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1. INTRODUCTION

The field of nonlinear functional analysis is greatly impacted by fixed point theory, which
provides essential tools for solving various mathematical problems. The notion of a b-metric
space, was first proposed by Czerwik [19] as an extension of metric space. The existence
of fixed points for single-valued and multi-valued mappings in b-metric spaces under different
contraction conditions has been studied by a number of academics since its invention. However,
solving the equation Ta = a is not always feasible, particularly in the case of non-self-mappings.
In such scenarios, an alternative approach is to determine a point a that minimizes the distance
d(a,Ta), leading to the emergence of the best proximity point concept. Over the past few
decades, the study of best proximity points has gained significant attention in mathematical

research [3, 14, 17, 18, 20, 24, 26, 31, 32, 33, 36, 37].

2. PRELIMINARIES

Definition 2.1 ([19]). Let X be a non-empty set and s > 1 be a given real number. A function

d:X xX — [0,00) is said to be a b-metric if the following conditions are satisfied: for any

xy,z€X
(i) 0 < d(x,y) and d(x,y) = 0 if and only if x = y,
(ii) d(x,y) =d(y,x),
(ifi) d(x,z) < s[d(x,y) +d(y,2)].

In this case, the pair (X ,d) is called a b-metric space with coefficient s.

Every metric space is a b-metric space with s = 1. In general, every b-metric space is not
a metric space. In this paper, we denote R™ = [0, ) and N is the set of all natural numbers.

The following lemmas are useful in proving our main results.

Lemma 2.1 ([29]). Suppose (X,d) is a b-metric space with coefficient s > 1 and {a,} be a
sequence in X such that d(ap,ay+1) — 0 as n — oo. If {a,} is a not Cauchy sequence then
there exist an € > 0 and sequences of positive integers {my} and {ny} with ny > my > k such
that d(am,,an,) > €. For each k > 0, corresponding to my, we can choose ny to be the smallest

positive integer such that d(am, ,an,) > €,d(am,,an,—1) < € and
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(i) 5< hlgg}fd(amk 1 lp—1) < h?j:pd(amk JAp—1) < SE,
(i) £< hlfnlnfd(amkH ap,) < hzn_)s;lpd(amkﬂ,ank) < 5%,
(ii) £ < hlgmfd(amk,ankﬂ) < h;rl)s::pd(amk,ankﬂ) < s%¢,
(iv) 5< hgmfd(amkﬂ,ankﬂ) < 112r§£pd(amk+1,ank+1) < s’e.

Lemma 2.2 ([2]). Let (X,d) be a b-metric space with coefficient s > 1.
Suppose that {a,} and {b,} are b-convergent to x and y respectively. Then we have

1
—d(x,y) < liminfd(ay, by) < limsupd(ay, by) < s2d(x,y).
S n—o0

n—soo

In particular, if x =y, then we have lim d(ay,b,) = 0. Moreover for each z € X we have
n—soo

1
—d(x,z) < liminfd(ay,z) <limsupd(an,z) < sd(x,z).
S n—oo n—so00

In 2015, Khojasteh et al. [22] introduced simulation function and defined 2-contraction

with respect to a simulation function as follows.

Definition 2.2 ([22]). A simulation function is a mapping § : RT x RT — (—oo,00) satisfying
the following conditions:

(¢ £(0,0)=0;

(&) C(t,s) <s—tforall s,z >0;

(&3) if {t,},{sn} are sequences in (0,c0) such that

limz, = hm sp =1 € (0,00) then limsup {(2,,s,) <O.

n—oo n—oo

Remark 2.1 ([12]). Let { be a simulation function. If {t,},{sn} are sequences in (0,) such

that lim 1, = hm n s, =1 € (0,00) then limsup { (kty, sp) < 0 for any k > 1.

n—eo n—soo

The following are examples of simulation functions.

Exercise 2.1 ([12]). Let § : RT X RT — (—o0,0) be defined by
(i) &(

i) (1,
) ¢(
) ¢(

)
t,s) =s—kt forallt,s € R*, where k > 1,
)

t,s) =As—tforallt,s € R, where A € [0,1);

= —tforall s, € RT;

~~
~
~

t,s :——(1+t)f0rallstERJr
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(v) E(z,5) = k+-s —t for all s, € R where k > 1.

The set of all simulation functions is denoted by 2.

Using the simulation function approach, the notion of Z’-contraction was introduced in
[22] which is a generalization of Banach contraction. It also unified various existing types of
contraction mappings. The advantage of this notion is in providing a unique point of view for

several fixed point problems.

Definition 2.3 ([22]). Let (X,d) be a metric space. A self mapping f on X is called a % -
contraction if for some simulation function § € 2| T satisfies {(d(fx, fy),d(x,y)) > 0, for all
x,yeX.

It should be observed that all Z'-contraction mappings are continuous and contractive.
Olgun et al. [27] relaxed this continuity, defining a generalized 2°-contraction mapping which

is not necessarily continuous.

Definition 2.4 ([27]). Let (X,d) be a metric space. A self mapping f on X is called a general-

ized % -contraction if for some simulation function § € %, and for all x,y € X, T satisfies

C(d(fx,fy),M(x,y)) >0,

where

M(x.y) = max{d(x,y),d(x, £x),d(y, fy), 25 ;Ld 02/%)y

A novel kind of mapping was defined by Kumam et al. [23] by combining 2’-contraction

and Suzuki type contraction, as explained below.

Definition 2.5 ([23]). Let (X,d) be a metric space. A self mapping f on X is called a Suzuki

type % -contraction if for some simulation function { € %, T satisfies

Sl f) <d(xy) = (e fy).d(y) 20, forall xyeX.

In 2018, Padcharoen et al. [28] proved the following theorem in complete metric spaces.
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Theorem 2.1 ([28]). Let (X,d) be a complete metric space and T : X — X be a self-map on X.

If there exists a simulation function { such that
1
d(x fx) <d(xy) = C(d(Tx,Ty),M(x,y)) 2 0,

forall x,y € X, where M(x,y) = max{d(x,y),d(x,Tx),d(y, Ty), d(xyTy)erd(yaTX) 1.

Then T has a unique fixed point in X.

The following theorems are due to Babu et al. [7, 9] in complete b-metric spaces.

Theorem 2.2 ([7]). Let (X,d) be a complete b-metric space and T : X — X be a self-map on

X. If there exists a simulation function { such that

1
5406 fx) <d(x,y) = §(s"d(Tx,Ty), M(x.y)) > 0,
forall x,y € X, where M(x,y) = max{d(x,y),d(x,Tx),d(y,Ty), d(x,Ty);rsd(y,Tx) 1.

Then T has a unique fixed point in X.

Theorem 2.3 ([9]). Let (X,d) be a complete b-metric space and T : X — X be a self-map on

X. If there exists a simulation function { such that

%smin{d(x,fx),d(y,gy)} <d(x,y) = ¢(s*d(fx,gy),M(x,y)) > 0,

for all x.y € X, where M(x.y) = max{d(x,).d(x. fx).d(y.gy), 57},

Then T has a unique fixed point in X.

For more Suzuki-type contractions see [35, 8, 35].

Let A and B be two non-empty subsets of a metric space (X,d). Define
d(A,B) = inf{d(a,b) :a € A and b € B}.
Ao={a€A:d(a,b)=d(A,B) for some b € B},
By ={b€B:d(a,b) =d(A,B) for some a € A}.
Definition 2.6 ([15]). An element a in A is said to be a common best proximity point of the non-

self mappings S : A — B and T : A — B if it satisfies the condition that d(a,Sa) = d(a,Ta) =

d(A,B).
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Definition 2.7 ([25]). The mappings S:A — Band T : A — B are said to be commute proximally
if they satisfy the condition that d(u,Sa) = d(v,Ta) = d(A,B) = Sv = Tu.

Definition 2.8 ([30]). If Ag # 0 then the pair (A,B) is said to have P-property if and only if for

any ay,a> € Ag and by,by € By,
d(al,bl) Zd(A,B),d(az,bz) = d(A,B) = d(al,az) = d(bl,bz).

In [1], Abbas et al. introduced the concept of proximal simulative contraction of first kind

and second kind.

Definition 2.9 ([1]). For two non-empty subsets A and B of a metric space (X,d), a mapping
T : A — B is said to be proximal simulative contraction of first kind if there exists a simulation
function £ such that

d(a1,Thy) =d(A,B) =d(ap,Thy) implies
C(d(al,az),d(bl,bz)) >0, forall ay,ay,by1,by € A.
Definition 2.10 ([1]). For two non-empty subsets A and B of a metric space (X,d), a mapping
T : A — B is said to be proximal simulative contraction of second kind if there exists a simulation

function £ such that

d(a;,Thy) =d(A,B) =d(ap,Th,) implies

C(d(Tal , Taz),d(Tbl , sz)) >0, forall ay,ar,b1,by € A.
Recenrly, Goswami et al. [21] proved the following theorem in complete metric spaces.

Theorem 2.4 ([21]). Let A and B be two non-empty subsets of a complete metric space (X ,d).
Suppose T : A — B be a map with T (Ao) C Bo, where Ao, By are non-empty and Ay is closed. If

there exists a simulation function { such that
d(a;,Thy) =d(A,B) =d(ap,Th,) implies

C(d(al7a2)7M(b17b27a17a2)> Z 07 forall a];aZ;blabZ EA?

where M(b17b27a17a2) = max{d<b17b2)7d(blaal)7d(b27a2>7 d(hIﬂZ);d(bz’al) }

Then T has a unique best proximity point in Ay.
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Recently, Babu [4] proved the following theorems in complete b-metric spaces.

Theorem 2.5 ([4]). Let A and B be two non-empty subsets of a complete b-metric space
(X,d). Suppose T : A — B be a map with T(Ag) C By, where Ay, By are non-empty and Ag
is closed. If there exists a simulation function { such that d(ay,Tby) = d(A,B) = d(ay,Th)
then {(d(ay,a2),M(by,by,a1,a2)) > 0 for all ay,a,,by,by € A, where

M(b17b27a17a2)

= max{d(bhb2)7d(bl,a1),d(b2,a2)7 d(by,a)+d(by,ay) }

2s

Then T has a unique best proximity point in Ay.

Theorem 2.6 ([4]). Let A and B be two non-empty subsets of a complete b-metric space (X ,d).
Suppose T : A — B be a map with T (Ag) C By, where Ay, By are non-empty and By is closed

subset of B. If there exists a simulation function { such that
d(a;,Thy) =d(A,B) =d(ay,Thy)

then

C(d(Tal,Taz),M(Tbl,Tbg,Tal,Taz)) >0, Vai,ap,bi,br €A,

where

M(Tbl,sz, Tal,Taz) = max {d(Tbl,sz),d(Tbl,Tal),d(sz, Taz),

d(Tby,Tay) +d(Thy, Tay) }
2s '

Then T has a unique best proximity point in Ay.

Motivated by all the above works, we introduce generalized proximal Z’-contraction of first
kind and second kind for pair of nonself-maps, we extend Theorem 2.5 and Theorem 2.6 to pair
of maps, and we extend Theorem 2.4 to b-metric spaces for the maps satisfying generalized

proximal Z’-contraction of first kind.
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3. MAIN RESULTS

We introduce generalized proximal 2 -contraction for the pair (S,7) as follows:

Definition 3.1. For two non-empty subsets A and B of a b-metric space (X,d), the mappings
S,T : A — B are said to be generalized proximal Z -contraction of first kind if there exists a

simulation function { such that

d(ay,Sx;) =d(az,Sx;) =d(A,B) =d(by,Tx1) = d(by, Txy) implies

(3.1 ¢(s*d(ay,a2),M(by,by,a1,a2)) > 0, for all by, bs,a1,a2,x1,x €A,

where

d(bz,al) +d(b1,a2)
2s

M(by,ba,a1,ar) = max{d(b1,b2),d(b1,a1),d(bs,a2), }.

Definition 3.2. For two non-empty subsets A and B of a b-metric space (X,d), the mappings
S,T : A — B are said to be generalized proximal 2 -contraction of second kind if there exists a

simulation function { such that

d(ay,8x1) =d(ap,Sx2) =d(A,B) =d(by,Tx)) = d(by,Tx,) implies

3.2) C(s4d(Sa1,Sa2),M(b1,bz,al,az)) > 0, for all by,by,ay,a2,x1,x2 €A,

where

d(Tb],Sal) d(sz,Saz) d(sz,S(ﬂ) —|—d(Tb1,Sa2)

M(bl,bz,al,az) :max{d(Tbl,sz), s 5 2 ) 1—|—S—|—2S2

}.

Theorem 3.1. Let A and B be two non-empty subsets of a complete b-metric space (X ,d). Sup-
pose S, T : A — B be generalized proximal % -contraction of first kind with S(Ag) C By, S(Ag) C
T(Ao), where Ay, By are non-empty and Ay is closed subset of A. Moreover, assume that S and
T are commute proximally and S and T are b-continuous. Then S and T have a unique common

best proximity point in Ay.

Proof. Suppose ag € Ay. Since, S(Ag) C T (Ayp), there exists an element a; € Ag such that

Sap = Ta;. Continuing in this way, we can choose an element a,,11 € Ag satisfying

(3.3) Sa, = Tay+, for each n € NU{0}.



THEORETICAL APPROACHES FOR GENERALIZED PROXIMAL Z2-CONTRACTION MAPS

Since, S(Ag) C T(Ao), there exists x,, € Ag such that
(3.4) d(x,,Sa,) = d(A,B), for eachn > 0.
From (3.3), (3.4), and from the choice of a,, x;,, we conclude that
(3.5) d(xy,Say) = d(xy41,San+1) = d(A,B) =d(xp, Ta, 1), for each n € NU{0}.
Suppose x,,, = xp,+1 for some ng, then from (3.5), we get
d(A,B) = d(Xny+1,Sany+1) = d(Xng,Sany) = d(Xny, Tang+1)-
By the commute proximal of S and 7', we have
Sxng = TxXpng11 = TXp,-
Since, S(Ag) C By, there exists y,, € Ag such that
(3.6) d(Yn>Sxny) = d(A,B) = d(yny, Txn,).
As S and T are commute proximally, we have
SYny = T¥ng-
Since, S(Ag) C By, there exists z,, € Ap such that
(3.7) d(2ng,SYny) = d(A, B) = d(2ng, Tyny )-
If d(yny,2n,) > O then from (3.6), (3.7), using (3.1) and ({>), we have
0 < &(5*d 2y Yn0)s M (2> g Zngs ) < (s 2ng) = 5°d (Vg 2 )

a contradiction. Therefore, y,, is a common best proximity point of § and 7.
Now, suppose that x,, # x;,11, for all n € NU{0}.

From (3.5), we have
(3.8) d(xp,San) = d(xy41,8an+1) =d(A,B) =d(xp—1,Tay) = d(x,, Tay+1).
Since, (S,T) is a generalized proximal 2 -contraction of first kind, we have

(3.9 C(s4d(xn,xn+1),M(xn,1,x,,,x,,,xnﬂ)) >0, foralln € N,
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where

d(xp_1.% d(xn,
M(xn—laxnaxnvxn—i-l) :max{d(xn—laxn)7d(xn—l;xn)ad(xnaxn+l)a (xn I’X1+2]S)+ (xn xn)}

= max{d(x,—1,%n),d(Xn,Xn41) }-

If d(xp, xn—1) < d(xp,Xp41) then M (x,—1,%n, Xn, Xnt1) = d(Xp, Xp+1)-

Now, from (3.9) using (), we get,

0 S C(s4d(xnaxn+l)7M(xn—l7xn7-xnaxn—|—l))

< M(xn—laxnaxnaxn+l) - S4d(-xn7xn—|—l)) < 07

which is a contradiction. Therefore, d(x,,x,+1) < d(x,—1,X,), foralln € N,

i.e., {d(xn,xn+1)} is a decreasing sequence of positive real numbers and so there exists a real
number r > 0 such that nlgl}o d(Xp,Xp11) =T

If » > 0, then from (3.9), and using ({3), we get,

0 < limSUP[C(S4d(xnaxn+1),M<xn717xn,xn,xn+1))]
n—oo

= limsup(s*d (x,, Xu41),d (Xp, Xp11) <O,
n—yoo

a contradiction. Therefore, r =0, i.e., r}l_r}go d(xp,Xxn41) = 0.

Now, we prove that {x,} is a b-Cauchy sequence. On the contrary, suppose that {x,} is not
b-Cauchy. By Lemma 2.1, there exist an € > 0 and sequences of positive integers {n;} and
{my} with

ny > my > k such that

d (X, X, ) > € and d (X, Xp—1) < €

satisfying (i) — (iv) of Lemma 2.1.
As {x,,, } and {x,, } satisfy (3.8), we get

d (X1, Sam+1) = d(Xps1,San+1) = d (X, Tam+1) = d(xp,, Tan,+1) = d(A,B), for all k.
From the inequality (3.1), we have

(310) C(s4d(xmk+1 7xnk+1)7M(xmkaxnk7xmk+l y Xng+-1 )) > 07
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where

M<xmkuxnk7xmk+l 7xnk+1) = max{d(xmkaxl’lk) ) d(xmkaxmk+l ) 9 d(xnkaxnk+l ) ’

d(xmk 7xnk+1 )+d(xmk+l Ky, ) }
2s :

On taking limit superior as k — oo, we get,

Lmsup M (X, , Xy s Xpnp+-1,Xm+1) < max{s€,0,0,se} = se.
k—>o0

Now, from (3.10), and using ({,), we get,

0 S limsup[C(s4d(xmk+l7xnk+1),M(xmk7xnk7xmk+l 7xnk+1)>]
k—roo

<lim Sup[M(xmk7xnk y Xmy+1 axnk+1) - S4d(~xmk+1 y Xnp+1 )]
k—roo

. 4 . .
= limsup M (X, , Xny, Ximgt-15 X 4+1) — 8~ iminfd (X, 41, Xn,+1)
k—so0 k=0
_ 40 &
=se—s"(5) <0,
which is a contradiction. Therefore, {x,} is a b-Cauchy sequence in Ay. Since, Ay is closed,

there exists some x € Ag such that x,, — x as n — co.

Because of the fact the mappings S and 7" are commuting proximally and using (3.5), we get
Sxp = Tx,41, for every n € NU{0}.
Therefore, the continuity of the mappings S and 7" ensures that
Tx = lim Tx, = lim Sx,,_; = Sx.
n—soo n—soo
Since, S(Ag) C By, there exists an element u € Ag such that

(3.11) d(u,Sx) =d(A,B) =d(u,Tx).

As S and T are commuting proximally, we get Su = Tu. Again, since, S(Ag) C By, there exists

an element v € Ag such that
(3.12) d(v,Su) =d(A,B) =d(v,Tu).

From (3.11), (3.12) and the pair (S,T) is generalized proximal 2 -contraction of first kind, we

have

(3.13) ¢ (s*d (u,v), M(u,v,u,v)) > 0.
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where M (u,v,u,v) =d(u,v).

From (3.13), and using (&), we get
0< C(s4d(u,v),M(u,v,u,v)) < M(u,v,u,v) —s4d(u,v) =d(u,v) —s4d(u,v),

it is a contradiction. Therefore, u is a common best proximity point of S and 7.

Thus, it follows that

(3.14) d(u,Su) =d(A,B) =d(u,Tu).

Let u'( u) be another common best proximity point of § and 7', so that
(3.15) d(u',Su')=d(A,B) =d(u,Tu).

Since, (S,T) is generalized proximal 2’-contraction of first kind, from (3.14) and (3.15), we

have
0< C(s4d(u, '), M (u,u u,u)) < M(u,u' u,u’) — s4d(u,u') =d(u,u’) — s4d(u,u'),
which is a contradiction. Hence, u is a unique common best proximity point of S and 7. 0J

Theorem 3.2. Let A and B be two non-empty subsets of a complete b-metric space (X,d).

Suppose S,T : A — B be generalized proximal % -contraction of second kind such that

(i) S(Ag) C By, S(Ag) C T(Ag), where Ay, By are non-empty and Ay is closed subset of A;
(ii) S and T are proximally commute;
(iii) S and T are b-continuous;

(iv) the pair (A,B) have P-property.

Then S and T have a unique common best proximity point in Ay.

Proof. In a manner akin to Theorem 3.1, and using the condition of generalized proximal Z-
contraction of second kind, we can show that {d(Sx,,Sx,+1)} is a decreasing sequence of posi-
tive real numbers and lim d(Sx,,Sx,+1) = 0.

n—soo

Now, we prove that {Sx,} is a b-Cauchy sequence. On the contrary, suppose that {Sx, } is not
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b-Cauchy. By Lemma 2.1, there exist an € > 0 and sequences of positive integers {Sn;} and

{Smy } with ny > my, > k such that
d(Sxm,,Sxn,) > € and d(Sxpy, ,Sxy,—1) < €
satisfying (i) — (iv) of Lemma 2.1. As {Sx,, } and {Sx,, } satisfy (3.8), we get
d (X1, Sam41) = d(Xps1,San+1) = d (X, Tam+1) = d(xn,, Tan,+1) = d(A,B), for all k.

From the inequality (3.2), we have

4
(3.16) C(S d(Sxmk-H ’ ank-H ),M(ka Xy s Xmyp+15 Xng+1 )) >0,
where
d(Txpy ,Sxm +1) d (T S +1)
M(xmkaxnkaxmk—}—l 7xnk+1) = maX{d(Txmk, Txnk)7 2s . ) 25 . )
d(Txp, ,Sx,,kﬂ)—i-d(Tx,,k ,SxmkH) }
1+s+2s2
d(Sxm —158%m +1) d(Sxp, —1,5%n,+1)
= max{d(Sxmk_l,ank_l), : 75 =, : 75 =,
d(Sxmk,I 7S~xnk+l)+d(sxnk71 >Sxmk+l) }
1454252 ’

On taking limit superior as k — oo, we get,

252¢

 Tregat ) = S€-

limsupM(xmkaxnk7xmk+17xnk+1) S maX{S£7070
k—roo

Now, from (3.16), and using ({5), we get,

0 < Tlimsup[C (s*d(Sxmy+1,S%n,+1)s M my s Xy s X1 X +1))]
k—ro0

S lim Sup[M(xmk7xnkaxmk+1 7~xnk+l) - S4d(Sxmk+1 ) ank+1)]
k—soo

. 4 . .
= limsup M (Xps, , Xn , Ximyt-15Xnp+1) — S lllglnfd(SxmkH s SXp41)
k—vo0 *°

= s€ —s4(s%) <0,
which is a contradiction. Therefore, {Sx,} is a b-Cauchy sequence. Let {u,} be a sequence of
elements in Ag such that d(u,,Sx,) = d(A,B) for all n > 0.
By the P-property, we obtain d(uy,, u,) = d(Sxy,Sx,), for all m,n € NU{0}. Clearly, the se-
quence {u,} is a b-Cauchy sequence in A.

Since, A is closed, there exists some u € Ag such that u,, — u as n — .
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Proceeding similar to Theorem 3.1, and using the condition of generalized proximal -
contraction of second kind, we can easily see that S and 7" have a unique common best proximity

point. U
The following are the examples in support of our results.

Exercise 3.1. Let X = R? A = [0,00) x {1},B = [0,) x {0},
Ap=[0,1] x {1} and By = [0, 1] x {0}.

We define d : X x X — R™ by

d((a1,a2),(b1,b2)) = |a; — b1|* + |az — bs|? for all (ay,a3), (b1,by) € X.
Then, clearly (X,d) is a b-metric space with s = 2.

We define the map S, T : A — B by

S(x,1) = (log(35 +1),0) ifxe[O,l],’T(x,l): (gf,O) ifx€[0,1],
5

(log2,0)  ifx>1 (1,0) ifx>1
and § : Rt xRY — (—o0,00) by {(t,5) = 155 —1,5,t € R,

Clearly, S, T are continuous.
It easy to see that S(Ag) C T (Ao),S(Ag) € Bo,d(A,B) =1 and { is a simulation function.
Now, let (x,1),(y,1),(u,1),(v,1) € A such that

d((u,1),8(x,1)) =d((u,1),T(x,1)) =d(A,B) =1
d((va 1)7S(y7 1)) = d((v> 1)7T(y7 1)) = d(AaB) =L

(3.17)

Without loss of generality, we assume that u > v.

2
From (3.17), we have, x € [0,1],y € [0, 1],u =log(%z + 1) € [0,log3%],v = £ € [0, 1].
Now, s*d((u.1),(v,1)) = 16|u —v|*> = 16(u—v)? and

M0 1,001), 0, 1), (1)) = maxflx—yP, Jv—uf, [y — v, B L=ty

= max{(5v/e" —1—5v)?, (5Ve" — 1 —u)?, 4v (5 —1— 5v) +|5v— u|2}

We consider

§(s*d((u.1), (v 1)),M((x, 1), (3, 1), (u, 1), (v, 1)))
= M ((x, 1), (3, 1), (u, 1), (v, 1)) = s*d((u.1), (v, 1))
= 9 max{(Sv/e" — 1 —5v)2, (Sv/e — T —u)?, v, SYEIS vy 6, )2 > 0,
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Therefore, the pair (S,T) is a generalized proximal % -contraction of first kind. Hence, the
mappings S and T satisfy all the hypotheses of Theorem 3.1 and (0,1) is the unique best prox-

imity point in Ay.

Exercise 3.2. Let X =R? A = {(x,0) : x > 0},B={(x,1) : x>0},

Ao ={(x,0) :x€[0,1]} and By = {(x,1) : x € [0,1]}.

We define d : X x X — R™ by

d((a1,az),(b1,by)) = |ay — b1|? + |aa — by|? for all (ay,a2), (b1, by) € X.
Then, clearly (X,d) is a b-metric space with s = 2.

We define the map S, T : A — B by

S(1,0) = (5.1) ifxelo,1], ro -4 G
| (51 ix>1 | 1) x>

Now, let (x,0),(y,0), (4,0), (v,0) € A such that

d((«,0),8(x,0)) =d((«,0),T(x,0)) =d(A,B) =1
d((v,0),5(y,0)) =d((v,0),T(,0)) =d(A,B) = 1.

(3.18)

From (3.18), we have, x € [0,1],y € [0,1],u = %3 c [07%]"}
NOW’ S4d(S(MO),S(V,O)) — 4|l/l3 —v3|2 and

|
Wl
m

[0,3].

W=

d(T (x,0),T(5,0)) = §x—y* = §](2u)5 — 3 %,d(T (x,0),5(,0)) = |3 (2u)5 — 5,
d(T(3,0),8(%,0)) = [v— 5 [2,d(T (x,0),5(+,0)) = |3(2u)3 — 5 2,d(T (5,0),5(,0)) = [v— 4

T2
1 13 3
1 v 2(2u)3— w2 v 2 3V 24 w2
M((X,O),(y,o),(u,O),(v,O)):max{g|(2u)3_37|27|3( )4 zI” | 42| ,| 5(2u) zil\ + z\}
We consider
§(s*d(S(u.0),8(v,0)), M((x,0),(»,0), (,0), (»,0)))
= 2M((x,0),(5,0), (11,0), (v,0)) — s*d(5(10.0), S(,0))
1.3 1
= 2 max{dl(2u)} — yp, B0 0F P B0 RRSRy g 305,

Therefore, the pair (S,T) is a generalized proximal % -contraction of second kind.
Hence, the mappings S and T satisfy all the hypotheses of Theorem 3.2 and (0,0) is the unique

best proximity point.
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Corollary 3.1. Let A and B be two non-empty subsets of a complete b-metric space (X,d).

Suppose T : A — B be a mapping with T (Ag) C By where Ay, By are non-empty and Ay is closed

subset of A such that d(ay,Tb) = d(A,B) = d(ay,Thy) implies
§(s*d(a1,a2),M(by1,ba,a1,a2)) > 0, for all by, by,a1,a; € A,

where M(by, by, ay,a) = max{d(b,by),d(b1,a1),d(by, ay), {21l dbra)y,

Then T has a unique best proximity point.

Corollary 3.2. Let A and B be two non-empty subsets of a complete b-metric space (X,d).
Suppose T : A — B be a mapping with T (Ag) C By where Ag, By are non-empty and Ay is closed
subset of A such that d(ay,Tby) = d(A,B) = d(a, Thy) implies

¢(s*d(ar,az),M(by,by,a1,a2)) > 0, for all by,bs,ay,a € A,

where M(by,by,ay,a,) = max{d (b1, b>), d(blval);d(bLaZ)?d(bZﬂI);;d(blv‘Q)}'

Then T has a unique best proximity point.
Remark 3.1. Corollary 3.1 extend and generalize Theorem 2.4 to b-metric spaces.

Remark 3.2. Taking A= B =X and s = 1 in Corollary 3.1, we get Theorem 2 of [27] as a

particular case.

Remark 3.3. In Corollary 3.1, the mapping T is not necessarily continuous. Moreover, the
sets A and B are not required to be closed. Thus, for M(by,by,ay,a2) = d(by,by), (when the
mapping T reduces to proximal simulative contraction of first kind) Corollary 3.1 improves

Theorem I of [1] in b-metric spaces.

4. APPLICATIONS

4.1. Application to nonlinear integral equations.  In this section, we obtain the solution
of integral equation as an application of our obtained results. If we take A = B = X in Theorem
3.1, we obtain the solution of nonlinear integral equation. Let Q = Cla,b] be a set of real
valued continuous functions on [a, b],where [a, D] is closed and bounded integral in R. we define

d:QxQ—R"byd(&,n)= rr%a)g} |&(t) —n(1)|P, where p > 1 areal number, for all £,1 € Q.
t€la,
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Therefore (Q,d) is a complete b-metric space with s = 2P~!. Many author’s studied unique
solution of a system of nonlinear Integral equations [4, 6, 10, 11, 13, 34]. Here, we employ
a technique in fixed-point theory for the existence of a solution. In this section, we establish
the existence of unique common solution of a system of two nonlinear integral equations of

Fredholm type defined by

E() = £(1)+ uafh% (1,1, & (),

(4.1) b
SO =)+ 1] ot 6 (r))dr,

where & € Cla, b is the unknown function, pu € R,t,r € [a,b], 21,2 : [a,b] X [a,b] x R - R
and f : [a,b] — R are continuous functions.

Let .7#1,.%, : Q — Q be two mappings defined by

Z1EW) = 1) +uafb% (1R E ()

4.2) A
F2E(W0) = f )+ [ Zalt, £ (r)dr

Assume the following:

b
(i) there exists a continuous function ¥ : [a,b] X [a,b] — R*, such that max [ y(¢,r)dr <1;

re[a.,b]a
(i) F1(Q) € F(Q);
(iii) there exists a constant K € (0,1) such that for all t#,r € [a,b] and &,§ €

R, the following condition is satisfied:  |2,(t,r,&1(r)) — Da(t,r,E(r)|P

IN

(b_a)p%i’(% r)AM1, M, 61,8),
where

A, m,8,8) = max{Im() — Mm@ m@) - &GP Imi) -
E(r)P, |771(V)—éz(r)\p;\ﬂz(r)—él(V)|p}.

b

(iv) |u[ < 1.

Theorem 4.1. Let .#,.%, : Q — Q be defined by (4.2) for which the conditions (i) — (iv) hold.

Then, the system of nonlinear integral equations (4.1) has a unique common solution in €.

Proof. Let £, € Q and let g € R such that % + %1 = 1 using Holder’s inequality and from the

conditions (i) — (iv), for all 7, we have
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1.8 = max [60) ~ &0
b b p
= ul? max [ 210.081(0) -~ [ 20, Ea(r )
p
~ ul? ma f(%(z R () — Dty Ex(P))dr

17 P

< (e max (Frrar)" (Fl .m0 - e Par )

t€la,b]

» b
< (b—a)} max (f|(%(r nE () — %(r,r,éxr»wr)

tE[a,b] a

— (b—a)"" max (ﬁ(@l(r,n&m Dt §2<r>>|”dr)

te[avb] a

(b a)p ! max IWY( ) (nlanbélvéz)

t€la,bl a
which implies that

*d(81,82) < K max{d(m,m).d(m, &), d(1, &), AT
< AA(M, M2, 61, 62)
where A = SKZ € (0,1).
Therefore, by taking {(z,s) = As —t, all the conditions of Theorem 3.1 are satisfied, and
hence .#1,.%, have a unique common solution of the system of nonlinear integral equations

4.1). 0J

4.2. Application to dynamic programming.  In this section, we assume that 27 and 25
be two Banach spaces; 2 C 2] is the decision space; . C 2> is the state space; Q(.%) is the
Banach space of all bounded real valued functions on . with b-metric defined by;

d&,¢) = sup | E(¢) = C(2) |P, for all £,¢ € Q(.7) with coefficient s = 27! and the norm is
defined as || || =sup{| Z(t)|:t € S}, where F € Q(.¥).

It is clear that Q(.¥,d) is a complete b-metric space. The basic form of the functional equa-
tion in dynamic programming is given by Bellman and Lee [16] as follows;
f&) = Hi(‘g', E,A(T(,8))), & €., where & and { denotes the state and decision vectors,
respecti\feelj. T denotes the transformation of the process, /(&) denotes the optimal return func-

tion with the initial state & and opt represents Sup of inf.
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We consider the system of functional equations

J1(Vs) = opt M1 (Vs, Va)) + S1(Vs, Va, f1(P1(Vs, Va)))VVs € 7,
(4.3) vac?
F2(vs) = opt Moy, Va)) + &2 (Vs, Va, f2(02(Vs, Va)) )V Vs € F

\Z1S7
where Vs is a state vector, V; is a decision vector,py, pp represents the transformations of the
process, and fi(Vy), f2(Vs) denotes the optimal return functions with initial state v;.

Let #1,.%, : Q) — Q(.¥) be two mappings defined by;

F1f1(Vs) = opt N1 (Vs, Va)) + &1 (Vs, Va, f1(P1(Vs, Va)))VVs € 7,
(4.4) va€?

F2f2(Vs) = opt Ma(Vs, Va)) + & (Vs, Vas fo(p2(Vs, Va)) ) Vs € 7
\Z1S

Assume the following:
(Za) F1(Q(F)) € F2(Q(F));
(D) forall (Vs,Vy, f1,/2,81,82) € S X D x Q(F) x Q(F) x Q(F) x Q(F) and there
exists

0 < h <1, wehave;

| €1 (Vs Va, [1(P1(Vs, Va))) — Ea(Vs, Va, f2(P2(Vs, V) |+ | M1 (Vs, Va) — M2 (Vs, Vi) |
< [TTZM(glagZaflafZ)]%’ where

_ Fo1—FN1IP | Faga— T o0 | Fag1 =T\ olPH Faga—F 1 NilP .
M(g17g2>flaf2)—max{’ﬂzgl_ﬁ}gﬂpa‘ 2 12p l 1‘ 7‘ 2 221) 1/ 7| — 1_:_221J—1l222;;31 L }9

(2:) pi, & are bounded i = 1,2.

Theorem 4.2. Let 7, %, : Q(.) — Q() be defined by (4.4) for which the conditions 9, —
9D, hold. Then, the system of functional equations given by (4.3) has a unique bounded common

solution in Q(S).

Proof. Let vy € .7, f1,f» € Q(&) and € > 0.

Since p;, &; are bounded for i = 1,2 there exists M > 0 such that

(4.5) Sup{le(VSavd)H?||p2(vS7vd)||7||§2(VS7vd7t)H : (VSavdat) €S XY XR} <M.

From the inequalities (4.4) and (4.5), we conclude that .%|,.%, are self mappings of Q(.%)

First assume that opt = inf .
VYEQ vde.@



20 BABU, KODURU, SURESH, KUCHIBHOTLA, KUMAR

From the inequality (4.4), we can find v; € & and (vy, fi, f2) € . x Q(.¥) x Q(.¥) such that

(4.6) F1f1(Vs) > &1(Vs, Vas [1(p1(Vs, Va)) + Mi (Vs, Va) — €
4.7) F1f2(Vs) > Ea(Vs, Va, [2(P2(Vs, Va)) + M2 (Vs, Va) — €
(4.8) F111(Vs) < &1(Vs, Va, fr(p1(Vs, Va)) + M1 (Vs, Va)
(4.9) F112(Vs) < &(Vs, Va, f2(p2(Vs, Va)) + M2(Vs, Va)

By using the inequalities (4.6) and (4.9), we get that

[ F1fi(vs) = ZLA) > E1 Ve Vas fi(P1 (Vs Va))) — E2(Vs, Vi, fa(p2(Vi, Va))
+11(Vs, Va) — M2(Vs, Va) — €

> —{| &1(vy, va, fi(P1(Vs, Va))) — &2(Vs, Va, f2(p2(Vs, Va))) |
01 (Vi Va) = M2 (Vs V) | +e)}

(4.10)

\

Also, from (4.7) and (4.8), we have

[ F1fi(Vs) = Z1A (V) < E (Ve Va fi (01 (Vs V) — E2(Vs, Vi, fa(p2(Vi, Va))
+M1(Vs; Va) — M2 (Vs, Va) + €

<[ &1 (Vs, Va, f1(P1(Vs, Va))) — S2(Vs, Va, f2(P2(Vs, Va)) |
+ [ M (s, Va) = M2(Vs, Va) | +€

@.11)

\

By using (4.10) and (4.11), we get that

| F1fi(Vs) = F1f2(Vs) |< &1 (Vs Vas f1(P1 (Vs Va))) — E2(Vs, Vs 2 (P2(Vs, Va)))
+M1 (Vs, Va) — M2(Vs; Va) + €
< &1 (Vs, va, f1(P1(Vs, Va))) — &2(Vs, Vs f2(p2(Vs, Va)))
+M1(Vs, Va) — M2(Vs, Va) + €
Now, we support that opt = sup .
Vi€D  Va€ED
Again, using the inequality (4.4), we can find v; € & and (vy, f,g) € ¥ X Q(.¥) x Q(¥) such

that

(4.12) F1f1(vs) < E1(Vs, v, f1(p1(Vs, Va))) + M (Vs, Va) + €



THEORETICAL APPROACHES FOR GENERALIZED PROXIMAL Z2-CONTRACTION MAPS 21

(4.13) F112(vs) < Ea(Vs, Va, f2(P2(Vs, Va))) + M2 (Vs, Va) + €
(414) L%\lfl (Vs) < gl(vhvd?fl (Pl(Vde)))"’nl(Vs»Vd)
(415) L%flfé(vs) < gZ(VMVd?fZ(pZ(VS?vd)))+n2(vs7vd)

Using the inequalities (4.12) and (4.15), we have
(4.16)
F111(Vs) = Z1f2(Vs) < &1(Vs, Va, [1(P1(Vs, Va))) — Eo(Vs, Va, fo(p2(Vs, Va)))
+M1(Vs, Va) — M2 (Vs, Va) + €
<| &1(Vss Va, f1(P1(Vs; Va))) — E2(Vss Va, f2(P2(Vs, Va))) | | M1 (Vss Va) — M2(Vs, Va) | +€
Also, from the inequalities (4.13) and (4.14), we get that
4.17)
F1f1(Vs) = Z12(Vs) = G1(Vss Va, [1(P1(Vs, Va))) = E2(Vs, Vas f2(p2(Vs, Va)))
+M(Vs, Va) = M2(Vs, Va) — €
> —{| &1(Vs, Va, f1(P1(Vs, Va))) — Ea(Vs, Vas f2(P2(Vs, Va))) | + | M1 (Vs Va) — M2 (Vs, Va) + €}
From (4.16) and (4.17), we have
(4.18)
| Z1f1(Vs) = F1f2(Vs) [< 1 (Vs, Va, f1(P1(Vs, Va))) — &2 (Vs, Va, f2(P2(Vs, Va)))
M1 (Vs; Va) = M2(Vs, Va) — €

<| &1 (Vs; Vas f1(P1(Vs; Va))) — Ea(Vsy Va, f2(P2(Vs, Va))) | + | M1 (Vs, Va) — m2(Vs, va) + €

On taking € — 0 in (4.18), we obtain that

| Z11(Vs) = F1fa(Vs) |<] E1(Vs, Va, f1(P1(Vs, Va))) — E2(Vs, Va, f2(P2(Vs, Va))) |
+ [ M Vs, Va) = M2V, Va) |

From the condition (Z},), we have

| F1f1(Vs) = F1fa(Vs) |<] &1 (Vs, Va, f1(P1(Vs, Va))) — Ea(Vs, Va, f2(p2(Vs, Va))) |
+ 1M1 (Vs, Va) — M2 (Vs, Va) |

1
< [24f—,4M(817827f1,f2)]p

h T \Fogi—F1filf | Fago—F1folF | Fagi—F1folP+| Faga—F1filP \ \12
< [ sugﬂ(—zﬁp,é max{|e/281 - y2g2|p7 2P ) 2P ) 142p—1422p-1 })]p
Vs€




22 BABU, KODURU, SURESH, KUCHIBHOTLA, KUMAR

which implies that

Fonor — Ty 1P |.Foron—.F1 5 |P
sup | Z111(Vs) = F1.f2(Vs) [P< ity max{[ sup (| Fag) — Fago|P, 28 ANL [ Fae2 FULE

vses vseS
|fzg1—f1f2|p+|=%g2—%f1\p)]}
142r~1422p-1 )

Now, for all f1, f2,81,82 € Q(¥), we have

d(Fog1 FLf)) d(Frgy T
sYd(F1f1, F1 ) < hmax{d(Fag1,7282), ( 22 i) 2 282 1f2)

d(F281,712)+d(F282, 71 /1) }
1454252 '

Therefore, by taking {(z,s) = hs —t, all the conditions of Theorem 3.2 are satisfied with A =
B = X, and hence .#1,.%; have a unique bounded common solution of the system of functional

equations (4.3). [

5. CONCLUSION AND FUTURE WORK

In this paper, we introduced generalized proximal 2-contraction of the first kind and the
second kind and obtained some common best proximity points via simulation functions. Using
similar approaches, it can be studied new best proximity points result in metric and some gen-
eralized metric spaces. The investigation of certain circumstances to exclude the identity map
of X from Theorem 3.1 and Theorem 3.2 and related results is a worthwhile problem for future

efforts.
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