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Abstract. Recent research has expanded upon established generalized set classes within the system of nano anti-
Hausdorff 8- local functions, specifically under conditions of ideals. In this research, a number of new set classes
are established which underscore an important place of beta-ideals in the topological structure of the nano anti-
Hausdorff, .4 o7 7% . These novel collections are examined in order to investigate the delicate structural features
as well as the interconnections of beta-ideals, within nano topological spaces, as gauged through the protracted
view of A4 o/ #X. The results lead to a more theoretical insight into the area of nano topology and a superior
insight into the applications thereof concerning the use of beta-ideals.
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1. INTRODUCTION

The concept of ideals in topological spaces was invented independently by R.
Vaidyanathaswamy [17, 18] and K. Kuratowski [3] simplifying much modern activity in nano
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topology and generalized open sets. During their work on early set topology, they focused on
the importance of algebraic and order theoretic structures, e.g. ideals, in investigating more
refined classifications of open and closed sets. The lower approximation, upper approxima-
tion, and boundary regions are the concepts that are introduced in the exploration of rough set
theory by Z. Pawlak [7]. These tools provided a new perspective in terms of which uncertainty
in topological constructions might be represented in a formal way and tackled therewith. The
relationship between nano topology and rough set theory subsequently allowed a re-realisation
of nano sets as approximation spaces.

M. Lellis Thivagar and Carmel Richard [4] advanced this idea by investigating weaker forms
of nano open sets. Their work brought clarity to the understanding of nano semi-open, pre-open,
and generalized weakly open sets, providing vital groundwork for analyzing continuity and
separation axioms in nano topological contexts. In particular, the study of contra continuity and
weak continuity by M. Lellis Thivagar, Saeid Jafari, and V. Sutha Devi [5] further enriched the
framework by defining novel functions and exploring their preservation under nano structures.

K. Bhuvaneswari and K. Mythili Gnanapriya [1] contributed by characterizing nano gen-
eralized locally closed sets and introducing NGLC-continuous functions. Their work helps
define finer classes of continuous mappings, where local closedness is preserved under nano
constraints. Similarly, the contributions of O. Nethaji et al. [6] in developing ideal nano topo-
logical spaces through generalized classes have bridged the gap between ideal theory and nano
structures.

Recent works by Parimala and Jafari [8, 9] continue this thread by formulating nano ideal
generalized closed sets and exploring new notions of nano closure. These investigations com-
plement foundational studies by I. Rajasekaran and collaborators [10, 11, 12], who introduced
various semi-local and simple forms of nano open sets. Their ongoing research highlights how
these generalizations influence both local and global topological behavior.

More contemporary efforts by Gayathri, Selvi, and Rajasekaran [13] propose weak forms
of ideal nano topologies tailored to semi-local functions. This is a natural extension of the

foundational notion of localization introduced by Vaidyanathaswamy, reinforcing the relevance
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of these early ideas. Furthermore, Sekar et al. [14] examined regular closed sets in these
environments, refining understanding of closure operations in nano ideal topologies.

The work of Selvi and Rajasekaran [15] on nano Mr-sets and M*r-sets offered new classifi-
cations that help identify regularity and separation at finer levels. Meanwhile, the study on nano
semi pre-neighbourhoods by Sathishmohan et al. [16] addressed how neighbourhood structures
behave under nano frameworks, thus supporting topological function analysis.

Finally, the introduction of nano semi-local functions by P. Gayathri (2024) [13, 19] presents
a new frontier for examining continuity, compactness, and connectedness in ideal nano topo-
logical spaces. These functions serve as a unifying thread among various forms of generalized
continuity, giving rise to new applications in nano rough set theory and generalized topology.

Altogether, this lineage of research showcases the evolution from classical ideals and ap-
proximation spaces to intricate nano topological structures, revealing rich interdependencies
and opening the door for deeper studies in nano generalized spaces, ideal continuity, and semi-
local analysis.

The following symbol is used by us throughout this paper: nano connected-open, nano
connected-closed (resp. nc-0.%, nc-¢.%) and (U, A €) Let us define by A &X, for ideal
nano topological spaces (U,I,. 4 %) Let us define by .4 €%. The following symbol is used
by us throughout this paper: nano anti-haussdorff -open, nano anti-haussdorff -closed (resp.
nah-0.7, nah-€.%) and (U, N o #) Let us define by .4 o7 7%, for ideal nano topological
spaces (U, 1,4 o/ ) Let us define by A .o/ A% .

In the current work, Further research is being conducted using the existing generalised classes
in nano anti-haussdorff beta-local functions in ideal, and we have constructed and introduced the
notions of some new sets that look at and deal with beta-ideal nano anti-haussdorff topological
spaces. Further research is being carried out in beta-ideal nano anti-haussdorff topological

spaces using the created generalised classes of A o7 X

2. PRELIMINARIES

Definition 2.1. Consider a non-empty finite set U of elements, referred to as the universe,
and let R be an equivalence relation on U, known as the indiscernibility relation. This rela-

tion partitions U into mutually disjoint equivalence classes . That is L (X),Ux(X),Bx(X)}
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where Lg(X) = U {R(x) : R(x) CX} and Ux(X) = U {R(x) : R(x)NX # ¢} and Bx(X) =
xeU xeU

Ug (X) — Ly (X).

Definition 2.2. Let U be a universal set and ‘R an equivalence relation over the set U. Then

define the set as: Qg (x) = [U,emptyset, Ly (X),Ux(X), By (X)], where X is a subset of U. The

set Qq(x) satisfies the following conditions:

(1) The universal set U, and the empty set O are elements of Qg (x);

(2) The union of any number of sets from Qg x) is also the element of Qg x);

(3) The intersection of any finite set of sets in Qg x), is in Qg (x). So, Qux\fulfills the
axioms of a System of open sets on U, and the couple (U, Qg x) ) is called a Nano-

structurated topological spaces.

3. SOME NEW NANO CONNECTED SETS USING -IDEAL LOCAL FUNCTIONS

Definition 3.1. A triple is a Nano Connected B-ideal Local Function given by the definition.
(X, I, NC) and where I is not empty and where X is a not empty set. .7 is ideal on X
whereas N € is nano topology were produced through lower approximations of an indiscerni-
bility relation.

A space is called nano connected provided that it cannot be decomposed into two disjoint
non-empty nano open sets their union having equality to X. An element, A C X is a nano

connected beta-ideal local function in the following situation:
A C (Crelne(Cre(A))),

in which C?, is nano connected closure ideal based. A subset G in N €% is referred to as nano
connected

(1) gICI=set if Ie(G) = Le(C(G)),

(2) GICIE-set if e (G) = Lne(Cle(1ne(G)),

(3) 5H%—set if G=S81NS8y, where Sy is nc-O.% and Sy is ﬁﬂf‘c—set,

(4) ﬁ]lféja—set if G=81N8y, where Sy is nc-O. and S, is [;]I?Of—set.

Example 3.2. Let U = {a,e,i,o} withU /R = {{e},{0},{a,i}} and X ={a,i,0o}. Then /'€ =
{¢,{o},{a,i}, {a7i70}7U} and I = {¢7 {l}}
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(1) gle-set = {9, {a}, {e}, {1}, {0}, @€}, U},
(2) pTie-set = gI-set = {9, {a}, {e}.{i}, {0} . {a,e},U}.
(3) pTis-set =6, {e} {i}, {0}, {a.e},{a,i},U}.
(4) pI5 -set = {9, {a}, e} {i}. {0} {a,e}, fa.i}. {a.0}, {e, i} {e.0}, {i, 0},
{a,e,i},{a,e,0},{a,i,o}{e,i,o},U}.

Remark 3.3. In space N ‘Kf ,

(1) if Lis nc-0% = L is gllj;-set.

(2) if Lis glj“-set = L is gl7;-set.

Remark 3.4. The reverse implications of Remark 3.3 do not hold, as illustrated by the following

examples.

Example 3.5. Let U = {11,22,33,44} with U/R = {{22},{44},{11,33}} and X =
{11,33,44}. Then ¥'€ = {9, {44} {11,33},{11,33,44},U} and 1 = {9, {33}}.

(1) {22} is not nc- Open Set but gl7z-set.
(2) {11,33} is not glf-set but g7 -set.

Proposition 3.6. Let G and G be subsets of /€. If G and G, are pli-sets, then GN Gy is

gl ¢-set.

Proof.

Let G and G be glf“-sets. Then there is 1,c(GNGy) C Ine(Cp.(GN Gy)) C Ine(Che(G) N
Cre(G1)) = Inc(Ce(G)) Nne (G (G1)) = Ine(G) Nne(G1) = Ine(GN Gy). Then I(GN Gy)
Ic(C,.(GNGy)) and hence GN Gy is a gl“-set.

O

Example 3.7. In the above Example 3.5, {22} and {11,22} is glj“-set. But {22} N{11,22} =
{22} is glfe-set.

Proposition 3.8. The next characteristics are identical for a G subset of a N Cff :

(1) £isnc-0.%,
(2) £is lg]I;’f—ﬁY & gl -set.
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Proof.

(1) = (2): Let £ be nc-0.#. Then £ = I,.(£) C I,.(C;.(£)) and £ is ply’-0. . Moreover
by Remark 3.3, L is ﬁﬂglf—set.

(2) = (1): Given £ is glZ-set. So £ =C; NC; such that Cy is nc-0.% and I(C2) =

Lic(Cue(Cy)). Then £ C Cy = 1,(Cy). Also, £ is ply -0 = £C Lnc(Cne(£)) C Lie(Cr o (C2))
L,:(Cy) by assuming. Thus £ C 1,.(C1) N1 (C2) = L (C1 N Ca) = L (£) as well as L is nc-
0. O

Remark 3.9. In space N €%, the families of gl -0 and gl -set are independent.

Example 3.10. In the above Example 3.5,
(1) {11,44} is not gllyg-set but gI}°-0.7 .
(2) {22} is not gI}°-0. but gl -set.

Remark 3.11. In space N €7,
(1) iffisnc-O0 = £is ﬁﬂf’@fa-set.
(2) if £is gl -set => £ is ﬁﬂgja—set.
The diagram depicts these connections..
ply-set — [;Hfléa-set «— pl-set
T T

pli-set +— nc-0 — gli“-set

The reverse of the figure does not hold, as evidenced by the following example.

Example 3.12. In the above Ex 3.5,
(1) {22} is not nc-0 . but glg-set.
(2) {11,33} is not glf-set but glz-set.
(3) {11,22} is not nc-0.# but g -set.
(4) {22,33,44} is not gl -set but plz, -set.

Proposition 3.13. If Gy and G, are gll[<-sets in N %ﬂf , then G1 N Gy is I~ -set.

Proof.
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Let G and G, be glfc-sets. Then there is I,c.(G1 N G2) C Ine(Ce(Ine(G1 N G2))) C

o [C;c(GnC(GI)) ﬂC,’:C(Inc(Gz))] = InC(CZc(InC(Gl ))) mInC(CrchnC(GZ))) = Irw(Gl) ﬁInC(Gz) =
Le(G1 N Ga). Then I (G1 N G2) = Iie(Cp. (Ine(G1 N G2)) ) and hence G NGy is a glfc-set. [

Example 3.14. In the above Example 3.5, {22} and {11,22} is gl[f“-set. But {22} N{11,22} =
{22} is glIf<-set.

Proposition 3.15. The next characteristics are identical for a £ subset of a N ‘Kf :
(1) £isnc-0.%.
(2) tis gly -0 and B]I”Q?a—set.

Proof.
(1) = (2): Let £ be nc-0.. Then £ = L,:(£) C Ci.(Inc(£)) and £ = L,.(£) C
Inc(Cpe(Inc(£))). Therefore £ is gI-0.7. Likewise by (1) of Remark 3.11, £is a gI7 -set.
(2) = (1): Given £is a ﬁH%a—set. So £ = C; NG, where Cy is ne-0. and 1,.(Cy) =
Inc(Cp(Inc(C2))). Then £ C Cy = In(C1). Also £ is gl -0 implies £ C L (Cyyo (Inc(£)))
Lic(Cr (11 (C2))) = L, (Cy) by assumption. Thus £ C L,.(Cy) N1 (Co) = e (C1 NCy) = L (£)
and £ is nc-0.7 .

N

O

4. ON A FEW NOVEL KINDS OF 3-IDEAL NANO ANTI-HAUSSDORFF SETS

Definition 4.1. A triple gives a Nano Anti-Haussdorff B-ideal Topological structure of the space
(X, I, N H), with X a non empty set. The ideal .% is on X and the nano anti- haussdorff
topology is N of 7 are produced based on a lower approximation of an indiscernibility rela-
tion.

The space is nano haussdorff, in case it decomposes into disjoint nano open sets in such a
way that their union becomes X. Otherwise it is called as nano anti-haussdorff topological
space

A subset A of is B-ideal nano anti-haussdorff when it is B-ideal anti-haussdorff in the previ-

ous sense. A C (Cy . (Lian(C;,,(A)))). where C,

., denotes the ideal-based nano anti-haussdorff

closure.

A subset S in N of HX is referred to as nano anti-haussdorff
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(1) g -set if Lan(S) = Cpropp (Inan (S)).

(2) pl-set if Inan(S) = Cpyp (hnan (Cap (S)))-

(3) ﬁﬂgﬁ-set if S=JNK, where J is n-Od 7. and K is S]I:’,fh-set.

(4) ﬁﬂgg-set if S=JNK, where J is n-Od 7. and K is S]I:’gh-set.

(5) ﬁﬂg}‘%-set if S =JNK, where L is n-Oo/ 7. and J is sI}*-set and L, (C: () =

C:;ah (Inah (J) )

Example 4.2. Let U = {1,8,27,64} with U /R = {{8},{64},{1,27}} and X = {27,64}. Then
N H ={9,{64},{1,27},{1,27,64},U} and 1 = {¢,{27}}.

(1) plit-ser = {9,{1},{8},{27},{64},{1,8},U} .

(2) pL-ser = {9,{8},{64},U} .

(3) pIly-set = {9,{1},{8},{27},{64},{1,8},{1,27},U} .

(4) ﬁﬂgg-ser ={0,{8},{64},{1,27},{1,27,64},U} .

(5) I, p-set = {9,{64},{1,27},{1,64},{8,27},{8,64},{27,64},{1,8,27},
{1,8,64},{1,27,64},{8,27,64},U}.

Remark 4.3. In N o 7 f space,

(1) ifSisn-OA .S = Sis lgﬂgf—set.

(2) if Sis lg]I?fh—set — Sis lgﬂgﬁ—set.
Remark 4.4. As illustrated in the next two examples, the opposite in every portion of the Remark

4.3 is not necessarily satisfied.

Example 4.5. From the above Ex 3.2,

(1) {8} is not nah-0. but ﬁﬂ”‘%?f-set.

(2) {1,8},{1,27} are not B]If,fh-set but ﬁﬂg,’f-set

Proposition 4.6. If 3 and X are ﬁﬂ?ﬁh—sets in NAHY, then 3NX is S]I;ﬂ?h—set.

Proof.
Let 3 and X be ﬁ]I?,f‘“—sets. Ligh(SNR) CLgp(SNNR) CCry(Inan(SNR)) =C Ly (Lian(S) N
Lian(X)) C Cr o (1nan(3)) NCory (Tnan(R)) = Lian(3) N Lyan(X) (by guess) = Iqn (3 N X). Thus

Lian(SNR)=C* (L,;,(3N X)) and hence 3N X is 5]1:’ﬂh—set. O

nah
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Theorem 4.7. The next characteristics are identical for a 3 subset of a N of H :
(1) S is nah-0.7,
(2) S is lgﬂ’mh 07 & ﬁ]I”“h-set

Proof.

(2)<=(1): (2) is followed by Remark 3.3 of [11] and (1) of 4.3.

(1)«<=(2): Given that 3 is B]I”“h set. So 3 =3, N3, where 3 is nah-0.% and I,,,(Tr) =
Cran(han(32)). Then S C 31 = Lin(S1). Also 3 is gl"@"-0.7 implies 3 C Cr, (uan(3))
CrranInan(32)) = Lnan(32) by guess. Thus 3 C L (S1) N lyan(S2) = Lian(S1M32) = Lian(S1
and so 3 is nah-0.7 .

N

O

Remark 4.8. Regarding N of 7% Space, the collections of ﬁHZ“h Open set and ﬁﬂg’f—set are

independent.
Example 4.9. In the above Ex 3. 2,

(1) {1,64} is not ﬁ]I”“h-set but BH”‘”’ Open Set.
(2) {8} is not B]I"“h Open Set, however I;H”“h-set

Remark 4.10. In space N of A%,

(1) if S isnah-0 — S is ﬁ]I”“h—set

(2) if S is pIig"-set = 3 is gIgyl-set.
Remark 4.11. As illustrated in the next two examples, the opposite in every portion of the

Remark 4.10 is not need to be true.

Example 4.12. From the above Ex 3.2,

(1) {8} is not nah-0.% but ﬁﬂ'mh-set
(2) {1,27} is not ﬁ]I”ah-set but B}I’mh-set

Proposition 4.13. If 3 and X are B]I:’fh—sets in N A A%, then SN N is B]I?fh—set.

Proof.
Let 3 and X be ﬁ]I",f’h—sets. Lan(S N X) C Lap(SNXR) C Lan(Cr (SN X)) C
Crrannan(Crgy (3N X)) € Cyy (Tnan (G (3))) N oy Unan (Crig (R ))) = Tnan(3) N Lnain (X)) (by
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guess) = L,;;(3 N X). Then I, (3N X) =C*

nah

(Inan(Crgpp (3N X)) and hence 3N X is ﬁﬂfgh-

set. O

Theorem 4.14. In N o 7% space, every l;]I’rwh—ﬁ S are l;]I:‘#“h-set but the converse need not

be true.

> n(3)) which implies 7,,,(3) = Lian(Lian(Clyp(3)))
Lian(3) = Lian(Cji,py(3)) = which is gI-set. O

Proof. For gl'"-0.7 3 = Ly (Cy,

Example 4.15. In the above Example 3.2,
(1) {64} is lﬂ[?’“h—ﬁ’y which is also lgI[:’#“h—set.
2) {{1},{8}.,{27 },{1,8}} arein ﬁI[:’fh—set but not ﬁﬂﬁah—ﬁy.

Theorem 4.16. In N o/ 7% space every ﬁ]I?,fh—set are ﬁﬂg"h—ﬁ % but the converse need not be

true.

Proof. Let 3 is a subset of X be a ﬁ]I:’;’h-set.
By the definition of gI"-set
Lian(3) = Lian(Cry(Lian(S))), we know L,,,(3) € 3 C (Cr,(3) we have I,,,(3) =

Inah(C;ah(Inah<3))) which implies Inah(g) - Inah(CZah(Inah (S))) Since Inah(s) C 3, transi-
tive. Therefore, 3 C Ly (Clyy,(Inan(3))). Which is I - Open Set. O

Example 4.17. By using Ex 3.2,
(1) {64} is ﬁl[:’#“h which is also in gIi"-0. .
(2) {1,27},{1,64},{8,27},{8,64},{27,64},{1,8,27},{1,8,64},{1,27,64},{8,27,64}

are in ﬁﬂ’&“h—ﬁy but not ﬁ]I;‘#"h.
Theorem 4.18. Every space ﬁﬂ’}“h—ﬁ S are lg]l?#“h and ﬁ]I:’,fh.

Proof. Let3 C X bea ﬁﬂ’ﬁah—ﬁy. Which implies 3 = 1,,,,(C* . (3) We know that 1,,,,(3) C

nah
3 C(Cry(3) = Lian(S) C Lian(C; 1, (). Also, Lan(3) € Lian(Cr,, () € Ch,(3). Since 3=
Lan(C}r,,(3) we conclude, Lyup(3) = Lan(C;,(S) which implies B]I:‘,f‘h.

For ﬁﬂfﬁh, let us apply interior to both sides in the ﬁﬂfﬁh we get Lan(3) = Luan(Lian(Clrp, (3))

= Ipah (C;:ah (S)) Now take closure on Inah (S)’ C;:ah (Inah (S>) - C:;ah (S> - Inah (CZah (Inah (3)»
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- Inah<CZah(S) = nah(s)' But also Inah(S) - ,Tah(lnah(s)): Inah(S) - Inah( Zahlnah<3))-
So we have both I,,,(3) C L (Cprp,(Inan(3))) and Lian(Cr oy (Lian(S))) S Lnan(3). Therefore,

n

Inah(s) = nah( Zah(lnah(s)»:ﬁﬂ?fh' [

Example 4.19. In the above Example 3.2, {64} ﬁ]I’,mh—ﬁ’ < which is also ﬁ]I:‘#“h and ﬁ]I;“,fh but
{8} isin ﬁ]If#“h and ﬁl[%"h which is not a ﬁHf“h—ﬁY.
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