be a mapping of type (iii). Then by condition (C) in definition (3.2), we have
a(Qn,Qu,E)B(BU,Qn,Q)
pe(Tey,Teg, Te)+b =< (pc(Tey,Tey,Te) +b)
1
= ?(p (a*Mg(en, e)a) +b
Then we have
9 Teg,Teo,Te) < — (@M}
( ) Pg( €p,1 ¢y, e) o ?(P a b(en,e)(l .
Therefore, in all cases, by using the triangular inequality, we can write

Pg(ea e7re) j 2GP§(27 earet’) + gpg(rearevretl)

PN

2gp§(ea ¢, eU+1) + gng(rebvrebvre)

A

2gpg(2, ¢, 60—0—1) +¢ (a*MlSJ(ebv 2)(1)

A

2gp€(ea ¢, eU—H)

Pg (et)a Cv, e) 7pg (eba eU7FeU) 7p€ (ea eare) )
Pe ey ep,len).pe(e,e,l'e)
2€4Pg(%7%ae) ’
Pe(en,en,len)pe(eo,en,le)+pc(e,e,ley)pe(e,e,le)
2€4(Pg(%%ren)"'l’g(em?mre))

+¢ | a*max

Taking the limit as p — oo in above inequality and taking in consideration that ¢ is a nonde-

creasing function, we get

[1pg (e e, Te)l| < [lal*/pg(e.e,Te)]|

a contradiction since ||a|| < 1. Thus, we have ||p¢(¢,e,I¢)|| =0, that is, I'e = e.

Theorem 3.8: Assume that Theorem 3.6 and Theorem 3.7 are true in their entirety. Including
the subsequent requirement:

for all s,¢ € £ with s # e, there exists v € £ such that o (s,5,0) = 1, a(e,e,0) = 1, and
B (s,5,0) = 1., B (e,e,0) = 1,. Then I has a UFP in £.

Proof Suppose that ¢ and ¢* are two FP of I" such that ¢ # ¢*. By the hypothesis, there exists

b € £ such that & (e,e,0) = 1/, o (e*,e*,0) = 1, and B (e,e,0) = 1, B(e*,e*,0) = 1.
Therefore, since T is a twisted (o, f)-adm, we deduce that o ("¢, T%¢,I"0) = 1,

o (T 1o, I 1o, T 1e) = 1, and o (T%¢*, T%¢*, T) = 1, (T o, T 1o, I 1e*) =1,
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Similarly,
we get B (I, I, IT°0) = 1., B (T° "o, 1o, T" 1e) = 1, and B (IVe*,T%*, ") = 1,
B (T o, T o, T 1ex) = 1.

Now, if I" is a mapping of type (i), then by (A), in definition (3.2), we have

pc(IT%,IT%,ITp) =< a(I’e,I’e,I0)B(I"e,I"e¢,I"0)p (IT %, IT e, IT v)

~ é(p(a*Mi(F“e,F“b)a)
< L o(a"p, (T, T) a)

S

Therefore,
1
p(To e, T T y) < ?a*pg (T, I, T"b)a
Inductively, we get

1 *
pg(rb+le,1—~n+le71—~n+ln) =< (gZ)n_H (a )t’Hpg(e? e, U)(a)n—i-l

But, since ¢ is the fixed point of I', we get

< @%ma*)““pg@,e,n)(a)““

Likewise, if we assume that I is a mapping of type (ii) or (iii), we obtain the same result.

(10) pe(e,e, " v)

Ulim pe(e,e, F“Hn) = (0. is obtained by taking the limit as p — o in Eq. (10). We also obtain
—o0
Ulim pe (e, e*,l“”“t)) = 0. using the same reasoning as above.

—o0

Triangular inequality gives us

Pg(ey ¢, e*) = lim (2€Pg(ea e’l—*b-l-ln) + ng(e*a 8*,FD+1U)) = 042/

p—soo
Thus, ¢ = ¢* and hence ¢ is UFP in T

Corollary 3.9: Let (£,47,p;) be a complete ¢*-2/V-S,-MS with ||g|| > 1 and suppose
I': £ — £ be a generalized twisted (@, )-¢-contractive mapping of type (i) or (if) or (iii) with
i=4,3,2,1 and satisfies hypothesis of Theorem 3.6, 3.7, 3.8, then I" has a unique fixed point in
£.

Proof If we substitute M} (s, ¢), M5 (s,¢), M2 (s,¢) or M (s,¢) for M3 (s,¢) in Theorem (3.6),

(3.7), (3.8) then follows in a manner similar to Theorem (3.6), (3.7), (3.8) respectively.
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Example 3.10: Let £ = [0,00) and &/ = M(R) be a all 2 x 2 matrices whose norm
is ||<7|| = max{ai,as,a3,a4} where a;'s are the entries of /. Then, clearly (£,.,p;)
is a complete €*-a/'V-S,-MS with ¢ = 4 whenever p. : £3 — M(R) be as pc(s,e,0) =
«k+n—2ﬂ+k—nbz o)
Let ¢ : o/, — o/, defined by ¢(X) =X, and a € & with ||a|| = \/LZ < 1. We define mappings
e ifeelo,1

I':£— £ as follows I'(e) = 16(e+1) 0.1]

Ine+|sine| ifee (1,00)

2.1, if X,0€(0,1]
Also, we define o, B : £ x £ x £ — o/, as o( X, X, 0) =B (X, X,0) =
0. Otherwise

First, we show that I is a twisted («, B)-adm. Let a(s,s,¢) = 1, for s,e € £, then s € [0, 1]
and ¢ € [0,1] and so I'e € [0,1] and T's € [0, 1] implies that & (I'e,I's) = 1,

similarly 8 (I'e,I's) = 1,,. Obviously, a(0,I0) > 1., and $(0,T0) > 1,,. Now, let {s,} be
a sequence in £ such that o (sy,Sy,5p+1) = 1o and B (8y,8p,811) = 1 for all p € NU{0}
and s, — § as p — oo. This implies that {s,4+1} C [0,1] and {s,} C [0,1]. Thus, s =0 and
S0 Q(Sy,5y,5) = 1, and B(sy,sy,5) = 1, for all p € NU{0}. Moreover, for s € [0, 1] and

¢ € [0, 1], we have

a(s,s,¢)B(s,s,¢)p; (Ts,Ts, Te)) = 4.1M((\Fs+Fe—2F5\+]F5—Fe|)2 0)

S ¢
=16 (’42(1 +s) 42(e+1) i 0)

1 s—e¢e
= TE(H1+sx1+eﬂ2 0)

1
j 1—6(|5—2|2 O)
111 ) 1
A _ _
= (2)2{(\/_ 0) ((2s —e])” 0)( 5 0)1
1 *N T
< a9 (a* M, (s,¢)a)
5 0
— 2 ; _ 1
where a = ) w1th||a]|—ﬁ<1.
V2

Otherwise, ¢(s,s,¢)B(s,5,¢) = 0 and condition (A) trivially holds. Then I" is a generalized

twisted (a, B)-¢@-contractive mapping of type (i) and, by Theorem 3.7, I" has a FP.
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Example 3.11: £, <7, and p. be as in Example 3.10 and I" : £ — £ as follows

—L_(e+¢?)  ifec[-1,1]
['(e) = 16\62

312?3?? if e € R\[—1,1]

ae,xszlthHaH— s <L
Also, we deﬁne o,f : £x £x £ = o a alX,X,p) = B(X,X,0) =
ly ifXjoe[-1,1]

. Let ¢ : &/, — </, defined by ¢(X) = %, and

0. Otherwise
We demonstrate the applicability of Theorem 3.7 to I We conclude that I" is a twisted

(o, B)-adm and that the criteria (i) and (ii) of Theorem 3.7 hold by following the steps in the
proof of Example 3.10. Moreover, if 0 < ||p|| <1 and s € [0,1] and ¢ € [—1,0],

(a(57572)ﬁ(5 5, 9) _’_b)pg(rs,rﬁ,re) _ (LQ{+b)((|1—‘5+Fe72r5\+|1—‘571—‘e|)2 0)

(|s+s>—(e+e?)?  0)

= (Ly+Db)¥ )
= (1 +b) ((\s el[s+e+1])>  0)
= (g +b)3¢ s (= 0)
S
<t b)#z%[% 0)(@ls—c)?  0)(L 0]
= (ly+b)< 79 (oM} (5.0)0)
- 0
where a = \(/)g with ||a|| = \% <1

V3
In the absence of this, a(s,s,¢)B(s,s,¢) =0 and (B) is a trivially held condition. Then, by
Theorem 3, I has a FP and is a generalized twisted (¢, f)-¢@-contractive mapping of type (if).
Example 3.12: Let £ =[0,00) and &/ = M>(R) be all 2 x 2 matrices whose norm is ||S|| =

Z |52, where & = (s;;) € ./ and define the mapping p : £2 — [0,00) as p(s,¢) = |5 —¢|?
i,j=1
for all 5,¢ € £. Then clearly, (£,p) is b-metric space with ¢ = 2. Let p. : £ — M>(R) be as
s, t)+p(te)+p(r,s 0
pc(s,te) = Pl Pt +p(rs) . Then, clearly (£, .97, p¢)
0 p(s,t)+p(t,v)+p(r,s)
is a complete ¢*-27V-S,-MS with |[g|| =2 > 1.

Let ¢ : @/, x o/, — o/ defined by @(v) = 5 and a € &7 with ||a|| :\/l6 < 1.
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12
L2 ifeelo,l
We define mappings I'(e) = 18\51 0,1] .
T lfRE(l,OO)

X 1y ifX,0e[0,1]
Also, we define a, B : £7 — 7, as (X, X,0) = (X, X,0) = .
0. Otherwise

We demonstrate the applicability of Theorem 3.7 to I'. We conclude that I is a twisted (o, )-
adm and that the criteria (i) and (ii) of Theorem 3.7 hold by following the steps in the proof of
Example 3.10. Additionally, if ||b|| > 1 and s, ¢ € [0, 1], then we have

(pc (Ts,Ts,Te) +b) *©=PE= — oj0s _Te2 0)+5

- 5(13)(@2—812 0) +b

— s (lo—clleel? 0)+0

< 5<i3)(|5—e|2 0)+b

< il 0@k 0 0]+
< 50 (@Mj(s.0)a) +b

gz

1
—-= 0
wherea= | V5 with ||a|| = L < 1.
0 L V3
V&
In the absence of this, a(s,s,¢)(s,s,¢) =0 and (C) are essentially true. According to Theorem

3.7, T has a fixed point and is a generalized twisted (o, )-¢-contractive mapping of type (iii).

3.1. Application to Integral Equations.

Suppose that & = [0,1] be a Lebesgue measurable set with m (&) < e such that £ = L*(&)
and B(L*(&)) is a set of bounded linear operators on a Hilbert space L?(&). We equip £
with pc : £ x £ x £ — B(L*(&)), which is ascertained by p¢(e,B,ce) = M(je—ce|+[B—ce|)v» Where
M(j¢—|+|8—c|)v is the multiplication operator on L?(&) ascertained by M, (o) = h.«,

o € L*(&). Consequently, (£,B(L*(£)),p¢) is a complete 6*-2/'V-S,-MS with ¢ = 22(p=1)

where p > 1.
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Examining the integral equation

i 5(1) = (1) + [ 8(1,6)8(5.5(6)ds.
&
(12) LetT: £ — £ as T(s)(1) = f(1) +/ﬁ(l,g)g(g,5(g))dg
&

Assume that the following circumstances are met:

io) g:& xR — Ris continuous;

A:& xR — Ris continuous;

(io)
(i1) f: & — R is continuous;
(i2)
(i3)

there exists ¢ € D, 1 : £2 — o7, such that 1)(a,a,b) > 0, for a,b € £, then for every

G € & wehave A € (0,1) such that

l9(5.5(5)) —a(s,5(0)| < ;Z5ls(g) —s(7)|| forall ¢, 7 € &

(ia) 350 € £2 M (s0(5),50(5), I'so(¢)) = 0 forall g € &5

(is) foreach ¢ € & and s,¢e € £, N(s5(5),5(6),¢(5)) = 0y = N(I's(5),I's(g),Ie(g)) > O

(ig) foreach ¢ € & and {s,} C £ be a sequence such that s, — s in £ and
N(50(6),50(5),50+1(5)) = O for all p € N then 1(s0(5),50(6),5(5)) = 0 for all
peEN;

(i7) yﬁ(l,g)]dg <1forevery1 € & and g € R.

Theorem 3.1.1: Under the assumption (ip)-(i7), the equation (11) has a solution in L*(&).

Proof Consider the mapping I" defined by Eq.12. By (i3), we deduce

p€<F57F57re) = M(2|F57Fe|)"

We obtain that

lpg(I's,I's, Ce)|| = ZWEI<M(2F5(I)Fe(l)|)"h7h>
- Zﬁp1<2 Mrs()-reqe/, )
= Hzﬁgl (2°|Ts(1) = Te(1)|°)h(5)h(s)dg
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0

< 2% sup /I%@)Hg(c,s(@)—g(g,e@))l Ih(¢)|*dg
L&

v

A
< 2" sup /!ﬁ(l@)!dg A(S)1* (=) lls —¢l[%
wi=1s |4 4v2
r o}
A
< sup /ﬁl,g dc| sup [ |R(S)]?|12(s—¢)||%
@) / [R(1,6)] e 1h(S)[7]12(s — ¢)]
- .
A
< ——su /Ji/l, d M. _oholl
@) sup / | (1, 6)ldg | | IM(js—e|+|s—e|)o |

By setting p =2 and a = A1p(;2(y), thena € B(L*(&)) so that ||a|| = A < 1,
since [ |#(1,6)|dg < 1, then it follows that
&

(13) lpe(Ts. T, To)|| < btsllalPllpe(s.s. )

Let ¢ : o7y — o/ as (x) = 5 Vx € &/,. For ¢ € [0, 1] the following is defined:
Ly ifn(s(6),5(¢),e(5)) - Oy

0. Otherwise
From (i4) and (i5s) we have ||ct(s,s,¢)|| > 1 and ||B(s,s,¢)|| > 1.

o,B:£xExE— o as a(s,s,e) = PB(s,s,¢) =

From (13), we have

1
(14)  la(s,s,e)[[|[B(s,s,¢)[|[lpg(I's, I's, Te) || < WHQHZHQD (Ps(s,5,¢)) ||

Hence
1 *NATE
?(P (a Mb(s,e)a) .

Since Theorem 3.6’s hypotheses are all satisfied, the mapping I" has a FP, and this FP is a

o(s,s,¢)B(s,5,¢)pc (s, I's, I'e) <

solution in L= (&) for the integral equation (12).

3.2. Applications to Homotopy.

In this section, we study the existence of an unique solution to Homotopy theory.

Theorem 3.2.1: If (£,.7,p.) is a complete €*-2/'V-S,-MS with |[g|| > 1, then Z and 2 are
open and closed subsets of £ such that 2 C 2. Let Z 2 % [0,1] — £ be an homotopy operator

meeting the requirements listed below.
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(t0) 5 # Z(s,s), foreach s € dZ and s € [0, 1] (here dZ is boundary of Z in £)
(71) there exist s,¢ € & and a € &7 with ||a|| < 1 such that
o(s,s,e)B(s,5,¢)pc(Z(s,5), 2 (s,5), L (e,5)) = #(p(a*pg(ﬁ,s,e)a)
where, ¢ € © and s € [0, 1];
(1) IM) = 00 3 po (L (5,5), L (5,5), L (5,1)) < ||Mp|||s —t| for every s € Z and
s,t €[0,1];
(13) Z is a twisted (o, B)-admissible mapping;
(t4) 350 € £ such that a(so,50,-2;(50,5)) = Lo, B(50,50,-Z;(50,5)) = 1.
Then .Z;(.,0) has aFP <= .Z(.,1) has aFP.
Proof Consider the following set: ¢ = {s € [0,1] : s = Z(s,s) for some s € s}. We have that
0 € 4 since .Z,(-,0) has an FP in &. This means that the set ¢ is not empty. By proving that
¢ is both open and closed in [0, 1], we will be able to demonstrate that 4 = [0, 1]. As a result,
Z¢(-,1) has an FP in . We first demonstrate the closure of ¢ in [0, 1]. In order to observe this,
let {sy};_; €% and assign s, — s € [0,1] as b — co. s must be proven to be in ¢. There is s,
in ¢ given that s, for v =0,1,2,..., we have s, = Z;(sp,Sy).
Since .Z is a twisted (o, 8)-adm, then a(so,50,51) = 0¢(s0,50,-Z(51,51)) = 1. then
0(s2,52,51) = (L (852,52), L (52,82), 2L (51,51)) = 1o implies
0(s2,52,53) = ot( L (52,52),-Z;(52,52),%(53,53)) = 1. By repeating similar process, we
obtain o/(sy,5y,50+1) = 1l and ot(sy,5p,50-1) = 1 oy-
Similarly, we have 3 (sy,5y,50+1) = 17 and B(Sy,5p,50—1) = 1. for every v € N.

Now consider,
Pc(50,50,50+1) = Pc(Ze(S0,50), L5 (50,50), L5 (S0+1,50+1))
= 26pc (L (50,80), 2L (S0,50),-Zc (Su41,5))
+670c (L (5011,50), L (801150 ), L (S041,5041))

= 2€Pg($g(5naSn)’gg(ﬁnasn)a«iﬂg(ﬁnﬂasn)) + €2||Mb|||sn — So+1]-

Letting v — oo, we obtain

I . )
== lim pc(sy,50,5041) = hmPg(gg(%asn)agg(5nasn),$g(5v+1,sn))+0gf

2g p—oo p—roo
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= Ulgl;loa<507513150+1)ﬁ(5075D750+1)p§($§(507s0)7Z§(507SU)7$§(50+17SU))

. .
= nlglc}oél._gz(p (a p§(50750750+1)a)'

Since @ is continuous and non-decreasing, we obtain

2llsll = llal®) Jim [P (S0, 50, 50+1)]] < 0.

So that

lim [|pg (80,50, 50+1)]] = 0.

It is now time to demonstrate the ¢*-27V-S,-CS {s, } in (£,.7, p¢). On the other hand, suppose
{sy} is not a €*-o/V-S,-CS. Natural numbers {3;} and {v;} can be arranged in a monotone

increasing sequence with € > 0 such that v, > 3,

(15) Pc (83,555,,50,) = €
and
(16) Pg (sﬁk’53k750k71) <€

From (15) and (16), we have
€ = Pg <53k755k751’k)
2
= 2¢pg (55k755k753k+1> +67Pg (55k+1 153041 759k) .

Letting p — oo, we obtain

£ .
A7) ? = t,lgﬂlopg(sék+m5zk+1750k)'

But

UILIEOPQ CE nlgrolopg (Ze (8301085001 )sLe (85041585001 )1 L (S50, ))

A

Uli_r}r; OS50, 15 55051550 B (8301555041550, ) Pg (gg (830158341 )>Le (834158301 )5 L5 (5Uk7st’k))

) 1 N
Uh_rgo @(P (a p€(55k+1 153141 750k)a)

IA

. 1 *
= 015130 4g2a pg(53k+1755k+l’50k)a'
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It follows that
(4llsl1” = llal?) lim [1pg (531 85,.1-50,) | < 0.
From Eq.(17), we get that € < 0, which is a contradiction.
In the C*-AV-p:MS (£, .47, p. ), the sequence {s,} is a C*-AV-p.-CS. The sequence
{sv} = ¢ € (£,4,p;) comes from the completeness of (£,.47,pc).

hm ) Sy = €= lim s,,.
P—oo

We can prove ¢ = .Z,(e,s).
From (74), we have & (Z(¢,s), Z:(¢,5),¢) = 1, B (Z(e,5), Z(e,5),¢) = 1y Ve £.

Now consider,

ipg(fg(e,s),iﬂg(e,s) ) < lim infp, (Z(e,5),.Ze(e,5), L (s0,5))

p—oo

= liminfa(Z(e,s), Z(e,5),50) B(ZL(¢,5), L (e,5),50)pc (L (e,5), L (e,5), L (50,5))

D—poo

1
=< lim meq)(a pe (¢,¢,50)a) =0,.

Pp—o0
Accordingly, .Z; (e,s) = ¢ indicates that pc (.Z; (e,s),.Z;(e,s),¢) =04. So, sin ¥. It is obvious
that 4 is closed in [0, 1]. Let & be so. Then, s exists in & such that 5o = .Z(s0,50). Because
9 is open, 6 > 0 must exist for Bp_(s0,6) C . Select the value of s € (so — €,50 + €) such

that |s — so| < 5 <E.

IIM l
Consequently, for By (s9,0) = {s € £ : }1\|pg(s,5,5o)|] < 5+g2]|pg(50,50,50)|]}.

pe (Ze(s,5), 2L (s,5),50) = pg(L(s,s),%(s,5),%(50,50))

26p¢ (.Zg(s,s),.,iﬂg(s,s),iﬂg(s,so))

PN

+62p¢ (Z(s,50), -2 (5,50), L (50, 50))

= 26|IMsllls = sol + 6% (L (s,50),-Z (5, 50), % (50, 50))

26

: [|My| [T +6%pg (L (5,50),Z5(5,50), %5 (50,50) ) -

Letting v — oo, we get that

épg (Le(5,5),.Ze(5,5),50)) = Pe (L (5:50),-Zx (5, 50), L (50,50))
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o (fg(s,So),fg(ﬁ,So)ﬁo) [3 (fg(s,So),fg(ﬁ,S()),So) Pc (ng(B,SO),fg(s,So),fg(ﬁo,S()))

PN

1
= @‘P(G*Pg(ﬁaﬁaﬁom)
Since ||a|| < 1 and ¢ is continuous and non-decreasing, we obtain implies that
1
||p€ ($§(57S)7$§(57s>750)) || < Z||p§(575a50)|| < 6+g2||p§(50750750)||'

Consequently, for every fixed s € (so — €, 50 + €) and the function

Z:(.,0) : By(s0,0) — Bp(s0,8). At that point, Theorem (3.2.1) holds in all cases.Consequently,
we deduce that there is an FP for .%(.,0) in 2. However, this needs to be in &. Consequently,
fors € (so—€,50+€), s €Y. Thus, (so— €,50+€) C Y. ¢ is obviously open in [0, 1].

The contrary can be shown using a similar process.

4. CONCLUSIONS

In complete € *-.o/ V-S;,-MS, this study proposed a framework to establish FP results by using
(o, B)-@-type contraction via twisted (¢, 8)-adm. The framework is supported by relevant
examples that highlight the main findings. There are also applications to homotopy and integral

equations provided.
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