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Abstract. In this paper, we introduce a fixed point theorem for a new class of Gg-Kannan contractive mappings
defined on generalized suprametric spaces with a reflexive digraph. Although various extensions of Kannan’s fixed
point theorem have been studied in many generalized metric spaces, few results address the interaction between
contractive conditions and additional relational structures, such as digraphs. Our approach incorporates the struc-
ture of a digraph into the analysis considering the connectivity between points, allowing us to generalize existing
theorems and unify different frameworks. We prove the uniqueness of fixed points under suitable conditions and
provide a nontrivial example to illustrate the applicability of our result. This work contributes to the ongoing de-
velopment of fixed point theory in generalized suprametric spaces and opens new directions for research involving
relational structures defined by graphs.
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1. INTRODUCTION

Fixed-point theory remains a cornerstone of mathematical analysis and provides essential
results for non-linear equations and optimization problems. Among the pivotal contributions
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to this field is Kannan’s fixed-point theorem, introduced in 1968, which characterizes metric
completeness via Kannan contractions. This theorem asserts that a metric space is complete if
and only if every Kannan contraction has a fixed point. Despite its broad applications, there has
been growing interest in extending Kannan’s results to more general spaces and structures.

Recent studies have aimed to generalize Kannan’s fixed point theorem in various settings.
For example, Kamouss, Chaira, Eladraoui and Kabil [1] extended the theorem to generalized
metric spaces equipped with a graph structure, building on the foundational ideas introduced
by Jleli and Samet [4] in their study of generalized metric spaces and related fixed-point the-
orems. Similarly, Doan [2] developed a new version of Kannan’s fixed point theorem in the
framework of strong b-metric spaces, paving the way for further exploration of fixed points in
more specialized environments. Berzig [3] also contributed significantly by establishing fixed-
point results in generalized suprametric spaces, thereby broadening the class of spaces in which
Kannan-type theorems are applicable.In addition, Chaira, Eladraoui, Kabil and Lazaiz [5] in-
vestigated extensions of the Kirk—Saliga fixed point theorem in metric spaces with reflexive
digraphs, while Eladraoui, Kabil, and Lazaiz [6] studied generalized metric spaces and related
fixed point theorems, further enriching the theory and its applications.

This paper builds on these contributions by studying fixed-point theorems for Kannan
contractions in generalized suprametric spaces with a digraph. By combining the flexibility of
metric spaces with the directed relationships inherent in digraphs, we provide new insights into
the conditions under which Kannan contractions have fixed points, along with their uniqueness
and convergence properties. The results presented here not only generalize classical fixed point
theory but also offer a deeper understanding of the interaction between the space, the digraph,

and the contraction conditions.

2. PRELIMINARIES

Definition 2.1. A graph G is determined by a nonempty set V(G) of its vertices and the set
E(G) CV(G) xV(G) of its arcs. A directed graph, also called a digraph, is a type of graph in
which the edges have a direction.

IfVx e V(G), (x,x) € E(G) then G = (V,E) is reflexive.
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G is said to be transitive whenever for any x,y,z € V(G)
[(,y) €E(G) and (y,2) € E(G) = (x,2) € E(G)].

The converse of a digraph G = (V(G),E(G)), denoted by G, is the digraph (V(G),E(G™1))
where (u,v) € E(G™1) if and only if (v,u) € E(G)
Also, G denotes the undirected graph obtained from G by ignoring direction of the edges. Thus

we have
G)| JE(G™!

Definition 2.2. A sequence (x,),en € V(G) is said to be G—increasing if (xn,xp41) € E(G)
for all n € N, G—decreasing if (xp+1,%n) € E(G) for all n € N and G—monotone if it is either

G—increasing or G—decreasing.

Definition 2.3. Let 2" be a nonempty set, and let 9 : X X X — R = [0, 40| be a given

mapping. Let x € 2 and (x,)n>0 a sequence in 2. We say that (x,),>0 is 9-convergent to x,

and we write 2141_1 D (xn,x) =0, if and only if, for every € > 0, there exists ng € N such that for
n oo

all intgern € N,

n=ny= 2(x,x,) <E€.

Definition 2.4. Let 2 be a nonempty set. Suppose that the mapping 9 : X X X — R'

defined, and satisfies following properties:

(D1) 0< Z(x,y), forall x andy in Z°; (Non-negativity).

1)
(D7) Z(x,y) =0 implies that x = y; (Identity of indiscernibles).
(D3) 2(x,y) = 2(y,x), forall x and y in Z; (Symmetry).
(Dy) there exists 0 : 2" x 2" — [0, 40| such that, for all (x,y) € & x Z and every sequence
(X¥n)nen € € (2, X ,x), the following conditions hold:
limsup Z(xp,y)) <

n—r—+-oo

and

P(x,y) < 0(x,y)limsup Z(x,,y) (Generalized lim sup inequality).

n—r+oo
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In this case, 9 is called a generalized suprametric on 2, and the pair (2", 9) is referred to

as a generalized suprametric space.

Example 2.1. Let 2" = R, |J{—1}, such that 6(x,y) = 5¢, and consider the mapping 9 :
X X X — Ry U{+oo} defined by:

;

x+y, if (x=00ry=0) and x,y¢{-1},
e =11+ wyg{o-1)
oo, if  (xy) e Ry x{-1})or({—1} xRy).

0
It is evident that the mapping 9 satisfies axioms (D), (Dy), and (D3). Now, let us verify axiom
(Da).

Let x € 2, we distinguish 3 cases :

Case 1: Ifx ¢ {0,—1}

In this case, we have C(9, Z",x) = 0, because otherwise, there would exist a sequence (x,)n>0

of elements of 2 such that

lim 2(x,,x) =0.

n—r—+-oo
Xn+Xx .
For n > ng, we have 9 (x,,x) = 1+ or D (x,x) = x+xp, for any integer n > ny.
As a result
) . Xn+x _ x
= > =
ngrfw@(xn,x) nLlTwl + 5 23
or
lim 2(x,,x) = lim (x+x,) >x
n—-oo n—y+-oo
Implie that
0>x
Hence,
x=0 or x=-1

which contradicts our assumption that x ¢ {0,—1}.

Case 2: If x = —1, then C(2, 2 ,x) = 0, because for any sequence (x,),cn, we have

D(xp,—1) = oo
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Case 3:If x = 0. In this case, we have C(9, 2" ,x) # 0.
Let (xp)nen € C(2,2°,0), so from some rank 9 (x,,0) < +e and x, # —1.

o [fthe sequence (xn)necn admits an infinity of zero, there exists a subsequence (X¢(n))neN
of (Xn)nen such that x4,y = 0, for all n € N.
Lety € X\{—1}, we have:
2(0,y) =y = lim P(x4(,),y) <limsup Z(x,,y) < 5¢° limsup 2(x,,, y)
n—oo n—soo n—soo
Fory=—1, we have 2(0,y) = +oo.
Then 2(0,y) = 5¢* limsup,,_, , ., Z(xn,y)
o [f the sequence (x),cn doesn’t admit an infinity of zero, then there exists ny € N such
that x,, # 0, for any integer n > ny.

Lety € 2°\{0,—1}. We have

D) = 1475 = 93, 0) +

Y

<

for any integer n > ngy. As a result
2(0,y) =y=15 lim Z(x,,y) <5¢”limsup Z(x,,y).

Fory =0, we have

2(0,y) =0= lim 2(x,y).

n—y—+oo
Fory=—1, we have 9 (x,,y) = +oo, and 2(0,y) = +oo.
Then

2(0,y) = 5¢™limsup Z(x, y),

n——+oo

Hence, for all y € 2, there exists 6 : & x & — [1,4o0[, such that, for all (x,y) €
X x X and (xp)pen € € (D, 2, x), we have

P(x,y) < 0(x,y)limsup Z(x,,y)

n—+oo

Therefore, (2", 9) is a generalized suprametric space.

Remark 2.1. Let (2, 9) be a generalized suprametric space, and let (x,),eN be a sequence

in Z'. If (xp)nen is P-convergent to some x € 2, then this limit is unique.
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Proof. Suppose the sequence (x,),en is Z-converges to x and y . By the property (Dy4), we

have.
P (x,y) <O(x,y)limsupmax{ 7 (xn, x), 7 (xn,y) }
n—y+oo
Thus Z(x,y) = 0, we conclude that x = y. O

Definition 2.5. Let (2", 2) be a generalized suprametric space, and let (x,),en be a sequence
inZ.
(i) A sequence (x,)nen is called a 9-Cauchy sequence if, for every € > 0, there exists a

natural number N € N such that
D (xn,xm) < €, foralln,m>= N,

(ii) The space (X, D) is said to be P-Complete if every Z-Cauchy sequence is -

convergent to some element in 2 .

Example 2.2. We return to Example 2.1 and show that (2", 9) is -Complete.
It is easy to see that the only 9 —Cauchy sequences those that eventually become zero from
some rank.

Let (xp)nen be a P —Cauchy, meaning that
Ve >0,(3IN eN) Vn,m >N, D(xy,%m) < €

Since (xp)nen is a 9 —Cauchy, we analyze different cases:
Case 1: x,,x,, ¢ {0,—1}

In this case, we have:
Xn+Xm

<e—1<0,

which is a contradiction.

Case 2: x,, =0 or x,, = 0.

Since (xp)nen is —Cauchy, we obtain x, + x, < €.

Letting m — oo, this implies that x,, — 0.

Thus, every 9-Cauchy sequences in (2 ,9) those converges to 0.
Hence (Z°,9) is 9-Complete.
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For every x € 2, let us define the set

C(2,%Z ,x) ={(xn)neny C Z : lim Z(x,,x) =0}.

n—r—+oo
Remark 2.2. (27, 2) is a generalized metric spaces implies that (2 ,9) is a generalized

suprametric spaces.

Definition 2.6. Let G be a digraph.
A mapping T : V(G) — V(G) is said to be a Gx—Kannan contraction if the following conditions

are satisfied:

(i) T is G—monotone-preserving, meaning that
(x,y) € E(G) = (T(x),T(y)) € E(G)
(ii) For every (x,y) € E(G)
2.2) P(Tx,Ty) < K[@(Tx,x) +I(,Ty)],
with0 < K < %

Remark 2.3. If T is G—monotone-preserving, then T is G~ —monotone-preserving.

Indeed, we have
(x,y) € E(G™!) = (3x) € E(G)
— (T(y),T(x)) € E(G)
— (T(x),T(y) €E(G™)
Definition 2.7. A digraph G is said to satisfy property () if, for any G—monotone-preserving
sequence (xn)en that P —converges to some x € V(G), we have (x,,x) € E(G) for alln € N.
3. MAIN RESULTS

Let (x,),>0 be the Picard sequence defined by x,, 11 = T"x, for all n € N.
Assume that G is reflexive.

Let T : V(G) — V(G) be a mapping. For any xo € V(G), denote by G[Or(xp)] the complete
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subgraph induced by the orbit &7 (xg) = {T"xo : n € N}.

The following notation will be used throughout:

0(2,T,xy) := sup{.@(Tixo,xo) RS N\{O}}, where xo € 2.

Lemma 3.1. Let T : V(G) — V(G) be G—monotone-preserving. Suppose there exists xo € V(G)

such that (xo,Txo) € E(G) and the complete subgraph G[Or(xy)] is transitive, then the se-

uence (T"xg),en is a G—increasing, and for any m,n € N with n < m., we have (T"xo, T™"xq) €
q € 8 y

E(G).

Proof. We are given that T is G—monotone-preserving, and (xo, Txg) € E(G).

Thus, for all n € N, we have (T"xy, 7" 'x0) € E(G).

Therefore, the sequence (7"xg),c is a G—increasing.

Since (T"xo, T"'xg), (T x0, T"2x0), -+, (T" x0,T"x) € E(G) and G[Or(xp)] is transi-

tive , then for any m,n € N with n < m, we have (T"xo,T"'xo) € E(G).

Lemma 3.2. Suppose that (xo,Txo) € E(G) for some xo € V(G) .

If T is a Gk—Kannan contraction , then

(1) For every n € N*, we have

D(T"x0, T" 'x0) < SpB"!

where B = and &y = 8(2,T,xp).

K
1-K
(2) For every (n,m) € N* x N*, we have

D(T"x0,T"x0) < 50<ﬁn_1+ﬁm_l)

| =

Proof. 1. Let xy € V(G) be arbitrary

Since (xg, Txp) € E(G) and T is a G—monotone-preserving then (7"~ 'xq, T"xq) € E(G) .

We have

D(T"x, T" 'x0) < K[2(T"x0, T" 'x0) + 2(T" x0, T" %x0)]

Hence

(1=K)2(T"x0,T" 'x0) < K(2(T™" 'x0,T" %x0))

implies that

O
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(2(T" 'x0, T" %xp))

ke

) (2(T" 2x0, T" x0))

K
Letf = ——
h=r

1
Since K < > ,then B < 1, Then
-@(Tnxm TnilXO) < ﬁnil@(Tanx(ﬁ

Finally
D(T"x0, T" 'x9) < 8oB"!

2. Since G[Or(xo)] is transitive , then (7"xp, T"xp) € E(G) for any n,m € N*.
Let xo € V(G), We have

D(T"x, T"x0) <K[2(T"x0,T" 'x0) + 2(T™x0, T™ 'x0)]
<K(&B" ' +8B" ")
<O +Bm ).

O

Remark 3.1. Suppose that (xo,Txo) € E(G) for some xy € V(G), the complete subgraph

G|Or(x0)] is transitive and T is a Gx—Kannan mapping .

If (0, Tw) € E(G) such that (0, T ®) < o, then 2(T"xo, T ®) <

Indeed, we have (0,Tw) € E(G) and from Lemma 3.1 (7"xo,T™xy) € E(G) thus

(T"xo, Tw) € E(G) (because G[Or(xp)] is transitive).

We have also T is a Gx—Kannan mapping, then

D(T"x0, Tw) <K(2(T"x0, T" 'x0) + 2(T 0, )
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1
<3 (88" +9(Tw,0))

Hence

.@(T"xo, TCO) <L oo

Theorem 3.1. Let (V(G),Z) be a G—complete generalized suprametric space with a reflexive
digraph G and T : V(G) — V(G) be a Gx—Kannan contraction with K < inf{%, ﬁ } Sup-
pose that there exists xo € V(G) such that §(2,T,xg) < oo, (x0,Tx0) € E(G) and G[Or(xo)] is
transitive. Then the sequence (T"xy),cy 9 —converges to some point ®.

furthermore, if G satisfies property () and 2(®,T ®) < oo, then ® is the unique fixed point of
T.

Proof. Select (m,n) € (N*)? such that n < m.

Since (xp,Txp) € E(G), by Lemma 3.1, we have (T"xo,T"xo) € E(G).

By Lemma 3.2, we have:

D(T"x0, T"x0) <K&(B" ' +B" "),

where 8 = and & = 0(Z2,T,x).

K—-1
Thus, (T"x)nen is a Z-Cauchy sequence.

Since (V(G), 2) is G—Complete, the sequence (7T"xp),cy Z-converges to some @ € 2.

Next, assume that G satisfies the property () and that 7(@,T ®) < .

Since (T"xp)nen iS G—monotone-preserving and Z—converges to ® € V(G), we have
(T"x0, w) € E(G) for any n € N.

Letn € N*

Since T is a Gx—Kannan contraction, by Remark 3.1, we obtain:
(3.1) 2(T"x0, Tw) < K(8&B" '+ 2(Tw,w))
Since (T”xg)peny Z—converges to @ and (Tw,®) € E(G), we have

2(Tw,0) <0(Tw,w)limsup Z(T"x, T )

p—reo
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< ||6][limsup Z(T?xp, T ®)

p—ree

From the previous inequality, we conclude:
P(T"x0, To) <K(&B" '+ 2(To,w))

Hence

D(T"x0, Tw) < K(8B" '+ 6]/ limsup 2(T"xp, Tw))

p—oeo

Now, taking the limit as n — oo, we obtain:

limsup (2(T"xo,T®)) <limsup [K((SQB”_] +[|0||limsup Z(T"xp, T ®)) ]

n—oo n—soo p—roo

<K (8limsup B"~" + 1|0 limsup 2(T"xo, T®))
n—oo

n—oo

Thus
(1—K||6])limsup 2(T"xo, T ®) < K& limsup B!

n—oo n—oo

1 1 K
Since K < inf{i, m} and f = —1 < 1, we conclude:

limsup Z(T"xp, Tw) =0

n—soo
Thus (T"x0)en Z-converges to T @. By the uniqueness of the limit, we have T® = o.

Now, we show the uniqueness of the fixed point @ of 7.
Assume that (T"xg) ey 2 —converges to two points @; and @, such that T®; = @; and T @, =
.
Since (T"xg, 1), (T"x0, ) € E(G), and (T"xp, T @), (T"x0, T ) € E(G)

we have (01, @), (Tw;,Tw,) € E(G). Thus, we get:
2(Tw;, Twy) <K(Z(Twy, )+ 2(Tw, o))
By the condition (Dy), we have:

Z(Tan, ) <O(Tawy, ) limsup Z(T"xp, 01)

n—r—+-oo

</||6||limsup 2(T"xo, @)
n—r—-oco
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Thus, we obtain:

P2(Tw,m)=0
Similarly, we find that
D(Tw,an)=0.
Which implies
0 =
Hence,  is the unique fixed point of 7T'. U

1 1
Let ' = {£:]0,00[= [0, 5[ 1My f (1) = 5 = liMy st = 0}

Definition 3.1. Let G be a digraph .
A mapping T : V(G) — V(G) is said to be a G y—Kannan contraction if the following conditions
are satisfied:

(i) T is G—monotone-preserving.

(ii) For every (x,y) € E(G)
(3.2) P(Tx,Ty) < f(2(x,y))(2(Tx,x) + Z(Ty,y)),
with f € ..

Theorem 3.2. Let (X =V (G),2) be a G-Complete generalized suprametric space with a re-
flexive digraph G and let ||0|| < 1.

Let T : X — X be a Gy—Kannan contraction.

Suppose there exists xo € V(G) such that 8(2,T,xp) < oo, (x0,Tx0) € E(G) and G|Or(xo)] is
transitive.

Furthermore, assume that G satisfies property(Z?) and 7(0,T®) < .

Then T has a unique fixed point ® € X, and for any xo € X, the sequence of iterates (T"xq)en

converges to .

Proof. Fix xop € X and define a sequence (x,),en C X by x,4.1 = T"xq for all n € N.
The first step is to show that (x,),en is @ Z—Cauchy in X

Suppose that x,, 1| # x, foralln € N
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Set D,, = P(xy,Xn+1) for all n € N.

By hypothesis, we have:
D1 = D (Xpt1,%n42) = .@(T"xo,T"on)
< f(@(xnvxn+l)) [@(xn;xn+l) + @(xn—l—l 7xn+2)}

1
< E(Dn-l—DnH) forall neN.
Implies that D, < D, for all n € N Hence (D, ),cn is decreasing and bounded below, so

(Ja>0):limD, =«

n—oo

Assume that o > 0. Then by hypothesis, we have

D (Xni1,%n42) < (D (%0, %n11)) [@(xnaxn+l) +@(xn+17xn+2)} forall neN.

This gives the inequality:

Dn+l

—— < f(D orall n>0
<Dy f

1
This gives the inequality: n — oo, we obtain lim, . f(D,) > 5
Which is impossible because f € .7.

Therefore

lim D, =0

n—>oo

On the other hand, for m # n, we have:

-@(xn+17xm+1) < f(-@(xmxm) [9<Xn7xn+l) + .@(Xm,xm+1)}

1
< E(Dn—l—Dm) —0 asn,m—

Then (x,)qen is @ Z—Cauchy in X.

By the completeness of X, there is @ € X such that lim,,_,.. 7"xy = .

Since Z(w,T w) < oo, we also have Z(T"xy, T ®) < o ( by Remark 3.1)
We are given that G[Or(xg)] is transitive, so we can write:

P2(Tw,0) <0(Tw,o)limsup Z(Tw,T"xy)

n—soo

13
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< ||0|[limsup Z(T @, T"xp).

n—yoo

Hence, we have
2(Tw,0) < ||0)|2(Tw,»)
Therefore
Z(Tw,0)(1-6]) <0
Since ||0|| < 1, it follows that: (T w,w) = 0.
Thus, T = w.

Now, suppose 7 is another fixed point of 7.

By hypothesis, we have
2(0,7)=2(To,Ty) < f(Z(0,7){Z(0,Ty)+2(To,y)} =0

Hence, o = 3.

Finally, 7" has a unique fixed point ® € X. UJ

Example 3.1. Let X = [0, 1], the mapping 9 be defined by: P (x,y) = (x—y)? and a self mapping
T on Z defined by

a if xE{O}U{in: nEN}
(3.3) T(x)={ 4 4
1 otherwise
Let f:]0,+oo[— [0, 5[ defined by :
Z—x+1
flx)= 20241)

We have f € .
Consider the graph G on % consisting of the transitive closure of the graph represented in
FIGURE 1.

Note that

1

E(G):AU{(O,%) :nGN}U{(In,L%m) :n,m €N and n>m}
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1 1
1 0 1 z el

FIGURE 1. Transitive closure of the graphG.

We have that

T(O),T(%ﬂ)) = (0,4,1%) € E(G) foranyne N,

1 1 1 1
(T(47)7T(4_m>> = (W’W) € E(G) foranyn,m €N such that n > m,

Then T is G—monotone-preserving. For xy = 1, we have (Txg,xo) € E(G), G[Or(x0)] is tran-

sitive and

0(2,T,xy) = sup{@(%, 1) RS N} =1<e
Let x,y € 2" such that (x,y) € E(G).
Ifx=ye X, then 2(Tx,Tx) =0< f(2(x,x))(2(Tx,x)+ Z(y,Ty)) =0.

I (x,y) = (O}) then

1 1 9 1_22n+24n
@(T(0)7T(4_n)> T 42(n+1) S 42(n+1) ( 2(1 +24n )
If (x,y) = ( L1 > then

:f(@(O,%n)) [@(T(O),o> +9(T<4i)4i>]

n__ gm\2 n__ gm\2 4(n+m) 2m __ A2n n+1 m+1
B AT R I e i A e WL JC AR o)
4n 42(n+m+1) 2((4n_4m)2 +44(n+m)) 42(n+1)(m+1)

) ) ) )

P(Tx,Ty) < F(Z(x,y){Z(Tx,x) + Z(Ty,y)},

In all cases,

implies that T is a G y—Kannan contraction.

1 1
—) is 9 — convergent to 0 and (O, —) € E(G), then G has
4" neN 4

the (&) property from the previous theorem, T has a unique fixed point which is 0.

The sequence (T"xp)neN = (
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In the next theorem, we will consider the class of functions
Fq={v:0,00[= [0,q[: W(tn) > q = 1, =0 as n— oo}
1
where ¢ €]0, 5[

Theorem 3.3. Let (X =V(G),2) be a G-complete generalized suprametric space with a re-
flexive digraph G, and let T : X — X be a G y—-Kannan mapping.

Suppose that there exists xo € V(G) such that 8(2,T,xp) < oo, (x0,Tx0) € E(G), and G[Or(x0)]
is transitive .

furthermore if y € F, satisfies

1
MD(TXJX) < D<x7y)

Which implies
2(Tx,Ty) S W(Z(x,y)(Z(Tx,x)+ D(Ty,y)), forall x,y € Z withx#y.

Then T has a unique fixed point ® € X and for any x € X the sequence of iterates (T"x),cn

converges to .

Proof. Let (x),cn be the sequence defined by x,,+ 1 = Tx,, for all n > 0.
Assume that there exists n such that x,,1| = x,,, then x;, is the fixed point of 7.
Therefore, suppose that x,,. | # x, for all n > 0.

Set D,, = D(xp,x,+1) for all n > 0.

Since

1 1
MD(Txnvxn) = MD(an,xn) < D(er—laxn) = D(Xnaer—l)

. By hypothesis, we have
Dyy1 = D(xp41,%n+2)
= D(Txy, Txp11)
S Y(D (%n,%041) ) (D (Txn, xn) + D (T Xp41,%n41))
< q(D(Txn,xn) + D(Txp11,%41))

= Q(Dn +Dn+1)
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So
q . . q
D,+1 < ——Dy,=hD,, where h=——€]0,1]
l—g¢ l—g¢
Thus
(Dp)n is decreasing and D, < h'Dy, foralln>1
Then
lim D, =0
n— oo
Thus
€
Ve>0,(INeN),(Vn>N): 9, < 5
Let m,n > N.
We have

2(T"x0,T"x0) < W(Z (xn,%m) (D (Xni1,%n) + L (Xm-41,Xm))
SY(D(Xn,Xm) ) (D + D)
S V(D (%n,xm)) ()

<E.

Then (x,), is a cauchy sequence in X.
Since X is complete, there exists ® € X such that lim,,, 1 x, = ® € X.

According by (Dy4) of generalized suprametric space, We have
D(®,Tx,) < ||0|/limsupD(x,, Tx,)
n—soo

= ||6]|limsupD,,.

n—oo
Then
D(®,Tx,) =0,

implies that lim,, . T'x,, = ®.
We know that

1
mD(Xn, Txn) < D(w,xn)

to say that
D(xp41, T®) < y(D(x,, 0){D(xn,Txp) + D(®,Tw)}

17
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We can choose (p(n)), C (n), monotone strictly increasing sequence of natural numbers.
Therefore, (x,(,))n is a subsequence of {x,} and
D(xp(n)+1 ) T(D) < W(D(xp(n)v CO) (D(xp(n)a Txp(n)) + D((J), T(D))
< q(D(xp(n) Txpm)) + D(0, T ®))
Letting n — oo, we find that
D(0,Tw) < gD(0,Two)
This implies
(1-¢g)D(0,Tw) <0

Since g < 1, we deduce D(w,Tw) =0
Thus

Suppose that 7ot = o, we have

1
0= WD(@,TCO) <D(w, )

By hypothesis, we have
D(w,a)=D(Tw,Ta) < y(D(w,a))(D(w,To)+D(a,Ta)) =0.
Then o = w.

Finally, T has a unique fixed point ® € X. U
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