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Abstract. This paper extends the Ishikawa fixed-point iteration scheme to double sequences through a diagonal
processing framework with unique predecessor paths. We establish monotonicity along these paths and impose
parameter conditions on boundary sequences to prove P-convergence of the iterative double sequences to fixed
points of compact nonexpansive mappings in Hilbert space. Our results show that convergence extends from
boundaries to interior points via diagonal ordering that resolves the two-step dependency structure. We prove that
four-dimensional RH-regular matrix transforms preserve both P-convergence and asymptotic regularity, providing
a unified treatment that integrates predecessor paths with RH-regular matrix transforms for extending Ishikawa
iteration to double sequences.
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1. INTRODUCTION

In 1974, S. Ishikawa [6] proposed a new iteration scheme for constructing fixed points

of a nonlinear mapping as follows

Yn = (1 _ﬁn>xn+ﬁnT(xn)a
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Xn+1 = (1 - an)xn + anT(yn)a

where C is a compact convex subset of a Hilbert space .77, T : C — C is a Lipschitzian pseudo-
contraction mapping, and { ¢, } and {3, } are sequences of real numbers such that 0 < o,, B, < 1
for all integers n > 0. Ishikawa proved that the sequence {x, } converges strongly to a fixed point
of T if, in addition, {a,} and {B,} satisfy the conditions @, < 3, for all n, r}l_f)lf}o B, =0, and
Za,, Bn = . This method generalizes the Mann iteration [8], which is obtained when 3, = 0
fr(l)r all n.

Several authors have studied the Ishikawa scheme and its generalizations. Rhoades [15]
and Naimpally and Singh [10] asked whether the Ishikawa iteration could be extended to
quasi-contraction mappings. This question was resolved by Liu [12, 13], Ding [4], and Zhao
[18]. Moreover, Kalinde and Rhoades [7] established fundamental convergence conditions for
Ishikawa iteration on the unit interval.

Rhoades [14] established connections between iteration schemes and summability theory by
using infinite matrix transformations to analyze fixed point iterations. This matrix-theoretic
approach, as presented in Chapter 12 of Mursaleen [9], shows how summability methods can
be applied to study convergence of iterative schemes.

Extending Ishikawa iteration to double sequences presents unique challenges due to its two-
step structure. Unlike Mann iteration, where the single sequence x,, = T"(xo) naturally extends
to double sequences as z;; = T**!(xo), Ishikawa’s intermediate step y, creates dependencies
that must be carefully managed in the two-dimensional setting. The theory of double sequences,
initiated by Pringsheim [11] and developed by Hamilton [5] and Robison [16], provides the
framework for this extension. For a comprehensive treatment of double sequence spaces and
four-dimensional matrices, the reader can refer to the recent monograph [1].

In this paper, we extend Ishikawa iteration to double sequences and establish convergence
results for the iterative double sequences when applied to compact nonexpansive mappings
in Hilbert space. Our approach introduces parameter double sequences (ak,l) and (ﬁk,l) that
satisfy conditions adapted for the double sequence setting. We show that convergence along the
boundary sequences ensures convergence of the entire double sequence through monotonicity

properties.
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The paper is organized as follows: Section 2 presents preliminaries on double sequences and
four-dimensional matrices. Section 3 begins with a strong convergence lemma for the single
sequence case, then develops our extension of Ishikawa iteration to double sequences using
the predecessor path framework. Section 4 establishes our main convergence results and the

preservation of asymptotic regularity under four-dimensional matrix transforms.

2. PRELIMINARIES AND DEFINITIONS

Throughout this paper, N denotes the set of positive integers and Ny denotes the set
of non-negative integers. We begin with the necessary background on double sequences and

matrix transformations.

Definition 1 (Pringsheim [11]). A double sequence x = (xi;) of complex (or real) numbers is
called convergent to a scalar L in Pringsheim’s sense (denoted by P-limx = L) if for every € >0
there exists an N € N such that ‘xk,l —L‘ < € whenever k,l > N. Such a sequence is described

as “P-convergent.”

Definition 2. A double sequence x = (xy;) is bounded if there exists a positive number M such

that ‘xk.ﬂ <M for all k and I, that is, if sup ’xk,l| < oo,
l

)

The study of double sequences naturally leads to four-dimensional matrices, which transform

one double sequence into another. These matrices play a crucial role in our analysis.

Definition 3. Let A = (a0 x,) denote a four-dimensional matrix that maps complex double
sequences x = (xi ;) into the double sequence Ax where the (m,n)-th term of Ax is as follows

00,00

AX)mn =Y. @mpkiXe,-
k,i=0,0

Definition 4. A four-dimensional matrix A is said to be RH-regular if it maps every bounded

P-convergent sequence into a P-convergent sequence with the same P-limit.

The class of RH-regular matrices was completely characterized by Hamilton [5] and Robison

[16] as follows.
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Theorem 5. A four-dimensional matrix A = (ay, n k1) is RH-regular if and only if

RH; : P-limay, , i ; = 0 for each k and I;
m,n

RHy: P-lim Y Gy =1;
I 1 1=0,0

RH3 : P-lim Z |am7n7k71 =0 foreachl;
I k=0

RH, : P-lim i |am,n,k7l} =0 for each k;
mn ;=

RH5 : Z |am7n7k,l} is P-convergent; and
k,1=0,0

RHg : there exist finite positive integers K| and K, such that Z !am7n7k,l| <Kj.
k,[>K>

For our purposes, we require additional matrix properties beyond RH-regularity.

Definition 6. A four-dimensional matrix A = (G k1) is called uniformly bounded if

00,00

(UB): sup Z ’am’n,k71|<00.
m,neNg k,1=0,0

Definition 7. A four-dimensional matrix A = (G, k1) satisfies the normalization condition if

00700

(C1): Y |ampngi| =1, for all m,n € Ny,
k,1=0,0

3. ISHIKAWA ITERATION: FROM SINGLE TO DOUBLE SEQUENCES

We now turn to extending the Ishikawa iteration method to double sequences. We be-
gin with a convergence result for the single sequence case that will be instrumental in prov-
ing convergence along the boundary sequences in Theorem 16. The following lemma extends
Ishikawa’s convergence theorem [6] to compact nonexpansive mappings under relaxed parame-
ter conditions, adapting Fejér monotonicity (see [2, Chapter 5]) to utilize Hilbert space structure

and compactness.

Lemma 8. Let 77 be a Hilbert space, C C ¢ a nonempty bounded closed convex subset, and

T : C — C a compact nonexpansive mapping. Let {x,} be the Ishikawa sequence defined by
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Yn = (1 - ﬁn)xn + BnT(xn>7
Xn+1 = (1 - an)xn + OCnT(yn),
with parameters { o, }, {Bn} C [0,1] satisfying:
(1) 0 <liminf oy, and limsup o, < 1;
n—roo n—soo
(2) lim B, =0.
Then {x,} converges strongly to a fixed point of T.
Proof. Let F(T) = {x € C: T(x) = x} denote the set of fixed points of T'. Since T : C — Cis a
compact nonexpansive mapping on a nonempty bounded closed convex subset C of the Hilbert
space %, Schauder’s fixed point theorem [17] guarantees that F'(T) # 0.
Fix p € F(T) and define the sequence d,, := ||x, — p|| for all n > 0. We shall establish that {d, }

is nonincreasing. First, consider the intermediate iterate y, = (1 — ,)x, + B, T (x,). Since T is

nonexpansive and p is a fixed point of 7', we have

[yn =PIl = [1(1 = Ba) (2 = p) + Ba(T (xu) — p)
< (1= Bu) [lxn = pll + Bu T (xa) — Pl
= (1=Ba) llen = pll +Bu 1T (xa) = T (p)]|
< (L=Ba) %0 = Pl + B llxa — Pl
= |lx — pll = du.

For the main iterate x, 1 = (1 — o,;)x, + T (y,), we employ the Hilbert space identity [2,

Corollary 2.15]
I(1=t)a+1b]* = (1=1) [lal* +¢]|b]* = (1 = 1) la—b]]*,
forr € [0,1] and a,b € 7. Applying this identity witha =x, — p, b=T(y,) —p and t = o,
together with the fact that T is nonexpansive with fixed point p, we obtain
st =PI = (1 = 0) (ou = p) + (T () = p)II?

= (1= o) [l = pII* + 06 1T (va) = P> = 0 (1 = o) [P = T ()|
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= (1= &) |xa = P>+ & 1T () = T(P)I* = (1 = ) [l — T (va) >
< (1= ) [t = pI* + & [y — pI* = 0(1 = @) [Pw — T () I
< (1 0)d2 + 0yd? — 01— 0t [Pn — T () |2

= dz% - O‘n(l - O‘n) ||xn - T()’n)HZ < dr%‘

Therefore, d, 1 = ||xp+1 — p|| < dy, establishing that {d,} is nonincreasing. Since d,, > 0 for
all n, the sequence converges to some limit * > 0. From the inequality |[x,41 — p||* < d? —

04 (1= 04,) || — T (,)||* established above, we obtain

0 (1 — o) || — T (yn) H2 < d2 dn+1

By condition (1), we have o := liminfc,, > 0 and o™ := limsup &, < 1. This ensures that the
n—eo n—yoo

sequence {0, } stays bounded away from both 0 and 1. Specifically, we can find Ny € N such

that for all n > N,
*
Oy . <1+oc
5 S

Since the function f(r) =¢(1 —t) is continuous and positive on the open interval (0, 1), and our

sequence {0, } n>n, lies in the compact interval [O‘* 1+2a ] C (0,1), we have

o l+of o (1—a*)
—_ > _ —_ g iy
o (1 —oy) > 5 (1 > ) 2 c>0

for all n > Ny. Note that ¢ > 0 since 0 < a, < a* < 1. Thus, for all n > Ny, we have
2 )
cllxn =T )" < dy —dyys

Summing this inequality from n = Ny to n = M for any M > N,, we obtain

M M
2
¢ Y =TI < Y (d; —diyy) = dy, —digs-
n=Ny n=~Ny

Since dj%,, 4+1=>0, we obtain
2

u 2 dNo
Y a—TOwl" <=2

n=~Ny ¢
for all M > Ny. Taking the limit as M tends to infinity, we conclude that

2

dy
ZHXn o) < 22 < oo
n=~Ny ¢
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The convergence of this series implies that li_r>n 1%, — T(vn)||> = 0, and hence
n—roco
lim [, — 7(3) | = 0.

We now establish the asymptotic regularity of the sequence {x,}. By the nonexpansiveness of

T, we get

[0 =T Qen) [| < [xn =T ) |+ T () = T (x|

< bew =T () [+ [[yn — xal]
Since y, = (1 — Bn)xn + BT (x,), we have
Yn—%n = Bu(T (xn) — Xn),
and therefore ||y, — x,|| = Bu || T (x4) — Xu||. Thus,
[0 =T () [| < Nl = T ()| B T () — x| -
Rearranging terms, we obtain
(1= Bu) [1xn = T (xn) [| <l = T (yn) | -

1
By condition (2), we can find N; € N such that §, < 3 for all n > N;. This implies that for all

n> Ny,
1- >1 and hence ! <2
n 27 l—Bn .
Consequently, for all n > max{Ny,N; }, we have
[0 = T () |
[0 — T (xn) || < % < 21w =T (yn)ll-
n

Since we established that nlgrolo lln — T (yn)|| = 0, it follows that ’}grolo |lxn — T (x,)]| = 0, confirm-
ing the asymptotic regularity of the sequence {x,}.

Since T is compact and {x,} is bounded, there exists a subsequence {n} such that T (x,, )
converges to some w € C. From the asymptotic regularity, we have ]}1_{1010 X, — T (x4, )|| = 0.

Since

ey, = wll < e = T (e )| + 1T Gy ) = wl
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and both terms on the right tend to zero as k tends to infinity, we obtain klglolo || X, —w|| =0, so
the subsequence {x,, } converges to w. By continuity of 7, we have klglolo T (x,,) =T(w). But
T (x,, ) also converges to w by our choice of subsequence, so by uniqueness of limits, 7'(w) = w.
From our earlier analysis, {||x, — w/||} is nonincreasing for any fixed point. Since this monotone
decreasing sequence is bounded below by zero, it must converge to some limit L > 0. But the

subsequence {||x,, —w||} converges to zero forcing L = 0. Therefore, lim ||x, —w|[=0. O
n—oo

The central challenge in extending Ishikawa iteration to double sequences lies in preserving
the two-step structure while ensuring mathematical consistency. In the single-sequence case,
the iteration proceeds linearly: compute y, from x,, then x,; from y,. For double sequences,
we must determine an appropriate processing order that maintains this dependency structure.
We resolve this through a predecessor path model where each point has a unique predecessor,

combined with diagonal processing order.

Definition 9 (Predecessor Path). For each point (k,1) € Ng x Ng with k+1> 0, define its unique

predecessor as
(k,i—1) ifl>0,
pred(k,l) =
(k—1,0) ifl=0andk>O0.
The predecessor path from (0,0) to (k,l) is the unique sequence (Py,Py,...,Pyy;) where Py =
(0,0), Py = (k,1), and pred(P;) = P, for each t > 0.

The predecessor path consists of exactly k+ [+ 1 points and can be explicitly written as
(0,0) = (1,0) = --- — (k,0) = (k,1) = -+ — (k,1).

This path first traverses horizontally along the first row to reach column %, then vertically along

column k& to reach row [. Each point P, with ¢t > 0 satisfies pred(F;) = P,—.

Definition 10 (Diagonal Processing Order). The diagonal s consists of all points (k,l) € Ny x
Ny satisfying k+ 1 = s. Points are processed in diagonal order by:
(1) Processing diagonals in increasing order: s =0,1,2,...

(2) Within diagonal s, processing points as: (0,s), (1,s—1), (2,5 —2), ..., (s,0).
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For example, the first few diagonals are

Diagonal 0: (0,0)
Diagonal 1 :  (0,1) — (1,0)
Diagonal 2: (0,2) — (1,1) — (2,0)

Diagonal 3: (0,3) — (1,2) — (2,1) — (3,0)

This diagonal ordering ensures the iteration is well-defined: for any point (k,) with k+1 > 0, its
predecessor lies on diagonal (k+ 1) — 1, which is processed before diagonal k + [. Specifically,
if 1 > 0, then pred(k,!) = (k,/ — 1) lies on diagonal k+ (I — 1) = (k+1) — 1;if I =0 and k > 0,
then pred(k,/) = (k—1,0) lies on diagonal (k—1)+0 = (k+1[) — 1. Thus when computing
Xk, the required values x; j and y; ; from its predecessor (i, j) = pred(k, /) are already available,
ensuring the iteration is well-defined. For example, the first few diagonals are processed as:
(0,0); then (0,1) — (1,0); then (0,2) — (1,1) — (2,0); and so on.

With this framework in place, we can now formally define the Ishikawa iteration for double

sequences.

Definition 11 (Ishikawa Iteration for Double Sequences). Let T : C — C be a mapping on a
convex subset C of a Hilbert space 7. Let (OCkJ), (Bk,l) C [0,1] be parameter sequences. The
double sequences (xy;) and (yi 1) are defined by

Initial condition: xyo = xo € C.

Recurrence relations:

Yeo = (1= Brr)xis+ BT (xiy) forall (k,1) € Nox No
X0 if (k1) = (0,0),
Xkl = (1 ——10)xk-10+0%—10T (yk—10) ifl=0and k>0,
(1= 0es—1)xks—1+ g1 T (yey—1)  if1>0.
The following definition specifies the parameter conditions for the double-sequence Ishikawa

iteration.



10 S. M. HAMID, R. F. PATTERSON

Definition 12 (Double Sequence Parameter Conditions). The parameter sequences (OckJ),

(ﬁk,l) are said to satisfy the double sequence Ishikawa conditions if:
(ICy) Parameter boundedness: 0 < oy, BkJ <l forall k,l > 0;
(IC>) Boundary summability: i Bro < o and i Bos < oo
(IC3) Uniform B —boundednesslf':soup Bri<1; =
(IC4) Row boundary control: O <k7iilgi£f O o and liiris:p O < 1;

(ICs) Column boundary control: 0 < lilminfa()J and limsup o ; < 1.
e [—oo

Remark 13. Conditions (IC4) and (ICs) keep oy o and o ; bounded away from 0 and 1, which
ensures ZO%O = oo and Za()’l = oo, necessary for reaching the fixed point. Condition (I1C3)

implies klim Bro =0 and llim Bo.; = 0, which ensures boundary convergence.
o0 —oo

To connect our iteration scheme with the theory of four-dimensional matrices established in

Section 2, we introduce the following matrix transform.

Definition 14 (Ishikawa Matrix Transform). Given the double sequence (Xk,l) from Definition
11 and an RH-regular four-dimensional matrix A = (ay n k) satisfying the uniform bounded-

ness condition (UB), then the Ishikawa matrix transform is defined as

Wmn = Z Am.n k 1Xk -
k,1=0,0

This transform generalizes single sequence matrix methods to double sequences, allowing clas-
sical summability techniques to be applied to Ishikawa iterates while preserving convergence

properties under uniformly bounded RH-regular matrices.

4. CONVERGENCE THEORY

We begin our convergence analysis with a fundamental monotonicity property that holds
along predecessor paths. This property is crucial for establishing that boundary convergence

extends throughout the double sequence.

Lemma 15. Under the setting of Definition 11 with mapping T : C — C, let p be a fixed point

of T. For any point (k,l) € Ng x Ny and any point (i, j) on the predecessor path from (0,0) to
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(k,1), we have

[ = p|| < |lxi;—pl|-

Proof. We first establish the result for immediate predecessors. Let (k,1) € Ng x Ng with k+1 >

0, and let (i, j) = pred(k,!). From Definition 11,
i = (1= 04,)xi j + 0 jT (i)
Since T is nonexpansive and p is a fixed point,

s = p|| = || (1= 06,j) (xij — p) + & j(T(yi;) = p)||

< (1= 04) ||xij = p[| + @i || T (i) = T(p)||

<(1 —OC,'J') wa—p“ + O j }yi,j_pH .

For the intermediate value y; j = (1 — B; j)x; j + Bi ;T (xi j), we similarly have
[y = pll < (1= Bij) lxij = || +Bij [T (xij) = T (p)|

< (1=Bij)|[xij—pl| +Bij|lxi; —p|

- H'xlvj_p” '

Combining these inequalities yields kaJ — pH < Hxh i~ p||
For the general case, consider any point (i, j') on the predecessor path from (0,0) to (k, 7). This

path can be written as
0,0)=P =P —-—P=>{,j)=P1—— Py=(k]I),

where each P, has F; as its immediate predecessor. By repeatedly applying the result for

immediate predecessors, we obtain

||Xk,z—PH = |lxp, —pll < H'mefl _PH

< o<l = ol < lm, — ol = [l =)

This completes the proof. U
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This monotonicity property enables us to establish our main convergence theorem. The key
insight is that convergence along the boundary sequences, combined with the monotonicity

along predecessor paths, ensures convergence of the entire double sequence.

Theorem 16. Let (A7, ||-||) be a Hilbert space, C C . a nonempty bounded closed convex
subset, and T : C — C a compact nonexpansive mapping. Let F(T) ={p € C:T(p) = p}
denote the set of fixed points of T, and let A = (G k1) be an RH-regular matrix satisfying
the uniform boundedness condition (UB). If the parameter sequences (OCkJ), (ﬁkJ) satisfy the

double sequence Ishikawa conditions (ICy)-(ICs), then:

(1) The double sequence (ka) defined by Definition 11 is bounded and P-converges to a
fixed point p* € F(T).
(2) The matrix transform wy, , = Z Q. k1 Xk, P-converges to the same fixed point p*.
k,1=0,0

Proof. Since T : C — C is a compact nonexpansive mapping on a nonempty bounded closed
convex subset C of the Hilbert space .77, Schauder’s fixed point theorem [17] guarantees that
F(T) # 0. The boundedness of C implies the existence of M > 0 such that ||x|| <M for all x € C.
If M =0, then C = {0}, and the theorem holds trivially with x;; = O for all (k,/) and p* = 0.
For M > 0, we first establish the boundedness of the double sequence (ka). By Definition
11, each iterate is a convex combination of points in C. Since C is convex and T : C — C,
all iterates remain in C. Therefore, (x;) is bounded. We now analyze convergence of the
boundary sequences. Consider first the row boundary sequence {xi};_,. By the predecessor

path construction, consecutive terms satisfy

Vo = (1= Br.o)Xk.0 + BroT (xk0) and

Xer1,0 = (1 = 04.0)xk,0 + X 0T (Vi0)-

From condition (IC,), we have Z Br.o < oo, which yields klim Bro = 0 by the convergence test.
= —e

Combined with condition (IC4), which ensures

0 < liminfay g and limsupog o < 1,
kyoo k—soo ’

these are precisely the hypotheses required by Lemma 8 for the single sequence Ishikawa iter-

ation. Therefore, the row boundary sequence {x};>, converges strongly to some fixed point
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p1 € F(T). The column boundary sequence {xo;}>, exhibits analogous behavior. The iteration

follows

you = (1= PBos)xo;+ BoT (x0,) and

X041 = (1 = 0t0,1)x0,1 + 0o, T (o.1)-

By the same reasoning, from condition (IC;), we have Z Bo; < oo, which yields llim Bo; =0,
1=0 e
while condition (ICs) provides

0< lilminfoco,l and limsup o ; < 1.
—o0

[—o0

Applying Lemma 8 again, we conclude that {xo,};>, converges strongly to some fixed point
p2 € F(T). Next, we show that the two boundary fixed points coincide. Since T : C — C
is nonexpansive on a closed convex subset of a Hilbert space, the set of fixed points F(T) is
closed and convex (cf. [3], Proposition 2.1.11). We now apply the predecessor path inequality
from Lemma 15, which states that for any ¢ € F(T) and any (i, j) on a predecessor path from
(0,0) to (k,I), we have kaJ —qH < Hxi’j —qH. By Definition 11, the predecessor path from
(0,0) to any boundary point (k,0) passes through (0,0), and similarly for any (0,7). Therefore,

we obtain
(1) |xe0 —q| < ||x00—g|| forallk>0andallge F(T),and
2) |x0; — || < ||x00—gq|| foralll>0andallge F(T).

Since the boundary sequences converge strongly to p; and p, respectively, and the norm is

continuous, taking limits in (1) and (2) yields
3) llp1—4q| < }|x070—q}| forall g € F(T), and
) Ip2—4ll < [[x00—g|| forallge F(T).

These inequalities show that both p; and p, minimize the distance from xg o over all points in
F(T). Let p* := Pr(r)(x0,0) be the metric projection of xo ¢ onto F(7'), that is, the unique point

in F(T') that minimizes the distance to xq o:

5) |x00—p*[| = inf |x00—gql|-

£l
qeF(T)
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Since F(T) is nonempty, closed, and convex, such a projection exists and is unique (cf. [3],
Theorem 1.2.3). As both p; and p, achieve the minimum distance from xy o by (3) and (4), we
conclude that
p1=p2=p" = Pp)(x00)-
We next establish the P-convergence of the entire double sequence to p*. From the convergence
of both boundary sequences to p*, given any € > 0, there exists N; € N such that ka,O —p* H <€
for all k > Ny, and N, € N such that ||xo; — p*|| < & for all I > N>. Set N = max{N;,N>}. We
claim that kaJ —p* H < ¢ for all (k,1) satisfying k > N and [ > N. To verify this claim, consider
any point (k,l) with k > N and [ > N. By Definition 9, the unique predecessor path from (0,0)
to (k,1) is
(0,0) = (1,0) = --- — (k,0) = (k,1) = --- — (k,1),

which first traverses horizontally along the first row to (k,0), then vertically along column & to
(k,1). Every predecessor path from (0,0) to (k,/) with k > 0, [ > 0 must include (k,0) by the
structure of our predecessor function. Since k > N > Nj, we have ka,o — p*H < €. As (k,0)

lies on the predecessor path to (k,7), Lemma 15 yields
et = p*|| < [0 — p7|| <&

Similarly, for any point (0,/) with / > N, since [ > N > N,, we have on,l —p*H < € di-
rectly from the convergence of the column boundary sequence. Thus, the claim holds for
all points (k,/) with k > N and [ > N. This establishes that (x; ;) is P-convergent to p*. Fi-
nally, since (x ;) is bounded and P-converges to p*, and the matrix A = (@, « ;) is RH-regular,
we can apply the matrix transform. By the uniform boundedness condition (UB), we have

sup °°i° |am7n7k7l‘ < oo, which ensures that the series wy, , = °°i° Qm.n k1 Xkl converges ab-

m,n€No k 1=0,0 k,1=0,0

solutely for the bounded sequence (x;;). The definition of RH-regularity then ensures that the

transform preserves the P-limit. Therefore, P- lim w,,, = p*. This completes the proof that
m,n—»oo

both the original double sequence and its matrix transform converge to the same fixed point of

T. U
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Having established convergence of the double-sequence Ishikawa iteration, we now turn
to the asymptotic behavior of these iterates. The following theorem shows that the four-

dimensional matrix transform preserves asymptotic regularity.

Theorem 17. Let (A, ||-||) be a Hilbert space, C C 7 a nonempty bounded closed convex
subset, and T : C — C a compact nonexpansive mapping. Let A = (G, 11) be a nonnegative
RH-regular matrix satisfying uniform boundedness (UB) and normalization (C1) conditions. If
the parameter sequences (OckJ), (ﬁk,l) satisfy conditions (IC1)-(ICs), then the Ishikawa matrix

transform

00,00

Wmn = Z Am.n k 1Xk,1
k,1=0,0

satisfies

P- lim |[wpn — T (Wmn)| = O.

m,n—oo

Proof. By Theorem 16, the double sequence (x;) P-converges to the fixed point p € F(T),

this implies that
P-k}liilgoo ka,l —pH =0.

We first establish the asymptotic regularity of the base sequence. For any (k,/) € Ny x Np, since

T is nonexpansive and p is a fixed point of 7', we have

vt =T ()| < [l = pl|+ [P =T ()|
= |Jxi—p| +|T(P) — T (i) |

< 2l
Since the right-hand side P-converges to zero, we conclude that
P— lim |jxe; —T(xey)| =0.
k,l—oo

Define the double sequence z; ; = kaJ — T (xx1) H for all (k,1) € Ng x Ng. Then P- kllim 2k =0,
) HOO

and since (ka) is bounded and 7 maps bounded sets to bounded sets, the sequence (sz)

is bounded. To analyze the asymptotic regularity of the matrix transform wy, ,, we first note

that by nonnegativity of A and the normalization condition (C1), we have ay ,; > 0 and
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Z amn ki = 1. Since each x;; € C and C is convex, wy, , is a convex combination of points
k,1=0,0
in C, hence wy, , € C. This ensures T(wm,n) is well-defined. Now we write

Wi =T W) | < (Wi — Y. @mpdd Tk )|+ 1| Y, @mngedT Xiet) = T (W)
k,1=0,0 k,1=0,0
Note that by the uniform boundedness condition (UB), both series converge absolutely since
(x1) and (T (xx;)) are bounded sequences. For the first term in the above inequality, by the

definition of w,, , and nonnegativity of A, we have

Win = Y, Amngd TG =1 Y @mngeixies — Y, ampicaT (Xicr)
k10,0 ki=0,0 k=00

00,00

=Y ammki (s —T(xy))
k,i=0,0

00,00 00,00

< Z Akt |5 — T ()| = Z . Je 12k,
k,1=0,0 k,i=0,0

Since (sz) is a bounded double sequence that P-converges to zero, and the matrix A is RH-

regular, the definition of RH-regularity ensures that P- lim Z Qm.n 12k, = 0, and therefore,
I 1=0,0
P- lim Wmn — Z amﬂ,k’lT(xk?l) =0.
e k,i=0,0

For the second term, since 7 is nonexpansive and p is a fixed point of T, we have

00,00 00,00

Z am,n,k,lT<xk,l) - T(Wm,n) < Z am,n,k,lT(xk,l) —p|l+ HP - T(Wm,n) H
k,1=0,0 k,1=0,0

00,00

= | X amnkiTCas) =p|| + 1T () =T (W)
k=00

OO’OO

< Z am7n7k,lT(xk7l) —p|+ Hp - Wm,n“ .
k,i=0.0

For the first summand in this last inequality, observe that since (Xk,l) P-converges to p and T is
continuous, the sequence (T (x;;)) P-converges to T (p) = p. Moreover, (T (xi;)) is bounded
since 7" maps the bounded set (Xk,l) to a bounded set. Since (T(ka)) is a bounded P-convergent
sequence converging to p, and A is RH-regular, the definition of RH-regularity grants us that

00700

P- lim Z amn kT (xx;) = p. For the second summand, Theorem 16 directly gives us
m,pn—oo
’ k,l1=0,0
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P- lim wy,, = p. Since both summands P-converge to zero, the second term P-converges
m,n—o0

to zero. Combining our estimates for both terms, we have P- lim |[wy,, — T (Wpn)|| = 0, es-
m,n—oo

’

tablishing the asymptotic regularity of the matrix transform. U

This completes our analysis of double-sequence Ishikawa iteration, establishing both conver-

gence and asymptotic regularity under the specified parameter conditions.
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